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Ìåòîä ýëëèïñîèäîâ êðàòêî îá èñòîðèè
Ìåòîä ýëëèïñîèäîâ ïðåäëîæèëè

1976 ÞäèíÄ.Á. è ÍåìèðîâñêèéÀ.Ñ. êàê ìåòîä
ïîñëåäîâàòåëüíûõ îòñå÷åíèé [1].

1977 ØîðÍ.Ç. êàê âàðèàíò ìåòîäà ñ ðàñòÿæåíèåì
ïðîñòðàíñòâà â íàïðàâëåíèè ñóáãðàäèåíòà [2].

1. ÞäèíÄ.Á., ÍåìèðîâñêèéÀ.Ñ. Èíôîðìàöèîííàÿ ñëîæ-
íîñòü è ýôôåêòèâíûå ìåòîäû ðåøåíèÿ âûïóêëûõ ýêñòðåìàëü-
íûõ çàäà÷ // Ýêîíîìèêà è ìàòåìàòè÷åñêèå ìåòîäû. � 1976. �
Âûï. 2. � C. 357�369.
2. ØîðÍ.Ç. Ìåòîä îòñå÷åíèÿ ñ ðàñòÿæåíèåì ïðîñòðàíñòâà äëÿ
ðåøåíèÿ çàäà÷ âûïóêëîãî ïðîãðàììèðîâàíèÿ // Êèáåðíåòèêà.
� 1977. � �1. � Ñ. 94�95.
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Ìåòîä ýëëèïñîèäîâ êðàòêî îá èñòîðèè
Îñíîâíûå ðåçóëüòàòû íà îñíîâå ÌÝ

1979 Õà÷èÿíË. ïîñòðîèë ïåðâûé ïîëèíîìèàëüíûé
àëãîðèòì ðåøåíèÿ çàäà÷è ËÏ ñ ðàöèîíàëüíûìè
êîýôôèöèåíòàìè

1981 Gr�otchelM., L�ovasz L., Schrijver À.
ðàçðàáîòàëè ïîëèíîìèàëüíûå àëãîðèòìû äëÿ ðÿäà
çàäà÷ äèñêðåòíîé îïòèìèçàöèè
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Ìåòîä ýëëèïñîèäîâ êðàòêî îá èñòîðèè
XI ñèìïîçèóì ïî ìàò. ïðîãðàììèðîâàíèþ (1982)

Ìåòîä ýëëèïñîèäîâ è ðåçóëüòàòû íà åãî îñíîâå áûëè
öåíòðàëüíûìè íà XI ìåæäóíàðîäíîì ñèìïîçèóìå ïî ìàòå-
ìàòè÷åñêîìó ïðîãðàììèðîâàíèþ (Áîíí,ÔÐÃ, àâãóñò 1982).

3. Êàíòîðîâè÷Ë.Â.,Ìèõàëåâè÷Â.Ñ., ÐóáèíøòåéíÃ.Ø.,
ÒðåòüÿêîâÍ.Â., ØîðÍ.Ç., ßêèìåöÂ.Í. XI Ìåæäóíàðîä-
íûé ñèìïîçèóì ïî ìàòåìàòè÷åñêîìó ïðîãðàììèðîâàíèþ //
Òåõíè÷åñêàÿ êèáåðíåòèêà. � Ì.: Èçâ. ÀÍ ÑÑÑÐ. � 1983. � �1. �
Ñ. 197�201.
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Ìåòîä ýëëèïñîèäîâ î ðîëè ðàñòÿæåíèÿ ïðîñòðàíñòâà
Ãåîìåòðèÿ ìåòîäà ýëëèïñîèäîâ
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ãäå α = b
a è r � ðàäèóñ øàðà Sn.

