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Íåîòðèöàòåëüíûå ìàòðèöû. Íåðàçëîæèìîñòü
Ñîäåðæàíèå

1 Íåîòðèöàòåëüíûå ìàòðèöû. Íåðàçëîæèìîñòü

2 Àëãîðèòì ïðîâåðêè íà íåðàçëîæèìîñòü (ïî Ãàíòìàõåðó)

3 Íîâûé àëãîðèòì (ïî ïðîäóêòèâíîñòè)
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Íåîòðèöàòåëüíûå ìàòðèöû. Íåðàçëîæèìîñòü
Êâàäðàòíàÿ íåîòðèöàòåëüíàÿ ìàòðèöà

Ìàòðèöà A = ‖aij‖ ñ âåùåñòâåííûìè ýëåìåíòàìè
aij ≥ 0 ∀i, j = 1, 2, . . . , n íàçûâàåòñÿ íåîòðèöàòåëüíîé
è çàïèñûâàåòñÿ â âèäå íåðàâåíñòâà A ≥ 0.

Åñëè ýëåìåíòû aij > 0 ∀i, j = 1, 2, . . . , n, òî ìàòðèöà A
íàçûâàåòñÿ ïîëîæèòåëüíîé è çàïèñûâàåòñÿ A > 0.
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Íåîòðèöàòåëüíûå ìàòðèöû. Íåðàçëîæèìîñòü
Íåîòðèöàòåëüíûå ìàòðèöå â ýêîíîìèêå

Ñâîéñòâà íåîòðèöàòåëüíûõ ìàòðèö èñïîëüçóþòñÿ ïðè
àíàëèçå ëåîíòüåâñêîé ìîäåëè ½çàòðàòû-âûïóñê“ [1, 2].

1. Àøìàíîâ Ñ.À. Ââåäåíèå â ìàòåìàòè÷åñêóþ ýêîíîìèêó.
� Ì.: Íàóêà, 1984. � 296 ñ.
2. Ïîíîìàðåíêî Î.I., Ïåðåñòþê Ì.Î., Áóðèì Â.Ì.
Ñó÷àñíèé åêîíîìi÷íèé àíàëiç. ×. 2. Ìàêðîåêîíîìiêà.
� Êè¨â: Âèùà øêîëà, 2004. � 208 ñ.
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Íåîòðèöàòåëüíûå ìàòðèöû. Íåðàçëîæèìîñòü
Ñâîéñòâà ñîáñòâåííûõ ÷èñåë

λA > 0 (ïîëîæèòåëüíîñòü ÷èñëà Ôðîáåíèóñà):
Ìàòðèöà A ≥ 0, íå ðàâíàÿ íóëåâîé ìàòðèöå, èìååò
âåùåñòâåííîå ïîëîæèòåëüíîå ìàêñèìàëüíîå ñîáñòâåííîå
÷èñëî λA, êîòîðîå íàçûâàþò ÷èñëîì Ôðîáåíèóñà.

λA < 1 (ñâîéñòâî ïðîäóêòèâíîñòè)
Åñëè A ≥ 0 � òåõíîëîãè÷åñêàÿ ìàòðèöà (ìàòðèöà ïðÿìûõ
çàòðàò äëÿ n îòðàñëåé ýêîíîìèêè), òî â ñòàòè÷åñêîé
ìîäåëè Ëåîíòüåâà y = (I − A)x äëÿ ∀ y ≥ 0 ∃ x ≥ 0.

Çäåñü: I � åäèíè÷íàÿ n×n-ìàòðèöà, x � âàëîâûé ïðîäóêò,
y � êîíå÷íûé ïðîäóêò.
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Íåîòðèöàòåëüíûå ìàòðèöû. Íåðàçëîæèìîñòü
Ñâîéñòâî íåðàçëîæèìîñòè

Îïðåäåëåíèå.
Ìàòðèöó A íàçûâàþò íåðàçëîæèìîé, åñëè îäíîâðåìåííîé
ïåðåñòàíîâêîé ñòðîê è ñòîëáöîâ åå íåëüçÿ ïðèâåñòè ê âèäó

Ã =

∥∥∥∥ A11 A21

0 A22

∥∥∥∥ ,

ãäå A11 è A22 � êâàäðàòíûå ïîäìàòðèöû.

