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Äìèòðèé Ñîëîìîí.

Äìèòðèé Ñîëîìîí (1951 - 2022)
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Äìèòðèé Ñîëîìîí (???? - 2023?)

1976 ã.
Ñîëîìîí Ä.È. Äðîáíîå ïðîãðàììèðîâàíèå è
íåäèôôåðåíöèðóåìàÿ îïòèìèçàöèÿ. �Êèøåíýó:Ýâðèêà. 2010. �
420 ñ.

Àêàäåìèÿ òðàíñïîðòà, èíôîðìàòèêè è êîììóíèêàöèé.

Ðåøåíèå òðàíñïîðòíîé çàäà÷è ⇒ àëãîðèòì íåãëàäêîé
îïòèìèçàöèè Í.Ç.Øîð (1962 ã.)
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Ïàðàìåòðû r-àëãîðèòìà, ïðîöåäóðà âûáîðà øàãîâûõ
ìíîæèòåëåé.

Òåîðåòè÷åñêè îáîñíîâàííûé âàðèàíò α(ε-àëãîðèòì. (Áàêó)
1. h0 � íà÷àëüíûé øàã. h0 ≈ |x0 − x∗|.
2. α � êîýôôèöèåíò ðàñòÿæåíèÿ; α ≈ 2.0.
(Âàðèàíòû ñ ïðîãðàììíûì óïðàâëåíèåì êîýôôèöèåíòàìè
ðàñòÿæåíèÿ r(σ)-àëãîðèòìû.) (Ëüâîâ)
3. q1, q2, nStep ïàðàìåòðû ðåãóëèðîâêè øàãà :
0 < q1 ≤ 1; q2 ≥ 1; nStep ≥ 1.
(r(σ)-àëãîðèòìû ìîãóò èñïîëüçîâàòüñÿ áåç ïðîöåäóðû
îäíîìåðíîãî ñïóñêà, ñ ïîñòîÿííûì øàãîì.)
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Ðåãóëÿðèçàöèÿ ìàòðèöû ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà.

Íà èòåðàöèè r-àëãîðèòìà èñïîëüçóåòñÿ îïåðàöèÿ äåëåíèÿ íà
|B∗kgk| � íîðìó ñóáãðàäèåíòà â ïðåîáðàçîâàííîì ïðîñòðàíñòâå.
Îøèáêà ¾äåëåíèå íà íóëü¿. (Çàäà÷à ñ çàäàííîé òî÷íîñòüþ åùå
íå ðåøåíà, à âåëè÷èíà |B∗kgk| ïðèíèìàåò íåäîïóñòèìî ìàëîå
çíà÷åíèå.)
Ïðîöåäóðà ðåãóëÿðèçàöèè ìàòðèöû ïðåîáðàçîâàíèÿ
ïðîñòðàíñòâà, ïðåäíàçíà÷åííàÿ äëÿ ïðåäîòâðàùåíèÿ åå
âûðîæäåíèÿ.
Âìåñòî îïåðàòîðà Rβ(η) áóäåì èñïîëüçîâàòü îïåðàòîð

R̃β(η) = (1/ n
√
β)Rβ(η),

äëÿ êîòîðîãî det(R̃β(η)) = 1 (det(Rβ(η)) = β).
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Ðåãóëÿðèçàöèÿ ìàòðèöû ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà.

Îïåðàòîð R̃α(η) ôàêòè÷åñêè ìîæíî èíòåðïðåòèðîâàòü êàê
¾ðàñòÿæåíèå¿ ïðîñòðàíñòâà îïåðàòîðîì Rα(η) è ðàâíîìåðíîå
ñæàòèåì ïî âñåì íàïðàâëåíèÿì ñ êîýôôèöèåíòîì β = 1/ n

√
α.

