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» HO.M.Bepesancknii 1925-2019
» B.C.Kopontok 1925-2020

» B.C.Muxanesuy 1930-1994

> A.B.Ckopoxog 1930-2011



S.1.Zychovitsky
1949

Joseph Fourier 1768- 1830
1826




Note of Jordan elimination Linear Programming and Tchebycheff
approximation.
Stiefel E. Numerische Matematik 1960



‘Stanford Report, May 25, 2005

George B. Dantzig,
operations research
professor, dies at 90

BY DAWN LEVY
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JlnHelivoe nporpaMmmupoBaHune CaeayeT pacCMaTpMBaTh Kak YacTb
BEJINKOI peBOMIOLMMN, KOTOpas fajla YeNOBEYECTBY BO3MOXXHOCTb
popmynuposaTh BosibLIME LEAM U yKa3ana HauaydLwmne Nyt gas
JOCTUXKEHMNSA 3TUX Uenell B NPakTUYeCKUX CUTYaLusix orpoOMHON

CNOXXHOCTN



Linear Programming

Kantorovich L.V. 1939, George Dantzig 1947:
(c,x™) = max{(c,x)|Ax < b, x > 0}
A:R" R beR" ceR"
John von Neumann 1947:

(b,\*) = min{(b,\)]JATA > ¢c,A >0}
1. (¢,x*)=(b,\")
2. (ATA* —c,x*)=0,(b— Ax", \*) =0



G.Dantzig (1914-2005)
L.Kantorovich (1912-1986)
T.Koopmans (1910-1985)




In 1975 L.V. Kantorovich and T.C. Koopmans

Shared the Nobel Prize in Economics

“for their contribution to the theory of optimal allocation of
limited resources.”



Wassily Leontief
(1906-1999)

In 1973 Wassily Leontief received the Nobel Prize in Economics
"for the development of the input-output(lO) model and for its
application to the important economic problems” .



L.V.Kantorovich, V.S.Nemchinov, V.V.Novogilov
The Lenin Prize
1965



Kiev's School of Optimization
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B.H. NMweHuY4yHbIN
(24.04.1937 - 17.10.2000)

MpoexTUpOBaHKe ceTed u TeopuA rados

BucTene weTOR oA 1
TEOPUA ONTUMANLHOTO YNPal

BbIMYKAbIA aHANM3 M HEOGXOAMMBIE YCIOBUR
SKCTPeMyMa
MHOrO3Ha\Hble OTOBpaeHma
AndOEpeHUMansHsie BnioueHAR
Teopua AvddepeHUnaNbHBIX U 1 33aa4M
noucka
MO/3e/1M SKOHOMUNECHOM AUHAMMKH

MUHAMBHCHOR OLIeHUBAHVE NBPAMETPOB

H.3. Wop
(01.01.1937 - 26.02.2006)

CyBrpaaMeHTH e METOA! HETNaAKON
OmUMMzaLIM
Cxembl A@KOMNO3ULMYM NDU pemeuun 3agay
60bUIOI PAIMEPHOC
MeTop 3N11MNCOMA08 1 €10 NPUMEHEHNe ANA
PeWeHN BIMYKALIX ¥ KOMEMHATODHBIX 38034

MeToas! Cy6rpaaMeHTHOrO THNa C PaCTAMEHUeM
NpoCTpaHcTea

Mccnenosauue npoucmekuw( OUEHOK B

bIX v GyeBbIX 3afa4ax,
cm;anmx < W—ou npo6nemoit Mmnscepra

AMHAMUECKAX CUCTeM

Pewenne BapHaLMOHHBIX HEPABEHCTS

YHKUMI ¥ MX TIDUMEHEHVE B TeODVI
AMHAMUMECKIX CHCTeM 1 TeopUn ycromusccm

MHOrONMCNIEHHBIE MPUNIOWEHUA K 33434aM




CroxacTuueckue Mogeny U MeToAb! B SKOHOMUYECKOM NNaHNPOBaHMK.
MeToabl CTOXacTUYECKOro NPOrPaMMUPOBaHUS.

OKCTpemansHbie 3aaa4u Ha rpagax.

KOHE4HO-Pa3HOCTHBI METOA B 33Aa4ax ONTUMANLHOTO YNPABNEHNA.

Maremaruyeckue metoabi UcCnegoBaHns onepaumin.