Ïðèìå÷àíèå. Åñëè òåõíîëîãè÷åñêàÿ ìàòðèöà A ≥ 0 ÿâëÿåòñÿ
íåðàçëîæèìîé, òî â ïðîöåññå ïðîèçâîäñòâà êàæäàÿ îòðàñëü
èñïîëüçóåò (õîòÿ áû êîñâåííî) ïðîäóêòû âñåõ äðóãèõ îòðàñëåé.
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Íåîòðèöàòåëüíûå ìàòðèöû. Íåðàçëîæèìîñòü
Î ÷åì ðå÷ü ïîéäåò äàëåå?

Î ïðîâåðêå ìàòðèöû A ≥ 0 íà íåðàçëîæèìîñòü:
1. Ïåðâûé àëãîðèòì (ïî Ãàíòìàõåðó)
2. Âòîðîé àëãîðèòì (ïî ïðîäóêòèâíîñòè)

È âû÷èñëèòåëüíîé óñòîé÷èâîñòè 1. è 2. äëÿ ìàòðèöû

A = ‖aij‖n
i,j=1 =

∥∥∥∥∥∥∥∥∥∥∥∥

0.8 0.1
0.8 0.1

· · · · · ·
0.8 0.1

0.8 0.1
0.1 0.8

∥∥∥∥∥∥∥∥∥∥∥∥
ïðè n = 4, n = 7 è n = 10.
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Àëãîðèòì ïðîâåðêè íà íåðàçëîæèìîñòü (ïî Ãàíòìàõåðó)
Ñîäåðæàíèå

1 Íåîòðèöàòåëüíûå ìàòðèöû. Íåðàçëîæèìîñòü

2 Àëãîðèòì ïðîâåðêè íà íåðàçëîæèìîñòü (ïî Ãàíòìàõåðó)

3 Íîâûé àëãîðèòì (ïî ïðîäóêòèâíîñòè)
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Àëãîðèòì ïðîâåðêè íà íåðàçëîæèìîñòü (ïî Ãàíòìàõåðó)
Àëãîðèòì ïî Ãàíòìàõåðó

Ëåììà 1 ( [3], ñòð. 333)
Åñëè A ≥ 0 � íåðàçëîæèìàÿ n×n-ìàòðèöà,
òî ìàòðèöà (I + A)n−1 > 0.

3. Ãàíòìàõåð Ô.Ð. Òåîðèÿ ìàòðèö. � 4-å èçä. � Ì.: Íàóêà.
Ãë. ðåä. ôèç.-ìàò. ëèò., 1968. � 552 ñ.
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Àëãîðèòì ïðîâåðêè íà íåðàçëîæèìîñòü (ïî Ãàíòìàõåðó)
Äîêàçàòåëüñòâî ëåììû 1 ( [3], ñòð. 333)

Äëÿ äîêàçàòåëüñòâà ëåììû äîñòàòî÷íî ïîêàçàòü, ÷òî äëÿ
ëþáîãî âåêòîðà y ≥ 0 (y 6= 0) èìååò ìåñòî íåðàâåíñòâî

(I + A)n−1 y > 0.