Çàìåòèì, ÷òî ýòî äîïîëíèòåëüíîå ñæàòèå íå èçìåíÿåò
ñòðóêòóðó ïîâåðõíîñòåé óðîâíÿ ôóíêöèè � èçìåíÿåòñÿ ëèøü èõ
ìàñøòàá.
Êâàäðàòè÷íàÿ îâðàæíàÿ ôóíêöèÿ.
Îñíîâíàÿ öåëü ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà ïðåâðàòèòü
�âûòÿíóòûå� ýëëèïñîèäû ïîâåðõíîñòåé óðîâíÿ â ñôåðè÷åñêèå.
Êàæåòñÿ åñòåñòâåííûì ðàâåíñòâî îáúåìîâ ýòèõ ýëëèïñîèäîâ è
ñîîòâåòñòâóþùèõ èì øàðîâ â ïðåîáðàçîâàííîì ïðîñòðàíñòâå.
Àëãîðèòì ñ èñïîëüçîâàíèåì îïåðàòîðà R̃α(η) ýêâèâàëåíòåí
àëãîðèòìó ñ îïåðàòîðîì Rα(η).
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Ðåãóëÿðèçàöèÿ ìàòðèöû ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà.

Àíàëîãè÷íàÿ ñèòóàöèÿ â ìåòîäå ýëëèïñîèäîâ.
Ïðåîáðàçîâàíèå ýëëèïñîèäà ëîêàëèçàöèè ðåøåíèÿ â øàð. Íî â
øàð êàêîãî ðàäèóñà? Òåîðåòè÷åñêè íåâàæíî.
Þäèí-Íåìèðîâñêèé (ïåðâàÿ ïóáëèêàöèÿ ìåòîäà): ñîõðàíåíèå
îáúåìîâ (det(B) = 1, ðàäèóñ óìåíüøàåòñÿ)
Øîð: ìèíèìàëüíûé ðàäèóñ ïðè èñïîëüçîâàíèè îïåðàòîðà
ðàñòÿæåíèÿ ñ α > 1 (det(B) < 1,ðàäèóñ óâåëè÷èâàåòñÿ).
Õà÷èÿí: ðàäèóñ êîíñòàíòà (det(B) < 1)
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Êâàçèíüþòîíîâñêèå ìåòîäû.

Â. Äàâèäîí 1959 ìåòîä ïåðåìåííîé ìåòðèêè.
W. Davidon Variable metric method for minimization. Argonne
National Laboratory. Research and Development Report 5990
(1959).
A. Rodomanov, Y. Nesterov New Results on Superlinear
Convergence of Classical Quasi-Newton Methods (2020),
arXiv:2004.14866
(https://www.youtube.com/watch?v=0j45FpsLKyI)

xk = xk−1 − hkHkgk−1, k = 1, 2, . . . , . (1)

hk > 0; g(xk−1 = ∇f(xk−1); Hk � 0. Hk+1 =Hk+M Hk.
Êâàçèíüþòîíîâñêîå óñëîâèå:

Hk+1(gk − gk−1) = −hkHkgk−1.

r(∝) (β = 0) ⇒ àëãîðèòì ñîïðÿæåííûõ íàïðàâëåíèé. (2)
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Êâàçèíüþòîíîâñêèå ìåòîäû.

Êâàäðàòè÷íàÿ ôóíêöèÿ f(x) = (Cx, x) + (b, x)
x1 = x0 + hp Ïðåîáðàçîâàíèå : Y = Rα(η)X.
f(x) ⇒fy(y) = 1/2(Cyy, y), ãäå Cy = Rβ(η)CRβ(η), β = 1/α.
p ⇒ py = Rα(η)p.
Rα(η) ⇒ py ñîáñòâåííûé âåêòîð ìàòðèöû Cy :

Cypy = λpy, λ > 0 (3)

Rα2(η)p = (1/λ)ξ1, (4)

ãäå ξ1 = (g1 − g0)/h.
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Êâàçèíüþòîíîâñêèå ìåòîäû.

Îáîçíà÷åíèÿ:
θ− óãîë ìåæäó âåêòîðàìè p è ξ1, 0 < θ < π/2 (
tg(θ) = |g1|/|g0| );
ψ− óãîë ìåæäó âåêòîðàìè p è η.
Ëåììà 1.
Ïóñòü α ≥ 1. Òîãäà îïåðàòîð Rα(η) îáåñïå÷èâàåò âûïîëíåíèå
ñîîòíîøåíèÿ (4) òîãäà è òîëüêî òîãäà, êîãäà

θ < ψ < π/2 (5)

α2 = tg(ψ)/tg(ψ − θ) (6)

Âûáîð âåëè÷èíû óãëà ψ îäíîçíà÷íî îïðåäåëÿåò îïåðàòîð
Rα(η).
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Êâàçèíüþòîíîâñêèå ìåòîäû.