FO.M. Epmonbes
1936-2022
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B. I [MIEHITYHBI
10. M. JIAHAJIMI

YUCJEHHBIE METOIbL

B OKCTPEMAJILHBIX
3AJIAUAX

M3JATETTBCTBO (HAVKAS

TIABHAR
DMK

PETARIIA
0-MAT

XOCKBA 1975

\TEMATITECKOR JUITEPATYPR
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AKAZIEMHS HAYK YKPAHHCK®F COP
OPREHA JEHHHA MHCTHTYT KHBEPHETHKI

H.3.1IOP

METOHbL
MUHUMIBALIAN

i HEIPPEPEHLIUPYEMbBIX

GYHKLIAN
Y UX TIPUJIOXKEHM

KHEB
HAYKOBA AYMKAY
197




10.M. EPMOJIBEB
3 .M. MEJBHHE




[0. M. EPMOJILEB

METO/IbI
CTOXACTHUHYECKOI' O
MPOIrPAMMUPOBAHMS

MU3NATEJIBCTBO «HAYKAs

TJIABHASI PENAKLHSA
®U3UKO-MATEMATHYECKO/ JIMTEPATYPBI
MOCKBA 1976



Nonsmooth Optimization

N.Shor, B.Pshenichnyi, B.Polyak, U.Ermol’ev, V.Demyanov,
E.Nurminskij, N.Gurbenko, P.Stetsyuk

Ellipsoid Method

N.Shor 1976

D. Yudin and A.Nemirovskii 1976

Polynomial Complexity of the Ellipsoid method for LP
L.Khachiyan 1979






Klee (1925-2007)-Minty

perturbed cube 1973
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Revised Simplex Method
m(n—m)+ (m+ 1)’ multiplications
and m(n+1) additions at each iter.
O(mn) operations per iteration

Number of iterations

1 , »
G i B e 2", nz2m
mi(n—m)




L=x3/|log, qa,-,-\ﬂ)’
+3[log, (b]+1)]

+1)]

+3[log, (c,
+ Z|7log2 (n +1)—|+ 2‘,|7log2 (m + 1)_]
+(mr1+m—1—n+])

(m +n+l+m n)— signs of all numbers

* ~—L *
xesS (X ,2 ) = X
O(n3)
Leonid Khachiyan 1952-2005
1979



Complexity in LP

Simplex Method - O(2")
Ellipsoid Method N. Shor (1937 - 2006)
1970, 1972, 1975
D. Yudin (1919 - 2006), A. Nemirovsky
1976
L. Khachiyan (1952 - 2005)

1979

Doit = Flxert) — F(x") < <1 - 1) A,

n2

O(n?) operations per step

total O(n*L)



N. Karmarkar 1984
Do < (1-1) A
O(n*?) operations per step
total O(n*°L)

J. Renegar (1988)
As-%—l S (1 - ﬁ) As

O(n*®) operations per step

total O(n’L)



G. Gonzaga
Ava < (1-5) A
O(n*®) per step
total O(n’L)
Yu. Nesterov, A Nemirovsky
1988 - 1993
Self - concordance Theory total O(n*L)

for large classes of convex optimization problems.



-C,(x)

-c,(x)

S(x)

x*

Fx) =max { f{x), ~c,(x), §=1,..,m}

f(x*)=min{f(x)|ci(x)>0,1<i<m}=0



Smooth approximation of F(x) by log barrier function

P(x, ky)

LIRS

Fx) P(x,ky)

A

P(x,k) = f(x) = k) Inci(x)

ki < ko < ...



Ragnar Frisch 1895-1973

Log-Barrier function in constrained optimization 1954-1955

Sheared Nobel Prize in Economics 1969 with Dutch economist
Jan Tinbergen



Interior Point Methods

.

.—-/X*

x5 =xf = (Vo P(x %, 1)) VP (x5, 1)
wl=1-alyn)p', «-= 137!
S. Smale, M. Shub 1992
Bor= A2 = f(x ") <(1 - a/ym) (Hx*) - A2 )= (1 - a/y/m)a,



Linear Programming

z=(p,x)—‘min

Ax=gq
x>0
X2
x*




Affine Scaling Method for LP
X2

(p.x)
(,_,tfl-,’n)'s (14 ey

A N
1.1. Dikin 1967



llya Dikin (1936-2008)
1967

E.Barnes IBM 1986
R.Vanderbei, M.Meketon
B.Fridman ATaT
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NONCONVEX OPTIMIZATION AND ITS APPLICATIONS
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S. Zukhovitsky , R.Polyak and M. Primak

