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Âñòóï (ìåòîä åëiïñî¨äiâ)
Ìåòîä åëiïñî¨äiâ çàïðîïîíóâàëè

1976 ÞäiíÄ.Á. òà ÍåìiðîâñüêèéÀ.Ñ. ÿê ìåòîä
ïîñëiäîâíèõ âiäñiêàíü [1].

1977 ØîðÍ.Ç. ÿê âàðiàíò ìåòîäó ç ðîçòÿãîì ïðîñòîðó â
íàïðÿìêó ñóáãðàäi¹íòà [2].

1. ÞäèíÄ.Á., ÍåìèðîâñêèéÀ.Ñ. Èíôîðìàöèîííàÿ ñëîæ-
íîñòü è ýôôåêòèâíûå ìåòîäû ðåøåíèÿ âûïóêëûõ ýêñòðåìàëü-
íûõ çàäà÷ // Ýêîíîìèêà è ìàòåìàòè÷åñêèå ìåòîäû. � 1976. �
Âûï. 2. � C. 357�369.

2. ØîðÍ.Ç. Ìåòîä îòñå÷åíèÿ ñ ðàñòÿæåíèåì ïðîñòðàíñòâà äëÿ
ðåøåíèÿ çàäà÷ âûïóêëîãî ïðîãðàììèðîâàíèÿ // Êèáåðíåòèêà.
� 1977. � �1. � Ñ. 94�95.

4/19 Ñòåöþê Ï.I., Ñòîâáà Â.Î. Ìåòîä åëiïñî¨äiâ äëÿ ëiíiéíî¨ ðåãðåñi¨



Âñòóï (ìåòîä åëiïñî¨äiâ)
Iäåÿ: ìiíiìàëüíèé çà îá'¹ìîì åëiïñî¨ä En

r

a

b

h

Åëiïñî¨ä En, ùî ìiñòèòü íàïiâêóëþ
â En, ìà¹ íàñòóïíi ïàðàìåòðè:
a =

n

n+1
r, b =

n√
n2−1

r, h =
1

n+1
r

äå α =
b

a
òà r � ðàäióñ êóëi Sn.

ßêùî ïðîñòið "ðîçòÿãíóòè"â
íàïðÿìêó a ç êîåôiöi¹íòîì
α =

√
n+1
n−1 , òî En òðàíñôîðìó¹òüñÿ

â êóëþ ó ïåðåòâîðåíîìó ïðîñòîði.
Âiäíîøåííÿ îá'¹ìó åëiïñî¨äà En äî îá'¹ìó êóëi Sn ðiâíå
q(n) =

vol(En)
vol(Sn)

=
1
α

(
b

r

)n

=

√
n− 1
n + 1

(
n√

n2 − 1

)n

< e−1/2n < 1.
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Ïîñòàíîâêà çàäà÷i
Â ÷îìó ïîëÿãà¹ çàäà÷à?

Ðîçãëÿäà¹òüñÿ çàäà÷à îïóêëîãî ïðîãðàìóâàííÿ:
çíàéòè

f ∗p = fp(θ
∗
p) = min

θ∈Rn

{
fp(θ) = ‖Aθ − b‖p

}
, (1)

çà îáìåæåíü ∥∥θ − θ
∥∥ ≤ r, (2)

äå A � m×n-ìàòðèöÿ; b ∈ Rm � m-âèìiðíèé âåêòîð;
θ ∈ Rn− n-âèìiðíèé âåêòîð íåâiäîìèõ ïàðàìåòðiâ,
θ − öåíòð êóëi ðàäióñó r, â ÿêié ëîêàëiçîâàíî θ∗p.
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Ïîñòàíîâêà çàäà÷i

Òóò p ∈ R − ñêàëÿðíèé ïàðàìåòð (p ≥ 1), ÿêèé äëÿ
âåêòîðà y = Aθ − b = (y1, . . . , ym)T âèçíà÷à¹ Lp-íîðìó

‖y‖p =

(
m∑

i=1

|yi|p
)1/p

.