Èç (5-6) ñëåäóåò, ÷òî åñëè ψ → θ, èëè ψ → π/2, òî α→∞.
Ïîýòîìó îñîáûé èíòåðåñ ïðåäñòàâëÿåò âûáîð òàêîãî
íàïðàâëåíèÿ ðàñòÿæåíèÿ η∗ (óãëà ψ∗), ïðè êîòîðîì äîñòèãàåòñÿ
ìèíèìàëüíîå çíà÷åíèå êîýôôèöèåíòà ðàñòÿæåíèÿ α∗. Òàêîé
âûáîð îïðåäåëÿåòñÿ ðåøåíèåì çàäà÷è ìèíèìèçàöèè α2 ïî ψ
ïðè îãðàíè÷åíèè (5). Ðåçóëüòàò ðåøåíèÿ ýòîé çàäà÷è:

ψ∗ = π/4 + θ/2; α∗ = tg(ψ∗). (7)

12 / 23 Í.Ã. ÆÓÐÁÅÍÊÎ



Êâàçèíüþòîíîâñêèå ìåòîäû.

Äëÿ êâàäðàòè÷íîé ôóíêöèè:
àëãîðèòì ÿâëÿåòñÿ ìåòîäîì ñîïðÿæåííûõ íàïðàâëåíèé;
âñå íàïðàâëåíèÿ äâèæåíèÿ â ïðåîáðàçîâàííîì ïðîñòðàíñòâå
âçàèìíî îðòîãîíàëüíû è ÿâëÿþòñÿ ñîáñòâåííûìè âåêòîðàìè
ìàòðèöû Cy.
Êâàçèíüþòîíîâñêèå àëãîðèòìû ⇒ äîïîëíèòåëüíîå
ïðåîáðàçîâàíèå ïðîñòðàíñòâà, îáåñïå÷èâàþùåå ðàâåíñòâî âñåõ
ñîáñòâåííûõ ÷èñåë ìàòðèöû êâàäðàòè÷íîé ôîðìû.
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Êâàçèíüþòîíîâñêèå ìåòîäû.
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Ïðîñòåéøèå îãðàíè÷åíèÿ.

Íå îòðèöàòåëüíîñòü:
x ≥ 0 ⇒ x = |z|.
Èíòåðâàë:
−1 ≤ x ≤ 1
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Òî÷íûå øòðàôíûå ôóíêöèè.

minf(x)
gk(x) ≤ 0, k = 1,m.

G(x) = max{0;max{gk(x)|k = 1,m}}

min{F (x) = f(x) +RG(x)}

R?

R >
∑
k

u∗k.

g(x) =

{
gf (x), if G(x) ≤ 0
gG(x), if G(x) > 0

,

ãäå gf (x), gG(x) ñóáãðàäi¹íòè ôóíêöiéf(x), G(x).
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Äåêîìïîçèöèÿ â çàäà÷àõ áëî÷íîé ñòðóêòóðû.

Áëî÷íûå çàäà÷è ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ Í.Ç.Øîð

min f(x) (8)

x ∈ D (9)

gi(x) ≤ 0, i = 1,m (10)

L(x, u) � ôóíêöèÿ Ëàãðàíæà,

L(x, u) = f(x) +

m∑
i=1

u(i)gi(x), (11)

Äâîéñòâåííàÿ çàäà÷à îòíîñèòåëüíî (10):

max
u≥0

ψ(u), (12)

ãäå
ψ(u) = min

x∈D
L(x, u). (13)
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Äåêîìïîçèöèÿ â çàäà÷àõ áëî÷íîé ñòðóêòóðû.

