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 1. 

1.

r-

. . , . . , . .

. r - ,

.

r - ( )r -

- .

( )r -

.

ralgb5a,

.

Annotation. Three computational forms of r -algorithms that differ in the number of 

computations at iteration are considered. The results of convergence of the limit version 

of r -algorithm for convex smooth functions and ( )r -algorithm for convex piecewise-

smooth functions are presented. The practical aspects of ( )r -algorithms with constant 

coefficient of space dilation , and adaptive adjustment of step coefficient in the 

direction of the normalized antisubgradient in the transformed space of variables are 

discussed. The research program ralgb5a to minimize smooth and non-smooth convex 

functions is described. 

1.1.

C

r -  [1, 2, 3]. 

r -
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,

’ .

r -

’ .

. ,

, r - .

,  « »

 « ».

,

.

-

.

,

.

, -

.

 ( )

r - -

 ( )

.

r - ,

,

,

 [4, 5, 6, 7].   
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Розділ 1.  Субградієнтні алгоритми з перетворенням простору

1.2.  r-

( )f x , nx E  — 

n . * *( )f f x , * *x X .

,  ( )f x *X ,

lim ( ) =
x

f x . -

r - . =0{ }k k  — ,

>1k .

r -  ( )f x

n - =0{ }k kx

n n - =0{ }k kB :

1 1= , = ( ), = 0,1,2, ,k k k k k k k kk
x x h B B B R k             (1.1) 

*

0

( )
= , = arg min ( ),

( )

T
k f k

k k k k k kT h
k f k

B g x
h h f x hB

B g x
               (1.2) 

1
1= < 1, = , = ( ) ( ),

T
k k

k k k f k f kT
k k k

B r r g x g x
B r

        (1.3) 

0x  — ; 0 = nB I  — n n - ; *
kh  — 

 ( )f x

; ( ) = ( 1) T
nR I  — 

1= < 1; ( )f kg x 1( )f kg x  —  ( )f x

kx 1kx .

k  (1.1)–(1.3) 

( ) , *k k , *
k kx x .
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r -

( ) = ( )ky f B y = ky A x ,
1=k kA B .

1 =k k k k kx x h B

kA ,

1 1

( ) ( )
= = = = ,

( )( )

T
k f k k

k k k k k k k k k k kT
kk f k

B g x g y
y A x A x h y h y h

g yB g x
         (1.4) 

( ) = ( )T
k k f kg y B g x ( ) = ( )ky f B y

=k k ky A x = ky A x . ,

 ( )f x kx

( ) ( ) ( ( )) ( ) ,T n
k f k kf x f x g x x x x E

, = kx B y ,

( ) ( ) ( ( )) ( ) = ( ) ( ( )) ( ) .T T T n
k k f k k k k ky y B g x y y y g y y y y E

*=k kh h ,  (1.4) 

( ) = ( )ky f B y

= ky A x ; *
k kh h ,  (1.4) .

 ( )f x kx ,
*= = 0k kh h , ’

r - .  = 0kh , ,

kx .

1k kx x , 1kB

1( )f kg x . ,

 ( kx )

kx .
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r -

.

r -

,

.

-  ( . . 1.1).

. 1.1.  ( )

 ( )

 « » -

,  « », ,

 ( ).

, 2 ,

. ,

,

 « » .

,
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,

 (

).

, r -

=0{ }k k , =0{ }k kh

.  ( )

, ,

.

r -  ( ) .

 (1.1)–(1.3) B - r - ,

, ’  =x By .
25n ,

 (

). 23n

k kB , ( )T
k f kB g x T

k kB r  (

), 22n

1 = ( )k k kk
B B R . ,

1 = ( ) = ( ( 1) ) = ( 1)( ) ,T T
k k k k n k k k k k k k kk

B B R B I B B

,  = k kB
2n , T

k .

r - B - ,  (1.1)–(1.3) 
2n .

r -

=0{ }k kx =0{ }k kB :
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1 1= , = ( ), = 0,1,2, ,k
k k k k k k kk

k

gx x h B B B R k
g

             (1.5) 

* *
1 10

= argmin ( ), = ( ),Tk
k k k k k k f kh

k

gh h f x hB g B g x
g

              (1.6) 

*
*1

1 1*
1

1= , = , = ( ) ,k k
k k k k kk

k k k

g g g R g
g g

                    (1.7) 

0x  — , , *
0x x ; 0 0 0= ( )T

fg B g x , 0B  — 

n n - ; ( )f kg x , 1( )f kg x  —  ( )f x kx 1kx .

k ,
*k k , *

k kx x .

 (1.5)–(1.7) 24n .
22n k kB g 1( )T

k f kB g x ,

22n  — 1 = ( )k k kk
B B R .

2n ’ , 1 1 1= ( )T
k k f kg B g x ,

1= ky A x
*

1 1= ( )T
k k f kg B g x  — = ky A x .

1kg
*

1 1 1 1 1= ( ) = ( ) ( ) = ( ) =T T
k k f k k k f k k kk k

g B g x R B g x R g

* * *
1 1 1= ( ( 1) ) = ( 1)( ) ,T T

n k k k k k k k k kI g g g

.

-

= k
k

k

g
g

,

( )
=

( )

T
k f k

k T
k f k

B g x
B g x

,  (1.1)–(1.3). 
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r - H -

 = T
k k kH B B  ( ).

=0{ }k kx

=0{ }k kH :

1

2
1

( )
= ,

( ) ( )

= ( 1) , = 0,1, ,

k f k
k k k T

f k k f k

T
k k k k

k k k T
k k k

H g x
x x h

g x H g x

H r r HH H k
r H r

             (1.8) 

*

0

1

( )
= arg min ,

( ) ( )

1= < 1, = ( ) ( ),

k f k
k k k Th

f k k f k

k k f k f k
k

H g x
h h f x h

g x H g x

r g x g x

                     (1.9) 

0x  — ; 0 = nH I  — n n - ; kh  — 

, , *
kh ; ( )f kg x 1( )f kg x  —  ( )f x

kx 1kx . k ,
*k k , *

k kx x .

H - r - -

1kx

( ) ( )
( ) ( ) ( )

( ) ( )
.

( ) ( ) ( ) ( )

T T
k f k k k f k

k T TTk f k
k f k k f k

k f k k f k

T TT
f k k k f k f k k f k

B g x B B g x
B

B g x B g x B g x

H g x H g x

g x B B g x g x H g x

1kH
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1 1 1 = ( ) ( ) = ( ) ( ) =
T

T T T
k k k k k k k k k k kk k k k

H B B B R B R B R R B

2
2( ) ( ) ( ) ( ( 1) )

k

T T T T
k k k k k k k k n k k k kk k

B R R B B R B B I B

2 2
2( 1) ( 1)

T T T
T T T k k k k k k

k k k k k k k k k T
k k

B B r r B BB B B B H
B r

2 2 2( 1) ( 1) ( 1) .
T T T

k k k k k k k k k k k k
k k k k k kT T T TT T

k k k k k k kk k k k

H r r H H r r H H r r HH H H
r B B r r H rB r B r

H - r - , B - .

’  — , ,

 —  1,66 . kH

n n ,  (1.8)–(1.9) 
23n . 22n

 ( )k f kH g x  = k kH r , 2n  — 

 =T T
k k k kH r r H , 1kH .

, H - r - , B - .

,  (1.8)–(1.9) ,

kH .  (1.1)–(1.3)  (1.5)–(1.7) 

, ’

 = T
k k kH B B .

r - ’

. 1.1. 

r - , ’ -

, , .

B -  « »,

 (1.1)–(1.3)  «+». ,

,
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B - ,

 (1.1)–(1.3).

r - H -

« ». ,

, r - B - .

r - H - ,

 ( )f x .

.. 1.1. r -

r - ’

B -  (1.1)–(1.3) 2n 25n  (+) 

B -
 (1.5)–(1.7) 2n 24n

H -  (1.8)–(1.9) 2 / 2n 23n

1.3.  r-

r -

’ : r -

 [1]  ( )r -  [8].  

, r -

. ,

-  ( )f x

r -

 ( )f x .

,  ( )r -

- .

, .
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r - ,

 ( 0k , 0,1,k ),

 ( )f x  ( *
k kh k , 0,1,k ).  

 0k ,  ( )
k kR

0 ( ) = , , = 1,2, , .T k k
k n k k k

k k

B rR I k n
B r

       (1.10) 

 (1.10) , 0 ( )iR

, i . 0
1

k

i
i

R

,

,

i , 1,2, ,i k .

.

 1.1. r -
*k n ’ * *( ) 0T

fk k
B g x .

r -

. ’
*x , n -

.  1.1 , *k

r - ,

.

,  ( )f x

r - * *( ) 0T
fk k

B g x

« », , n ,

 « » kB , nI .

r - . .
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 1.2.  ( )f x , nE , -

S *x ,

 ( )H x

( ) ( ) , , .H x H x L x x x x S      (1.11) 

, *( )H x  — . *x

S S , 0x S  0c ,

2* * ,n nx x c x x

nx  — , n

( *k n * *( ) 0T
fk k

B g x , *n k
x x ).

, -

 ( )f x r - kB

n

 ( )f x ,  1.2.

r -

.  1k
*

k kh k ,

, r - .  0k

*
k kh k , r - ,

, n . 1k
*

k kh k ,

r - , kB ,

, .

r- , ,

.
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. .  ( )r -

 [9], , .

. , . . -

 «Optimization Methods and Software» [10], 

. . , : «  1972 . .

,

« - ».

,

.

 B-  B- -

.

,  1972 

- ,

« - ».

.

». 

 ( )r - -

 [8]  [4, . 102–113]. 

,

-

1
( ) max ( ), ( )  , = 1,2, , .i ii m

f x f x f x i m        (1.12) 

 (1.12) .  ( )r - .

( )
( ) ( )

if fi I x
G x g x , ( ) ( ) ( )iI x i f x f x , ( )

if
g x  — 

( )if x x .

 1 — ;  — , ,

0 1; 0x  — ; 0( )fg x  — f 0x

( - , 0( )fG x ,
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0 0( ) ( )f fg x G x ); 0B  — n n - . ( )r -

=0{ }k kx

=0{ }k kB , k -  ( 1)k -

:

1.

1 ( ),
kk k k k kx x B g y              (1.13) 

( ) ( )
k

T
k k f kg y B g x , k :

a) 0, k 1( ) ( ( ))k kf x ,            (1.13.a)

b) 1( )f kg G x ,
( )

( )
k

k

TT
k k

T
k k

B g g y

B g g y
.           (1.13.b) 

2.

1 ( ) 1 ,T
k k k k k k kB B R B B (1.14)

1
1= , = ( ) ( ), = < 1.

T
k k

k k f k f kT
k k

B r r g x g x
B r

(1.15)

3. 1kx , 1kB 1( )f kg x g .

.  (1.13) 
1

k kA B ,

1 1 ( ) ( ).
k kk k k k k k k k k ky A x A x g y y g y

 (1.13) 

 ( ) ( )k ky f B y , k  — ’ k -  (

).  0 *
k  — 

. ’ *
kh  (

)
* * ( )T
k k k f kh B g x .
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0 ,

,

, .

, r -  1.2 .

,  0 ,  (1.13.b) 

,

.

.

 1.3.  ( )f x  —  (1.12), , lim ( ) =
x

f x ,

=0{ }k kx ,  ( )r - ,

1lim = 0.k kk
x x               (1.16) 

*x  — , 0x ,
* 0: ( ) ( ) ( )x f x f x f x , 0x *x , , *x ,

z ,  ( )fG z , =0{ }k kx
*x .

 ( )r -

. ,
 ( )r - , ’

,
 ( fG )

. -

 ( )r -  [11]. 

 [12]  ( )r - .

r - ,

 — 0 ( )f x ,  ( )f x  – . ( )r - -
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.
,

.
 ( )r -

- -
, , , ,

, ,
- .

,

. ,  ( )r - ,

« »,

.

r - kh ,
*

k kh h , *
kh .

« »

, -

.  ( )r -

.

1.4. ( )r -

 ( )r - ,

 — , kh -

.
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: 0 0h  — 

 ( ,

); 1q  —  ( 1 1q ),

; 2q  — 

 ( 2 1q ); hn  ( 1hn )

2q .

, 1kx ,

1 1 1( ) 0T
k k k kx x g x .           (1.17) 

 (1.17) , -

1( ) ( ) 0
TT

k k f k f kB B g x g x .                 (1.18) 

,

.  (1.18) 

1( ) ( ) 0
TT

k k f k f kB B g x g x ,                 (1.19) 

1( ) ( ) 0
T

k kg y g y ,            (1.20) 

( ) ( )T
k k f kg y B g x 1 1( ) ( )T

k k f kg y B g x

( ) ( )ky f B y k k ky A x 1 1k k ky A x -

ky A x , 1
k kA B . , lim ( ) =

x
f x ,

-

’  (1.19)–(1.20). 

 ( )r -

,

x g . 1kx ,

1k k xx x  ( )
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1( )f k gg x  ( ,

). , :

, , ,

,  ( )f x ,

0h .  ( )r -

,

, ,

.

, -

-  [13]. 

 ( )r -

, :

= 2 4 , 0 = 1.0h , 1 = 1.0q , 2 = 1.1 1.2q , = 2 3hn .

0x *x , 0h
*

0x x .

, 1q  ( 1 = 0.8 0.95q ).

,

,

. ,

, , n

- ’ .
6 5, 10 10x g

*
kx  – -

*x , -

 (
* *

6 5
*

( ) ( ) 10 10
| ( ) | 1

kf x f x
f x

* *
12 10

*

( ) ( ) 10 10
| ( ) | 1

kf x f x
f x
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).

.

 ( )r -

’

, , ++, C#  Octave. B -

r - . B -  (1.5)–(1.7) 

- ’ ralg ( , , ++), ralgb4 ( ,

Octave), SolveOpt ( , ). B -  (1.1)–(1.3) 

’ ralgb5 ( , Octave, ++  C#). r -

H - ’

,

.

ralg (  – 

. . ).  70–80 ralg

. ,

. .  ( . , ) . .

( ),

. . .  1990- ralg

ralgb4 (  — . . ), -

r -  [14]. ralg . .

SolveOpt (  — ),

1 1| | | |i i i
k k x kx x x 1 1| ( ) ( ) | | ( ) |k k f kf x f x f x -

x f  [15].  

 – ralg

’ , ++ (  – 

. . . . ).
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 2007–2008 ralgb5

 (  — . . ),  (1.1)–(1.3). 

’ , B - r - ,
25n .  2010 

ralgb5  Octave (  [16, . 384–

385]). '  Octave- ralgb5

.

,  BLAS (Basic Linear Algebra Subprograms)  Octave 

- r - ,

.

ralgb5 . . ++, C# 

.

 2016 ralgb5  Octave-

ralgb4 [17].  (1.5)–(1.7), 

B - r - . Octave- ralgb4 24n

.

ralgb5. O tave- ralgb4  ralgb5 

Octave

.

MATLAB ,

.

O tave- ralgb4  ralgb5 

,  BLAS 

(Basic Linear Algebra Subprograms) 

 IntelR Math Kernel Library (IntelR MKL), 

.
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’  ( ), ,

, -

.

,

 CUDA .

r -  [18], ,

'  1000–8000 ,  14  18 .

( )r -

. ,

,

( ). , ,

.

1.5. Octave-  ralgb5a 

 ralgb5a [19, 20]. ralgb5a  (

) ralgb5 [16, . 383–386], 

-  (1.1)–(1.3) [3].  «b5» ,

r - B - , n n -

B ,  (1.1)–(1.3) 25n

,

(

). 23n k kB ,

( )T
k f kB g x T

k kB r  ( ), 22n
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1 = ( )k k kB B R . ,

1kB

1 = ( ) = ( ( 1) ) = ( 1)( ) ,T T
k k k k n k k k k k kB B R B I B B

, = k kB 2n

,
T
k .

ralgb5a

2 1.1q 3hn .

610  .

ralgb5a intp (interval for print),

intp .

,

. x g

* 1[ , ]k kk
x x x , 1k k xx x  (

) *( )f gk
g x  ( ,

).

, maxitn,

, ,  ( )f x

, 0h , .

0x ,

( )r - : [2,4], 1 1.0q  (

), 1 0.8 0.95q  ( ), *
0 0h x x  — 

0x *x . ,

: 610 ;x
1210 ;g maxitn 20n .
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g , x  — 

. ralgb5a
8

1 10k k xx x , ,  14 15

rf
*f .

 ralgb5a.

ralgb5a,  Octave-  ralgb5a 

 sabs(100,1.2), -

100
1 * * *

1

( ) 1.2 1, ( ) 0, 1,1, ,1 ,i T
i

i
f x x f f x x                (1.21) 

a  — a .  (1.21) ,

1ix , 1, ,100i -

 1.2q , 0(1.2) 1,  – 
99(1.2) 6.9015e+07 .

 ralgb5a. Octave-  ralgb5a *
rx  — -

 ( )f x n .

ctave- function [f, g] = calcfg (x),

 = ( )f f x  = ( )fg g x x .

' , ctave. 