Ýòî æå íåðàâåíñòâî áóäåò óñòàíîâëåíî, åñëè ìû ïîêàæåì, ÷òî
ïðè óñëîâèè y ≥ 0 è y 6= 0 âåêòîð z = (I + A)y âñåãäà èìååò
ìåíüøå íóëåâûõ êîîðäèíàò, ÷åì âåêòîð y. Äîïóñòèì ïðîòèâíîå.
Òîãäà âåêòîðû y è z èìåþò îäíè è òå æå íóëåâûå êîîðäèíàòû.
Íå íàðóøàÿ îáùíîñòè ðàññóæäåíèé, ìîæíî ñ÷èòàòü,
÷òî âåêòîðû y è z èìåþò âèä

y =
∥∥∥∥ u

0

∥∥∥∥ , z =
∥∥∥∥ v

0

∥∥∥∥ (u > 0, v > 0),

ãäå âåêòîðû u è v èìåþò îäèí è òîò æå ðàçìåð.
. . . . . . . . . îêîí÷àíèå íà ñëåäóþùåì ñëàéäå . . . . . . . . .
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Àëãîðèòì ïðîâåðêè íà íåðàçëîæèìîñòü (ïî Ãàíòìàõåðó)
Äîêàçàòåëüñòâî ëåììû 1 ( ïðîäîëæåíèå )

Ïîëàãàÿ
A =

∥∥∥∥ A11 A12

A21 A22

∥∥∥∥ ,

áóäåì èìåòü∥∥∥∥ u
0

∥∥∥∥ +
∥∥∥∥ A11 A12

A21 A22

∥∥∥∥∥∥∥∥ u
0

∥∥∥∥ =
∥∥∥∥ v

0

∥∥∥∥ ,

îòêóäà
A21u = 0.

Ïîñêîëüêó u > 0, òî îòñþäà âûòåêàåò
A21 = 0.

Ýòî ðàâåíñòâî ïðîòèâîðå÷èò íåðàçëîæèìîñòè ìàòðèöû A.
Ëåììà äîêàçàíà.
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Àëãîðèòì ïðîâåðêè íà íåðàçëîæèìîñòü (ïî Ãàíòìàõåðó)
Âû÷èñëèòåëüíûå ïðîáëåìû

Îòíîøåíèå ìàêñèìàëüíîãî ýëåìåíòà ê ìèíèìàëüíîìó
äëÿ ìàòðèöû (I+A)n−1 > 0 ìîæåò áûòü ñêîëü óãîäíî
áîëüøèì, ÷òî ñëåäóåò èç ôîðìóëû áèíîìà Íüþòîíà
(I+A)n−1 = I + C1

n−1A + C2
n−1A

2 + . . . + Cn−2
n−1A

n−2 + An−1.

Ïî ìåðå óâåëè÷åíèÿ n îòíîøåíèå ìàêñèìàëüíîãî ýëåìåíòà
ê ìèíèìàëüíîìó â ìàòðèöå (I + A)n−1 ðàñòåò.
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Àëãîðèòì ïðîâåðêè íà íåðàçëîæèìîñòü (ïî Ãàíòìàõåðó)
×òî áóäåò äëÿ òåñòîâîé 4×4-ìàòðèöû?

Ìàòðèöå

A =

∥∥∥∥∥∥∥∥
0.8 0.1 0 0
0 0.8 0.1 0
0 0 0.8 0.1

0.1 0 0 0.8

∥∥∥∥∥∥∥∥
ñîîòâåòñòâóåò ìàòðèöà

(I + A)3 =

∥∥∥∥∥∥∥∥
5.832 0.972 0.054 0.001
0.001 5.832 0.972 0.054
0.054 0.001 5.832 0.972
0.972 0.054 0.001 5.832

∥∥∥∥∥∥∥∥ ,

â êîòîðîé ìàêñèìàëüíûé ýëåìåíò ( 5.832 ) áîëüøå
ìèíèìàëüíîãî ( 0.001 ) áîëåå ÷åì â òûñÿ÷ó ðàç.
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Àëãîðèòì ïðîâåðêè íà íåðàçëîæèìîñòü (ïî Ãàíòìàõåðó)
×òî áóäåò äëÿ òåñòîâûõ 7×7- è 10×10-ìàòðèö?

