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Çàäà÷à êâàäðàòè÷íîãî ïðîãðàìóâàííÿ
Äâà ïîëiåäðè

Ïîëiåäðó P1 = {x ∈ Rn : A1x ≤ b1} âiäïîâiäàþòü
n×m-ìàòðèöÿ A1 = {a1

ij} òà m-âåêòîð b1 = {b1
j},

Ïîëiåäðó P2 = {x ∈ Rn : A2x ≤ b2} âiäïîâiäàþòü
n× k-ìàòðèöÿ A2 = {a2

ij} òà k-âåêòîð b2 = {b2
j}.
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Çàäà÷à êâàäðàòè÷íîãî ïðîãðàìóâàííÿ
Çàäà÷à çíàõîäæåííÿ ìiíiìàëüíî¨ âiäñòàíi

ìiæ ïîëiåäðàìè P1 òà P2 ìîæå áóòè ïðåäñòàâëåíà

çàäà÷åþ êâàäðàòè÷íîãî ïðîãðàìóâàííÿ:
f ∗ = f(x∗, y∗) = min

x,y∈Rn
{f(x, y) = ‖x− y‖2} (1)

ïðè îáìåæåííÿõ
A1x ≤ b1, (2)
A2y ≤ b2, (3)

äå A1 � n×m-ìàòðèöÿ, b1 � m-âåêòîð,
A2 � n×k-ìàòðèöÿ, b2 � k-âåêòîð.

5/23 Ñòåöþê Ï.I. Octave-ïðîãðàìà dist2p äëÿ ðîçäiëåííÿ äâîõ ïîëiåäðiâ



Çàäà÷à êâàäðàòè÷íîãî ïðîãðàìóâàííÿ
Âëàñòèâîñòi çàäà÷i

ßêùî âèêîíó¹òüñÿ óìîâà Ñëåéòåðà, (x∗, y∗) � îïòèìàëüíèé
ðîçâ'ÿçîê çàäà÷i (1) � (3), íå îáîâ'ÿçêîâî ¹äèíèé,

òîäi
ÿêùî ïîëiåäðè ðîçäiëÿþòüñÿ, òî ìiíiìàëüíà âiäñòàíü
ìiæ íèìè äîðiâíþ¹ ρ∗ =

√
f ∗ = ‖x∗−y∗‖ > 0;

ÿêùî íå ðîçäiëÿþòüñÿ � ρ∗ = 0, à y∗ = x∗.

6/23 Ñòåöþê Ï.I. Octave-ïðîãðàìà dist2p äëÿ ðîçäiëåííÿ äâîõ ïîëiåäðiâ



Ñóáãðàäi¹íòíèé àëãîðèòì
Outline

1 Çàäà÷à êâàäðàòè÷íîãî ïðîãðàìóâàííÿ

2 Ñóáãðàäi¹íòíèé àëãîðèòì

3 Octave-ïðîãðàìà dist2p

4 Îá÷èñëþâàëüíèé åêñïåðèìåíò

7/23 Ñòåöþê Ï.I. Octave-ïðîãðàìà dist2p äëÿ ðîçäiëåííÿ äâîõ ïîëiåäðiâ



Ñóáãðàäi¹íòíèé àëãîðèòì
Ïîçíà÷åííÿ

Âåêòîðè u∗ = {u∗1, ..., u∗m} òà v∗ = {v∗1, ..., v∗k} ìiñòÿòü
îïòèìàëüíi ìíîæíèêè Ëàãðàíæà äëÿ îáìåæåíü (2) òà (3).