,

, .
# Input parameters: 
#    calcfg - name of the function calcfg(x) for calculation of f and g 
#    x - the starting point, x0(1:n) (it is modified in the program) 
#    alpha - the value of coefficient of space dilation 
#    h0, q1 - parameters of the adaptive step adjustment 
#    epsx, epsg, maxitn - stop parameters
#    intp - print information every intp iteration
# Output parameters: 
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#    xr - a minimum point, which was found by the program, xr(1:n)
#    fr - the value of the function f at the point xr 
#    itn - the number of iterations used by the program 
#    nfg - the number of function calcfg calls
#    istop - exit code (2 = epsg, 3 = epsx, 4 = maxitn, 5 = error) 
function [xr,fr,itn,nfg,istop] = ralgb5a(calcfg,x,alpha,h0,q1,  #row001 
                                         epsg,epsx,maxitn,intp); 
itn = 0; B = eye(length(x)); hs = h0; lsa = 0; lsm = 0;         #row002 
xr = x; [fr,g0] = calcfg(xr); nfg = 1;                          #row003 
printf("itn %4d  f%15.6e  fr%15.6e  nfg %4d\n",itn,fr,fr,nfg);  #row004 
if(norm(g0) < epsg) istop = 2;  return; endif                   #row005 
for (itn = 1:maxitn)                                            #row006 
   dx = B * (g1 = B' * g0)/norm(g1);                            #row007 
   d = 1; ls = 0; ddx = 0;                                      #row008 
   while (d > 0)                                                #row009 
      x -= hs * dx; ddx += hs * norm(dx);                       #row010 
      [f, g1] = calcfg(x); nfg ++;                              #row011 
      if (f < fr)  fr = f; xr = x;  endif                       #row012 
      if(norm(g1) < epsg) istop = 2;  return; endif             #row013 
      ls ++; (mod(ls,3) == 0) && (hs *= 1);                     #row014 
      if(ls > 500) istop = 5;  return; endif                    #row015 
      d = dx' * g1;                                             #row016 
   endwhile                                                     #row017 
   (ls == 1) && (hs *= q1);  lsa=lsa+ls; lsm=max(lsm,ls);       #row018 
   if(mod(itn,intp)==0)                                         #row019 
     printf("itn %4d  f %14.6e  fr %14.6e", itn, f, fr);        #row020 
     printf("  nfg %4d  lsa %3d  lsm %3d\n", nfg, lsa, lsm);    #row021 
     lsa=0; lsm=0;                                              #row022 
   endif                                                        #row023 
   if(ddx < epsx) istop = 3;  return; endif                     #row024 
   xi = (dg = B' * (g1 - g0) )/norm(dg);                        #row025 
   B += (1 / alpha - 1) * B * xi * xi';                         #row026 
   g0 = g1;                                                     #row027 
endfor                                                          #row028 
istop = 4;                                                      #row029 
endfunction                                                     #row030 

: alpha = 2 3,

h0 = 0, q1 = 0. -

q1 = 0.8 0.95.

. , ,

.
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. -

 (1.21).  (1.21) 

 Octave-

function [f,g] = sabs(x) 
global w 
temp=x-ones(length(x),1); f=sum(abs(w.*temp)); g=w.*sign(temp); 
endfunction,

w

global w 
n=100; temp=[0:(n-1)]'; w=1.2**temp.

0 0,0, ,0 Tx ,

0( ) 4.140899e+08f x .  ( )r -

: 4  (  [2,4]), 1 1.0q  (

), 0 10h  ( *
0x x  — 

0x *x ). :
810x , 1210g , maxitn = 5000. g  ( -

), x ,

ralgb5a 8
1 10k kx x ,

,  14–15 

rf
* 0f .

 Octave- :

global w 
n=100; temp=[0:(n-1)]'; w=1.2**temp; # w(1,1), w(100,1), 
x = zeros(n,1); alpha = 4.0, h0 = 10.0, q1 = 0, 
epsx = e-8, epsg = e-12, maxitn = 5000, intp=500; 
[xr,fr,itn,nfg,istop]=ralgb5a(@sabs,x,alpha,h0,q1,epsg,epsx,maxitn,intp);
printf("itn %4d  fr %23.15e  istop %d  nfg %4d\n", itn, fr, istop,nfg); 
dx = norm(xr-ones(n,1)), 
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. '

Pentium 3GHz  Windows7/32  GNU Octave  3.6.4. 

ralgb5a intp = 500 :

alpha =  4  h0 =  10  q1 =  1 
epsx = 0000e-008  epsg = 0000e-012  maxitn =  5000 
itn    0  f  4.140899e+008  fr  4.140899e+008  nfg    1 
itn  500  f  718525e+003  fr  273433e+003  nfg  532  lsa 531  lsm   4 
itn 1000  f  409472e+000  fr  192802e+000  nfg 1032  lsa 500  lsm   1 
itn 1500  f  258921e-003  fr  258921e-003  nfg 1532  lsa 500  lsm   1 
itn 2000  f  422859e-006  fr  224438e-006  nfg 2032  lsa 500  lsm   1 
itn 2046  fr  6.340398755873688e-007  istop 3  nfg 2078 
dx = 9497e-008 

 ( )r - .

, ,

 2078/ 2046 3

 (1.21) . 1 0.95q ,

920 1539 sabs.

ralgb5a ,

 Open Source-

GNU Octave [21].  Octave 3.0.0 .

' .

1.6.

r - . r - -

.

, ,

, r -

.
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.

 ( )r -

. ,

,

 ( ).

,

 [22, 23].  

r -

. *f

n

1logN O n , . .  1982 :

«

.

,

r- , ».

.

1. . .

: . . . - . . , 1970. 44 .

2. . ., . . ,

. . 1971.  3. . 51–59.
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6. Shor N. Z., Stetsyuk P. I. Lagrangian bounds in multiextremal polynomial and 

discrete optimization problems. Journal of Global Optimization. 2002. Vol. 23, 

P. 1–41. 

7. . ., . ., . ., . .

.

. 2003.  4. C. 80–94. 

8. . .

. . 1975.  4. . 48–53. 

9. . . -

. . 1972.  4. . 65–70.  

10. Special issue «Nonsmooth optimization and related topics», dedicated to the 

memory of professor Naum Shor, Optimization Methods and Software, 23:1,  

3–4 (2008) DOI: 10.1080/10556780701652368.

11. . .  r- .

. 1995.  6. C. 173–177. 

12. . .  r- .

. 2002.  6. . 74–96. 

13. . ., . .

. : . , 1989. 208 .



33

Розділ 1.  Субградієнтні алгоритми з перетворенням простору

14. . ., . .  r-
.

. 1997.  4. C. 28–49. 
15. Kappel F., Kuntsevich A. V. An implementation of Shor's r-algorithm. 

Computational Optimization and Applications. 2000. Vol. 15,  2. P. 193–205. 
16. . .  r- . : ,

2014.  488 .
17. . .  ralgb5  ralgb4 

. . 2017.  2.  
. 127–149.

18. . ., . ., . .  r-
. . : -

. . , 2016.  2. . 100–109. 
19. . ., . r-  octave-  ralgb5a. 

 « : ,
»,  60-

. .  ( . ,
13–15  2017 .). : - . .

, 2017. . 143–146.
20. . . '  «Octave-  ralgb5a: r( )- -

».
 85010. . .

.  29.01.2019. 
21. Octave. URL: http://www.octave.org.
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2.

 AMSG2P 

. . , . .

.  ( B, amsg2p)

-

 Octave: —

,  (

PolyakA); B — ,

 ( PolyakB); amsg2p —

 ( amsg2p).

Annotation. Three subgradient methods (methods A and B, method amsg2p) to find the 

minimum point of a convex function with known optimal values of a function and their 

program implementations in Octave are considered: method A is a subgradient method 

using Polyak’s step in the original space of variables (program PolyakA); method B is a 

subgradient method using Polyak’s step in the transformed space of variables (program 

PolyakB); amsg2p is a subgradient algorithm with Polyak’s step and transformation of 

space using two successive subgradients and the aggregate vector (program amsg2p). 

2.1.

 ( B [1, 2], 

amsg2p) -

.

 — ,

. B — 

,

.

,

.
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, . ,

, B

.

amsg2p,

. -

,  — 

,

,

.

2.2.

( )f x  — , nx R .
* *( )f f x , *x  — .

( )fg x :

* *( , ( )) ( ) , n
fx x g x f x f x R .                    (2.1) 

 ( , )x y  — nx R ny R .

 ( )f x - x ,

( )fg x ( )f x  —  ( )f x

x . ,  ( )f x , ( )fg x

.

 (2.1)  ( )fg x

 ( )f x . ,  ( )fg x x

( ) ( ) ( ( ), ), n
ff y f x g x y x y R ,               (2.2) 

*x  — . *x  (2.2) 
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* *( ) ( ) ( ( ), )ff x f x g x x x ,

, , * *( )f x f ,  (2.1). 
*f , *x

 [3]: 

*

1

( ) ( ), , 0,1,2...
( ) ( )

f k k
k k k k

f k f k

g x f x fx x h h k
g x g x

           (2.3) 

kh  (

). -

. ,  1954  [4],  [5] 

’ .  1965 . . .  [6] 

.

 (2.3) .  ( )f x

( ) ( ) ( ( ), )k f k kf x f x g x x x ,

, *f  ( *
1( )kf x f ).

 ( )f x kh

kx ,  (2.1) 

, kx 1kx
*x .

. kx ,
*x .

- , *x -

1kx .

 ( A,  2.3) 

 ( B,  2.4, amsg2p,  2.5) 
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.
*( )kf x f ;

0 *
kx x , * *( )f x f .

A B

( )f x ,  ( )fg x :

* *( , ( )) ( ( ) ), n
fx x g x m f x f x R ,               (2.4) 

 1m . m , -

; , -

 1m ,  2m ,

1 1
( )

p
k n

ij j i
i j

f x a x b ,  1p , m p .

m

.
* *( ) , ( )ff x f x x g x , m  1m .

2.3.

 A.  ( )f x  (2.4) *f

, * nx R , * *( )f x f ,

.

. *f  1m .

0
nx R ,  0 0x .

. n
kx R k- .

 (k+1)- , .

A1. ( )kf x ( )f kg x . *( )kf x f ,  STOP 

( * *, kk k x x ).



38

Субградієнтні алгоритми та задачі на комбінаторних конфігураціях

A2. :
*

1

( ) ( ( ) ), .
( ) ( )

f k k
k k k k

f k f k

g x m f x fx x h h
g x g x

A3.  (k+1)- 1kx .

 2.1.
* 1

0

k
k k

x , ,

:

2 * 22 2* *
1 2

( ( ) ) , 0,1,2,...
( )
k

k k

f k

m f x fx x x x k
g x

               (2.5) 

. 2 *(0 1)k k k
2

*
2 2* * * 2

1

( ) ( , ( ))
2 .

( ) ( )
f k k f k

k k k k k k
f k f k

g x x x g x
x x x x h x x h h

g x g x

,  (2.4) 
* *( , ( )) ( ( ) )
( ) ( )

k f k k
k

f k f k

x x g x m f x f h
g x g x

,

2
*2 2 2* * 2 *

1
( ( ) ) ,

( )
k

k k k k
f k

m f x fx x x x h x x
g x

 (2.5). .

 2.1 ,

. ,

:
*

1( , ( )) 0, 0,1,...k f kx x g x k                                    (2.6) 

, kx

1kx . ,  (2.6) ,

,  (2.4), 
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* * *
1 1

( )
( , ( )) ( , ( )) ( , ( ))

( )
f k

k f k k f k k k f k
f k

g x
x x g x x x g x x x h g x

g x

* * *( , ( ) ( ) ) ( , ( )) ( ( ) ) 0k f k k f k k f k kx x g x h g x x x g x m f x f .

 (2.6) ,  ( )f x ,

 (2.4), kh

, ,

1kx .

Octave-  PolyakA. Octave-  PolyakA 
*x  ( )f x n ,

: 0x ; *f  — 

; 1m  — ,

,  (2.4), 

f  maxitn. 

 octave- function [f, g] = calcfg (x),

 ( )f f x x , ( ) ( )fg x f x .

calcfg (x) ,

octave. PolyakA :

# Input parameters: 
# calcfg - reference to function for calculation of f(x) and g(x) 
# x0 - the starting point, x0(1:n) 
# fstar - value of the function at the minimum point 
# m - length of shift along anti-subgradient (m>=1) 
# epsf, maxitn - stop parameters 
# intp - print information every intp iteration 
# Output parameters: 
# x - the minimum point, which was found by the program, x(1:n) 
# f - the value of the function f at the point x 
# itn - the number of iterations used by the program 
# info - exit code (0 = epsf, 4 = maxitn). 
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x info
itn = k: info = 0 — , kx , *( )k ff x f ;

info = 4 — ,  itn > maxitn ( -
).

PolyakA  octave- , .

function [x,f,itn,info] = PolyakA(calcfg,x0,fstar,m, #row01 
                                  epsf,maxitn,intp);  #.....
itn=0; x=x0; [f,g] = calcfg(x); dg=norm(g);  #row02
if(intp>0) #row03

printf("itn %4d f %14.6e \n", itn, f); # xprint = x',  #.....
endif #.....
for(itn = 1:maxitn)  #row04
   if(f-fstar < epsf) info = 0; return; endif  #row05
   g1=g/dg; hs=m*(f-fstar)/dg;  #row06
   x -= hs * g1;  #row07
   [f,g] = calcfg(x); dg=norm(g);  #row08
   if(mod(itn,intp)==0)  #row09
      printf("itn %4d f %14.6e \n",itn,f); # xprint = x', #..... 
   endif #.....
endfor #row10
info = 4; #row11
endfunction #row12

14

octave- . for (  4 10),

k -  ( )f kg x - g,

 ( )f kg x  — - g1. for

,

, f  (  5). 

PolyakA, -

,

 (
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). ,

, .

.

1 1 2 1 2( , ) , 1f x x x t x t 2 2
2 1 2 1 2( , ) , 1f x x x tx t .

.

PolyakA. ’

 — 
2 2 * *

2 1 2 1 2( , ) , 1, 0, (0,0)Tf x x x tx t f x  ( quad) -
* *

1 1 2 1 2( , ) , 1, 0, (0,0)Tf x x x t x t f x  ( sabs).

’  Pentium 2.5 GHz 

 Windows XP/32  GNU Octave 

3.0.0. quad sabs  octave-

( )f x  ( )fg x :

function [f,g] = squad(x) |  function [f,g] = sabs(x) 
global t; |  global t; 
f=x(1,1)*x(1,1)+t*x(2,1)*x(2,1); |  f=abs(x(1,1))+t*abs(x(2,1)); 
g(1,1) = 2*x(1,1); |  g(1,1) = sign(x(1,1)); 
g(2,1) = 2*t*x(2,1); |  g(2,1) = t*sign(x(2,1)); 
endfunction |  endfunction  

1 1 2 1 2( , ) , 1f x x x t x t

21 1/q t                  (2.7)

t . ,

1 1 2 1 2( , ) 5f x x x x . 2.1. 
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. 2.1.
* *

1 1 2 1 2( , ) 5 : 1, 0, (1,1)Tf x x x x m f x

. 2.2, 2.3 
2 2

2 1 2 1 2( , )f x x x tx .  6, 2t m  0.01,

 ( . . 2.2), '

0 (1.00,1.00)Tx , 1 (0.811, 0.135)Tx ,

2 (0.338,0.338)Tx , 3 (0.274, 0.046)Tx , 4 (0.114,0.114)Tx , 5 (0.093, 0.015)Tx

( . . 2.2).  6t  1m , , ,

 ( . . 2.3). 

. 2.1 

1 1 2 1 2( , )f x x x t x 2 2
2 1 2 1 2( , )f x x x tx ,

t .  10-1

10-10, .  2, 3, 4 

, - -

1 1 2 1 2( , )f x x x t x  100, 50, 25t .   5, 6, 7
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. 2.2. 
2 2 *

1 2 1 2 0( , ) 6 : 2, 0, (1,1)Tf x x x x m f x

. 2.3.
2 2 *

1 2 1 2 0( , ) 6 : 1, 0, (1,1)Tf x x x x m f x
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2 2
2 1 2 1 2( , )f x x x tx

10000, 1000, 100t , ,

1m  2m .  5 7 . 2.1 

,  1m ,

 2m .

. 2.1. *x

1 1 2 1 2( , )f x x x t x 2 2 * *
2 1 2 1 2( , ) : 0, (1,1)Tf x x x tx f x

f
1 1 2 1 2( , )f x x x t x 2 2

2 1 2 1 2( , )f x x x tx
100t  50t  25t 10000t 1000t  100t

1.0e 01 14930 3721 925 6(139) 6(97) 6(9) 
1.0e 02 26443 6600 1645 10(295) 10(127) 10(29) 
1.0e 03 37956 9478 2365 12(551) 12(194) 12(51) 
1.0e 04 49469 12356 3084 16(646) 16(230) 16(68) 
1.0e 05 60982 15234 3804 20(885) 20(324) 20(86) 
1.0e 06 72495 18113 4523 22(1003) 22(390) 22(98) 
1.0e 07 84008 20991 5243 26(1135) 26(418) 26(121) 
1.0e 08 95521 2386 5962 30(1332) 30(485) 28(135) 
1.0e 09 107034 26747 6682 32(1518) 32(513) 32(150) 
1.0e 10 118547 29625 7401 36(1947) 36(543) 36(169) 

. 2.1 , 1 1 2( , )f x x

2 1 2( , )f x x . ,

t ¸ .

