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Ôîðìóëèðîâêà çàäà÷è è ïðèëîæåíèÿ
Ôîðìóëèðîâêà çàäà÷è I

Èìåþòñÿ n-ìåðíûå åâêëèäîâû øàðû Si ñ ðàäèóñàìè ri è
âåñàìè wi, i = 1, . . . ,m. Ïîëàãàåì, ÷òî öåíòð òÿæåñòè øàðà Si

íàõîäèòñÿ â åãî öåíòðå.

Ðàâíîâåñíîé óïàêîâêîé n-ìåðíûõ øàðîâ Si, i = 1, . . . ,m
áóäåì íàçûâàòü òàêóþ èõ óïàêîâêó â øàð S, ÷òîáû ðàäèóñ
øàðà S áûë ìèíèìàëüíûì è öåíòð òÿæåñòè ñåìåéñòâà
øàðîâ Si, i = 1, . . . ,m, ñîâïàäàë ñ öåíòðîì øàðà S.

nd-çàäà÷à
Íàéòè ðàâíîâåñíóþ óïàêîâêó n-ìåðíûõ øàðîâ Si, i = 1, . . . ,m.
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Ôîðìóëèðîâêà çàäà÷è è ïðèëîæåíèÿ
Ïðèëîæåíèÿ 2d-çàäà÷ I

ïðè ìîäåëèðîâàíèè ñïóòíèêîâ (êîñìè÷åñêàÿ èíæåíåðèÿ)

Fasano G., Pintår J.D., eds., Modeling and
Optimization in Space Engineering. Springer Optimization and
Its Applications. � Springer. � New York. � 2012. � 404 p.
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Ôîðìóëèðîâêà çàäà÷è è ïðèëîæåíèÿ
Ïðèëîæåíèÿ 2d-çàäà÷ II

ïðè óïàêîâêå òåëåñêîïè÷åñêèõ ãðóçîâ (ESICUP-2013)
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Ôîðìóëèðîâêà çàäà÷è è ïðèëîæåíèÿ
Ïðèëîæåíèÿ 2d-çàäà÷ III
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Ìàòåìàòè÷åñêàÿ ìîäåëü
Ìàòåìàòè÷åñêàÿ ìîäåëü I

Ìíîãîýêñòðåìàëüíàÿ çàäà÷à íåëèíåéíîãî ïðîãðàììèðîâàíèÿ:
r∗ = min

x∈Em×n,r≥R
r (1)

ïðè îãðàíè÷åíèÿõ
n∑

k=1

x2
ik ≤ (r − ri)2, i = 1, . . . ,m, (2)

n∑
k=1

(xik − xjk)2 ≥ (ri + rj)2, 1 ≤ i < j ≤ m, (3)

m∑
i=1

λixik = 0, k = 1, . . . , n. (4)

Çäåñü íåèçâåñòíûå âåëè÷èíû � xi = (xi1, . . . , xin) � öåíòð øàðà Si, r � ðàäèóñ øàðà S,
èçâåñòíûå âåëè÷èíû � λi = wi/

∑m
i=1 wi, i = 1, . . . , m, R = max

i=1,...,m
ri � î÷åâèäíàÿ íèæíÿÿ

ãðàíèöà íà èñêîìûé ðàäèóñ.
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Ìàòåìàòè÷åñêàÿ ìîäåëü
Ìàòåìàòè÷åñêàÿ ìîäåëü II

Îãðàíè÷åíèÿ â çàäà÷å (1)�(4) îçíà÷àþò ñëåäóþùåå:

ϕi(x, r) =
n∑

k=1

x2
ik − (r − ri)2 ≤ 0, i = 1, . . . ,m, (2′)

ò.å. øàðû Si, i = 1, . . . ,m ñîäåðæàòñÿ âíóòðè øàðà S,

φij(x) = −
n∑

k=1

(xik−xjk)2+(ri+rj)2 ≤ 0, 1 ≤ i < j ≤ m, (3′)

ò.å. íèêàêèå äâà øàðà èç Si, i = 1, . . . ,m íå ïåðåñåêàþòñÿ,

Φk(x) =
m∑

i=1

λixik = 0, k = 1, . . . , n. (4′)

ò.å. öåíòð òÿæåñòè øàðîâ Si, i = 1, . . . ,m íàõîäèòñÿ â íà÷àëå
êîîðäèíàò (öåíòðå øàðà S).
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Ìåòîä ðåøåíèÿ
Ìåòîä ðåøåíèÿ I