åñëè n = 7,
òî ìèíèìàëüíûé ýëåìåíò � 10−6, à ìàêñèìàëüíûé � 34.012

åñëè n = 10,
òî ìèíèìàëüíûé ýëåìåíò � 10−9, à ìàêñèìàëüíûé � 198.36

Íèæå áóäåò ðàññìîòðåí ñïîñîá, äëÿ êîòîðîãî îòíîøåíèå
ìàêñèìàëüíîãî ýëåìåíòà ïîëîæèòåëüíîé ìàòðèöû ê
ìèíèìàëüíîìó åå ýëåìåíòó áóäåò ìåíüøå, ÷åì äëÿ
ïîëîæèòåëüíîé ìàòðèöû â ëåììå 1.
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Íîâûé àëãîðèòì (ïî ïðîäóêòèâíîñòè)
Ñîäåðæàíèå

1 Íåîòðèöàòåëüíûå ìàòðèöû. Íåðàçëîæèìîñòü

2 Àëãîðèòì ïðîâåðêè íà íåðàçëîæèìîñòü (ïî Ãàíòìàõåðó)

3 Íîâûé àëãîðèòì (ïî ïðîäóêòèâíîñòè)
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Íîâûé àëãîðèòì (ïî ïðîäóêòèâíîñòè)
Àëãîðèòì (ïî ïðîäóêòèâíîñòè)

Ëåììà 2
Åñëè A ≥ 0 � íåðàçëîæèìàÿ n×n-ìàòðèöà è λA < 1,
òî ìàòðèöà (I − A)−1 > 0.

Ïðèìå÷àíèå. Åñëè λA ≥ 1, òî ëåììó 2 ìîæíî ïðèìåíèòü
äëÿ ìàòðèöû A′ = 1

λA+δ
A, ãäå δ > 0.
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Íîâûé àëãîðèòì (ïî ïðîäóêòèâíîñòè)
Î äîêàçàòåëüñòâå ëåììû 2

Åñëè λA < 1, òî ìàòðèöà (I − A)−1 =
∑∞

k=0 Ak. Åñëè ýòîò
ðÿä îáîðâàòü íà èíäåêñå k = n− 1, òî ïîëó÷èì ìàòðèöó

An−1 = I + A + A2 + . . . + An−1.

Åñëè A ≥ 0, òî â ìàòðèöå An−1 ïîëîæèòåëüíûìè áóäóò â
òî÷íîñòè òå æå ýëåìåíòû, ÷òî è â ìàòðèöå (I + A)n−1, ãäå
(I+A)n−1 = I + C1

n−1A + C2
n−1A

2 + . . . + Cn−2
n−1A

n−2 + An−1.
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Íîâûé àëãîðèòì (ïî ïðîäóêòèâíîñòè)
Î ñðàâíåíèè ìàòðèö An−1 è (I + A)n−1

Åñëè n×n-ìàòðèöà A ≥ 0, òî (I − A)n−1 − An−1 ≥ 0

Òàê, íàïðèìåð, äëÿ òåñòîâîé 4×4-ìàòðèöû∥∥∥∥∥∥∥∥
2.952 0.452 0.034 0.001
0.001 2.952 0.452 0.034
0.034 0.001 2.952 0.452
0.452 0.034 0.001 2.952

∥∥∥∥∥∥∥∥ = A3 = I+A+A2+A3,

∥∥∥∥∥∥∥∥
5.832 0.972 0.054 0.001
0.001 5.832 0.972 0.054
0.054 0.001 5.832 0.972
0.972 0.054 0.001 5.832

∥∥∥∥∥∥∥∥ = (I+A)3 = I+3A+3A2+A3.
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Íîâûé àëãîðèòì (ïî ïðîäóêòèâíîñòè)
Î âû÷èñëèòåëüíîé óñòîé÷èâîñòè

Äëÿ ìàòðèöû (I − A)−1 > 0 îòíîøåíèå
ìàêñèìàëüíîãî ýëåìåíòà ê ìèíèìàëüíîìó
ìîæåò áûòü çíà÷èòåëüíî ìåíüøå, ÷åì
äëÿ ìàòðèöû (I + A)n−1 > 0.
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Íîâûé àëãîðèòì (ïî ïðîäóêòèâíîñòè)
×òî áóäåò äëÿ òåñòîâîé 4×4-ìàòðèöû?