Âèïàäîê p = ∞ âèçíà÷à¹òüñÿ ÿê ‖y‖∞ = max
i=1,...,m

|yi|.

Äî çàäà÷i (1)-(2) çâîäèòüñÿ çàäà÷à çíàõîäæåííÿ
ïàðàìåòðiâ ëiíiéíî¨ ðåãðåñi¨. Öÿ çàäà÷à ïðè

p = 1 − ìåòîä íàéìåíøèõ ìîäóëiâ;
p = 2 − ìåòîä íàéìåíøèõ êâàäðàòiâ;
p = ∞ − ìiíiìàêñíèé (÷åáèøåâñüêèé) ìåòîä.
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Àëãîðèòì çíàõîäæåííÿ θ∗p
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Àëãîðèòì çíàõîäæåííÿ θ∗p

Âõiäíi ïàðàìåòðè òà iíiöiàëiçàöiÿ àëãîðèòìó

Âõiäíi ïàðàìåòðè:
p ≥ 1 � âèçíà÷à¹ Lp-íîðìó â (1);

εf > 0 � òî÷íiñòü, ç ÿêîþ òðåáà çíàéòè f ∗p = fp(θ
∗
p).

Iíiöiàëiçàöiÿ
Ïîêëàäåìî

ñòàðòîâó òî÷êó θ0 = θ;

ïî÷àòêîâèé ðàäióñ r0 = r;

B0 := In, äå In � îäèíè÷íà n×n-ìàòðèöÿ.
Ïåðåéäåìî äî ïåðøî¨ iòåðàöi¨ çi çíà÷åííÿìè θ0, r0 òà B0.
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Àëãîðèòì çíàõîäæåííÿ θ∗p

Iòåðàöiÿ ìåòîäó

Íåõàé íà k-é iòåðàöi¨ çíàéäåíi θk, rk, Bk. Ïåðåõiä äî
iòåðàöi¨ (k +1) ïîëÿãà¹ ó âèêîíàííi òàêî¨ ïîñëiäîâíîñòi äié.

Êðîê 1. Îá÷èñëèìî fp(θk). ßêùî fp(θk) = 0, òî "Çóïèíêà: k∗ = k
òà θ∗p = θk". Iíàêøå îá÷èñëèìî gp(θk) − ñóáãðàäi¹íò
ôóíêöi¨ fp(θ) â òî÷öi θk çà ôîðìóëîþ

gp(θk) = (‖Aθk − b‖p)
1−p

m∑
j=1

(
sgn(ajθk−bj)·|ajθk−bj |p−1aT

j

)
,

äå aj − âåêòîð-ðÿäîê ìàòðèöi A ç íîìåðîì j = 1,m.

ßêùî rk

∥∥BT
k gp(θk)

∥∥ ≤ εf , òî "Çóïèíêà: k∗ = k i θ∗p = θk".
Iíàêøå ïåðåõîäèìî äî êðîêó 2.
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Àëãîðèòì çíàõîäæåííÿ θ∗p

Êðîê 2. Ïîêëàäåìî ξk :=
BT

k gp(θk)

‖BT
k gp(θk)‖

.

Êðîê 3. Îá÷èñëèìî θk+1 := θk − hkBkξk, äå hk =
1

n + 1
rk.

Êðîê 4. Îá÷èñëèìî íîâó ìàòðèöþ òà ðàäióñ

Bk+1 := Bk+

(√
n− 1

n + 1
− 1

)
(Bkξk) ξT

k , rk+1 := rk
n√

n2 − 1
.