Step 1. Ñòðîèì íîâóþ ôóíêöèþ

f(x, r) = r + P1

(
m∑

i=1
max{0, ϕi(x, r)}+

m∑
i=1

m∑
j>i

max{0, φij(x)}

)
+ P2

n∑
k=1

max{0,−Φk(x)− εk,Φk(x)− εk}

+ P3 max{0,−r + R},

ãäå P1, P2, P3 � íåãëàäêèå øòðàôû (íåîòðèöàòåëüíûå)

Step 2. Çàìåíÿåì çàäà÷ó (1)�(4) ñëåäóþùåé áåçóñëîâíîé
çàäà÷åé íåãëàäêîé îïòèìèçàöèè

min
x∈Em×n,r

f(x, r). (5)
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Ìåòîä ðåøåíèÿ
Ìåòîä ðåøåíèÿ II

Äëÿ ðåàëèçàöèè ìîäåëè (5)
1) ãåíåðèðóåì ñòàðòîâûå òî÷êè (rand)
2) ïðèìåíÿåì r-àëãîðèòì1 äëÿ êàæäîé ñòàðòîâîé òî÷êè

1
ShorN.Z. Nondi�erentiable optimization and polynomial
problems. � Boston; Dordrecht; London: Kluwer Academic
Publishers, 1998. � 412 p.
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Âû÷èñëèòåëüíûå ðåçóëüòàòû
Òåñòîâûé ïðèìåð Ðîìàíîâîé

2d-çàäà÷à äëÿ ïÿòè íåðàâíûõ êðóãîâ:
n = 2, m = 5

Êðóãè èìåþò ðàçëè÷íûå ðàäèóñû è ìàññû:
r1 = 0.1, r2 = 0.2, r3 = 0.3, r4 = 0.5, r5 = 0.8

m1 = 0.0785, m2 = 0.314, m3 = 0.7065, m4 = 1.9625,
m5 = 5.024

Òî÷íîñòü äëÿ êîìïîíåíò öåíòðà òÿæåñòè
ε1 = ε2 = 0.0001
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Âû÷èñëèòåëüíûå ðåçóëüòàòû
Îïòèìàëüíîå ðàçìåùåíèå êðóãîâ

fr= 1.300000 r= 1.300000

áåç ó÷åòà öåíòðà òÿæåñòè

fr= 1.316110 r= 1.316110

ñ ó÷åòîì öåíòðà òÿæåñòè
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Âû÷èñëèòåëüíûå ðåçóëüòàòû
Òåñòîâûé ïðèìåð Ïøåíè÷íîãî

2d-çàäà÷à äëÿ ñåìè êðóãîâ:
n = 2, m = 7

Êðóãè èìåþò ðàçëè÷íûå ðàäèóñû è ìàññû:
r1 = 1, r2 = r3 = r4 = r5 = r6 = r7 = 0.5

m1 = 4, m2 = m3 = m4 = m5 = m6 = m7 = 1

Òî÷íîñòü äëÿ êîìïîíåíò öåíòðà òÿæåñòè
ε1 = ε2 = 0.0001
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Âû÷èñëèòåëüíûå ðåçóëüòàòû
Îïòèìàëüíîå ðàçìåùåíèå êðóãîâ

fr= 1.901189 r= 1.901189

áåç ó÷åòà öåíòðà òÿæåñòè

fr= 1.928861 r= 1.928861

ñ ó÷åòîì öåíòðà òÿæåñòè
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Âû÷èñëèòåëüíûå ðåçóëüòàòû
Íàøè ïëàíû

àäàïòèðîâàòü àëãîðèòì äëÿ ñðåäíèõ è áîëüøèõ çàäà÷,
ïîäêðåïèòü åãî îöåíêàìè ñíèçó äëÿ r∗.
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Âû÷èñëèòåëüíûå ðåçóëüòàòû
Thanks

Ðàáîòà ïîääåðæàíà ñîâìåñòíûì ãðàíòîì ÍÒÖÓ è ÍÀÍÓ
(ïðîåêò � 5710).
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Âû÷èñëèòåëüíûå ðåçóëüòàòû
Âîïðîñû?

ÑÏÀÑÈÁÎ ÇÀ ÂÍÈÌÀÍÈÅ!
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Âû÷èñëèòåëüíûå ðåçóëüòàòû
BACK UP SLIDES: Îá octave-ôóíêöèè ralgb5

% ralgb5 ðåàëèçóåò $r(\alpha)$-àëãîðèòì ñ àäàïòèâíûì øàãîì,
% èñïîëüçóåò ïîäãîòîâëåííóþ ïîëüçîâàòåëåì octave-ôóíêöèþ
% function [f,g] = calcfg(x), êîòîðàÿ âû÷èñëÿåò çíà÷åíèÿ
% ôóíêöèè $f=f(x)$ è å¼ ñóáãðàäèåíòà $g(x)$ â òî÷êå $x$.