. , -

1 1 2( , )f x x . , ,  10-10

100t  118 547 .

 4 ,

,  — 7401. 

:  2m
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. ,

 10-10  36 .

 1m ,

t .
4 4

1 2 1 2( , ) 10000f x x x x

4 4
1 2 1 2 1 2( , ) 1.001 1.001f x x x x x x ,  4m . ,

2010f  4 

 4m  50  1m ,  — 2 

4m  45  1m .

,

.

2.4.

. -

 [7] ,

. r-  (

)

 [8, 9, 10]. 

x By , B n n -

( 1A B ).  ( )g x

 ( ) ( )y f By y Ax :

* *( , ( )) ( ( ) ), ny y g y m x y R ,             (2.8)
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* * * *( ) ( ), ( )T
fg y B g x y y Ax . , 1A B x By ,

 (2.4) 

* *( ( ), ( )) ( ( ) ( )),T n
fA x x B g x m f By f By By R ,

 (2.8). 

C

( B ) :

*

1

( ) ( ( ) ), , 0,1,2...
( ) ( )

T
f k k

k k k kT T
f k f k

B g x m f x fx x h B h k
B g x B g x

        (2.9) 

kh  ( ),

y Ax . ,

 (2.9) 

*

1

( ) ( ( ) ), , 0,1,2...
( ) ( )

k k
k k k k

k k

g y m yy y h h k
g y g y

            (2.10)

,

.
*  (2.8). 

 B. * nx R , * *( )f x f ,

.

. *f  1m . 0
nx R ,

n×n- B 0.

0x .

. n
kx R k- .

 (k+1)- , .
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B1.  ( )kf x  ( )f kg x . *( )kf x f ,  STOP 

( * *, kk k x x ).

B2. :
*

1

( ) ( ( ) ), .
( ) ( )

T
f k k

k k k kT T
f k f k

B g x m f x fx x h B h
B g x B g x

B3.  (k+1)- 1kx .

 2.2.
* 1

0

k
k k

x , B,

2 * 22 2* *
1 2

( ( ) )( ) ( ) , 0,1,2,...
( )

k
k k T

f k

m f x fA x x A x x k
B g x

           (2.11) 

. B2 *(0 1)k k k
2

2* *
1

*
2* 2

( )
( ) ( )

( )

( , ( ))
( ) 2 .

( )

T
f k

k k k T
f k

k f k
k k kT

f k

B g x
A x x A x x h

B g x

x x g x
A x x h h

B g x

,  (2.4) 
* *( , ( )) ( ( ) ) ,

( ) ( )
k f k k

kT T
f k f k

x x g x m f x f h
B g x B g x

2
*2 2 2* * 2 *

1
( ( ) )( ) ( ) ( ) ,

( )
k

k k k k T
f k

m f x fA x x A x x h A x x
B g x

 (2.11). .

 2.2 ,

. ,

:
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*
1( ( ), ( )) 0, 0,1,...T

k f kA x x B g x k             (2.12) 

*
1( , ( )) 0, 0,1,...k ky y g y k              (2.13) 

,  (2.12) , ,  (2.8) 

(2.10), :

* * *
1 1

( )
( , ( )) ( , ( )) ( , ( ))

( )

T
f k

k f k k f k k k f kT
f k

B g x
x x g x x x g x x x h B g x

B g x

* * *( , ( ) ( ) ) ( , ( )) ( ( ) ) 0T
k f k k f k k f k kx x g x h B g x x x g x m f x f .

 (2.13) ,  ( )x ,

 (2.8), kh

, ,

ky 1ky
*y .

Octave-  PolyakB . Octave-

PolyakB *x ( )f x , B

: B  — n n -

; 0x  — ; *f  — ;

1m  — ,  (2.4); f

maxitn. .
# Input parameters: 
# calcfg - name of the function for calculation of f(x) and g(x) 
# B - n*n-matrix for transformation of space 
# x0 - the starting point, x0(1:n) 
# fstar - value of the function at the minimum point 
# m - length of shift along anti-subgradient (m>=1) 
# epsf, maxitn - stop parameters 
# intp - print information every intp iteration 
# Output parameters: 
# x - the minimum point, which was found by the program, x(1:n) 
# f - the value of the function f at the point x 
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# itn - the number of iterations used by the program 
# info - exit code (0 = epsf, 4 = maxitn) 

function [x,f,itn,info] = PolyakB(calcfg,B,x0,fstar,m, #row01 
epsf,maxitn,intp); #..... 
itn=0; x=x0; [f,g] = calcfg(x); #row02 
if(intp>0) #row03 
printf("itn %4d f %14.6e \n", itn, f); # xprint = x', #..... 
endif #..... 
for((itn = 1:maxitn) #row04 
   if(f-fstar < epsf) info = 0; return; endif #row05 
g1=B'*g; dg1=norm(g1); #row06 
g2=g1/dg1; hs=m*(f-fstar)/dg1; #row07 
x -= hs * B * g2; #row08 
[f,g] = calcfg(x); dg=norm(g); #row09 
if(mod(itn,intp)==0) #row10 
printf("itn %4d f %14.6e \n",itn,f); # xprint = x', #..... 
endif #..... 
endfor #row11 
info = 4; #row12 
endfunction #row13 

PolyakB,

. B ,

, , B

, .

, 1;0.5B diag ,

1 1 2 1 2( , ) , 1f x x x t x t B

21 4 /q t , ,

21 1 /q t  ( . (2.7)). 2, 1;0.7m B diag  0.01,
2 2

2 1 2 1 2( , ) 6f x x x x '

B 0 (1.00,1.00)Tx , 1 (0.624, 0.104)Tx ,

2 (0.136,0.136)Tx , 3 (0.085, 0.014)Tx .

 ( B) ,
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 ( ).

B

1 1 2 1 2( , ) 10f x x x x B ,

. 2.2.  

B

2x 1;1.5;2;3;4;5 . B

1 0
10

B , i,  1, .

1 .
. 2.2. B

1 1 2 1 2 0( , ) 10 , (1,1)Tf x x x x x

f 1 1.5 2 3 4  5
1.0e 01 147 63 33 6 10 9 
1.0e 02 262 114 62 19 17 13 
1.0e 03 377 165 91 31 24 18 
1.0e 04 492 216 119 44 31 22 
1. 0e 05 607 268 148 57 38 27 
1.0e 06 722 319 177 70 45 31 
1.0e 07 837 370 206 82 53 36 
1.0e 08 952 421 234 95 60 40 
1.0e 09 1068 472 263 108 67 45 
1.0e 10 1183 523 292 121 74 49 

. 2.2 ,
,

1 1 2 1 2
10( , )y y y y  (

).
-

2 2 2 2
3 1 2 1 2 1 2( , ) max (2 2) 3, ( 1) .f x x x x x x . 2.3 ,

,
, 2x , .
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,  2  (
2 ).

. 2.3. B
2 2 2 2

3 1 2 1 2 1 2 0( , ) max (2 2) 3, ( 1) , (1,1)Tf x x x x x x x , maxitn = 100 000

f 1 1.5 2 3 4 5
1.0e 01 16 4 4 5 7 8 
1.0e 02 162 37 4 6 7 9 
1.0e 03 1604 679 5 6 8 9 
1.0e 04 16004 7079 5 6 9 46 
1. 0e 05  71079 6 8 8061 6206 
1.0e 06  6  98061 63806 
1.0e 07  6 

. 2.4  ( 1) B ( 2 )

. B ,

,

.

. 2.4.  ( ) B ( )

-
*

3 1 2( , ) : 1, 1,f x x m f 0 (1,1)Tx , B = diag(1;0.5), * (0,0)x
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PolyakA PolyakB
2

4 ( )f x Ax b nx R ,
,

, 1

l n

ij i j
A a

— l×n- l- b ,

1
, 1,..,

n

i ij
j

b a i l . * 0f , A ,

* (1,1,..,1)Tx .

Octave- 4 ( )f x

:
function [f,g] = fgfun4(x) 
global A b; 
temp=A*x- b; 
f = temp'*temp; 
g=2*A'*temp;
endfunction

 500×100- ,

1

100 0 0...0
0 100 0...0A

A
,

1A — 498×100- ,

 [0, 3]. 

 octave- B,

0.1; 0.1; 1;...; 1B diag , :

global A b; 
n=100; x0 = zeros(n,1); B=diag([0.1 0.1 ones(1,n-2)]); 
rand("seed", 2018); A1=3*rand(498,n); 
A=[diag([100 100]) zeros(2,n-2); A1]; b=sum(A')'; 
m=2; fstar=0.d0; epsf = 0.0001; maxitn = 50000; intp=1000; 
for(itn = 1:6) 
 [xA,fA,itnA,infoA]=PolyakA(@fgfun4,x0,fstar,m,epsf,maxitn,intp); 
 [xB,fB,itnB,infoB]=PolyakB(@fgfun4,B,x0,fstar,m,epsf,maxitn,intp); 
 epsf, itnA, dnA=norm(xA-ones(n,1)), itnB, dnB=norm(xB-ones(n,1)), 
 epsf=epsf/100; 
endfor
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:
epsf=1.0e-04  itnA= 695  dnA=8.0612e-04  itnB= 86  dnB=1.2175e-04 
epsf=1.0e-06  itnA=1085  dnA=8.2861e-05  itnB=108  dnB=1.1773e-05 
epsf=1.0e-08  itnA=1491  dnA=8.3470e-06  itnB=130  dnB=1.1353e-06 
epsf=1.0e-10  itnA=1901  dnA=8.3881e-07  itnB=150  dnB=1.3526e-07 
epsf=1.0e-12  itnA=2313  dnA=8.3994e-08  itnB=172  dnB=1.3018e-08 
epsf=1.0e-14  itnA=2725  dnA=8.4440e-09  itnB=194  dnB=1.2523e-09

, B

, . ,  10-14,

 2725 , B  194 .

2.5.  amsg2p 

amsg2p

 ( )f x *f  [10,  

. 386 387]. c  [11].  «ams» 

,  – 

 ( ) ,  «g2p» 

,  ams- ,

 (g2)  (p). 

amsg2p -

 [12, 13] ,

 — -

, ,

.

 ( )f x  — nx R ,

 ( )fg x

* * * *( , ( )) ( ( ) ), , , 1.n
fx x g x f x f x R x X          (2.14) 

*X  —  ( )f x ; *f  — 

 ( )f x : * *= ( )f f x , * *x X .
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.
, m  (2.4), 

* *X x  ( ) .
= 1  (2.14) 

.
amsg2p ,

 ( )f x min ff , ,

,  ( )f x minf , .

amsg2p * : ( ) min fx x f x f

*k ,  — 

 « ».
amsg2p .

 = 0k : 0
nx R ;

0r , *
0 0x x r ;  > 0f . 0( )f x 0( )fg x .

0( ) minf x f , *
0=x x , * = 0k , . ,

0
0

0

( ( ) )=
( )

min

f

f x fh
g x

, 0
0

0

( )
=

( )
f n

f

g x
R

g x
, 0 = 0 np R , 0 =B I  — 

n n . .

k - n
kx R , kh , kr , n

k R , n
kp R , kB  — 

n n .  ( 1)k - .

 1. = /k k kt h r . > 1kt ,  « »

.  — 2
1 = 1k k kr r t

1 = .k k k k kx x h B

 2. 1( )kf x 1( )f kg x . 1( )k minf x f , *
1= kx x ,

* = 1k k .  — 
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1 1
1 1

1 1

( ) ( ( ) )= , = .
( ) ( )

T
k f k k min

k kT T
k f k k f k

B g x f x fh
B g x B g x

 3. 1 1= T
k kp 2 1= T

k k .

1 2
1 22 2 2 2

1 2 1 2

1 1 2

1 2

1 2

  ,  > 0  > 0,

= ,  > 0  0,
, 0  > 0,

0,  0  0.

k k

k k

k

p

p p

 4. 1 1= T
k k kp .  1 < < 0k ,

1 1 1 12 2

1= ,    = 1
1 1

T k
k k k k k k

k k

B B B p

1
1 1 1 12 2

1= , = ( ).
1 1

k
k k k k k

k k

hh p p

 — 1 =k kB B 1 = 0kp .

 5. 1kx , 1kh , 1kr , 1k , 1kp , 1kB .

 2.3 [11]. 1=k kA B , 1
1 1=k kA B . *

minf f * *X x ,

, amsg2p,

2
2 2* *

1 1
( ( ) )( ) ( ) ,  = 0,1, ,

( )
k min

k k k k T
k f k

f x fA x x A x x k
B g x

     (2.15) 

 2.3 ,

.

 > 1k

2
1 12 2* * 2 2 2

0 0
=0 =0

( ( ) )( ) = = ,
( )

k k
i min

k k i kT
i ii f i

f x fA x x x x r h r
B g x
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*x
*<min ff f  (  1 amsg2p).

, r - ,

amsg2p

.

0x

f  ( 14 1010 10f ).

, amsg2p

:
*

1

( )( )
= , = , = 0,1,2, .

( ) ( )
kf k

k k k k
f k f k

f x fg x
x x h h k

g x g x
      (2.16) 

 2.3. kh ,

 – , -

’ .

 2.4 [11]. ,  (2.16), 

2
*2 2* * * *

1
( ( ) ) , , = 0,1, ,

( )
k

k k
f k

f x fx x x x x X k
g x

  (2.17) 

amsg2p  Octave [14]. 

amsg2p *x ,
*

min( ) ff x f : 0x ; 0r ,

 ( ), g , x maxitn.

 octave- function [f,g] = calcfg(x),

x  = ( )f f x  = ( )fg g x . ’

calcfg(x) ,  Octave. 
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amsg2p :
% :
%    calcfg — ’  calcfg(x)  f  g 
%    x0  -- 
%    fmin —  ( )
%    gamma — 
%    rad —  x0 
%    epsf, epsg, maxitn — 
% :
%    x -- 
%    f --  f  x 
%    itn -- 
%    istop --  (0=epsf, 1=epsg, 2=maxitn, 3=error). 

itnx  — 

istop itn:
1) min( )itn ff x f  (istop=0);

2)  ( )f itn gg x  (istop=1);

3) itn>maxitn (
) (istop=2);

4) , , ,
 ( )f x minf ,  (istop=3)

( ’ ,
fmin ,

rad ).
amsg2p  octave- :

# octave-function of amsg2p-method 
function [x,f,itn,istop]=amsg2p(calcfg,x0,fmin,gamma,rad,      # row001 
                               epsf,epsg,maxitn); 
itn=0; rad1=rad; B=eye(length(x0)); x=x0;                      # row002 
[f,g]=calcfg(x); if(f-fmin<epsf) istop=0; return; endif        # row003 
dg=norm(g); if(dg<epsg) istop=1; return; endif                 # row004 
hs=gamma*(f-fmin)/dg; g1=g/dg; p=zero=zeros(length(x),1);      # row005 
printf("itn %4d f %21.13e rad %10.2e \n",itn, f, rad1);        # row006 
for (itn = 1:maxitn)                                           # row007 
   tmp=hs/rad1; if(tmp>1.d0) istop=3; return; endif            # row008 
   rad1=rad1*sqrt(1.d0-tmp)*sqrt(1.d0+tmp);                    # row009 
   x -= hs * B * g1; [f,g] = calcfg(x);                        # row010 
   if(f-fmin < epsf) istop=0; return; endif                    # row011 
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   if(norm(g) < epsg) istop=1; return; endif                   # row012 
   g2=B'*g; dg2=norm(g2); g2=g2/dg2; t1=-p'*g2; t2=-g1'*g2;    # row013 
   if(t1>0.d0) if(t2>0.d0) tmp=sqrt(t1*t1+t2*t2);              # row014 
     t1=t1/tmp; t2=t2/tmp; p=t1*p+t2*g1; endif                 # row015 
   else if(t2>0.d0) p=g1; else p=zero; endif endif             # row016 
   hs=gamma*(f-fmin)/dg2; tcos=p'*g2; tmp=1.d0;                # row017 
   if(-1.d0<tcos)&&(tcos<0.d0) tmp=sqrt((1-tcos)*(1+tcos));    # row018 
     g1=(1.d0/tmp-1.d0)*g2-(tcos/tmp)*p; B+=B*g1*g2';          # row019 
     hs=hs/tmp; p=(p-tcos*g2)/tmp; else p=zero; endif          # row020 
   g1=g2;                                                      # row021 
   printf("itn %4d f %21.13e rad %9.1e cos %9.1e dB %9.1e\n",  # row022 
          itn, f, rad1, tcos,tmp); 
endfor                                                         # row023 
istop=2;                                                       # row024
endfunction                                                    # row025 

. 2.4  2.5 

A, B amsg2p
2

4 ( )f x Ax b ,

ctave- fgfun4(x) ( .  2.4, 

. 52).  500×100-

1

100 0 0...0
0 100 0...0A

A
, 1A — 498×100- , -

 [0, 3]  [0, 5] .