ψ(u) âîãíóòàÿ íå äèôôåðåíöèðóåìàÿ ôóíêöèÿ .
Ââíóòðåííÿÿ çàäà÷à äåêîìïîçèöèè:

min
x∈D

L(x, u), (14)

x(u) � ∀ ðåøåíèå çàäà÷è (14) òîãäà

g(x(u)) ∈ ∂ψ(u). (15)

x(u) åäèíñòâåííîå ðåøåíèå ⇒ ψ(u) äèôôåðåíöèðóåìà â ò. u.
Áëî÷íàÿ ñòðóêòóðà f(x) è áëî÷íàÿ ñòðóêòóðà D ⇒ ðåøåíèå
(14) ñâîäèòñÿ ê àâòîíîìíîìó ðåøåíèþ äëÿ îòäåëüíûõ áëîêîâ.
u∗ � ðåøåíèå äâîéñòâåííîé çàäà÷è.
Åñëè x(u∗) åäèíñòâåííîå ðåøåíèå çàäà÷è (14) ⇒ x(u∗) = x∗ �
ðåøåíèå èñõîäíîé çàäà÷è.
Êîíòðîëü òî÷íîñòè: f(x(u∗)) = ψ(u∗) + òî÷íîñòü âûïîëíåíèÿ
îãðàíè÷åíèé.
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Äåêîìïîçèöèÿ â çàäà÷àõ áëî÷íîé ñòðóêòóðû.

1. Ðåøåíèå äâîéñòâåííîé çàäà÷è.
Ó÷åò uk ≥ 0 ⇒ uk = |zk|.
�Íåñóùåñòâåííûå� îãðàíè÷åíèÿ.
Ñòàðò zk = 0 (uk = 0.)
Åñëè gk < 0 ⇒ gk = 0 (ïðîöåäóðà �ôèêñàöèÿ íóëÿ�).
Åñëè |zk| < ε ⇒ zk = 0 : âêëþ÷àåì ïðîöåäóðó �ôèêñàöèÿ íóëÿ�.
2. Ðåøåíèå èñõîäíîé çàäà÷è. Åñëè x(u∗) åäèíñòâåííîå
ðåøåíèå çàäà÷è (14) ⇒ x(u∗) = x∗ � ðåøåíèå èñõîäíîé çàäà÷è.
Ïîýòîìó íà óðîâíå ïîñòðîåíèÿ ìîäåëè ñòðåìèìñÿ ê
åäèíñòâåííîñòè åå ðåøåíèÿ.
Íàïðèìåð îáåñïå÷èòü ñòðîãóþ âûïóêëîñòü öåëåâîãî
ôóíêöèîíàëà (ìàëûå êâàäðàòè÷íûå âîçìóùåíèÿ).
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Äåêîìïîçèöèÿ â çàäà÷àõ áëî÷íîé ñòðóêòóðû.

Çàäà÷à ëèíåéíîãî ïðîãðàììèðîâàíèÿ. Òèïè÷íî: ÷èñëî
�ñâÿçûâàþùèõ� ïåðåìåííûõ << ÷èñëà ïåðåìåííûõ (áëîêîâ) .
Ïîýòîìó äëÿ áîëüøèíñòâà áëîêîâ ðåøåíèå ïîäçàäà÷
îäíîçíà÷íî.
È ïîñëå èõ âûâåäåíèÿ èç ìîäåëè ïîëó÷àåì çàäà÷ó
îòíîñèòåëüíî íåáîëüøîé ðàçìåðíîñòè.
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Äåêîìïîçèöèÿ â çàäà÷àõ áëî÷íîé ñòðóêòóðû.

Ìåòîä óñðåäíåíèÿ (óñðåäíåíèå ïî ×åçàðî).
u0 = ũ,

uk+1 = uk + hkg(x(uk)) (16)

hk > 0, hk → 0

∞∑
k=0

hk =∞. (17)

zN = (1/

N∑
k=0

hk)

N∑
k=0

hkx(uk) (18)

Ëþáàÿ ïðåäåëüíàÿ òî÷êà {zN} ÿâëÿåòñÿ ðåøåíèåì èñõîäíîé
çàäà÷è .
Íà ïðàêòèêå hk = h � constant:

zN = (1/N)
N∑
k=0

x(uk)
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Ïðîãðàììíûå ðåàëèçàöèè è ïðî÷åå

Ñ++
Áàçû äàííûõ.

Àëãîðèòì ñ ïîñòîÿííûì øàãîì (Øîð Í.Ç.):
xk+1 = xk − hgk/|gk|.
D(r) ⊂ X∗, h < 2r ⇒ ∃ k∗ : xk∗ ∈ X∗.

ε-ñóáãðàäèåíòû.
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