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U.D.Sokolov
(1896-1971)



S.I.Zychovitsky
(1907-1994)







▶ Þ.Ì.Áåðåçàíñêèé 1925-2019

▶ Â.Ñ.Êîðîëþê 1925-2020

▶ Â.Ñ.Ìèõàëåâè÷ 1930-1994

▶ À.Â.Ñêîðîõîä 1930-2011



S.I.Zychovitsky
1949



Note of Jordan elimination Linear Programming and Tchebycheff
approximation.
Stiefel E. Numerische Matematik 1960



Ëèíåéíîå ïðîãðàììèðîâàíèå ñëåäóåò ðàññìàòðèâàòü êàê ÷àñòü

âåëèêîé ðåâîëþöèè, êîòîðàÿ äàëà ÷åëîâå÷åñòâó âîçìîæíîñòü

ôîðìóëèðîâàòü áîëüøèå öåëè è óêàçàëà íàèëó÷øèå ïóòè äëÿ

äîñòèæåíèÿ ýòèõ öåëåé â ïðàêòè÷åñêèõ ñèòóàöèÿõ îãðîìíîé

ñëîæíîñòè



Linear Programming

Kantorovich L.V. 1939, George Dantzig 1947:

(c , x∗) = max{(c , x)|Ax ≤ b, x ≥ 0}
A : Rn → Rm, b ∈ Rm, c ∈ Rn

John von Neumann 1947:

(b,λ∗) = min{(b, λ)|ATλ ≥ c , λ ≥ 0}
1. (c, x∗) = (b, λ∗)

2. (ATλ∗ − c , x∗) = 0, (b − Ax∗, λ∗) = 0



G.Dantzig (1914-2005)
L.Kantorovich (1912-1986)
T.Koopmans (1910-1985)



In 1975 L.V. Kantorovich and T.C. Koopmans
Shared the Nobel Prize in Economics
“for their contribution to the theory of optimal allocation of
limited resources.”



Wassily Leontief
(1906-1999)

In 1973 Wassily Leontief received the Nobel Prize in Economics
”for the development of the input-output(IO) model and for its
application to the important economic problems” .



L.V.Kantorovich, V.S.Nemchinov, V.V.Novogilov
The Lenin Prize

1965



Kiev’s School of Optimization



Þ.Ì. Åðìîëüåâ

1936-2022















Nonsmooth Optimization

N.Shor, B.Pshenichnyi, B.Polyak, U.Ermol’ev, V.Demyanov,
E.Nurminskij, N.Gurbenko, P.Stetsyuk
Ellipsoid Method
N.Shor 1976
D. Yudin and A.Nemirovskii 1976
Polynomial Complexity of the Ellipsoid method for LP
L.Khachiyan 1979









x ∈ S
(
x∗, 2−L

)
⇒︸︷︷︸

O(n3)

x∗

Leonid Khachiyan 1952-2005
1979



∆s+1 = f (xs+1)− f (x∗) ≤
(
1− 1

n2

)
∆s



N. Karmarkar 1984

∆s+1 ≤
(
1− 1

n

)
∆s

O(n2.5) operations per step

total O(n3.5L)

J. Renegar (1988)

∆s+1 ≤
(

1− 1√
n

)
∆s

O(n2.5) operations per step

total O(n3L)



G. Gonzaga

∆s+1 ≤
(

1− 1√
n

)
∆s

O(n2.5) per step

total O(n3L)

Yu. Nesterov, A Nemirovsky

1988 - 1993

Self - concordance Theory total O(n3L)

for large classes of convex optimization problems.



f (x∗) = min {f (x) |ci (x) ≥ 0, 1 ≤ i ≤ m} = 0



Smooth approximation of F (x) by log barrier function

P(x , k) = f (x)− k−1
∑

ln ci (x)

k1 < k2 < ...



Ragnar Frisch 1895-1973

Log-Barrier function in constrained optimization 1954-1955

Sheared Nobel Prize in Economics 1969 with Dutch economist
Jan Tinbergen



Interior Point Methods





Affine Scaling Method for LP



E.Barnes IBM 1986
R.Vanderbei, M.Meketon
B.Fridman ATæT











S. Zukhovitsky , R.Polyak and M. Primak

1. ”An Algorithm for Solving Convex Tchebyshev Approximation
Problem” Dokl. Acad. Nauk SSSR, 1963

2. ”An Algorithm for Solving Convex Programming Problem”
Dokl, Acad. Nauk SSSR, 1963

3. ”Numerical Method for Solving Convex Programming
Problem in Hilbert Space” Dokl, Acad. Nauk SSSR, 1965

4. ”Linear and Convex Programming” .Ch.4 and Ch6. Nauka
1967

5. ”One Non-Convex Programming Problem” Dokl. Acad. Nauk
SSSR,1968

6. ”One Class of Concave Programming Problems” Ekonomics
and Mathematical Methods, v.4, 1968.