. 2.4. A, B, amsg2p
2 498 100

4 1( ) , [0,3]f x Ax b A

Epsf
 A  B Me o  amsg2p 

itn
*

itnx x itn time itn time 
1.00E 04 695 8.0612E 04 86 1.2175E 04 12 2.4107E 04
1.00E 06 1085 8.2861E 05 108 1.1773E 05 14 3.6769E 05
1.00E 08 1491 8.3470E 06 130 1.1353E 06 19 2.1710E 06
1.00E 10 1901 8.3881E 07 150 1.3526E 07 22 3.1324E 07
1.00E 12 2313 8.3994E 08 172 1.3018E 08 24 4.2297E 08
1.00E 14 2725 8.4439E 09 194 1.2523E 09 27 3.8820E 09
1.00E 16 3139 8.4141E 10 216 1.2040E 10 30 3.1344E 10
1.00E 18 3553 8.3820E 11 238 1.1637E 11 33 2.6745E 11
1.00E 20 3967 8.4642E 12 260 1.1283E 12 35 5.0263E 12
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. 2.4. A, B, amsg2p
2 498 100

4 1( ) , [0,5]f x Ax b A

epsf
 A  B Me o  amsg2p 

itn
*

itnx x itn time itn time 
1.00E 04 265 4.9693E 04 352 1.0379E 04 12 2.1617E 04
1.00E 06 399 5.2130E 05 438 1.0776E 05 15 2.5641E 05
1.00E 08 539 5.2116E 06 526 1.0616E 06 20 1.3339E 06
1.00E 10 681 5.1205E 07 614 1.0459E 07 23 1.9892E 07
1.00E 12 821 5.2309E 08 700 1.0862E 08 26 1.8676 E 08
1.00E 14 963 5.1901E 09 788 1.0704E 09 28 2.4180E 09
1.00E 16 1105 5.1594E 10 876 1.0541E 10 31 1.9506E 10
1.00E 18 1247 5.1462E 11 964 1.0372E 11 33 2.1189E 11
1.00E 20 1389 5.1388E 12 1052 1.0594E 12 36 2.1323E 12

 = 2 , *= = 0minf f ,

0 = (0, ,0)Tx . . 2.4  2.5 ,

, 1A

[0, 5],  [0, 3]. 

,

 [0, 3]. amsg2p

 — .

amsg2p ,

A B. amsg2p

, -

.

-

 (GPU).  
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2.6.

-

 ( ) 0, 1,.., , n
if x i l x R .

1
( ) max 0,max ( )ii l
x f x , * 0 .

.
, -

.  ( )x

 1m .  2m
’

 ( , ).

1. . . . -

. 2012.  11. . 151 160.

2. Stetsyuk P., Stovba V., Chernousova Z. Subgradient Method with Polyak’s Step 

in Transformed Space. Optimization and Applications, OPTIMA 2018, 

Communications in Computer and Information Science 974 (2019). . 49 63.

3. . . .

. 1969. . 9.  3. . 509 521. 

4. Agmon S. The relaxation method for linear inequalities. Canad. J. Math. 6 

(1954). . 382 392. 

5. Motzkin T., Schoenberg I. J. The relaxation method for linear inequalities. 

Canad. J. Math. 6 (1954). . 393 404. 

6. . . .

. 1965. . . . 2 (122). . 183 187.
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7. . ., . . . . .

. 2012.  1. C. 4 22.

8. . .

. : , 1979. 200 . (English transl.: Shor N. Z. 

Minimization Methods for Non-Differetiable Functions. Berlin: Springer-Verlag, 

1985. 178 p.) 

9. Shor N. Z. Nondifferentiable optimization and polynomial problems. Boston; 

Dordrecht; London: Kluwer Academic Publishers. 1998. 412 p. 

10. . .  r- . : , 2014. 

488 .

11. . ., . ., . . . -

'

. - .

0114U001055. : - . . ,

2016. 235 .

12. Stetsyuk P. I. 2d-Ellipsoid of optimal volume and its applications. In: 

 L. N. Polyakova (ed.) Constructive Nonsmooth Analysis and Related Topics 

(Dedicated to the Memory of V. F. Demyanov) (CNSA). IEEE, 2017. 

P. 303 306.

13. . .  2d- .

 «

»,

. . .  II. .: , 2017. . 173 176. 

14. . . '  «Octave-  amsg2p —

».

 88538. . .

.  11.05.2019. 
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3.

. . , . . ' , . O. , . .

.

,

. .

H - ,

H .

,

- .

. . B - emshor

.

Annotation. Within the framework of a family of methods with space dilation, a general scheme of 

the ellipsoid method, which is a partial case of the well-known Yudin  Nemirovski  Shor 

ellipsoid method, is described. A description of the generalized ellipsoid method is given and 

theorem on its convergence is proved. The H -form of the generalized ellipsoid method is given, 

where a positively defined symmetric matrix H  is updated. The rules for constructing cutting 

hyperplanes and stopping criteria for the problem of minimizing the convex function, the convex 

programming problem and the problem of finding the saddle point of a convex-concave function are 

described. The algorithmic realization of the proposed by N. Z. Shor ellipsoid method in B -form

and the corresponding emshor program for finding the minimum point of the convex function are 

described.

3.1.

,
 [1]. ,
 –  – .

’
- .

 1976 . . -
. .  [2]. 
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( ).  1977 
. .  [3], 

(  1969–1970 .).
. .

,

' , ,
 ( )

.
,

, ’
, ’

, ’ .
. ,

’ ,

.
 3.2 

,  [4, 5].

 3.3 H - , ,
, .H

,  –  – -
.

 3.4 
,

- .

 3.5  octave- emshor [6],
. . B -  ( -
B )  ( )f x .
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3.2.

.  ( 2)nE n  ( ), ( ) ng x g x E .
*x , , *( ( ), ) 0g x x x nx E . , *x

 ( ) 0g x *x x . nE  — n

 ( , )x y .

' ,

,

1 2 n . .

. 0
nx E 0r ,

1 *
0 0 0( )B x x r , 0B  — n n - .

0x , 0r , 0B .

. k - n
kx E , kr

n n - kB .  ( 1)k - .

 1. ( )k kg g x . 0kg ,  ( *
kx x ).

 2.

1 2

1 1: , 1 ,
2

T
k k

k k k k k k k k T
k k

B gx x h B h r
B g

.

 3. 1kB 1kr

1 1
1 1 1: 1 , :

2
T

k k k k k k kB B B r r .

 4.  ( 1)k - 1kx , 1kr 1kB .

 3.1. 
0k k

x ,

,
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*( ) , 0,1,2,k k kA x x r k ,                 (3.1) 

1
k kA B . ’ : ( )k k k kE x A x x r

1 1 1 1: ( )k k k kE x A x x r , *x ,

1( ) 1 1 1( ) 1, 0,1,2,
( ) 2

n
k

n
k

vol Eq k
vol E

         (3.2) 

 3.1 ,

. .  [3]. ,

 ( ) = ( 1) , , = 1,T n
nR I E                 (3.3) 

 3.1. :

2( ) ( ) = ( ),TR R R                           (3.4) 

det ( ) = ,R                               (3.5) 

 (3.3), . [7], . 68–

69. ,

1 = ( ) ,k k kA R A                              (3.6) 

, , 1= ,

11 1 1
1 1 1= = ( ) = ( ) = ( ) = ( ) .k k k k k k k k k kA B B R R B R A R A

.  3.1 k .

 = 0k  (3.1) *
0 0 0( )A x x r , 1

0 0A B , -

.  (3.1) =k k .

= 1k k .

 (3.4) ,  (3.6) 1 = ( )k k kA R A ,

:
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* 2 * *
1 1 1 1 1 1

* * * *
1 1 1 1

* * * 2 *
21 1 1 1

( ) = ( ( ), ( )) =

( ( ) ( ), ( ) ( )) = ( ( ), ( ) ( ) ( )) =

( ( ), ( ) ( )) = ( ( ),( ( 1) ) ( )) =

k k k k k k
T

k k k k k k k k k k k k
T

k k k k k k k k k k k

A x x A x x A x x

R A x x R A x x A x x R R A x x

A x x R A x x A x x I A x x
* * 2 * 2

1 1 1
* 2 2 * 2

1 1

( ( ), ( )) ( 1)( , ( )) =

( ) ( 1)( , ( )) ,
k k k k k k k

k k k k k

A x x A x x A x x

A x x A x x

:
* 2 * 2 2 * 2

1 1 1 1( ) = ( ) ( 1)( , ( )) .k k k k k k kA x x A x x A x x       (3.7) 

 (3.7), 

* *
1( ) = ( ) ,k k k k k kA x x A x x h                       (3.8) 

, , 1=k kA B

 3, 
* * * *

1( ) = ( ) = ( ) = ( ) .k k k k k k k k k k k k k k k k kA x x A x h B x A x x h A B A x x h

 (3.7) :
* 2 * 2 * 2

1( ) = ( ) 2 ( ), ,k k k k k k k k kA x x A x x h A x x h        (3.9) 

 (3.8) , = 1k ,

* 2 * 2 * *
1

* * * 2

* 2 * 2 2 * 2 * 2

( ) = ( ) = ( ) , ( ) =

( ), ( ) 2 ( ), ( , ) =

( ) 2 ( ), = ( ) 2 ( ), .

k k k k k k k k k k k k k k

k k k k k k k k k k k

k k k k k k k k k k k k k k k

A x x A x x h A x x h A x x h

A x x A x x h A x x h

A x x h A x x h A x x h A x x h

 (3.8), -

 (3.7) :

2 2* *
1

2 2* * 2

2 2* * * 2

( ), = ( ) , =

( ), ( , ) = ( ), =

( ), = ( ), 2 ( ), .

k k k k k k k k

k k k k k k k k k k k

k k k k k k k k k k k k

A x x A x x h

A x x h A x x h

A x x h A x x h A x x h
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, :

2 2* * * 2
1( ), = ( ), 2 ( ), .k k k k k k k k k k kA x x A x x h A x x h      (3.10) 

 (3.9)  (3.10)  (3.7), 

* 2 * 2 2 * 2 * 2
1 1 1 1

2* 2 2 * * 2

2* 2 2 * 2 * 2 2

*

( ) = ( ) ( 1)( , ( )) = ( )

2 ( ), ( 1) ( ), 2 ( ), =

( ) 2 ( ), ( 1) ( ), =

( )

k k k k k k k k k

k k k k k k k k k k k k k

k k k k k k k k k k

k k

A x x A x x A x x A x x

h A x x h A x x h A x x h

A x x h A x x A x x h

A x x 2 * 2 2 * 2 2( ), 2 ( 1) ( ), .k k k k k k k kA x x h A x x h

2

1 11
2k kh r

* 2
1 1

2 2
* 2 2 * * 2

2

( ) =

( 1)( ) ( 1) ( ), ( ), .
4

k k

k k k k k k k k k k

A x x

A x x A x x r A x x r
     (3.11) 

* *( ), ( ), ,k k k k k k kA x x r A x x

 (3.11), 

. ’ . ,
*( , ( )) 0x x g x nx E , :

* * *

* *

( ) 1( ), = ( ), = ( ), ( ) =
( ) ( )

1 1( ), ( ) = , ( ) 0.
( ) ( )

T
Tk k

T Tk k k k k k k k k
k k k k

T Tk k k k k k
k k k k

B g x
A x x A x x A x x B g x

B g x B g x

B A x x g x x x g x
B g x B g x

,
* *0 ( ), ( ) ,k k k k k kA x x A x x r

:
*( ), 0.k k k kr A x x
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’ ,

2 * *( 1) ( ), ( ), 0.k k k k k k kA x x r A x x           (3.12) 

,  (3.12) , *( )k k kA x x r ,  (3.11) 

2 2 2 2
* 2 * 2 2 2 2

2 21 1

4 2
2

2

( 1) ( 1)( ) ( )
4 4

2 1 ,
4

k k k k k k k

k

A x x A x x r r r

r

2
* 2 2 2

1 1 1

1 1( ) ,
2k k k kA x x r r

 (3.1) = 1k k .

x ,  ( )k k kA x x r ,

kE , *x . kE ’

0( ) = ,
det

n
k

k
k

v rvol E
A

                            (3.13) 

0v  — ’ n - , det kA  — kA .

, -

’ 1kE , *x  ( 1)k -

, ’ kE , *x k - .

1kA ,  (3.6), 1 = ( )k k kA R A . ,

, ,

1 1det = det ( )detk k kA R A .  (3.13)  (3.6), 

’

1 0 1 1 1

0 1

( ) det det 1 1 1 1( ) = = = = = ,
( ) det det ( )det 2

n n nn
k k k k k k

n n
k k k k k k k

vol E v r A r A rq
vol E v r A r R A r
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, 1 2 n ,

1 1 1( ) = 1.
2

n

nq  3.1 .

3.3. H-

H -  (

 – )

 = T
k k kH B B . ,

1 2 n , H - .

. 0
nx E 0r ,

* 1 * 2
0 0 0 0( ) ( )Tx x H x x r , 0H  — n n -

. 0x , 0r , 0 .

. k - n
kx E , kr n n -

kH .  ( 1)k - .

 1.  ( )k kg g x .  0kg , ( *
kx x ).

 2.

1 2

1 1: , 1
2

k k
k k k k kT

k k k

H gx x h h r
g H g

.

 3. 1kH 1kr :

1 12

1 1 1: 1 , :
2

T
k k k k

k k k kT
k k k

H g g HH H r r
g H g

.

 4.  ( 1)k - 1kx , 1kr 1kH .
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g B B g

H g g HH
g H g

1/ .

 3.2. 
0k k

x , H -

,

* 1 * 2( ) ( ) , 0,1,2,T
k k k kx x H x x r k ,               (3.14) 

’ 1 2: ( ) ( )T
k k k k kE x x x H x x r

1 2
1 1 1 1 1: ( ) ( )T

k k k k kE x x x H x x r , *x ,

1( ) 1 1 1( ) 1, 0,1,2,
( ) 2

n
k

n
k

vol Eq k
vol E

       (3.15) 

 3.1  3.2  (3.2)  (3.15) ,

 ( ’ *x )

 ( ) 1nq .

, 1 2 n .
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 – 

. 1
1
1

n
n

,

( )nq .

 [8], 

2 2

1 11
n n

.

( )nQ , ( )nq

:

1 1 1 1 1 1 1 1( ) 1 2 exp 2 ( ).
2 2 2

n n

n n
nq Q

n

* 1( ) 1
2

q n
n

*
2

1 1( ) 1
2 2

Q n
n n

.

3.4.

 [9], ’

.

1. .  ( )f x  — 

, nx E . * *= ( )f f x ,

, , *x  — .

, *x 0( , )S x R . ,

 ( ) ( )fg x g x ,  ( )fg x  — 

 ( )f x x ,

* * * *, ( ) , ( ) ( ) ( ) ( ) 0, .n
fx x g x x x g x f x f x f x f x E    (3.16) 
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0x , 0r R 0 nB I , nI

— n n - .

( )T
k k f kr B g x ,

*
kx x , * *( )f x f .

* *
1 * 1 * ( ) ( , ( )) ( )( ) ( ), ,

( ) ( ) ( )

T
k f k k f k k

k k k k k T T T
k f k k f k k f k

B g x x x g x f x fr B x x B x x
B g x B g x B g x

 ( )f x  (3.16). 

2. .

* *
0 0 0( ) min ( )

nx E
f f x f x                            (3.17)  

( ) 0, 1,2, , ,if x i m ,                           (3.18)

 ( )if x  — , nE , ( )ig x  — ,

0,1, ,i m . , *x

0( , )S x R  (  (3.18) 

0x x R ),  (3.17)–(3.18). 

 ( )g x , :

0 1

* *1

( ),  max ( ) 0,
( )

( ),  max ( ) ( ) 0.
ii m

i i ii m

g x f x
g x

g x f x f x
           (3.19) 

, *( ( ), ) 0g x x x nx E .
1
max ( ) 0ii m

f x ,

0( ) ( )g x g x ,
* * *

0 0 0( ( ), ) ( ( ), ) ( ) ( ) 0g x x x g x x x f x f x .
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1
max ( ) 0ii m

f x , *( ) ( )ig x g x , *( ) 0if x , *
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( ) ( , ) ( ( , ))x y
f fG z G x y G x y ,

( , )x
fG x y  —  ( , )f x y , 

x y ; ( , )y
fG x y —

 ( , )f x y  y x .

( )g z :

( ) { ( ), ( )}, ( ) ( ), ( ) ( ).x y x x y y
f f f f g fg z g z g z g z G z g z G z         (3.20) 



74

Субградієнтні алгоритми та задачі на комбінаторних конфігураціях

, * * * *( , ) ( , ) ( , )f x y f x y f x y .

