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Abstract and keywords

Abstract

We consider the optimization problem for finding the parameters of
a linear regression according to the criterion of the smallest moduli
in the degree p (1 < p < 2) with the regularization of parameters
according to the criterion of the smallest modules in the degree ¢
(1 < g <2). Its partial cases are lasso regression and ridge
regression, as well as the method of least squares and the method
of least modules. An algorithm for solving the problem was
developed based on the well-known ellipsoid method.

Lasso regression, ridge regression, method of least squares, method
of least modules, ellipsoid method
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Some facts of the ellipsoid method history
The ellipsoid method was proposed

1976 by Yudin and Nemirovskii as a method of successive
cutting-plane [*],

1977 by Shor as a variant of the method with space dilation in
the direction of the subgradient [**].

* YUDIN D.B. AND NEMIROVSKII A.S. Informational complexity
and effective methods for the solution of convex extremal problems
// Ekonom. Mat. Metody, 12, No. 2 (1976).

** SHOR N.Z. Cut-off method with space extension in convex
programming problems [/ Cybernetics, 13, No. 1 (1977).
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Some facts of the ellipsoid method history

Yudin and Shor ,from the banks of the Dnipro”

David Borisovich Yudin

born May 21, 1919

in Yekaterinoslav (today - Dnipro),
in 1941 graduated from
Dnepropetrovsk University

Naum Zuselevich Shor
born January 1, 1937

in Kyiv (city on the Dnipro),
in 1958 graduated from
Kyiv University
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Some facts of the ellipsoid method history

Epochal moment!

N. Shor,
A. Nemirovski,

Y. Nesterov at the
ellipsoidal table!
October 1990

s
L(‘I‘.(H\A.z. , bun A/rﬁ //[
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Some facts of the ellipsoid method history

Xl ISMP, Bonn, August 23-27, 1982

Fulkerson Prizes for the ellipsoid method:

1. Grotchel M., LévaszL., Schrijver A. (1981)
2. Khachiyan L. (1979), Yudin D., Nemirovski A. (1976)

Shor’s plenary report:

.Generalized gradient methods of nondifferentiable optimization
employing space dilatation operations®, published in [*]

* MATHEMATICAL PROGRAMMING: THE STATE OF ART,
BoONN, 1982 / Bachem A., Grétchel M., Korte B. (eds.)
— Berlin: Springer-Verlag, 1983. — 655 p.
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Some facts of the ellipsoid method history
XI International Math. Programming Symposium

Mathematical
Programming

The State of
theArt ..o

Edited by
A.Bachem M.Grotschel B.Korte

N. Shor in Bonn (1982) @

Springer-Verlag Berlin Heidelberg New York Tokyo
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Some facts of the ellipsoid method history

Metoda elipsoidului in Republica Moldova

Andrei GAMETCHI
P oo o stinge fotco matemartc, Conkm\uu
de Studii Economice

universitar, Academia

Moldova.
Niscut la 21 decembrie 1935 in or. Camenca,
Andrei GAMETCHI Republica Moldova.
Dumitru SOLOMON Absolvent al facultafi de firicd si matematici a

Universitdgii de Sll( din Chigindu (1959), specialita-
tea - Matematic:

A sctat I Tositual de Mtematich al ASM
Insttutal de planificare din Moldova. Domentul de

‘onatematice in sectorul agro-industrial.

rea metodelor agro-
o s pek 00 e il stinfifice, 2 monografil, 4 manuale, 12 lucriri
metodice.

nale, modelarea matematici in economie.

Doctor Honoris Causa al Academici de Transpocturi, Informatici si
OPE

Dumitru SOLOMON
Doctor Habilitat in tehnici, Profesor universitar,
‘Academia de Transporturi, Informaticd si Comunicail.
Volumul IT Nascat Ja 15 nolembrie 1951 in 5. Tarigrad, r-nul
Drochia, Republica Moldova.
‘Absolvent al facultitii de Matematicéisi Ciberneti-
i a Universitifii de Stat din Chisingu (1974), specia-
itatea - Matematici aplicati.
A activat la-Institutul de Matematici al ASM,
Academia de Studii Economice din Moldova. Dome-
niul de activitate: dlaborarea sistemelor informatice,
delor matematicefn t anto.

Autor a peste 150 de lucriri stintifice, 4 monografii, 4 manuale, 8 lucriri
metodice.

Interescle stinifice: programarea fractionard, decizii optimale, cercetiri
operationale, modelarea matematica in transportul auto, elaborarea sistemelor
de transport s logistici..

® Laureatal i Idovain domeniul
(1984) 5i 2 Premiului de Stat (1998) pentra stiingi.
Academician al Academiei Internationale de Informatizare de pe lingd
Chisinau e Evrica ¢ 2015 ‘ONU, filliala in Republica Moldova.
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Some facts of the ellipsoid method history

Einstein writes a message to Shor

to denote space dilation

operatoras [, (&)
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The algorithm emshor and its Octave implementation

The minimum volume ellipsoid (the ellipsoid &,)

The ellipsoid &, containing half-ball \S;, in
R"™, has following parameters

1
I S U
n+1 n2 —1 n+1

)

where 7 is radius of ball S,,.