7. ”Two Methods for finding Equilibrium Points of N-Person
Concave Games” Dokl, Acad. Nauk SSSR,1969.

8. ”N-Person Concave Games and One Production Model” Dokl,
Acad. Nauk SSSR,1970

9. ”One General Equilibrium Problem” Dokl, Acad. Nauk SSSR
1973



S.I.Zuchovitsky, R.Polyak

1. ”An Algorithm for Solving Rational Chebyshev Approximation
Problem” Dokl.Acad. Nauk SSSR, v. 159, No. 4,1964

R.Polyak, M.Primak

1. “Methods of Controlling Sequences for Solving Equilibrium
Problems” Part1 Cibernetics 13,no 2, 1977

2. “Methods of Controlling Sequences for solving Equilibrium
Problems” Part 2, Cibernetics 13 n 4, 1977



R. Polyak

1. ”Algorithm for Simultaneous Solution Primal and Dual
Convex Programming Problems” Transaction of the Scientific
Seminar, Cibernetic Institute, Kiev, 1966

2. ”The Best Convex Chebyshev Approximation” Dokl. Akad.
Nauk SSSR, v. 12, No. 5, 1971

3. ”A Balance-Econometric Model” in Transaction of
Mathematical Modelling, Moscow, 1976.

4. ”A New approach to multi-objective optimization” Ekonomics
and Mathematical Methods 1971

5. ”Convergence Acceleration for the Convex Programming
Methods: Linear Constraints” with L. Kirievsky, Dokl. Akad.
Nauk.SSSR 1973

6. ”Convergence Acceleration of the Convex Programming
Methods: Nonlinear Constraints” Soviet Math. Dokl, v. 14,
No. 5, 1973

7. ”A General Principle for Convergence Acceleration in Convex
Programming” Ekonomics and Mathematical Methods, v.4,
1974



8. ”The Newton Method in Optimization Theory”; ZNANIA,
Kiev, 1978

9. ”Controlling Sequences Method in Constrained Optimization”
CMMP 1978

10. ”Finding a Fixed Point of a Class of Set-Valued Mappings”
Dokl. Akad. Nauk. SSSR. 1978





G.Zoutendijk



Boris
(1935-2023)



B.Polyak - S.Lojasiewcz Condition

1

2
∥∇f (x)∥2 ≥ µ (f (x)− f (x∗))

∥∇f (x)−∇f (y)∥ ≤ L ∥x − y∥

xk+1 = xk −
1

L
∇f (xk)

⇓

f (xk)− f (x∗) ≤
(
1− µ

L

)k
(f (x0)− f (x∗))

Gradient method for minimization of functions CMMP 1963
602 References

Machine Learning



Heavy Ball Method

xk+1 = xk − α∇f (xk) + β (xk − xk−1)

β(xk − xk−1) B.Polyak’s momentum

mI ≤ ∇2f (x∗) ≤ MI

µ = Mm−1

One step gradient

q1 =

(
1− 2

µ

)
Two step gradient

q2 =

(
1− 2

√
µ

)
Some methods to speeding up convergence of iteration methods
CMMP 1964

2595 references



A general method of solving extremal problems DAN SSSR 1967

701 references

Minimization of unsmooth functions CMMP 1969

795 references

Constraint minimization methods
E.Levitin, B. Polyak CMMP 1965

1179 references

The conjugate gradient method in extremal problems CMMP 1969

1234 references



Pseudo-gradient adaptation and training algorithms
B. Polyak, Y.Tsypkin, Automation and remote control (ARC) 1973

297 references

Convergence and convergence rate of iterative stochastic
algorithms ARC 1976

789 references

On the solution of variational Inequalities
A.Bakushinskii, B.Polyak DAN SSSR 1974

173 references

Adaptive estimation algorithms: convergence, optimality,
robustness.
B.Polyak, Y.Tsypkin ARC 1979

146 references