Âåêòîð P = {P1, P2} ìiñòèòü äâà øòðàôíèõ êîåôiöi¹íòè.
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Ñóáãðàäi¹íòíèé àëãîðèòì
Òåîðåìà 1 ([1], Ñòåöþê, 2014)

ßêùî P1 > max{u∗1, ..., u∗m} i P2 > max{v∗1, ..., v∗k}, òî
çàäà÷à ìiíiìiçàöi¨ íåãëàäêî¨ îïóêëî¨ ôóíêöi¨

FP (x, y) =
n∑

i=1

(xi − yi)
2 + P1

m∑
i=1

max{0,
n∑

j=1

a
(1)
ij xj − b

(1)
i }+

+ P2

k∑
i=1

max{0,
n∑

j=1

a
(2)
ij yj − b

(2)
i } (4)

åêâiâàëåíòíà çàäà÷i (1)�(3) â òîìó ñåíñi, ùî ìíîæèíà
ìiíiìóìiâ ôóíêöi¨ FP (x, y) ñïiâïàäà¹ ç ìíîæèíîþ
îïòèìàëüíèõ ðîçâ'ÿçêiâ çàäà÷i (1)�(3).
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Ñóáãðàäi¹íòíèé àëãîðèòì
Ïðî äîâåäåííÿ òåîðåìè 1

Òåîðåìà 1 âèïëèâà¹ ç òåîðåìè 4.2 ([2],Øîð, 1979), ÿêùî
âèáðàòè íàéïðîñòiøèé âàðiàíò íåãëàäêî¨ ôóíêöi¨ øòðàôó

pi(t) =

{
0, ÿêùî t ≤ 0
cit, ÿêùî t > 0

i = 1, ...,m + k,

à êîåôiöi¹íòè ci àïðîêñèìóâàòè çâåðõó ìàêñèìàëüíèìè
çíà÷åííÿìè îïòèìàëüíèõ ìíîæíèêiâ Ëàãðàíæà äëÿ
îáìåæåíü (2) òà (3), âiäïîâiäíî.
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Ñóáãðàäi¹íòíèé àëãîðèòì
Ùî äà¹ òåîðåìà 1?

Òåîðåìà 1 äîçâîëÿ¹ áóäóâàòè ðiçíîìàíiòíi àëãîðèòìè
äëÿ ðîçâ'ÿçàííÿ çàäà÷i ðîçäiëåííÿ äâîõ ïîëiåäðiâ.

Àëãîðèòì áóäå âèçíà÷àòèñÿ ìåòîäîì ìiíiìiçàöi¨
íåãëàäêî¨ îïóêëî¨ ôóíêöi¨ FP (x, y) âèãëÿäó (4).
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Octave-ïðîãðàìà dist2p
Ïðî ïðîãðàìó dist2p

Ïðîãðàìà dist2p (the distance between two polyhedra)
íàïèñàíà íà íåêîìåðöiéíié ìîâi Octave.

Â ¨¨ îñíîâó ïîêëàäåíî octave-ïðîãðàìó ralgb5 [3, ñ. 384-385],
ÿêà ðåàëiçó¹ ìîäèôiêàöiþ r-àëãîðèòìó Øîðà ç ïîñòiéíèì
êîåôiöi¹íòîì ðîçòÿãó ïðîñòîðó α òà àäàïòèâíèì ñïîñîáîì
ðåãóëþâàííÿì êðîêó â íàïðÿìi íîðìîâàíîãî
àíòèñóáãðàäi¹íòà â ïåðåòâîðåíîìó ïðîñòîði çìiííèõ.
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Octave-ïðîãðàìà dist2p
Êîä ïðîãðàìè dist2p (êîìåíòàði)

function [fr,xr,yr,ist,itn,ncalls]=dist2p(A1,b1,A2,b2,P1,P2,alpha,h0,q1,epsg,epsz,maxitn);# Âõiäíi ïàðàìåòðè:# A1,b1,A2,b2 - äàíi äëÿ ïîëiåäðiâ# P1,P2 - êîåôiöi¹íòè äëÿ øòðàôíî¨ íåãëàäêî¨ ôóíêöi¨# alpha,h0,q1 - óïðàâëÿþ÷i ïàðàìåòðè r-àëãîðèòìó# epsg,epsz,maxitn - ïàðàìåòðè çóïèíêè ìåòîäó# Âèõiäíi ïàðàìåòðè:# fr,xr,yr - çíà÷åííÿ ôóíêöi¨ f(xr,yr) â òî÷öi (xr,yr)# ist - êîä çóïèíêè (2=epsg, 3=epsz, 4=maxitn)# itn - êiëüêiñòü iòåðàöié# ncalls - êiëüêiñòü îá÷èñëåíü çíà÷åííÿ ôóíêöi¨ òà ¨¨ ñóáãðàäi¹íòàitn=0; hs=h0; n=columns(A1); B=eye(2*n); xr=yr=zeros(n,1); z=[xr;yr];
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Octave-ïðîãðàìà dist2p
Êîä ïðîãðàìè dist2p (áåç êîìåíòàðiâ)