Ìàòðèöå

A =

∥∥∥∥∥∥∥∥
0.8 0.1 0.0 0.0
0.0 0.8 0.1 0.0
0.0 0.0 0.8 0.1
0.1 0.0 0.0 0.8

∥∥∥∥∥∥∥∥ ,

ñîîòâåòñòâóåò ìàòðèöà

(I − A)−1 =

∥∥∥∥∥∥∥∥
5.3333 2.6667 1.3333 0.6667
2.6667 5.3333 2.6667 1.3333
1.3333 2.6667 5.3333 2.6667
0.6667 1.3333 2.6667 5.3333

∥∥∥∥∥∥∥∥ ,

â êîòîðîé ìàêñèìàëüíûé ýëåìåíò (5.3333) áîëüøå
ìèíèìàëüíîãî (0.6667) âñåãî â âîñåìü ðàç.
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Íîâûé àëãîðèòì (ïî ïðîäóêòèâíîñòè)
×òî áóäåò äëÿ òåñòîâûõ 7×7- è 10×10-ìàòðèö?

åñëè n = 7,
òî ìèíèìàëüíûé ýëåìåíò � 0.078740,
à ìàêñèìàëüíûé ýëåìåíò � 5.0394

åñëè n = 10,
òî ìèíèìàëüíûé ýëåìåíò � 0.0097752,
à ìàêñèìàëüíûé ýëåìåíò � 5.0049
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Íîâûé àëãîðèòì (ïî ïðîäóêòèâíîñòè)
×òî åùå äàåò ëåììà 2?

Ìàòðèöà
B = (I − A)−1 ÿâëÿåòñÿ ìàòðèöåé ïîëíûõ çàòðàò
â ïðîäóêòèâíîé ìîäåëè Ëåîíòüåâà y = (I − A)x,
ãäå A ≥ 0 � ìàòðèöà ïðÿìûõ çàòðàò äëÿ n îòðàñëåé.

Åñëè ïðè ýòîì ìàòðèöà A ÿâëÿåòñÿ íåðàçëîæèìîé, òî âñå
ýëåìåíòû ìàòðèöû B èìåþò ïîëîæèòåëüíûå çíà÷åíèÿ.
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Íîâûé àëãîðèòì (ïî ïðîäóêòèâíîñòè)
Âûâîäû:

1. Ïðåäëîæåí àëãîðèòì ïðîâåðêè íåîòðèöàòåëüíîé
n×n-ìàòðèöû A íà íåðàçëîæèìîñòü, â êîòîðîì íà
ïîëîæèòåëüíîñòü ïðîâåðÿåòñÿ ìàòðèöà B = (I −A)−1.

2. Ïîêàçàíî, ÷òî åñëè ìàòðèöà A � íåðàçëîæèìà, òî
îòíîøåíèå ìàêñèìàëüíîãî ýëåìåíòà ê ìèíèìàëüíîìó
äëÿ ìàòðèöû B ìîæåò áûòü çíà÷èòåëüíî ìåíüøå, ÷åì
äëÿ ìàòðèöû (I + A)n−1 â àëãîðèòìå Ãàíòìàõåðà.
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Íîâûé àëãîðèòì (ïî ïðîäóêòèâíîñòè)
Ëèòåðàòóðà

1. Àøìàíîâ Ñ.À. Ââåäåíèå â ìàòåìàòè÷åñêóþ ýêîíîìèêó.
� Ì.: Íàóêà, 1984. � 296 ñ.

2. Ïîíîìàðåíêî Î.I., Ïåðåñòþê Ì.Î., Áóðèì Â.Ì.
Ñó÷àñíèé åêîíîìi÷íèé àíàëiç. ×. 2. Ìàêðîåêîíîìiêà.
� Êè¨â: Âèùà øêîëà, 2004. � 208 ñ.