To transform &, into a ,,new" ball

we have to dilate the space with

- "—ﬂ,oz>1.

a n

coefficient o =

The ratio of &, to S, volumes equals

_vol(€,) 1<b>” n1

atn) vol(S,) «

n " 1
= < ——
n+1 <\/n2—1> exp{ 2n
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The algorithm emshor and its Octave implementation

Shor's space dilation operator

Space dilation operator has the following form

Ro(€) = I, + (o — 1)€€7,  where o > 1.

Here « is the coefficient of space dilation in the normed
direction £ € R", [|£]| = 1; I, is the identity nxn-matrix.

Example in R3: ball (left) is dilated to ellipsoid (right)
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The algorithm emshor and its Octave implementation
The algorithm emshor

Convex function minimization problem:

for a convex function f(z), x € R", to find the point zZ,
subject to f(z%) — f* < ¢, where f* = f(z*), € > 0.

Input parameters:

xo — starting point, zg € R";
ro — the radius of the ball localizing point z* € R™;
€ — parameter for stopping: z¥: f(zf) — f* <e.

g(x) — subgradient of f(x) at point xy.
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The algorithm emshor and its Octave implementation

The B-form of algorithm emshor(xg, 7¢, €)

Step 0. Choose 29 € R", 9 > 0, € > 0, ||zg — z*|| < 7o.

Set By := I,, € R"*" (denoting the identity matrix) and k := 0.

Step 1. If HBk g(xy, H rp < ¢, then STOP: k* :=k, a} := xy.
Step 2. Compute

B, g(x)
Thy1 = Tp — kB, where & = &
n+1 B g)||
Step 3. Update
B Be+ [ E S0 (Bug) € "
= - Thtl i= ——=—=Tk-
) % ] %Ek) Ek s Thtl ——"*

Step 4. Set k:=k + 1 and go to Step 1.
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The algorithm emshor and its Octave implementation

Octave function emshor

# Input parameters: #row00

# calcfg - name of the function for calculation of f and g #row00a
# x0 - starting point, x0(1:n) #row00b
# rad - the radius of the ball localizing the minimum point #row00c
# epsf - parameter for stopping (accuracy) #row00d
# maxitn - parameter for stopping (maximal no. of iterations)  #row00e
# intp - printing interval (after each intp iterationms) #row00f
# Qutput parameters: #row00g
# x - approximation of the minimum point, x(1:n) #row00h
# f - value of function f at the point x #row00i
# itn - number of iterations performed #row00j
# ist - exit code (1 = epsf, 4 = maxitn) #row00k

function[x,f,itn,ist] = emshor(calcfg,x0,rad,epsf,maxitn,intp); #rowli

dn=double (length(x0)); beta=sqrt((dn-1.d0)/(dn+1.d0)); #row02
x=x0; radn=rad; B=eye(length(x)); #row03
for (itn = 0:maxitn) #row04
[f,g1] = calcfg(x); g=B’*gl; dg=norm(g); #row05
if(radn*dg < epsf) ist = 1; return; endif #row06
xi=(1.d0/dg)*g; dx = B * xi; #row07
hs=radn/(dn+1.d0); x -= hs * dx; #row08

B += (beta - 1) * (B * xi) * xi’; #row09
radn=radn/sqrt(1.d0-1.d0/dn)/sqrt(1.d0+1.d0/dn); #rowl0

if (mod(itn,intp)==0) #rowll
printf("itn %4d f )14.6e\n",itn,f); #rowl2
endif #rowld
endfor #rowld
ist = 4; #rowlb
endfunction #emshor #rowl6
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The algorithm emshor and its Octave implementation

Octave function emshor (comments)

#
#
#
#
#
#
#
#
#
#
#
#

Input parameters:

calcfg - name of the function for calculation of f and g
x0 - starting point, x0(1:n)

rad - the radius of the ball localizing the minimum point
epsf - parameter for stopping (accuracy)

maxitn - parameter for stopping (maximum of iterations)
intp - printing interval (after each intp iteratiomns)
Output parameters:

X - approximation of the minimum point, x(1:n)

f - value of function f at the point x

itn - number of iterations performed

ist - exit code (1 = epsf, 4 = maxitn)
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The algorithm emshor and its Octave implementation

Octave function emshor (program code)

function[x,f,itn,ist]
= emshor(calcfg,x0,rad,epsf,maxitn,intp); #row01
dn=double(length(x0)); beta=sqrt((dn-1.d0)/(dn+1.d0));  #row02

x=x0; radn=rad; B=eye(length(x)); #row03
for (itn = O:maxitn) #row04
[f,g1] = calcfg(x); g=B’*gl; dg=norm(g); #row05

if (radn*dg < epsf) ist = 1; return; endif #row06
xi=(1.d0/dg)*g; dx = B * xi; #row07
hs=radn/(dn+1.d0); x -= hs * dx; #row08