Åñëè ïðîñòðàíñòâî ½ðàñòÿíóòü“ ñ
êîýôôèöèåíòîì α â íàïðàâëåíèè
ïîëóîñè a, òî En ñòàíåò øàðîì â
ïðåîáðàçîâàííîì ïðîñòðàíñòâå.
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Ìåòîä ýëëèïñîèäîâ î ðîëè ðàñòÿæåíèÿ ïðîñòðàíñòâà
Îïåðàòîð ðàñòÿæåíèÿ ïðîñòðàíñòâà

Ââåäåí Í.Ç.Øîðîì (1969) è èìååò ñëåäóþùèé âèä
Rα(ξ) = In + (α− 1)ξξT , ãäå α > 1.

Çäåñü: α � êîýôôèöèåíò ðàñòÿæåíèÿ ïðîñòðàíñòâà
â íîðìèðîâàííîì íàïðàâëåíèè ξ ∈ En, ‖ξ‖ = 1,
In � åäèíè÷íàÿ ìàòðèöà ðàçìåðîì n× n.

Â ìåòîäàõ èñïîëüçóåòñÿ îáðàòíûé ê íåìó îïåðàòîð
Rβ(ξ) = In + (β − 1)ξξT , ãäå β =

1
α

< 1,

êîòîðûé îçíà÷àåò "ñæàòèå"ïðîñòðàíñòâà ñóáãðàäèåíòîâ.
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Ìåòîä ýëëèïñîèäîâ î ðîëè ðàñòÿæåíèÿ ïðîñòðàíñòâà
×òî òàêîå ìåòîä ýëëèïñîèäîâ?

Îòíîøåíèå îáúåìà ýëëèïñîèäà En ê îáúåìó øàðà Sn ðàâíî
q(n) =

vol(En)

vol(Sn)
=

1

α

(
1

2

(
α +

1

α

))n

.

Åñëè êîýôôèöèåíò α òàêîé, ÷òî α + 1/α < 2 n
√

α, òî îòíîøåíèå
q(n) < 1 è îáúåì ýëëèïñîèäà, â êîòîðîì ëîêàëèçóåòñÿ òî÷êà x∗

(íàïðèìåð, òî÷êà ìèíèìóìà âûïóêëîé ôóíêöèè f(x)), óáûâàåò
ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì q(n).
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Ìåòîä ýëëèïñîèäîâ î ðîëè ðàñòÿæåíèÿ ïðîñòðàíñòâà
Î äâóõ âàðèàíòàõ ìåòîäà ýëëèïñîèäîâ

Â ìåòîäå ýëëèïñîèäîâ Þäèíà-Íåìèðîâñêîãî-Øîðà
q(n) = 1− 1

2n
è ðåàëèçóåòñÿ ïðè α =

√
n + 1

n− 1
.

Â ïðèáëèæåííîì ìåòîäå ýëëèïñîèäîâ [4]
q(n) ≈ 1− 1

2n
è ðåàëèçóåòñÿ ïðè α =

√
1 +

1

n2
+

1

n
.

Åñëè n = 1, òî q(1) = 2−
√

2 ≈ 0.5858.

4. ÑòåöþêÏ.È. Ïðèáëèæåííûé ìåòîä ýëëèïñîèäîâ //
Êèáåðíåòèêà è ñèñòåìíûé àíàëèç. � 2003. � �3. � C. 141�146.
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Ìåòîä ýëëèïñîèäîâ octave-ôóíêöèÿ emshor
octave-ôóíêöèÿ emshor (ellipsoid method shor)