* * * *

* * *

0 ( , ) ( , ) ( , ) ( , ) ( , ) ( , )
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.
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,
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3.5.  emshor 
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.
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( . 3.1) : a  — ,

; b  —  (

 1n ); h  — 

.
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. 3.1. ' , nE

' .
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r nE

11

2
1

1 1
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.                (3.21) 

,

1exp 1
2nq

n
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, n ' -
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2nq

n
.                                  (3.23) 

, ' , ' ,

 10 , K ,

ln10= (2ln10) 4.6
ln n

K n n
q

.                         (3.24) 
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T
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 5.  ( 1)k - 1kx , 1kr , 1kB .

.

 3.3.
*

=0{ }k
k kx ,

,

1 * *( ) , = 0,1,2, ,k k kB x x r k k .

k , *1 k k , ’
1: ( )k k k kE x B x x r 1

1 1 1: ( )k k k kE x B x x r , *x ,

1

2
1

( ) 1= = < exp < 1.
( ) 1 21

n

k
n

k

vol E n nq
vol E n nn

*x  Octave-

emshor, .

# Octave-function emshor (P.Stetsyuk, September 11, 2017) 
# Input parameters: 
#    calcfg – name of the function calcfg(x)
#             for calculation of f and g 
#    x0 - the starting point, x0(1:n) 
#    rad - radius of the ball localizing the minimum point 
#    epsf, maxitn - stop parameters 
#    intp - print information every intp iteration 
# Output parameters: 
#    x - a minimum point, which was found by the program, x(1:n) 
#    f - the value of the function f at the point x 
#    itn - the number of iterations used by the program 
#    nfg - the number of function calcfg calls 
#    istop - exit code (1 = eps, 4 = maxitn) 
function [x,f,itn,nfg,ist]=emshor(calcfg,x0,rad,       #row01 
                                  epsf,maxitn,intp); 
dn=double(length(x0)); beta=sqrt((dn-1.d0)/(dn+1.d0));  #row02 
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x=x0; radn=rad; B=eye(length(x)); nfg=0;               #row03 
for (itn = 0:maxitn)                                   #row04 
   [f, g1] = calcfg(x); if(f<inf) nfg=nfg+1; endif     #row05 
   g=B'*g1; dg=norm(g);                                #row06 
   if(radn*dg < epsf) ist = 1;  return; endif          #row07 
   xi=(1.d0/dg)*g; dx = B * xi; hs=radn/(dn+1.d0);     #row08 
   x -= hs * dx;  B += (beta - 1) * B * xi * xi';      #row09 
   radn=radn/sqrt(1.d0-1.d0/dn)/sqrt(1.d0+1.d0/dn);    #row10 
   if(mod(itn,intp)==0)                                #row11 
     printf("itn %4d  f %14.6e  nfg %4d\n",itn,f,nfg); #row12 
   endif                                               #row13 
endfor                                                 #row14 
ist = 4;                                               #row15 
endfunction

, , *
0 0x x r , emshor '

: (1) *x  — ,
* *( ) ff x f  (ist=1), (2) maxitn  (ist = 4) [10].  

,

-

* * *

1

( ) 1, ( ) 0, 1,1, ,1 ,
n

T
i i

i
f x t x f f x x  (3.25) 

a  — a , it  — 1ix ,

1, ,100i .  (3.25) 

it .

: 12i ,

5
6

i 1
 — ,  — it i  — 

,  (3.25) .

emshor  3.1 

 (3.25).
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. 3.1 

( )
n i 1

i
i 1

5f x x 16

310f
610f

910f

n itn f time itn f time itn f time
5 452 1.5e – 4 6e – 3 785 1.7e – 7 0.1 1118 3.3e – 11 0.2
10 2015 3.7e – 6 0.3 3382 5.5e – 8 0.5 4693 8.4e – 11 0.7
15 4917 6.2e – 5 0.7 8104 2.4e – 9 1.2 11170 7.1e – 12 1.8
20 9507 4.8e – 5 1.5 14826 6.6e – 9 2.3 20544 1.3e – 12 3.3

( )
n

i 1
i

i 1
f x 2 x 1

310f
610f

910f

n itn f time itn f time itn f time
5 473 2.5e – 5 0.07 842 6.1e – 8 0.1 1164 2.0e – 11 0.2
10 512 3.0e – 5 0.3 3819 3.3e – 8 0.5 5225 7.5e – 11 0.8
15 6574 6.1e – 5 1.0 9712 6.2e – 8 1.5 12809 3.8e – 11 2.0
20 13322 4.8e – 5 2.1 18916 4.5e – 8 3.0 23397 3.3e – 11 3.7

n

1 i
i 1

f i x 1

310f
610f

910f

n itn f time int f time itn f time
5 310 4.0e – 5 0.04 492 1.0e – 8 0.07 768 2.2e – 11 0.1
10 1749 5.3e – 5 0.2 2895 9.3e – 8 0.5 4007 8.8e – 11 0.6
15 4535 6.0e – 5 0.7 7293 6.1e – 8 1.2 9981 5.7e – 11 1.5
20 8698 4.7e – 5 1.4 13794 4.5e – 8 2.1 18838 4.1e – 11 3.0

 5,  10,  15,  20n
-3 -6 -910 , 10 , 10f .  20n , 12i

 2q , 0(2) 1,

 — 19(2) 5.24288e+05 . '

Pentium 3GHz  Windows7/32  GNU Octave-  4.4.2. 
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.

’ ’ ,
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 [13]. 
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Annotation. The paper is devoted to the study of a new mathematical object, called the 
mathematical safe. Problems are considered for single-type and multi-type locks of safes, 
which are specified on the graphs. Such problems are reduced to the solution of the 
system of linear equations in the classes of residues by a certain module. 

4.1.

, , -
. -

. ' ,
'

, ,
, , '

.
.

.
,

. , ,
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’ ,
. '

, ,
.

4.2.

),...,,( 21 NzzzZ -

, , ,
, ' .

,
, ' .

),( ji zz , jz ' iz , -

iz jz . iz

jz . -

 — . ,
 (0,1,2,…, –1),

, . ,
 0. .

’ .
b = ),...,,( 21 Nbbb , ib (0,1,2,…, -1),

, ,
 0. 

.
 ,,...,2,1, Njx j  — 

’ jz . jz

. kzzz ,..,, 21 — jz .

:

jz , jx , jb

0(mod ).
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Розділ 2.  Задачі на комбінаторних  конфігураціях

k

i
jji bxx

1
(0 mod 2), .,...,2,1 Nj               (4.1) 

, ’ .

 1. ,  = 2. 

, ,

 ( . 4.1). 

 1 N, ,

. ,

 ( ).

. 4.1

i=1.  0ib ,  1i .  1ib ,

iz ,  0, 1ib

2mod11ib .  1i .

N,  0Nb .

Nibi 10 .

’  (4.1), 

jb :

2mod

.

1

443

332

221

11

NNN bxx

bxx
bxx
bxx
bx

.                (4.2)

’

,1,...,2,1, Nixi .

1 2 3 4 N-1 N

bi=0 1 1 0 1 0
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 2. . 4.2, ,

=2.

. 4.2 

. , N

’ , ,

N

i
ib

1
2mod0 .              (4.3) 

 (4.1) . 4.2. 

 (4.1) :

2mod

1

443

332

221

11

NNN

N

bxx

bxx
bxx
bxx
bxx

              (4.4) 

 (4.4), 

2mod0 ,  –
N

i
ib

1
2mod0 , 

1

1

1

N-1

N 2

3

4

5

1

0
1

0
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. '  (4.3). 
.  (4.3) 11 bx .

(212 bbx mod2), (3213 bbbx mod2) . . Nx
N

i
ib

1
2mod0 , 

.
’ . ’

.
, ,

.
. , ,

’ .
.

0ir , .

.

11 pp ,

, p ,

1p .

, , .
’

 ( ),  1 .
.
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,
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.
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,
’ . C

, ,

.

, C , ,
.

 3. , . 4.3. N = 16 

: 1 = (6.7.12), 2 = (8, 9, 10, 11) 3 = (13, 14, 

15).

1  = (2, 5), 2  = (1, 3, 4, 2, 5, 6, 7, 12), 

3  = (1, 3, 4, 2, 5, 6, 7, 8, 9, 10, 11, 12). 

0 1
3                          0                           10

     1                                            9                                                                     1
   1                                                                                                                    14

                                                                                         0              1                                   1
                                                              1                       11           13                                     16
                                                             8

                                                                                                                          15
                                             0                                                                               1
                       1                   7
                       5                                      1
                                         1                   12
                                          6

4

0
2

. 4.3.

 5  0. 

: b6 = 0, b7 = 1, b12 = 1.  (4.3) .

 7  0,  8 

.  3  4  0.  9 

,  8  1. 

: b8 = 1, b9 = 0, b10 = 1 b11 = 0. 
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 10  0,  11 

1,  13  0.  11 (  8 )  0, 

 13  1. :

b13 = b14 = b15 = 1.  (4.3), 

' .

,

’ .

, .

,

.

4.3.

.

nm , nmijzZ ,)( . - ijz

,

. nmijbB ,)( .

nmijxX ,)(  — ’ , ijx

ijz .

, ijb X ,

   ),(mod0
11

Kbxx ij
m

ik
k

kj
n

k
ik            (4.5) 

i = 1, 2, . . . , m;  j = 1, 2, . . . , n. 

11 12 1 21 22 2 , 1, ,....., , , ,....., ,....., ,n n m n mnx x x x x x x x x - ,

X .
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- b . , n

— × , , —

.  (4.5) 

KbxA mod0 ,              (4.6) 

× 2 :

nnnn

nnnn

nnnn

nnnn

EEE

EEE
EEE
EEE

A

....
............

....

....

....

(4.7)

’  [1]. 

’ -

, -

. m n .

A mn, ’  (4.6) 

:

)(mod1 KbAx .               (4.8) 

, A-1.

m, n .

(4.6) ’ ,

.

 [2] -

.

214343

432143

434321

4321,

,...,,
...........................

,...,,
,...,,

),,,(

nnn

nnn

nnn

nm

HHH

HHH
HHH

T ,         (4.9) 
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...
...............

...
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),(nH .

A-1  (4.6) T-

4321,
1 ,,,nmTA .

, mnEAA 1 ,  [2] ’ :

)(mod

1
1

1
1

1
1

1
1

1
1

1
1

1
1

1

4
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K

nmmn

m

n

nm

.           (4.10) 

:

mib i

n

j
ij ,...,2,1,

1
,

.,...,2,1,
1

njb j

m

i
ij

 )(mod1),(mod1),(mod1 KnmKnKm ,

i  (4.8), :

.
1

1
1

1
1

1
1

1
1

1
1

1
1

1
1

1

1
4444

1
44

4444

m

k
kjiijijji

m

k
kijij

jjijijiiijijijijij

b
mn

bbbb
m

b

b
m
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n

b
n
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n

b
m
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m

k
kjiijij nmmn

b
mn

bx
11

1
1

1
1

1
1

1
1

1 .         (4.11)

,

 — . ’ :

iniii xxxS ...21 , ,
1

m

i
iSS ....21 njjjj xxx

, .

 (4.6) n

, n . . m

:

(... 11321 mm SSSSnS mod )

(... 21321 mm SSSnSS mod )                     (4.12) 

 …………………………………………...... 

(... 1321 mmm nSSSSS mod )

.

,

m

i
iSnm

1
)1( .            (4.13) 

 (4.6) .

 (kn+j)- , k = 0, 1, 2,…..., m–1. m

(... 1321 jnjjj bxxxS mod )

            (... 2321 jnjjj bxxSx mod )            (4.14) 

   ……………………………………...... 

                (...321 mjmjjj bSxxx mod ).

,

njbmS jj ,...,2,1,)1( .           (4.15) 
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m n .

 1. )(mod1),(mod1),(mod1 KnmKnKm . -
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m
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.
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1
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1
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1
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0013
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1 1

m n
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n
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.3,2,1;1312

.3mod13mod

3
6
3
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);9(mod2
4
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1
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1
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.
33331
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,
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60700

,
66664
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.
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22222
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33335
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3 3 1
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3 1 3

7 5 5 5 5 1 1 1 1 1 4 2 2 2 2
:

2 2 4 2 5 5 2 4 2 5 5 5 4 2 5
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— k2. ,
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)(mod0 1
11

kbxx ij
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k
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n

k
ik , ( i  = 1, 2, …, p );              (4.25) 

   )(mod0 2
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kbxx ij

m

ik
k

kj

n

k
ik , ( i  = p +1, p +2, ... . . , m ).             (4.26) 

 (4.25) 2k ,  (4.26) — 1k ,

,

A x   + b  )(mod0 21kk ,            (4.27) 

A —  (4.1), pm 2k ,

— 1k ,

A

nnnn
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nnnn
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A —  (4.7).

,
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1. m = 5, n = 3, 1k = 3, 2k  = 5, p = 2, B

B =

020
124
014
111
021

.

 (4.10): 
1 1 4(mod3 5),

1 4
1 1 8(mod3 5),

1 2
1 1 13(mod3 5).

1 7

m

n

m n

 (4.10), : 1= 5, 2 = 2, 3 = 13, 4 =

9.  (4.7) 1A 9,13,2,53,5T

5221399139913991399
2529139913991399139
2259913991399139913
1399522139913991399
9139252913991399139
9913225991399139913
1399139952213991399
9139913925291399139
9913991322599139913
1399139913995221399
9139913991392529139
9913991399132259913
1399139913991399522
9139913991399139252
9913991399139913225

1A

, x = – 1A b = (12, 6, 13, 12, 5, 14, 14, 4, 12, 13, 4, 

12, 4, 14, 6), 
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6144
12413
12414
14512
13612

X  (mod 21kk ).

, ’  (4.27).

’ ,

.

12138
131312
111112
0813
0813

12139
131313
121213
0814
0814

13139
141313
131213
190
1814

1389
14813
13713
12410
1314

414145
13812
1481
1371
14713
132

0812
181
071
1713
354

0212
121
011
1113

121413

020
124
014
111
021

1213612

32312322

21131211

xxxx

B

xxxx

.15mod

000
000
000
000
000

999
900
900
900
900

101010
910
910
910
910

666
9111
9111
9111
9111

6164
966

12414
12111
12111
12111

926
8010

121211
121211
121211

928
10212
121213
121213
121213

1228
13212
001
01213
01213

1241312

535251

43424133

finB

xxx

xxxx
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,

i ' . , B

 4×6, i '
3
1

5
1 ,

 31k  52k .

,

b.

 ( ) ,

' ,

.

 ( ).  (4.28) 

. ,

n ,

               ()...( 1213212 kSSSSnSk mm mod 21kk  ) 

                         …………………………………………...... 

()...( 213212 pmm knSSSSSk mod 21kk  ) 

             ()...( 1113211 pmm kSSSSnSk mod 21kk  )              (4.29) 

                         …………………………………………...... 

()...( 113211 mmm knSSSSSk mod 21kk  ), 

iniii xxxS ...21  , njmib
n

j
iji ,...,2,1,,...,2,1,

1
.

 ,,...,2,1 nj

.  (kn+j)- , k = 0, 1, 2,…..., m–1.

 ,,...,2,1 nj m :

            ()...( 123212 jnjjj bkxxxSk mod 21kk )

  …………………………………… 

            ()...( 23212 pjnjjj bkxxSxk mod 21kk )
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()...( 113211 jpnjjj bkxxSxk mod 21kk )         (4.30) 

     …………………………………….......... 

()...( 13211 mjmjjj bkSxxxk mod 21kk ).

’ .

1. .

 1. p piSi ,...,2, 1S .

 2. , ,  1, piSi ,

1pS .

 3. 

1pS 1S .

 4. miSi ,...,2,

1S , iS .

 2. j -
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jpj xx 11 , . X , ’ .
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- . i
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5
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2
1

2
1,

5
1
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2
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2
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2
1

432 .
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5
1

1A

b,

= )1,1,9,1,1,7,9,7,1( ,
119

117
971

X .

, b, .

’ .

111x 712x 913x 721x

400
000
001

B
401

001
112

471
071
665

571
971
001

122x 123x 931x 132x

576
116
006

566
025
016

666
116
116

000
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133x

111
100
100

000
000
000

.

’  ( ).

:

12933

055
555

321

31

32

SSS
SS
SS

(mod15) 

:

0333
0555
5555

32111

31211

31211

Sxx
xSx
xxS

(mod15), 

0333
0555
0555

32212

32212

32221

Sxx
xSx
xxS

(mod15), 

12333
0555
0555

32313

33213

33231

Sxx
xSx
xxS

(mod15). 

, , iS .

,

5
5

12 SS .
5
5 (mod15),  1,  –2, 

2S . 3S ,  – 1S ,

12S . , , .

1. 2S = 1S +1, 3S = 12S .

, 1S =1, 2S = 3S  =2, ,

,
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002
121
212

X .

.

211x 112x 213x 121x

400
000
001

B
402

002
221

412
012
332

612
212

110

222x 123x 231x

613
120

111

633
112
101

733
001
001

000
000
000

 . 

 2. 2S = 1S –2, 3S = 12S .

,

1218633 111 SSS (mod15), 

1S =2, 2S =0, 3S =4.

, X , :

1,0,1 312111 xxx .

X , : 1,3,1 322212 xxx .

.