function [fr,xr,yr,ist,itn,ncalls]=dist2p(A1,b1,A2,b2,P1,P2,alpha,h0,q1,epsg,epsz,maxitn);itn=0; hs=h0; n=columns(A1); B=eye(2*n); xr=yr=zeros(n,1); z=[xr;yr];ncalls = 1; b1p=-b1>0; b2p=-b2>0; fr=P1*sum(b1p)+P2*sum(b1p);g0 = [P1*(sum(diag(sign(b1p))*A1))'; P2*(sum(diag(sign(b2p))*A2))'];printf("itn %4d f %14.6e fr %14.6e ls %2d ncalls %4d\n",itn,fr,fr,0,ncalls);if(norm(g0) < epsg) ist = 2; return; endiffor (itn = 1:maxitn)dz = B * (g1 = B' * g0)/norm(g1);d = 1; ls = 0; ddz = 0;while (d > 0)z -= hs * dz; ddz += hs * norm(dz);ncalls ++; x=z(1:n,1); y=z(n+1:2*n,1); b1p=A1*x-b1>0; b2p=A2*y-b2>0;f=(x-y)'*(x-y)+P1*sum(b1p)+P2*sum(b2p); b1p=sign(b1p); b2p=sign(b2p);g1=[2*(x-y)+P1*(sum(diag(b1p)*A1))';2*(y-x)+P2*(sum(diag(b2p)*A2))'];if (f < fr) fr = f; xr = x; yr = y; endifif(norm(g1) < epsg) ist = 2; return; endifls ++; (mod(ls,3)==0) && (hs *= 1.1);if(ls > 500) istop = 5; return; endifd = dz' * g1;endwhile(ls == 1) && (hs *= q1);printf("itn %4d f %14.6e fr %14.6e ls %2d ncalls %4d\n",itn,f,fr,ls,ncalls);if(ddz < epsz) ist = 3; return; endifxi = (dg = B' * (g1 - g0) )/norm(dg);B += (1 / alpha - 1) * B * xi * xi';g0 = g1;endforist = 4;endfunction
15/23 Ñòåöþê Ï.I. Octave-ïðîãðàìà dist2p äëÿ ðîçäiëåííÿ äâîõ ïîëiåäðiâ



Octave-ïðîãðàìà dist2p
Õàðàêòåðèñòèêà ïðîãðàìè dist2p

Äëÿ àäàïòàöi¨ êðîêó â ïðîãðàìi dist2p âèêîðèñòîâóþòüñÿ
òiëüêè ïàðàìåòðè h0 òà q1, à ïàðàìåòðè q2 = 1.1 òà nh = 3
âáóäîâàíi â òiëî ïðîãðàìè. Êîåôiöi¹íò ðîçòÿãó ïðîñòîðó òà
ïàðàìåòðè ðåãóëþâàííÿ êðîêó ðåêîìåíäó¹òüñÿ âèáèðàòè
íàñòóïíèìè: α = 2÷ 4, h0 = 1.0, q1 = 0.95÷ 1.0.