Êðîê 5. Ïåðåõîäèìî äî iòåðàöi¨ (k + 1) çi çíà÷åííÿìè
θk+1, rk+1, Bk+1.
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Àëãîðèòì çíàõîäæåííÿ θ∗p

Çáiæíiñòü ìåòîäó

Òåîðåìà
Ïîñëiäîâíiñòü òî÷îê {θk}k∗

k=0 çàäîâiëüíÿ¹ íåðiâíîñòÿì∥∥B−1
k (θk − θ∗p)

∥∥ ≤ rk, k = 0, 1, 2, . . . , k∗

Íà êîæíié iòåðàöi¨ k>0 âåëè÷èíà çìåíøåííÿ îá'¹ìó
åëiïñî¨äà Ek = {θ∈Rn :

∥∥B−1
k (θk−θ)

∥∥≤rk}, ÿêèé ëîêàëiçó¹
òî÷êó θ∗p, ¹ âåëè÷èíîþ ñòàëîþ i ðiâíîþ

q =
vol(Ek)

vol(Ek−1)
=

√
n− 1

n + 1

(
n√

n2 − 1

)n

< exp

{
− 1

2n

}
< 1.
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Àëãîðèòì çíàõîäæåííÿ θ∗p

Âèñíîâêè

Àëãîðèòì çíàõîäæåííÿ θ∗p ìîæíà óñïiøíî çàñòîñîâóâàòè
äëÿ âèïàäêó, êîëè êiëüêiñòü çìiííèõ n = 2, 10. Äëÿ
çìåíøåííÿ â 10 ðàçiâ îá'¹ìó åëiïñî¨äà, â ÿêîìó
ëîêàëiçîâàíî òî÷êó θ∗p, ïîòðiáíî K iòåðàöié, äå

K = − ln 10

ln q
≈ (2 ln 10)n ≈ 4.6n,

òîáòî ùîá íà ïîðÿäîê ïîêðàùèòè âiäõèëåííÿ çíàéäåíîãî
ðåêîðäíîãî çíà÷åííÿ ôóíêöi¨ fp(θp) âiä ¨¨ îïòèìàëüíîãî
çíà÷åííÿ f ∗p , íåîáõiäíî çðîáèòè 4.6n2 iòåðàöié.
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Ïðèêëàä çàñòîñóâàííÿ ìåòîäó
Çìiñò

1 Âñòóï (ìåòîä åëiïñî¨äiâ)

2 Ïîñòàíîâêà çàäà÷i

3 Àëãîðèòì çíàõîäæåííÿ θ∗p

4 Ïðèêëàä çàñòîñóâàííÿ ìåòîäó

15/19 Ñòåöþê Ï.I., Ñòîâáà Â.Î. Ìåòîä åëiïñî¨äiâ äëÿ ëiíiéíî¨ ðåãðåñi¨



Ïðèêëàä çàñòîñóâàííÿ ìåòîäó
Ïðèêëàä çàñòîñóâàííÿ ìåòîäó

Àïðîêñèìóâàòè ëiíiéíîþ ôóíêöiþ y = ax + b ðåçóëüòàòè
ñïîñòåðåæåíü, ñåðåä ÿêèõ íàÿâíå àíîìàëüíå.
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Ïðèêëàä çàñòîñóâàííÿ ìåòîäó
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Ïðèêëàä çàñòîñóâàííÿ ìåòîäó
Ðåçóëüòàòè ðîáîòè àëãîðèòìó

εf = 10−12, r = 3

p itn a b fr

1 200 1.0000 3.4408e-012 5.0000
1.2 119 0.86343 1.3768e-001 4.9047
1.3 111 0.70080 3.1609e-001 4.6989
1.4 107 0.57606 4.7512e-001 4.4615
1.6 108 0.42249 7.0521e-001 4.0324
1.8 107 0.33784 8.5195e-001 3.7011
2 104 0.28571 9.5238e-001 3.4503
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Ïðèêëàä çàñòîñóâàííÿ ìåòîäó
Çàïèòàííÿ?

ÄßÊÓÞ ÇÀ ÓÂÀÃÓ!
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