3. Ãàíòìàõåð Ô.Ð. Òåîðèÿ ìàòðèö. � 4-å èçä. � Ì.: Íàóêà.
Ãë. ðåä. ôèç.-ìàò. ëèò., 1988. � 552 ñ.
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Íîâûé àëãîðèòì (ïî ïðîäóêòèâíîñòè)
Áëàãîäàðíîñòè

Ðàáîòà ïîääåðæàíà ÍÀÍÓ (ïðîåêò �0113U003148),
ÐÔÔÈ (ãðàíòû �130600152, � 150707412)

è ãðàíòîì SNSF-SCOPES Nr. 160605.
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Íîâûé àëãîðèòì (ïî ïðîäóêòèâíîñòè)
Âîïðîñû?

ÑÏÀÑÈÁÎ ÇÀ ÂÍÈÌÀÍÈÅ!
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Íîâûé àëãîðèòì (ïî ïðîäóêòèâíîñòè)
ÂACK UP SLIDES: Ðàçëîæèìàÿ ìàòðèöà I

Îïðåäåëåíèå 2.
Êâàäðàòíàÿ ìàòðèöà A = ‖aik‖n

1 íàçûâàåòñÿ ðàçëîæèìîé,
åñëè ïðè íåêîòîðîì ðàçáèåíèè âñåõ èíäåêñîâ 1, 2, . . . , n
íà äâå äîïîëíèòåëüíûå ñèñòåìû (áåç îáùèõ èíäåêñîâ)
i1, i2, . . . , iµ; k1, k2, . . . , kν ( µ + ν = n )

aiαkβ
= 0 (α = 1, 2, . . . , µ; β = 1, 2, . . . , ν)

Âïðîòèâíîì ñëó÷àåìàòðèöóA áóäåì íàçûâàòü íåðàçëîæèìîé.

[Ãàíòìàõåð, 1988], ñòð. 332
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Íîâûé àëãîðèòì (ïî ïðîäóêòèâíîñòè)
ÂACK UP SLIDES: Ðàçëîæèìàÿ ìàòðèöà II

Ïîä ïåðåñòàíîâêîé ðÿäîâ â êâàäðàòíîé ìàòðèöå A=‖aik‖n
1

ìû áóäåì ïîíèìàòü ñîåäèíåíèå ïåðåñòàíîâêè ñòðîê ñ
ò à ê î é æ å ïåðåñòàíîâêîé ñòîëáöîâ ìàòðèöû A.

Îïðåäåëåíèå 2' ([Ãàíòìàõåð, 1988], ñòð. 332).
Ìàòðèöà A = ‖aik‖n

1 íàçûâàåòñÿ ðàçëîæèìîé, åñëè
ïåðåñòàíîâêîé ðÿäîâ îíà ìîæåò áûòü ïðèâåäåíà ê âèäó

Ã =

∥∥∥∥∥ B 0
C D

∥∥∥∥∥,

ãäå B è D � êâàäðàòíûå ïîäìàòðèöû. Â ïðîòèâíîì ñëó÷àå
ìàòðèöà A íàçûâàåòñÿ íåðàçëîæèìîé.
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Íîâûé àëãîðèòì (ïî ïðîäóêòèâíîñòè)
ÂACK UP SLIDES: Âîïðîñû ê ðàçëîæèìîñòè

Êàê íàéòè
1. ðàçáèåíèå (ñì. îïðåäåëåíèå 2);
2. ïåðåñòàíîâêó ðÿäîâ (ñì. îïðåäåëåíèå 2')

äëÿ ðàçëîæèìûõ ìàòðèö?

Áóäåì ðàäû ëþáîé èíôîðìàöèè:
Ñòåöþê Ïåòð Èâàíîâè÷, stetsyukp@gmail.com
Çîðêàëüöåâ Âàëåðèé Èâàíîâè÷, zork@isem.sei.irk.ru
ÝììåíåããåðÆàí-Ôðàíñóà, jean-francois.emmenegger@unifr.ch
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