, 21211113 xxSx (mod3). 23x . ,

0)3(0223 Sx (mod3).  —  4 

, 13323 33123 xSx . 323x .

33x . , 411333 Sx (mod5). 

 4 , 23133 555 xSx ,  133x ,  4. 

433x .
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411
330
211

X .

’ .

111x 112x 213x 322x

400
000
001

B
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001
110

411
011
001

211
211
221

323x 131x 132x 433x

241
142

211

141
211
511
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141
200
500

000
000
000

 .

 3. 2S = 1S +1, 3S = – 1S .

, 31S , 22S , 33S .

,

X , :

2,2,0 312111 xxx , 4,1,2 322212 xxx .

X .

 113x , 32221223 xxSx . ,

,  633123 13323 xSx ,  223x , 3.

323x . ,

030555 23133 xSx (mod15). , 333x ,  0,  3. 

33231333 xxSx , 333x .

’
342
312
120

X .
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, ’ .

 4. 2S = 1S –2, 3S = – 1S .

, 11S , 32S , 13S .

,  3, 

010
201

010
X . , ’ .

’ .

.

 2. m = n = 5, 1k = 2, 2k  = 3, p = 2, B

B =

10000
02000
00200
00010
00001

.

:

3...3333
63...333
633...33
5555255
5555525

43215

53214

54213

543212

543211

SSSSa
SSSSa
SSSSa
SSSSSa
SSSSSa

(mod15)     

'  15 

033333
033333
033333
055555
555555

541312111

514312111

514132111

514131211

514131211

Sxxxx
xSxxx
xxSxx
xxxSx
xxxxS

,
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033333
033333
033333
555555
055555

542322212

524322212

524232212

524232212

5242321221

Sxxxx
xSxxx
xxSxx
xxxSx
xxxxS

,

033333
033333
633333
055555
055555

543332313

534332313

534332313

534333213

534333231

Sxxxx
xSxxx
xxSxx
xxxSx
xxxxS

,

033333
633333
033333
055555
055555

544342414

544342414

544432414

544434214

544434241

Sxxxx
xSxxx
xxSxx
xxxSx
xxxxS

,

333333
033333
033333
055555
055555

545352515

554352515

554532515

554535215

554535251

Sxxxx
xSxxx
xxSxx
xxxSx
xxxxS

.

 1  2  1 .1,, 353421 SSSSSS  3 

,
3

43
34

aaSS

3
53

35
aaSS

1
533

33311 33
5555525 4 aaaaa

SSSSS (mod15). 

1543 5
32 aaaa .

, ’ . ,
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’ , 5a , 1S 3S

1S + 3S = 3(mod5).  

, , 1S =1, 3S =2,

3,2,1 542 SSS . j  )4,3,2,1( j

 2,  4-

: (1,2,2,2,3), (2,1,2,2,3), (0,0,0,2,3), (0,0,2,0,3).  5-

.

22112515 Sxx (mod3), 

122234535 Sxx (mod5), 

1333355 Sx (mod 5). 

554535 ,, xxx

 5. ,

155x (mod 3). ’ 1155x .

, ’

113223
10222
12022
20012
20021

X .

: 01pn (mod 1k ), paaa ...21 , 2kpm .

1pS 1S , ’ . , ia

,

' .

, ’

,  1, 2.
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5.

. . , . .

.
.

, ,

’

.

, -

.

Annotation. In this paper, extremal problems on combinatorial configurations are 

investigated. Some structural properties of feasible regions of such problems are studied, 

and also a number of statements are formulated which enable to construct methods for 

solving combinatorial problem using graph theory. The algorithms for finding global 

extremum in optimization problems with linear, quadratic and fractional-linear objective 

functions on combinatorial configurations are described. 

5.1.

’ :

, , , .

,

’

5.1.1. ’

, , -

, .
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; ,

, , ,

.

 « »

’ .

,

.

,

. ’

, ’ ,

. .,

NP- .

’ , , . ’

, ,

,

.

. ’

, ,

’ .

 [1], 

.  [2] 

, , ,

,

, .

, ,

V  ( )

 ( ), ’ .
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, ,

, , .

 5.1. , ,

, , , — 

, .

G V , E G’,

V V E E, V ,V  — E ,E  — .

. ,

:
1 2 11 2ni i iv v v v v .

’

.

 5.2. ,

.

5.1.2.

. ,

,

’ ,

m

1 2X , , , n , m nG .

, , ’

. ,

, ,

.

, ,

.
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 3 

1 2 3 4X , , , . ’

. 5.1. 

. 5.1. 4n 3m

. ,

 1n m n m
m  n

.   1n m   ( . 5.1). 

64
2

531

1197

8 10 12

19 21 23

24 22  20 

1816
14

11513

2 1 4 4 1 2 4 2 1 

2 3 4 2 4 3 3 4 2

4 2 3 4 3 2 3 2 4 

4 3 1 

1 4 31 3 4

3 1 4 4 1 3

3 4 1

1 2 4 1 4 2 2 4 1

1 3 2 2 3 1

3 2 1 2 1 3 3 1 2

1 2 3 
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mG P ,

. . 5.1 3G P , (  19–24). 

 1n .  (  13–18) 

 1n n (3  4) ’  ( )

 (13, 19), (14, 20) . . i-  ( 1 1n i )

n i 1n i , ’

 i- i 1 - .

1m mG . ,  — 

3G P , , ,

 — ,

.  1n m

1 2 2 !m m m m , ,

.

n m .

1 nG .

1 2 1, , , n , n. m nG :

1 1n mG . ,

1i n m iG  m i , i.

 1i i n m iG . j -  ( 1 1i j )

j. , ,

 1i . ’ j -

j – 1 -  ( 1j ). j  1 1i ,

1 1i n m iG .

m, ,

m nG . , 1 3 1 2 3G , , .

,

3 5G .
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. 5.1.

2 4G 3 5G
4,1 4,5,1 4,1,2 4,1,3 5,1,4 4,1,5 
2,1 2,5,1 5,1,2 2,1,3 2,1,4 2,1,5 
3,1 3,5,1 3,1,2 3,1,3 3,1,4 3,1,5 
1,2 5,2,1 1,5,2 1,2,3 1,2,4 1,2,5 
4,2 4,2,1 4,5,2 4,2,3 5,2,4 4,2,5 
3,2 3,2,1 3,5,2 5,2,3 3,2,4 3,2,5 
1,3 5,3,1 1,3,2 1,5,3 1,3,4 1,3,5 
2,3 2,3,1 5,3,2 2,5,3 2,3,4 2,3,5 
4,3 4,3,1 4,3,2 4,5,3 5,3,4 4,3,5 
1,4 5,4,1 1,4,2 1,4,3 1,4,4 1,4,5 
2,4 2,4,1 5,4,2 2,4,3 2,4,4 2,4,5 
3,4 3,4,1 3,4,2 5,4,3 3,4,4 3,4,5 

5.1.3.

n- X k -

1 2 kB B B , 1 2 k i jB B B X , B B

1 i j k iB  1 i k. 1 2 kB , B , , B

. X k

X . , 1 nX X X  (

, 1 nX , , X X ).

.

, : ,

1, , n 1n

1 1, , n , n

 ( , n

). , 1 kB , , B

1 1, , n , 1, , n ,

1n , :
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1 2

1 2

1 2

1 2

k

k

k

k

B n ,B , , B

B B , n , , B
............................
B B , ,B n

B B , , B n

               (5.1) 

:

1nL 1 1, , n , nL

1, , n ,

1nL  (5.1). ,

, , ,

, ,

.

. 5.2. 1L , 2L , 3L

,  (5.1) .

3 3,

1nL , n

,  « » ,

1nL ,  ( ,

1nL ). . 5.2 
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nL  1, 2, 3. 

1, , n ,

« » j  —  (

), .

, ,

, ,

; , *j .

1 2 kp , p , , p

n , ,

1 2 kp p ... p .

n l

, 1 2 1 1lp p p , 1lp n l ,

.

,

ip , ,  2l ip p . jp  1jp  1 1j i, i , , l

lp
1

1

i

j
j

n p .

.

G .

1 2 n, , ,

i, j , :

10 1 0 1ii, j G i n , j ,

i  — , j  — .

 ( . 5.3), 

, , .
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. 5.3.

,

,

. '

.

5.2.

5.2.1.

. , ’

,

’ .

,

.

.

’

’ ’ . -

|

|

|

|

|
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,

.

. ,

. ’ ,

,

( ) ,

. ’

,

.

:

Z ,P A : max a | a P A ,

a P A ,

1

n

j j
j

a c x . , Z F ,X  

F x , nka P A

x X , , F x a .

Z F ,X : max F x | x X ,                  (5.2) 

1

n

j j
j

F x c x ,  — nR ,

: X vert A , conv P A .

, ’ :
*

x A
x arg max F x ,

* *y F x .

,

F x F x F x .

:
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x
x arg max F x y F x ,

x
x arg max F x y F x          (5.3) 

x x min.

1 2 ni i ia a , a , , a ,
jia A j ni N , nj N , s ti i , s t ns N ,

nt N 1 2 qA a , a , , a ,

1 2 kS A e ,e , ,e , 1
j ke R , j N j jk e r ,

kj N , 1 2 kr r ... r q  [3].

n , k

, nkP A .

n- n q k.

n k q . nP .

, n nnP A P A . ,

, , P A .  [3], 

A conv P A , P A  

:vert A P A .

, A
:

1 2 na a a ,       (5.4) 

 — : 1 2 ke e e .

P A

A conv P A , :

1 1

1 1
j

n n

j j
j j

i i

j
j j

x a ,

x a ,

j n j t i nN , , j t , j , t N , i N , P A vert A .
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5.2.2.

’ ,

F x

, ,

.

Z ,P A Z F ,X .

. .

. A

1

n

j j
j

extr f x c x | x vert A

 (5.4) 
1 2 ni i ic c ... c , n ni N ,

f x

1 n

* * *
i ix x , , x vert A , :

j

*
i j nx a j N ,

1 2 ny y , y , , y ,
1 1 0

ji n j ny a j N .

P A nG P ,

.

,

. ’

,

.  ( )

’ , ,

-

.

F x ,
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,

.

’ ,

( ). ,

 ( ). ,

.

 5.1. 1 1 2 np i , i , , i P A

2p P A k li i , k l ,

1 2F p F p .

1

n

i i
i

F x,c c,x c x , 1 2 nc c ,c , , c

, ,

1 2 nx x , x , , x  — 1 2, , , n . u-

nS .
1

n

i u i
i

F x,c,u c x .

,

0u , 0F x,c,u F x,c,u u H , H — 

nS . nt S ,

1 2
t

t t t nc c ,c , , c , 1 2
t

t t t nx x , x , , x .

t t t tF x,c F c ,x c,x c ,x . t tF x,c,u F x ,c ,u ,

1u t ut u nS . , ’

x,c t tx ,c . :

1 2 nc c ... c ,                 ( )

1 2 nc c ... c .                ( )
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nH S , ’  [4]. ,  ( ),

F x,c,u 0 1 2u , , , ,

 — 1 2 1*u n, n , , , .

, 1c i  ( ).

n.

3n , . 5.4, , p

jp

1 2F x,c, p F x,c, p .

. 5.4. F x 3n

, . 5.4 

, .

, .

.

1 3 2
1 2 3
0 1 1

.

2 3 0, . ’

1 3 2 2 1 3  , 2 3 1 3 1 2  .

1 2 1–  , 1 2 32 ,

.

1

6

54

32 1 3 2 

3 2 1 

2 1 3 

3 1 2 2 3 1 

1 2 3 
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5.2.3.

:

( , ( )) : max{ ( ) | ( )}Z P A a a P A ,

 ( )a :

2

1 1 1

( )
n n n

j j ij i j
j i j

a c x a x x            (5.5) 

 ( )P A . ( , )Z F X

( )F x X , ( )nka P A

x X , , ( ) ( )F x a :

( , ) : max{ ( ) | }Z F X F x x X  ,            (5.6) 

2

1 1 1

( )
n n n

j j ij i j
j i j

F x c x a x x , X  — nR ,

:

( )X vert A , ( )convP A .

, ,

.

( )P A

( )nG P , . ,

,

. ’ ,

, -

.

( )F x ,

, .

:

2 ( 1)
2n

n nC                (5.7) 
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’
. ,

:

1i ix x 1 1 1 1 2 2 1 1( ) ...ii i i i i i if x x a x a x a x a x                 (5.8) 

1iif

:

1iif
1

1 1

2
1 1 1 2 2 1 1

( ),

...
ii i i

ii i i i i

f x x

f a x a x a x a x

,

1 2
1

( , ,..., ) ( )
n

n i i
i

f x x x f x .

 1. :
1

1max iif , 1
1 1( )ii i if x x , 1:i n

’ 1 2 1( , ,..., , )i ix x x x , 1 2 1( ... )i ix x x x ,

,  1- ’ .
 2. :

2
1max iif , 2

1 1 1 2 2 1 1...ii i i i if a x a x a x a x , 1:i n .

 1-

’ 1 2 1( , ,..., , )i ix x x x .

’ 1 1( ,..., , )i ix x x 2
1 1 1 2 2 1 1...ii i i i if a x a x a x a x , 1:i n .

2
1 0iif , , ’

1 2 1( , ,..., , )i ix x x x .
2

1 0iif ’ 1 2 1( , ,... ,... ,..., , )k m i ix x x x x x ,

kx , k mx x , 2
1iif .

kx mx , ’

1 2 1( , ,... ,... ,..., , )m k i ix x x x x x . ,

.
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,

.

.

2 2 2 2
1 2 3 4 2 3 3 2 4 4

1 1( ) (2 ) ( ) ( 2 ) 2
2 2

F x x x x x x x x x x x

 ( )P A , (1,2,3,4)A .

.

 (5.7), 

: 2
4 6 . ,

 (5.8):

1. 1 2x x 12 1 2 1 2 3 4( ) 6f x x x x x x ,

2. 1 3x x 13 1 3 1 2 3 4( ) 6 5f x x x x x x ,

3. 1 4x x 14 1 4 1 2 3 4
1 ( ) 3 6 2 3
2

f x x x x x x ,

4. 2 3x x 23 2 3 44( )f x x x ,

5. 2 4x x 24 2 4 2 1 3 4
1 ( ) 8 14
2

f x x x x x x ,

6. 3 4x x 34 3 4 2 1 3 4
1 ( ) 6 8
2

f x x x x x x .

’  1: 1 1 1 1 1 1
12 13 14 23 24 34max( , , , , , )f f f f f f ,

1
12 1 2( )f x x , 1

13 1 3( )f x x , 1
14 1 4( )f x x ,

1
23 2 3( )f x x , 1

24 2 4( )f x x , 1
34 3 4( )f x x .

’ : (4,3,2,1) .

 2. 2 2 2 2 2 2
12 13 14 23 24 34max( , , , , , )f f f f f f ,

2
12 1 2 3 46f x x x x , 2

13 1 2 3 46 5f x x x x , 2
14 1 2 3 43 6 2 3f x x x x ,

2
23 0f , 2

24 2 1 3 48 14f x x x x , 2
34 2 1 3 46 8f x x x x .

 1-

’ . ’ (4,3,2,1)
2

12 1 2 3 46f x x x x , 2
12 0f , ,
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, , 1 2x x ,

’ (3,4,2,1) .  2- ’ (3,4,2,1)
2

13 1 2 3 46 5f x x x x . 2
13 0f , , , 1 3x x ,

’ (2,4,3,1) . ,
2

14 0f , 1 4x x , ’ (1,4,3,2) . , 2
24 0f 2

34 0f ,

’ (1,4,3,2) .

,

2 2 2 2
1 2 3 4 2 3 3 2 4 4

1 1( ) (2 ) ( ) ( 2 ) 2
2 2

F x x x x x x x x x x x

( )P A (1,4,3,2) .

5.3. -

-  — ,

. ,

,

, , , . . ,

,

.

,  — ’

-

: , , .

5.3.1. -

F x ,
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1 2i rA a , a , , a , 1 2i ra , a , , a ,

, , ,

.

’ . -

,  — 

.

 — 

.

, .

,

’ .

’ -

.

’ .

, -

, -

.

. ,

,  [5]. 

nP ,

1 2 np , p P 1 2p p , 1 2f p f p , 2p

1p .

: ,

,

n

*

x P
x arg f x , *f x y .
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- ,

, .

 — 

, -

:

n n

*

x P x P

f x
x arg F x arg ,

g x
            (5.9) 

y F x .

,

, .

:

x, x , y

F x y F x y

f x
x arg min F x arg min ,

g x F x y F x y

f x
x arg max F x arg max

g x
. (5.10)

5.3.2.

-

- ,

’ .

- 0 0F x c,x c / d ,x d ,

. - F x ,

nL x R F x .

, - -

, ’

, M — 

’ , . ,

-

x X .
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, 0 0d ,x d x M . , -

, M, -

F x .

 5.1. - F x ,

( ) M.  ( )

,

.

 5.3. F x

M, - :

a mx R | F x q, x M  — q, nM R ;

( )b 1 2 2 1x ,x M , F x F x 2 1 11F x x F x , 0 1.

 5.4. F x M,

 (b) .

 5.2. -

.