Ïàðàìåòðè çóïèíêè r(α)-àëãîðèòìó â ïðîãðàìi dist2p òàêi
æ ñàìi, ÿê i â ïðîãðàìi ralgb5: òîáòî εz = ε(x,y), εg òà
maxitn. Âèõîäîì iç ïðîãðàìè dist2p ¹ ðåêîðäíi çíà÷åííÿ
fr, xr, yr òà êîä çóïèíêè ist, ÿêèé âêàçó¹ ïî ÿêîìó iç
êðèòåði¨â ïðîãðàìà çàêií÷èëà ñâîþ ðîáîòó.
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Îá÷èñëþâàëüíèé åêñïåðèìåíò
Òåñòîâà çàäà÷à (n ≥ 2)

Ðîçãëÿíåìî çàäà÷ó (1)�(3), êîëè ïîëiåäðè ¹ ñèìïëåêñàìè

P1 = ∆1 =

{
x∈Rn :

n∑
i=1

xi ≤ n + 1, xi ≥ 1, i=1, . . ., n

}
òà

P2 = ∆2 =

{
y∈Rn :

n∑
i=1

yi ≥ −n− 1, yi ≤ −1, i=1, . . ., n

}
.

Àíàëiòè÷íèé ðîçâ'ÿçîê çàäà÷i:
ρ∗ = 2

√
n, x∗ = (1, ..., 1)T , y∗ = (−1, ...,−1)T .
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Îá÷èñëþâàëüíèé åêñïåðèìåíò
Ïðî òåñòîâi åêñïåðèìåíòè

Äîñëiäæó¹òüñÿ âåëè÷èíà dist =
√
‖xr − x∗‖2 + ‖yr − y∗‖2:

íàñêiëüêè çíàéäåíå ïðîãðàìîþ dist2p íàáëèæåííÿ (xr, yr)
âiäðiçíÿ¹òüñÿ âiä òî÷íîãî ðîçâ'ÿçêó (x∗, y∗).

Ïðè n = 5÷ 50 äëÿ òðüîõ çíà÷åíü εz = {10−6, 10−7, 10−8} ó
òàáëèöi íàâåäåíi itnr � êiëüêiñòü iòåðàöié òà nfg � êiëüêiñòü
îá÷èñëåíü çíà÷åííÿ ôóíêöi¨ FP (x, y) òà ¨¨ ñóáãðàäi¹íòà.
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Îá÷èñëþâàëüíèé åêñïåðèìåíò
Ðåçóëüòàòè òåñòóâàííÿ ïðîãðàìè dist2p

n εz = 1.00e-06 εz = 1.00e-007 εz = 1.00e-08
itnr nfg dist itnr nfg dist itnr nfg dist

5 86 126 1.35e-06 100 141 9.38e-08 113 159 1.21e-08
10 150 222 7.05e-06 178 267 9.65e-07 204 313 7.40e-08
15 209 323 2.28e-05 260 426 1.29e-06 292 475 4.98e-08
20 260 418 2.37e-05 315 519 2.19e-06 377 646 1.67e-07
25 238 341 3.42e-05 359 596 2.14e-06 417 703 1.96e-07
30 224 315 5.53e-05 475 863 1.81e-06 526 935 3.52e-07
35 380 705 2.57e-05 573 1074 8.01e-07 616 1134 1.85e-07
40 556 1025 1.17e-05 608 1107 2.13e-06 681 1222 1.35e-07
45 456 785 3.48e-05 681 1236 1.46e-06 764 1369 1.40e-07
50 369 537 6.82e-05 415 598 6.82e-05 632 1046 4.80e-08
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Îá÷èñëþâàëüíèé åêñïåðèìåíò
Ïðî ïàðàìåòðè òåñòóâàííÿ

Ïðè ðîçðàõóíêàõ áóëè âèêîðèñòàíi òàêi ïàðàìåòðè:
P1 = P2 = 100, α = 2, h0 = 1.0, q1 = 0.95.

Îá÷èñëåííÿ ïðîâîäèëèñü
íà êîìï'þòåði Pentium 3GHz ó ñèñòåìi Windows7/32
ç âèêîðèñòàííÿì GNU Octave âåðñi¨ 3.6.4.
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Çàïèòàííÿ?

ÄßÊÓÞ ÇÀ ÓÂÀÃÓ!
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