% Âõîäíûå ïàðàìåòðû:
% calcfg -- èìÿ ôóíêöèè calcfg(x) äëÿ âû÷èñëåíèÿ f è g
% x -- íà÷àëüíàÿ òî÷êà x0(1:n) (íà âûõîäå ïîðòèòñÿ)
% alpha -- êîýôôèöèåíò ðàñòÿæåíèÿ ïðîñòðàíñòâà
% h0, nh, q1, q2 -- ïàðàìåòðû àäàïòèâíîé ðåãóëèðîâêè øàãà
% epsx, epsg, maxitn -- ïàðàìåòðû îñòàíîâà

% Âûõîäíûå ïàðàìåòðû:
% xr -- íàéäåííàÿ òî÷êà ìèíèìóìà xr(n)
% fr -- çíà÷åíèå ôóíêöèè â òî÷êå ìèíèìóìà
% itn -- ÷èñëî çàòðà÷åííûõ èòåðàöèé
% ncalls -- ÷èñëî âûçîâîâ ôóíêöèè calcfg
% istop -- êîä îñòàíîâà (2=epsg,3=epsx,4=maxitn,5=error)
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Âû÷èñëèòåëüíûå ðåçóëüòàòû
BACK UP SLIDES: Octave-ôóíêöèÿ ralgb5

function [xr,fr,itn,ncalls,istop]=ralgb5(calcfg,x,alpha,h0,q1,
q2,nh,epsg,epsx,maxitn);

itn=0; hs=h0; B=eye(length(x)); xr=x; # row001
ncalls = 1; [fr,g0] = calcfg(xr); # row002
printf("itn %4d f %14.6e fr %14.6e ls %2d ncalls %4d\n", # row003

itn, fr, fr, 0, ncalls);
if(norm(g0) < epsg) istop = 2; return; endif # row004
for (itn = 1:maxitn) # row005

dx = B * (g1 = B' * g0)/norm(g1); # row006
d = 1; ls = 0; ddx = 0; # row007
while (d > 0) # row008

x -= hs * dx; ddx += hs * norm(dx); # row009
ncalls ++; [f, g1] = calcfg(x); # row010
if (f < fr) fr = f; xr = x; endif # row011
if(norm(g1) < epsg) istop = 2; return; endif # row012
ls ++; (mod(ls,nh)==0) && (hs *= q2); # row013
if(ls > 500) istop = 5; return; endif # row014
d = dx' * g1; # row015

endwhile # row016
(ls == 1) && (hs *= q1); # row017
printf("itn %4d f %14.6e fr %14.6e ls %2d ncalls %4d\n", # row018

itn, f, fr, ls, ncalls);
if(ddx < epsx) istop = 3; return; endif # row019
xi = (dg = B' * (g1 - g0) )/norm(dg); # row020
B += (1 / alpha - 1) * B * xi * xi'; # row021
g0 = g1; # row022

endfor # row023
istop = 4; # row024
endfunction
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Âû÷èñëèòåëüíûå ðåçóëüòàòû
BACK UP SLIDES: Âûáîð ïàðàìåòðîâ äëÿ ralgb5

Ïðè ìèíèìèçàöèè íåãëàäêèõ ôóíêöèé ðåêîìåíäóåòñÿ:
α = 2÷ 3, h0 = 1.0, q1 = 1.0, q2 = 1.1÷ 1.2, nh = 2÷ 3.

Åñëè èçâåñòíà àïðèîðíàÿ îöåíêà ðàññòîÿíèÿ îò íà÷àëüíîé
òî÷êè x0 äî òî÷êè ìèíèìóìà x∗, òî íà÷àëüíûé øàã h0

öåëåñîîáðàçíî âûáèðàòü ïîðÿäêà ‖x0 − x∗‖.
Ïðè ìèíèìèçàöèè ãëàäêèõ ôóíêöèé ðåêîìåíäóåòñÿ

q1 = 0.8÷ 0.95.

Ïðè òàêîì âûáîðå ïàðàìåòðîâ, êàê ïðàâèëî, ÷èñëî ñïóñêîâ ïî
íàïðàâëåíèþ ðåäêî ïðåâîñõîäèò äâà, à çà n øàãîâ òî÷íîñòü ïî
ôóíêöèè óëó÷øàåòñÿ â òðè-ïÿòü ðàç.
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