# octave-code for emshor (version 1.0, 13.09.2013) #row00# íàõîäèò òî÷êó ìèíèìóìà âûïóêëîé ôóíêöèè f(x) #row00a% Âõîäíûå ïàðàìåòðû: #row00b% calcfg - èìÿ ôóíêöèè calcfg(x): âû÷èñëÿåò f è g(1:n) #row00c% x - íà÷àëüíàÿ òî÷êà x0(1:n) (íà âûõîäå ïîðòèòñÿ) #row00d% rad - ðàäèóñ øàðà ñ öåíòðîì â òî÷êå x0 #row00e% epsf - òî÷íîñòü îñòàíîâà ïî çíà÷åíèþ ôóíêöèè #row00f% maxitn - ìàêñèìàëüíîå êîëè÷åñòâî èòåðàöèé #row00g% Âûõîäíûå ïàðàìåòðû: #row00h% xr -- òî÷êà ìèíèìóìà (ðåêîðäíàÿ) #row00i% fr -- çíà÷åíèå ôóíêöèè â òî÷êå xr #row00j% ist -- êîä îñòàíîâà (1 = epsf, 4 = maxitn) #row00kfunction [xr,fr,ist]=emshor(calcfg,x,rad,epsf,maxitn); #row01dn=float(length(x)); beta=sqrt((dn-1.d0)/(dn+1.d0)); #row02radn=rad; B=eye(length(x)); fr=inf; ist=4; #row03for (itn = 0:maxitn) #row04[f, g1] = calcfg(x); g=B'*g1; dg=norm(g); #row05if (f < fr) fr = f; xr = x; itr=itn; endif #row06if(radn*dg < epsf) ist = 1; return; endif #row07xi=(1.d0/dg)*g; dx = B * xi; hs=radn/(dn+1.d0); #row08x -= hs * dx; B += (beta - 1) * B * xi * xi'; #row09radn=radn/sqrt(1.d0-1.d0/dn)/sqrt(1.d0+1.d0/dn); #row10printf("itn %4d itr %4d f %16.8e fr %16.8e\n", #row11itn,itr,f,fr);endfor #row12endfunction #row13
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Ìåòîä ýëëèïñîèäîâ octave-ôóíêöèÿ emshor
×òî íàõîäèò ïðîãðàììà emshor?

Ïóñòü f(x) � âûïóêëàÿ ôóíêöèÿ, x∗ � òî÷êà ìèíèìóìà,
f∗ = f(x∗), x0 � íà÷àëüíîå ïðèáëèæåíèå.

Òåîðåìà (î ïðîãðàììå emshor)
Åñëè x0 òàêîå, ÷òî ‖x0 − x∗‖ ≤ r, òî ïðîãðàììà emshor
çàêàí÷èâàåò ðàáîòó âûïîëíåíèåì îäíîãî èç óñëîâèé:
1. íàéäåíà òî÷êà xr � òàêàÿ, ÷òî f(xr)− f ∗ ≤ εf (ist=1),
2. maxitn èòåðàöèé îêàçàëîñü íåäîñòàòî÷íî (ist=4).
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Ìåòîä ýëëèïñîèäîâ octave-ôóíêöèÿ emshor
octave-ôóíêöèÿ emshor (êîììåíòàðèè)

# octave-code for emshor (version 1.0, 13.09.2013) #row00
# íàõîäèò òî÷êó ìèíèìóìà âûïóêëîé ôóíêöèè f(x) #row00a
% Âõîäíûå ïàðàìåòðû: #row00b
% calcfg - èìÿ ôóíêöèè calcfg(x): âû÷èñëÿåò f è g(1:n) #row00c
% x - íà÷àëüíàÿ òî÷êà x0(1:n) (íà âûõîäå ïîðòèòñÿ) #row00d
% rad - ðàäèóñ øàðà ñ öåíòðîì â òî÷êå x0 #row00e
% epsf - òî÷íîñòü îñòàíîâà ïî çíà÷åíèþ ôóíêöèè #row00f
% maxitn - ìàêñèìàëüíîå êîëè÷åñòâî èòåðàöèé #row00g
% Âûõîäíûå ïàðàìåòðû: #row00h
% xr -- òî÷êà ìèíèìóìà (ðåêîðäíàÿ) #row00i
% fr -- çíà÷åíèå ôóíêöèè â òî÷êå xr #row00j
% ist -- êîä îñòàíîâà (1 = epsf, 4 = maxitn) #row00k
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Ìåòîä ýëëèïñîèäîâ octave-ôóíêöèÿ emshor
octave-ôóíêöèÿ emshor (êîä ïðîãðàììû)

function [xr,fr,ist]=emshor(calcfg,x,rad,epsf,maxitn); #row01
dn=float(length(x)); beta=sqrt((dn-1.d0)/(dn+1.d0)); #row02
radn=rad; B=eye(length(x)); fr=inf; ist=4; #row03
for (itn = 0:maxitn) #row04