B += (beta - 1) * (B * xi) * xi’; #row09
radn=radn/sqrt(1.d0-1.d0/dn) /sqrt(1.40+1.40/dn) ; #rowl0

if (mod(itn,intp)==0) #rowll
printf("itn %4d £ %14.6e\n",itn,f); #rowl2
endif #rowl3
endfor #rowld
ist = 4; #rowlb
endfunction #emshor #rowl6
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Using emshor for Lasso and Ridge regressions
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Using emshor for Lasso and Ridge regressions

Formulation of the optimization problem

Let matrix A = {a,;;}/=) 1’ o vector y = {yitic1,m,
and three scalars \ > O, 1 S p,q < 2 be given.

Consider the convex optimization problem
f(.’L‘;q) = min Z Zamx] Yi +)‘Z|$z|q ) 1

zER™
=1 |j=1

where © = {x;};—1 ., is a vector of unknown parameters.

The convex function f(x) is smooth if p > 1 and ¢ > 1
and non-smooth if p=1or g = 1.
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Using emshor for Lasso and Ridge regressions

Partial cases of the problem (1)

Lasso regression: p =2 and ¢ =1

flttsso = min {fl(x) = ”y - AI‘||2 +)‘Z |$Z|}
=1

zER™

Ridge regression: p =2 and ¢ = 2

Friage = min {fz(x) =y — Az[* + 1) w?}

i=1

least squares method (p=2) and least moduli method (p=1).
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Using emshor for Lasso and Ridge regressions

The formula for calculating g¢(Z) at the point =

97(T) =p

> sign (1) |71 |7
=1

n

> sign (T,) |fn|qi1
=1
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Using emshor for Lasso and Ridge regressions

Algorithm for solving the problem (1)

Step 0. Choose g € R™ and r¢ > 0 so that on — x;‘,qH <.
Also, choose ¢ > 0, set By := I,, and k := 0.

Step 1. Calculate g¢(xy) at the point xj, using formula (2).

Step 2. If HB,;rgf(a:k)H rp < e, then k* :=k, x} := x, and STOP.

Step 3. Calculate

Tyt = Tp—hi B, where & =

Step 4. Update

n—1 n
Bt = Bk+< 1 1) (Beér) & and  7pyq = ﬁrk-

Step 5. Set k:=k + 1 and go to Step 1.
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Using emshor for Lasso and Ridge regressions

Theorem

Let x);, and x| be generated by the algorithm. Then, the
ratio of volumes of the ellipsoids &,={x: || B, '(vx—2)||<ry.}
and & 1={x: | By}, (xr1—)||<ri41} does not depend on k
and is equal to

vol(Eg+1) In—1 n " 1
o = = - 1.
E vol (&) n+1 n2—1 < exp 2n <

Moreover, x3, € &, holds for all k = 0,1,... k", 27 € &~
and, if the algorithm stops, then f(x%) < f, + ¢ is valid.
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Using emshor for Lasso and Ridge regressions
Test example

We use the Concrete Compressive Strength dataset

from the UCI repository (2017). It contains 1030 instances
with eight numerical features and one target value.
The target value is the compressive strength of concrete.

AMD Ryzen 5 4500U 2.38 GHz, 16 GB, GNU Octave 6.2.0

n = 8 and m = 1030;
29 =0, ro = 100, € = 1072, itn = 4000 = 5000;
Elapsed time is 0.285754 seconds for 5 runnings.
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Using emshor for Lasso and Ridge regressions

Computational results

pa ][ @0 | 22 20 | @y L1
A 10000 10000 0 0 1000
x] 1.196e-01 | 1.158e-01 1.134e-01 | 1.245e-01 1.225e-01
x5 1.028e-01 | 9.891e-02 0.623e-02 | 1.048e-01 9.845e-02
x5 0.222¢-02 | 8.444e-02 7.932e-02 | 9.242e-02 8.468e-02
x) -1.99e-01 | -1.89e-01 -1.82e-01 | -2.05e-01 -1.79e-01
xk 1.062e-24 | 1.678e-01 2.647e-01 | 3.828e-02 -1.22e-18
zg 8.360e-03 | 9.587e-03 1.029e-02 | 6.364e-03 3.927e-03
x5 1.620e-02 | 1.315e-02 1.133e-02 | 1.689e-02 1.708e-02
g 1.122e-01 | 1.136e-01 1.140e-01 | 1.581e-01 1.315e-01

x1 — cement, xo — fly ash, x3 — blast furnace slag, x4, — water, x5 —
superplasticizer, z¢ — coarse aggregate, 7 — fine aggregate, xg — age
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Conclusion

Conclusion

An algorithm for finding the parameters of
lasso and ridge regressions was developed
based on emshor — Shor's ellipsoid method
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