0 0
nx R c ,x c d ,x d q, x M

q, 0 0F x c,x c / d ,x d

M. , c,x d ,x

M.

, F x S,

 (– F x ) . : iF x iF x ,

(b) :

2 1i iF x F x 1 2 11i iF x x F x ,

1 2 11i iF x x F x , 1 2 1 21i i iF x x min F x , F x ,

- 1 2x , x S  0 1.

.
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5.3.3. ’ -

- F x , f x

g x  — ,

:

1 1ic c i , 1 1id d i .               (5.11) 

-

p : f x c , x p ,

x p  — 1 2p p p nx , x , , x , g x d , x p , np P  — 

, 1 2 nx , x , , x , ix N ,

1 2, , , n 1 2p p p np x , x , , x .

- ,

, 1p , 2p , :

c , x c , x
d , x d , x

.

, , ,

, , :

1 2 1 2 2 1p , p p ,c p , d p ,c p , d .

, , 1 2 0p , p , 1 2F p F p .

,

:

1 21 2 n nx c x c x ... c x = 1 0
1

n

i
i

c x p x ,

0 0 1 1p , , , n ,
1

n

i
i

x S , .



133

Розділ 2.  Задачі на комбінаторних  конфігураціях

:

1 0

1 0

c S p x
d S p x

 – 1 0

1 0

c S p x
d S p x

,

2
1 1 1 0 1 0c d S c S p x d S p x 0 0p x p x

2
1 1 1 0 1 0c d S c S p x d S p x 0 0p x p x .

,

1 1 0 1 1 0S c d p x S c d p x ;

1 1 0 0 1 1 0S c d p x p x S c d p x x .

:

1 2 j kx , x , , x , ,x , , 1 2 k jx , x , , x , , x , ,

1 1j k k jj x x k x x k jk j x x .

 3n ,

nP , 1 2 3A a , a , a ,

.

1 1 2 3p , , , 2 1 3 2p , , ,

F x :

1 1 2 2 3 3 1 1 2 3 3 2

1 1 2 2 3 3 1 1 2 3 3 2

c x c x c x c x c x c x
d x d x d x d x d x d x

.              (5.12) 

, ,

,  (5.12). 

,

:

2 2
2 2 3 3 2 3 3 2 2 3 1 2 1 3 3 1 2 1 1 2x c d c d x c d c d x x c d c d c d c d +

1 3 1 2 2 1 3 1 1 3x x c d c d c d c d .       (5.13) 
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:

1 2
12

1 2

c ,c
m ;

d ,d
1 3

13
1 3

c ,c
m ;

d ,d
2 3

23
2 3

c ,c
m

d ,d
.             (5.14) 

 (5.14)  (5.13), :
2 2 2 2
2 23 3 23 23 2 3x m x m m x x ,

1 2 1 3 3 1 2 1 1 2 1 2 13 12x x c d c d c d c d x x m m ,

1 3 1 2 2 1 3 1 1 3 1 3 12 13x x c d c d c d c d x x m m

, :

2 2
12 1 3 1 2 13 1 2 1 3 23 2 3m x x x x m x x x x m x x .

i jp , p ,

i jp , p .

 5.5. , ,

 (5.11), - F x ,

i j
ij

i j

c c
m

d d

,

i jp , p , .

,  (5.13) 

1 2p , p , :

1 2 12 13 23

1 2 3
5

13 2
p , p m m m

ijm .

 5.6. 12m , 13m , 23m

12 , 13 , 23 , 12 13 23i, j , , .

,  3n f x

M  ( . 5.5): 
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. 5.5. 3n

:

1 3 1 1 5, , , , 1 2 3 3 3, , , , 2 4 1 5 1, , , ,

3 4 8 4 4, , , , 3 5 3 3 3, , , , 4 6 3 3 3, , , ,

5 6 5 1 1, , , , 1 4 5 7 1, , , , 1 6 4 8 4, , , ,

2 3 5 1 7, , , .

,

1 1ic c i , 1 1id d i ,

 (5.13); :

1 1
12 1 1

1 1

c ,c
m c d ;

d , d

1 1
13 1 1 12

1 1

2
2 2

2
c ,c

m c d m ;
d , d

1 1 1 1
23 12

1 1 1 1

2
2

c ,c c , c ,
m m .

d , d d , d ,
                  (5.15) 

 (5.15) - ,

:

111 3 6, m , 111 2 6, m , 112 4 12, m , 113 4 12, m ,

113 5 6, m , 114 6 6, m , 115 6 6, m .

,

, .

2 1 3

1 3 2 2 3 1

3 1 2 3 2 1 

1 3

2

5

4 6

1 2 3 
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3n , n.

 5.2.  3n i j :

1 1

11
ij

c j i c
m i j ,

dd j i 12ijm i j m .

.

 4n -

 ( . 5.6). 

. 5.6. nG P 4n

 5.3. i jp , p , i j

n

2413

2143 4123

2134

1324

3124 3214

1 3

2

5

4 6

7 9 11

8 10 12

13 15 

14

17

16 18

19 21 23

20 22 24

1423

4213

1432 3412

3142 4132 4312

2341 2431 3421

3241 4231 4321

1234

A

B

C

D

1243

1342

2314
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1

1 1

n n

i j ij ij
j i i

p , p m ,                            (5.16) 

ij  2 n, i jp , p .

: :

1)  1k ;

2) k ;

3)  1k . t sp , p ,

,

: 1 2 1t t s k kp i , i , , i , i , , i , i , 1 2 1s s t k kp i , i , , i , i , , i , i .

, :

1 2 1

1 2 1

1 1

t s k k

t s k k

t k s

i , i , , i , i , , i , i
.i , i , , i , i , , i , i                 (5.17) 

, t sp , p ,

 (5.12). 

 (5.15).  (5.16) 

.

 5.4. nG P -

F x ,  (5.10), 

nG P , .

:  5.2. 

 5.1. F x ,

 (5.10), 

.

5.4.

’

. ,
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’ ,

’ , ’ .

5.4.1.

, x ,

:f x X R , 0x X ,

: 0
x X

f x extr f X ,

min,maxextr . x X

’ , 0x  — ’ , X x  — 

’ .

X  — 

. ,
nD R : { | }nD x R Gx h ,

 ,m nG R mh R .

:

1
; ; .

n

ij j i m n
j

G x g x h i N j N               (5.18) 

.  {1,2,..., }A n .

 ( )nP A  !n .

,

nG ,

( )nP A .

F x f x

 ( )f x
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( )nG P 1,2,...,n ,

 — , 1,...,2,1n n .  (5.18), 

, ’

: ’

,x x ,  ,i mh i N

arg min ( )
iGx h

x G x ,             (5.19) 

arg max ( )
iGx h

x G x . (5.20)

.

: 0M

M u ,

 ( )f x .

 ( ).

i - ig :

1) iu ,

iM ;

nG P ;

2) ’  ,i mh i N ,

ig ;

3) 1
iu

M .

4) extr ig .

5)

’ min  iextr g .

6) 1
iu ’

0M .
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, ,

 2  3. nG P , i ,

nG P  iG .

,

. nG P ,

 ( . 5.7): 

nG

1nG

...G

1G

. 5.7. nG P

iG ,

 2  ( ).  2 ,

i iG g ,

1,2, ,i m . ,

ig .

 3 1
iu

, .

:

1 2 3 4( ) 4 2 7 9f x x x x x , 4 1,2,3,4P ;

,

: 1 1 2 3 45 6 10 1 60g x x x x ,

2 1 2 3 44 6 8 9 63g x x x x .
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:  — .

’ .

. f x

1 2 3 4
2 1 3 4

u .

1 2 3 4( ) 2 4 7 9f x x x x x .

, . 5.8.

. 5.8.

1 1 2 3 46 5 10 1g x x x x

2 1 2 3 46 4 8 9g x x x x ,

1 2 3 4
2 1 3 4

u .
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 1. 1g 1
1 2 3 4
3 2 4 1

u

1 1 2 3 45 6 10g x x x x .

G 1G ,

2G , 3G , 4G , ,

 ( . 5.9) 

                          1maxG = 69                    1G                       1min G = 59 

                          2maxG = 65                    2G                      2minG = 50 

                          3max G = 60                    3G                      3min G = 45 

                         4max 51G                     4G                     4min 41G

. 5.9. 1g

’ , 1G ,

, 4 3124 6 3214 . 2G

 10, 11, 12, 3G ,  13, 4G

.  (4, 6, 10, 11, 12, 13, 19, 20, 21, 22, 

23, 24). 1
1

1 2 3 4
4 2 1 3

u

 (8, 7, 2, 15, 1, 24, 18, 
12, 17, 6, 11, 5), . ,

3 1324 ,  64. 

, 4G , 1g ,

3G , 1
iu 4

 3. 

 2. 2g 2
1 2 3 4
2 1 3 4

u

2 1 2 3 44 6 8 9g x x x x .

G

1G , 2G , 3G , 4G , ,
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                                1maxG = 76                    1G                      1min G = 68 

                               2maxG = 75                    2G                     2minG = 63 

                                3max G = 72                    3G                     3minG = 60 

                                 4max 67G                    4G                     4min 59G

. 5.10. 2g

1G 2G ,

( . 5.10), . 3G

17  18. 4G  22, 23  24. 

1
2

1 2 3 4
2 1 3 4

u

.  2 

2g , ’  — 

3 1324 ,  64. 

:

’ 1324 . 

5.4.2. ’

,

, , ,
’  ( ).

,

1 2 2 3 1... n nx x x x x x .

,
.

:
. M

u .
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i - ig :

1) nG P ,

, iM  ( .

5.11);

. 5.11.

2) ’  ,i mh i N ,

ig ;

3) 1
iu

M ;
4) extr ig ;

5)

’ min  iextr g ;

6) 1u ’ -

0M .

.

1 2 1 3 2 3( ) 6 6 6f x x x x x x x , ,

1 2 3 4 5 6iA ; ,

:
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1 1 2 2 3 1 34 4 4 165g x x x x x x , 2 1 2 2 3 1 35 5 5 220g x x x x x x .

:  — .

. f x

1 2 3
2 1 3

u ;

1 2 1 3 2 3( ) 6 6 6f x x x x x x x ,

1 1 2 2 3 1 34 4 4g x x x x x x , 2 1 2 2 3 1 35 5 5g x x x x x x .

 6  3, 203
6C .

:

1,2,3,4,5,6  1, 2, 3 

, : 1,2,4; 1,2,5; 1,2,6. 

,

 1, 

3, 4; 1, 3, 5; 1, 3, 6.  ( . 5.12). 

. 5.12.
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 ( .

5.13).

(1,2,3) 66f 1G (1,5,6) 246f

(2,3,4) 156f 2G (2,5,6) 312f

(3,4,5) 282f 3G (3,5,6) 378f

                    4G (4,5,6) 444f

. 5.13. f x

 1. 1g 1
1 2 3
2 1 3

u

1 1 2 2 3 1 34 4 4g x x x x x x .

,

 ( . 5.14): 

                          1(1,2,3) 44g          1G                         1(1,5,6) 164g

                        1(2,3,4) 104g                        2G                         1(2,5,6) 208g

                         1(3,4,5) 188g                        3G                          1(3,5,6) 252g

                                                                         4G                          1(4,5,6) 296g

. 5.14. 1g

G 1G , 2G , 3G

,

 ( . . 5.7). 
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’ ,

, ’ ,

1 1 2 2 3 1 34 4 4 165g x x x x x x , . 5.14 ’

3G , 4G . 1G  — 

, 2G  (2 4 6), (2 5 6).

 2. 2g 2
1 2 3
2 1 3

u

2 1 2 2 3 1 35 5 5g x x x x x x .

1G , 2G , 3G , 4G , -

, 2 1 2 2 3 1 35 5 5 220g x x x x x x

( . 5.15).

                                     2 (1,2,3) 55g       1G                          2 (1,5,6) 205g

                                     2 (2,3,4) 130g                     2G                        2 (2,5,6) 260g

                                     2 (3,4,5) 235g                     3G                        2 (3,5,6) 315g

                                                                                    4G                       2 (4,5,6) 370g

. 5.15. 2g

1G . 2G

 (2 3 4), (2 3 5), (2 3 6), (2 4 5), (2 4 6). 3G 4G

.

 — 2G .

 (2 4 6), ,

 — 264 ,

,  (2 4 6) ’ .
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6.

. . , . .

.

: .

n 22,

.

The work is devoted to research and development of combinatorial recognition methods 

for objects with non-standard properties among objects of the same type. The problems of 

two types are considered: limited and unlimited combinatorial recognition. For the second 

type problems algorithms for optimal search of two non-standard objects on the set n 22

are described, and some results of the search for three and four such objects are obtained. 

6.1.

,

, . .

 ( ),

.

, ,

.

’

n m (m  n) ,

, k —  (k  m)

, .

,

 ( ,
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. .) 

. , -

, , .

,

.

6.2.

.

 1. n

= { 1, 2, …, n}, , m

(m < n). , k (k m)

, k-

. k- k

.

.

 1. ( .)

Nn = {1, 2, …, n}...

M = {i1, i2, …, im} (m < n). k  (k m)

nN . k- ,

M.

 2. ( .) ,

n ,

. , m .

k  (1 < k m ). 

, .

k .

 1. 

.
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n  X={x1, x2, …, xn}, m

n – m . k (k

m) . ,

 0  1. k ,

 1. 

’

, ,

k- ,

 [1]. 

.

, k )(nF k
m .

 2 : n = 9, m = 4, k = 2. 

’ .

, , .
2
9C = 36, 2

4C = 6 

. ,  31 

’ .

’ ,  9 ’ , ,

 (3 + 2 + 2 + 2). 2
3C + 2

2C + 2
2C + 2

2C = 6 .

, ,

.  2 

 2 , .

 4 , ’  10 .

’ ,  9 

(3 + 3 + 3). ’ ,

. 2
3C + 2

3C + 2
3C  = 9, 

’ . 992
4F .

, m
n

m
m CnF ,

.



152

Субградієнтні алгоритми та задачі на комбінаторних конфігураціях

 k = 2 ’  [1]. 

 ( ),

.

: k = 2 

, .

, m – 1. 

n (mod m – 1). 

 6.1.
4

)2(2
3

nnnF . (6.1)

. n  0 (mod 2). n

n/2 ,

4
)2(

2
)12/(2/22

2/
2

2/
2

3
nnnnCCnF nn .

 1(mod 2), n

2
1n

2
1n .

2
2

2
1

2

2
1

2
3 2

1
2

3
2

1
2

1
2

1
2
1)( nnnnnCCnF nn .

.
4

2)2(
4

)2()()(
2

2
3

nnnnnF

,  )2(mod2 ,  (6.1). 

 6.2. n m – 1 :

1
11

)1(
m
n

m
nmn .                (6.2) 

. n q n(mod q).
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)(mod qn
q
nqn . q = [q – n (mod q)] + n (mod q),

1)(mod)(mod
q
nqn

q
nqnqn . q = m –1

11 m
n

m
n ,  (6.2). 

1

0

q

i q
inn .                (6.3) 

 6.1.
)1(2

)1)(()(2

m
mnnnFm .                 (6.4) 

.  6.2 
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.
1

1
2

1
112

1)1()( 2
1

2

2

1

2

m
n

m
n

m
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m
nmCCmnF n

m
nm

 (6.4). 

 6.2.  12rm .

)1(),22)()((
6

1)( 2
3

12 rrnrnn
r

nF r .               (6.5) 

. k = 3 ’ ,

. n r ,

. ,

.  (6.3) 
1

0

33
12 )(

r

i r
inr CnF .              (6.6) 

n(mod r), r–

r
n 1
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.11
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33
12
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nrCCrnF
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n
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,  (6.5). 

 2.  X = {x1, x2, …, 
1nx }  Y = {y1,

y2, ..., 2ny }, m1  (m1 n1),

– m2  (m2 n2). k (k  1) -

 (k m1 + m2 ), .

k ,  1.

, ’ .

6.3.

.

n  X={x1, x2, …, xn}, m

n – m . k

(k m) ,  0  1. 

 ( ) ,  0 ( ,  — 1).  

.

.
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.

,
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.
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. , '
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Annotation. The paper is devoted to the study of dual estimates for quadratic extremal 

problems of general form. Conditions are formulated, where the values of the global 

extremum of quadratic extremal problem and its dual estimates coincide. Examples of 

their application to specific problems are given for determining the cases, when finding 

dual estimates makes possible to find solution for the problem. 
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1

( )( ) 0
m

T
j i i

i
u b u b p .

,  (7.1) 

0( ) ( ) ( , )f x f x p x :

* *
0( ) min( ( ) ( , ))f f x f x p x

( ) 0if x , LEi I ,
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( ) 0if x , EQi I .

:
2

0 0
1 1 1

1( ) ( )( ) / ( )
4

n m m
T
j i i j i i

j i i
u u b p u b u c u c .

 (7.27)  7.4 

 1, * *f . * * 0 * * 0f f  0 ,

* *f .

,  (7.27) , * *f .

,

 7.4. 

 4. 

.

 ( ) nR :

{ : ( ) ( ) 1}T
i i i iE x x d A x d , 1,i m ,

id  — , iA  — .