[f, g1] = calcfg(x); g=B'*g1; dg=norm(g); #row05
if (f < fr) fr = f; xr = x; itr=itn; endif #row06
if(radn*dg < epsf) ist = 1; return; endif #row07
xi=(1.d0/dg)*g; dx = B * xi; hs=radn/(dn+1.d0); #row08
x -= hs * dx; B += (beta - 1) * B * xi * xi'; #row09
radn=radn/sqrt(1.d0-1.d0/dn)/sqrt(1.d0+1.d0/dn); #row10
printf("itn %4d itr %4d f %16.8e fr %16.8e\n", #row11

itn,itr,f,fr);
endfor #row12
endfunction #row13
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Íàèëó÷øèé ëèíåéíûé êëàññèôèêàòîð
Ñîäåðæàíèå

1 Ìåòîä ýëëèïñîèäîâ
êðàòêî îá èñòîðèè
î ðîëè ðàñòÿæåíèÿ ïðîñòðàíñòâà
octave-ôóíêöèÿ emshor

2 Íàèëó÷øèé ëèíåéíûé êëàññèôèêàòîð
Ïîñòàíîâêà çàäà÷è
Àëãîðèòì îïèñàííûõ ýëëèïñîèäîâ
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Íàèëó÷øèé ëèíåéíûé êëàññèôèêàòîð Ïîñòàíîâêà çàäà÷è
Ïðèìåðû ëèíåéíûõ êëàññèôèêàòîðîâ H2 è H3
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Íàèëó÷øèé ëèíåéíûé êëàññèôèêàòîð Ïîñòàíîâêà çàäà÷è
Ïðèìåð íàèëó÷øåãî ëèíåéíîãî êëàññèôèêàòîðà
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Íàèëó÷øèé ëèíåéíûé êëàññèôèêàòîð Ïîñòàíîâêà çàäà÷è
Íàèëó÷øèé ëèíåéíûé êëàññèôèêàòîð (ÍËÊ)

Çàäà÷à î íàèëó÷øåì ëèíåéíîì êëàññèôèêàòîðå
ñîñòîèò â íàõîæäåíèè ãèïåðïëîñêîñòè ñ
ìàêñèìàëüíûì çàçîðîì, êîòîðàÿ ðàçäåëÿåò äâà
ìíîæåñòâà òî÷åê X = {x1, . . . , xm1} è Y = {y1, . . . , ym2}åâêëèäîâîãî ïðîñòðàíñòâà En.

Ïðåäïîëàãàåòñÿ, ÷òî ìíîæåñòâà X è Y ðàçäåëèìû
ëèíåéíîé ãèïåðïëîñêîñòüþ aT z + b = 0 (ëèíåéíûé
êëàññèôèêàòîð).
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Íàèëó÷øèé ëèíåéíûé êëàññèôèêàòîð Ïîñòàíîâêà çàäà÷è
Çàäà÷à âûïóêëîãî ïðîãðàììèðîâàíèÿ äëÿ ÍËÊ

íàéòè − 2d∗ = f ∗ = f(a∗, b∗) = min
(a,b)∈En+1

f(a, b) (1)

ïðè îãðàíè÷åíèè
n∑

i=1

a2
i ≤ 1, (2)

ãäå f(a, b) = max{ max
i=1,...,m1

{−aT xi − b}, max
j=1,...,m2

{aT yi + b}.