. "An Algorithm for Solving Convex Tchebyshev Approximation
Problem” Dokl. Acad. Nauk SSSR, 1963

. "An Algorithm for Solving Convex Programming Problem”
Dokl, Acad. Nauk SSSR, 1963

. "Numerical Method for Solving Convex Programming
Problem in Hilbert Space” Dokl, Acad. Nauk SSSR, 1965

. "Linear and Convex Programming” .Ch.4 and Ch6. Nauka
1967

. "One Non-Convex Programming Problem” Dokl. Acad. Nauk
SSSR,1968

. "One Class of Concave Programming Problems” Ekonomics
and Mathematical Methods, v.4, 1968.

. "Two Methods for finding Equilibrium Points of N-Person
Concave Games” Dokl, Acad. Nauk SSSR,1969.

. "N-Person Concave Games and One Production Model” Dok,
Acad. Nauk SSSR,1970

. "One General Equilibrium Problem” Dokl, Acad. Nauk SSSR
1973



S.1.Zuchovitsky, R.Polyak

1. "An Algorithm for Solving Rational Chebyshev Approximation
Problem” Dokl.Acad. Nauk SSSR, v. 159, No. 4,1964

R.Polyak, M.Primak

1. “Methods of Controlling Sequences for Solving Equilibrium
Problems” Partl Cibernetics 13,no0 2, 1977

2. "Methods of Controlling Sequences for solving Equilibrium
Problems” Part 2, Cibernetics 13 n 4, 1977



R. Polyak

. " Algorithm for Simultaneous Solution Primal and Dual
Convex Programming Problems” Transaction of the Scientific
Seminar, Cibernetic Institute, Kiev, 1966

. "The Best Convex Chebyshev Approximation” Dokl. Akad.
Nauk SSSR, v. 12, No. 5, 1971

. " A Balance-Econometric Model” in Transaction of
Mathematical Modelling, Moscow, 1976.

. " A New approach to multi-objective optimization" Ekonomics
and Mathematical Methods 1971

. "Convergence Acceleration for the Convex Programming
Methods: Linear Constraints” with L. Kirievsky, Dokl. Akad.
Nauk.SSSR 1973

. "Convergence Acceleration of the Convex Programming
Methods: Nonlinear Constraints” Soviet Math. Dokl, v. 14,
No. 5, 1973

. " A General Principle for Convergence Acceleration in Convex
Programming” Ekonomics and Mathematical Methods, v.4,
1974



8. "The Newton Method in Optimization Theory”; ZNANIA,
Kiev, 1978

9. " Controlling Sequences Method in Constrained Optimization”
CMMP 1978

10. "Finding a Fixed Point of a Class of Set-Valued Mappings”
Dokl. Akad. Nauk. SSSR. 1978






G.Zoutendijk



Boris




B.Polyak - S.Lojasiewcz Condition
SIVF G = i (F () — £ (7))
IVF ()~ VF W)l < Llix—yl
Xk+1 = Xk — %Vf (Xk)
4
)~ £ () < (1= B)(F (o) = 7 ()

Gradient method for minimization of functions CMMP 1963
602 References
Machine Learning



Heavy Ball Method
Xk41 = Xk — oV (x) + B (i — Xk—1)
B(xk — xk—1) B.Polyak's momentum
ml < V2f (x*) < Ml
pw=Mm1

One step gradient

-3

Two step gradient

o~(-3)

Some methods to speeding up convergence of iteration methods
CMMP 1964

2595 references



A general method of solving extremal problems DAN SSSR 1967

701 references

Minimization of unsmooth functions CMMP 1969

795 references

Constraint minimization methods
E.Levitin, B. Polyak CMMP 1965

1179 references

The conjugate gradient method in extremal problems CMMP 1969

1234 references



Pseudo-gradient adaptation and training algorithms
B. Polyak, Y.Tsypkin, Automation and remote control (ARC) 1973

207 references

Convergence and convergence rate of iterative stochastic
algorithms ARC 1976

789 references

On the solution of variational Inequalities
A .Bakushinskii, B.Polyak DAN SSSR 1974

173 references

Adaptive estimation algorithms: convergence, optimality,
robustness.
B.Polyak, Y.Tsypkin ARC 1979

146 references
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- Springer Optimization and Its Applications 172
- 4

RomanA.Polyak - 4

Introduction
to Continuous
Optimization