, { , 1, }iE i m

( , ).

,

, iA  — 

( ( , 1, , )i ijA diag a j n ,  0ija , 1,i m , 1,j n ). ,

:
* min( )Tf x x              (7.29) 

0T T
i i ix A x b x c , 1,i m ,       (7.30) 
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 2i i ib Ad , 1T
i i i ic d Ad , 1,i m .

*f .

 (7.29)–(7.30) ,

 7.4 ,

,

, * *f .

 (7.29)–(7.30) 

( , ) ( ) ( ) ( )T TL x u x A u x b u x c u ,

1

( ) ( 1 , 1,..., )
m

i ij
i

A u diag u a j n ,
1

( )
m

i i
i

b u u b ,
1

( )
m

i i
i

c u u c .

( )A u

,
1

( ) 1
m

j i ij
i

u u a ,

1,j n .  (7.29)–(7.30) 

1,...,n 1

( \ ) : min ( 1 ) 0; 0
m

i ijj i
D D U u u a u .

 (7.27)  0p

 (7.29)–(7.30) 

1

( ) ( ) 0
m

T T
j j i i

i
u b u e u b ,

 ( )j ju e , 1,j n , — ( )A u , je  — n- , j-

, .

,  (7.27)  0p  (7.29)–(7.30) 

:

1,...,n 1

: min ( 1 ) 0; 0
m

i ijj i
u u u a u ( )j J u ,

1

0
m

T
j i i

i
e u b . (7.31) 
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( \ )u D D U j -

 ( )A u :

1,...,n 1 1

min ( 1 ) 1 0
m m

i ij i ijj i i
u a u a .

 (7.31) — ,

1

0
m

T
i ij

i
e u b u .

, j - { , 1, }ib i m

. , j -

ib , 1,i m ,  (  0u

’

 (7.29)–(7.30),  0u ).

,  {1,..., }j n , ,

(7.31) 0p , , 1,ib i m ,

.

, ijb ,

, i , , 0ijb .

p j -
1,...,

(max )j iji m
p sign b  ( ,

ijb , 1,...,mi , ),

 (7.31). ,  {1,..., }i m 0ijb ,

jp - , .

, ib id ,

( , )i i iE A d , ,

1 1 2 22 2( ... )T
i i i i i i i in inb Ad a d a d a d ,

.
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 7.3 [8]. 

,  (7.2)–(7.3)  (7.29)–(7.30) .

,

'
* 1 * *( ) ( ) / 2x A u b u .

 (7.29)–(7.30) .

' ,

 (

).  (7.29)–(7.30) 

:
* min( )Tf x x             (7.32) 

1 0T T
i ix A x b x c , 1,i m .                 (7.33) 

 (7.32)–(7.33),  (7.29)–(7.30), 

, ,

1 ( , 1, , )jA diag a j n .

 (7.32)–(7.33) 

 ( , ) ( ) ( ) ( )T TL x u x A u x b u x c u ,

1

( ) ( 1 , 1,..., )
m

j i
i

A u diag a u j n ,
1

( )
m

i i
i

b u u b ,
1

( )
m

i i
i

c u u c .

 ( )A u

,

1

( ) 1
m

j j i
i

u a u , 1,j n .

 (7.32)–(7.33) 

1,...,n 1

( \ ) : min ( 1 ) 0; 0
m

j ij i
D D U u a u u
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min1,...,n 1 1

: ( 1 min 0; 0 : ( 1 0; 0
m m

j i j ij i i
u a u u u a u u ,

 ( )J u ( \ )u D D U

minj ,

1A .  (7.27)  0p  (7.32)–(7.33) :

min
1

: ( 1 0; 0
m

j i
i

u u a u u min 0 min
1 1

( )( ) ( ) 0
m m

T
j i i i i j

i i
u b u b u b ,

,  minj - , 1,ib i m ,

.

, minijb i , , min 0ijb ,

p minj - min min1,...,
(max )j iji m

p sign b ,

 (7.27)  7.4. 

 7.4 [8]. ,

1A ,

,  (7.2)–(7.3)  (7.32)–(7.33) .

,

' * 1 * *( ) ( ) / 2x A u b u .

 (7.29)–(7.30) .

'

, :
* min( )Tf x x             (7.34) 

0T T
i ix x b x c , 1,i m .                 (7.35) 

1

( ) ( 1 , 1,..., )
m

i
i

A u diag u j n

, , :
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1

( ) 1
m

j i
i

u u , 1,j n .

 (7.27)  0p  (7.34)–(7.35) :

1

: ( 1 0; 0
m

i
i

u u u u
1

0
m

i i
i

u b ,

0 int( { , 1,..., })iconv b i m . ,

 { , 1,..., }iconv b i m ,
1

m

i i
i

p u b  0u ,

 (7.27)  7.4. 

 7.5 [8]. 0 int( { , 1,..., })iconv b i m ,

 (7.34)–(7.35) .  0 { , 1,..., }iconv b i m ,

'
* 1 * *( ) ( ) / 2x A u b u .

,  0 int( { , 1,..., })ico b i m ,

,  — 

* 2min( )f x

2( 2) 25x ,
2( 5) 9x ,

* (3) 9f f , * 10.42 (
* (0.7143,0.2857)u , * 2.8289x ). * *f .

 5. , '

. ,

,

, '

 [9]: 
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min( )
n

T

x R
d x k x             (7.36) 

0 0( ) ( ) 1Tx x Q x x ,       (7.37) 

Q n n , n -

d 0x , k ; 2

1

n

i
i

x x  — 

1 2( , , , )T n
nx x x x R .  0k  (7.36)–(7.37) 

 «second-order cone 

programming problems» [10, 11],  (

[10]  « », , ,

: AMPL, CPLEX, ECOS, Joptimizer, 

OpenOpt, SDPT3 ).  0k ,

. '

 [1, 2] 

.

 (7.36)–(7.37)  0k

1

* *
0 ,y

( ) min ( )
n

T

x R R
f f x d x ky               (7.38) 

0 0( ) ( ) 1Tx x Q x x ,            (7.39) 
2 Ty x x .              (7.40) 

, y , x ,

.  (7.38)–

(7.40) , .

0 0( , ) ( , ) ( )T Tf x y d x ky f x y d x k y ,
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 0k , 0y  — y

(7.38)–(7.40). 

 (7.2)–(7.3) 
*f

(7.38)–(7.40). 

 (7.38)–(7.40) 1nx
z R

y
.

 (7.2)–(7.3) :

* *
1 1 1 1sup inf ( ) ( ) ( )

n

T T

z Ru D
z A u z b u z c u f ,           (7.41) 

1 2
1

2

0
( )

0
u Q u I

A u
u

, 1 0
1

2
( )

d u Qx
b u

k
, 1 1 0 0c ( ) ( 1)Tu u x Qx .

 7.4 ,
*
1  (7.41)  (7.38)–(7.40) ( -

 (7.36)–(7.37)), 

.

Q

1

( )
n

T T
j j j

j
Q Udiag U , 1 2( )T

n  — ,

1 2( )nU  — , j , 1,j n .

minJ  — , -

min 1,
min( )jj n

Q ;

min
j j J

.

x Ux  (7.38)–(7.40) 

1

*

,y
min ( )

n

TT

x R R
f U d x ky      (7.42) 
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0 0( ) ( )( ) 1T T Tx U x diag x U x ,             (7.43) 
2 0Ty x x .              (7.44) 

1nx
z R

y
.

(7.2) (7.3)  (7.42)–(7.44) 

* *
2 2 2 2sup inf ( ) ( ) ( )

n

T T

z Ru D
z A u z b u z c u f ,       (7.45) 

1 2
2

2

( ) 0
( )

0
u diag u I

A u
u

, 1 0
2

2 ( )
( )

T TU d u diag U x
b u

k
,

2 1 0 0c ( ) ( 1)Tu u x Qx , I  — .

 (

0
0 1

Tx xU
y y

) , *
1

(7.41)  (7.38)–(7.40) *
2  (7.45)  (7.42)–(7.44)  — 

* *
1 2 .  ( )

, .

 7.6 [7].

1 min 0 min

1

( 2 ) 0,
0

T
j d u x j J

u
             (7.46) 

, '  (7.45) 

(7.42)–(7.44) * *
2 f .

.  (7.27)  7.4  0p .

 (7.45) 

1 2 2 1 min 2 21,
: min( ) 0, 0 : ( ) 0, 0jj n

D u u u u u u u u ,
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1 min 2( \ ) : ( ) 0D D u u u  ( 2u ,
*
2 ) ( \ )u D D min( )J u J .

 (7.42)–(7.44): 

2 2
2 1 0 1 2 2 1 0 0

1

1( ) 2 / / 1
4

n
T T T

j jj
j

u U d u U x u u k u u x Qx =

2 2
1 0 1 2 2 1 0 0

1

1 ( 2 ) / / 1
4

n
T T
j j j

j
d u x u u k u u x Qx ,

, D

2 ( )u ,

min .

 (7.27)  7.4  0p

 (7.45): 

1 0 1 min 0
2

2 ( ) ( 2 ), 1,...,
( ) ( )

, 1

T T T
T T j
j j

U d u diag U x d u x if j n
u b u e

k k if j n
,

 ( )j ju e  — 2 ( )A u  ( je  — , j-

, ),

0 2 1 min 0
1

( )( ) ( ) ( ) ( 2 ) 0
m

T T T
j i i j j

i
u b u b u b u d u x .

,  (7.27)  7.4  0p  (7.42)–(7.44) 

:

( \ )u D D minj J , 1 min 0( 2 ) 0T
j d u x ,

, , 1 min 2( \ ) : ( ) 0D D u u u ,

1 0u minj J , 1 min 0( 2 ) 0T
j d u x .         (7.47) 

,  (7.47) 

1 min 0 min

1

( 2 ) 0,
0

T
j d u x j J

u
,
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 7.6 .

 (7.42)–(7.44):  (7.46) 1u ,

, .

, '  (7.45) 

 (7.42)–(7.44); ,

, '  (7.45), ,

 (7.42)–(7.44). 

,

Q  ( min 1J ),  7.6 

 7.7. 

 7.7 [7]. minJ s

( {1,2, , }s n ) T
s d 0

T
s x , '

(7.45)  (7.42)–(7.44) * *
2 f .

:

, d 0x

, , s

Q , ,

. , ,

0cos( , )cos( , ) 0s sd x .

, ,

,  (7.36)–(7.37), (7.38)–(7.40)  (7.42)–(7.44) ,

 (7.41)  (7.45) ,

,  7.4  7.6, 

 (7.36)–(7.37)  (7.38)–(7.40). 
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7.5.
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8.

. .

. ,

. .

.

,

,

.

’ .

Annotation. The paper concerns game problems of pursuit for which classic 

Pontryagin’s condition of the pursuer advantage over the evader in control resources does 

not hold. An approach for solving such problems is developed that consists in transition 

from original game with complete information to the auxiliary game with variable 

information delay and subsequent analysis of the latter on the basis of its equivalence to 

certain game with complete information. In so doing, the function of information delay is 

expressed through the function of time stretching and turns into zero at the instant of 

game termination. The results are exemplified with the model examples of soft meeting 

of controlled second-order systems. 

8.1.

, ,

.

-

. .  [1] . . .

.

, .

.

, - -
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 [2]. 

-

. ,

, .

 [1], 

,

 — , .

, ,

, -

’  [3].  

 [4]  [5], 

. ’

 [6] ,

' ,

.  — 

.

,

,

,

.

, . .

. I t

.

,

I t , .
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’

,

2-  [7]. 

,

’ ' .

' ,

.

’

,

, '  [8]. 

,  (

)

 [9, 10]. 

- , , -

, -

, ,

 [11, 12]. 

8.2.

-

z A z u v , 00z z .              (8.1) 

nz R , A n , u v  — ,

U V ,

, nU K R ,

nV K R . U , V .

,M nM R .
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,

 (8.1) / T

M - , : z T M .

, , ,

.

t , 0 , ,

0 0 . 0 0 .  (8.1)  0t t

t t ,

0t t t t , 0t . , t  — 

- ,

,

, t ,

: 1.t ,

t t ,

- .

 0t ,

 ( ) 0 . ,

00,

, 0u , 0
0: 0,u u s s .

0 0 ’ 0z ,

’ 00, . 0
0 ,z u

.  , 0,t t

t t , z t t . , tz t t u ,

: ,tu u s s t t t  — 

,t t t , .t
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t

0
0

:
t

t AtAZ t z z e z e u d

1 1
0

,
t t t

t A t A
V

t t

e v d e v d v .

, , 0
0 ,z u ,

1t ,

1Z t M - .

: ,
t

t A
V

t t

V t x x e v d v .

, V t

v ,t t t

V . 1t

V t , :

0

: ,
t

A
VV t x x e v d v .               (8.2) 

0
0 0

t tt
t A t AtAz t e z e u d e v d .             (8.3) 

Z t

.Z t z t V t
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z t 0,

:

1 t Az t A z t u t t e v t t            (8.4) 

0

00
0 0 0

0

.AAz z e z e u d                 (8.5) 

[1]: 

:
y Y

X Y z z Y X X y , nX R , nY R .

M t M V t               (8.6) 

,

’  (8.4) 

 (8.5), M t

(8.6). 

, 1t

1Z t M , ,

1 1z t M t . , , 1 1, ,t t 1z t

1M t , 1Z t M , ,

, .

.

 8.1. M t

0 , .t  (8.1) 

M t

1t , 0
0 ,z u ,

 (8.4), (8.5)  (8.6) 



205

Розділ 3.  Квадратичні та ігрові задачі

1t , 0z ,

.

 1. 1t

1t  8.1 M t

1t t , 1M t .

 8.1 ,

, ’

’ . , , '

, ’ ,

. . .

8.3.

-

z A z u v .              (8.7) 

,

 (8.1) 0 0, nM M R . ,

0M nR .
nR L , L  — 

0M nR . 0M T  ( 0z T M )

0z T .

,

.

, .
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. . , -

, ,

, . . ,

.

 8.1. (  [1]) 

( ) 0.tA tAW t e U e V t

,

, ,

,

,

. ,

. . ,

.

 8.1. '

-  ( )I t , 0,t , (0) 0,I

( )I t t , 0t , ,

- ,

0, \
sup

t
I t ,  — 

 ( )I t .

 8.2. I t ,

,

1
I t AtAW t e U I t e V ,

t , 0,t .

 [13]. .
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F t , 0: , ,nF t T P R nP R

nR . ’ ,

,f t ( )f t F t :

0

T

f F t

f t dt ,

F t

0

T

t

F t dt .

 8.2.  (8.1) 

0M  — ,  8.2 

0z

1 1 0 0 1
0 0

min 0 :
I t t t

I t AI t At t z t e z e Ud W d .     (8.8) 

0z 1I t

- .

. 1t  (8.8) 

1W  (  8.2) 

0u , 00, , 0 1 1I t t

1 , 1 1W , 10 t 1W , ,

1 1 1
11 0

0 1
0 0

I t t t
I t AI t Ae z e u d d .            (8.9) 

10, I t : 00, ,

0 1 1I t t , 0 1, I t .

00, 0 1, I t .
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00, 0u , 00, ,

0 0 1, t

’ :
1

0
t Ae u

1
1 1 1 1 1

I t AI t e v I t I t t , 10, ,t         (8.10) 

 [14]. 

, 0 ,

0 , 10 t ,

1 1I t I t . 1 0 1I t t , 0 1 1I t t ,

1 1I t I t :

1 1 0 1 1 0 1 1I t I t t I t I t t .

, ,

0 , 0 , 10 ,t

,

0 , 0 1 1I t t .

,

0 0 1[ , ]t  (8.7) 0M

0 t ,

0 1 1t I t t t t , 10,t t ,          (8.11) 

 8.1,  1, 

1 0 1I t t ,

0 1M V I t ,  (8.2) 

1

1
0

: ,
I t

A
VV I t x x e v d v ,
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1I t

,  (8.4) 

0 0 0z t Az t u t

0
0 0 0 0 0 11 , ,t At e v t t t t ,

, 1M t , 1 0 1M t M V I t .

0 t

(8.11)

0 0 0z t Az t u t 1 1
1 0 1 1 ,I t t t t AI t t e v t I t t

0

00 0
0 0

0

AAz e z e u d .               (8.12) 

 (8.11) 0 1 0t , , ,

1 0V I t , 0  — n - , 1 0M t M .

,
 (8.11),  (8.7)  (8.11) 

 (8.12) 

0M  ( ,

).

 (8.12) 1I t

 (8.10), 

0 1, I t .

:
0

11 0
1 0

0

I t AI t Az I t e z e u d

1
11

0 1 0 1 1
0

t
I t At Ae u I t e v t I t d

0
11 0

0
0

I t AI t Ae z e u d
1

1 1
0

t

t d .
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 (8.9) ,

1 0z I t . , , ,

,  (8.12) 

0M - .

 (8.12) 

 (8.7)  (8.11), 
0

0 ,z u 0 1, I t .  8.1, 
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,

, ,

,  (8.7) 

0z M 1I t -

. .

8.4. ’ ,

 ( . . )
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