Çäåñü 2d∗ � ìàêñèìàëüíàÿ øèðèíà ïîëîñû, êîòîðàÿ ðàçäåëÿåò
ìíîæåñòâà X è Y . Ðåøåíèå a∗ è b∗ çàäàåò ãèïåðïëîñêîñòü
(a∗)T z + b∗ = 0, ïðîõîäÿùóþ ÷åðåç ñåðåäèíó ïîëîñû.
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Íàèëó÷øèé ëèíåéíûé êëàññèôèêàòîð Ïîñòàíîâêà çàäà÷è
Áåçóñëîâíàÿ çàäà÷à äëÿ ÍËÊ

Çàäà÷à (1),(2) ñâîäèòñÿ ê çàäà÷å ìèíèìèçàöèè
íåãëàäêîé âûïóêëîé ôóíêöèè

FP (a, b) = f(a, b) + P max{0,
n∑

i=1

a2
i − 1} (4)

äëÿ êîòîðîé ïðè P > d∗ [*] åå ìèíèìóì ñîâïàäàåò ñ
ðåøåíèì çàäà÷è (1),(2).

*. Ñòåöþê Ï.I., Áåðåçîâñüêèé Î.À., Æóðáåíêî Ì.Ã.,
Êðîïîòîâ Ä.Î. Ìåòîäè íåãëàäêî¨ îïòèìiçàöi¨ â ñïåöiàëüíèõ
çàäà÷àõ êëàñèôiêàöi¨. - Ïðåïð. / ÍÀÍ Óêðà¨íè. Ií-ò êiáåðíåòèêè
iì. Â.Ì. Ãëóøêîâà; 2009-1. - 29 c.
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Íàèëó÷øèé ëèíåéíûé êëàññèôèêàòîð Ïîñòàíîâêà çàäà÷è
Î ìåòîäàõ ðåøåíèÿ

Äëÿ íàõîæäåíèÿ ìèíèìóìà ôóíêöèè FP (a, b)
ìîæíî èñïîëüçîâàòü àëãîðèòìû ìèíèìèçàöèè
íåãëàäêèõ âûïóêëûõ ôóíêöèé.
Åñëè n = 2÷ 10, òî öåëåñîîáðàçíî èñïîëüçîâàòü
ìåòîäû ýëëèïñîèäîâ. Èõ ñõîäèìîñòü íå çàâèñèò
îò êîëè÷åñòâà òî÷åê m = m1 + m2.

Íèæå îïèøåì òàêîé àëãîðèòì è ñäåëàåì ýòî äëÿ ïðîèçâîëüíîãî
α > 1 � êîýôôèöèåíòà ðàñòÿæåíèÿ ïðîñòðàíñòâà. Äëÿ óäîáñòâà
íåèçâåñòíûå (a, b) îáîçíà÷èì îäíèì âåêòîðîì u ∈ En+1.
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Íàèëó÷øèé ëèíåéíûé êëàññèôèêàòîð Àëãîðèòì îïèñàííûõ ýëëèïñîèäîâ
Óñòàíîâêà íà÷àëüíûõ çíà÷åíèé

Èíèöèàëèçàöèÿ
Ïîëîæèì øòðàô P= min

i,j
‖xi−yj‖, ñòàðòîâóþ òî÷êó u0=0

è íà÷àëüíûé ðàäèóñ r0 = max
i,j
{‖xi‖, ‖yj‖}+1.

Ïîëîæèì B0 = In+1, ãäå In+1 � åäèíè÷íàÿ ìàòðèöà
ðàçìåðîì (n + 1)× (n + 1).

Ïåðåéäåì ê ïåðâîé èòåðàöèè ñî çíà÷åíèÿìè u0, r0 è B0.
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Íàèëó÷øèé ëèíåéíûé êëàññèôèêàòîð Àëãîðèòì îïèñàííûõ ýëëèïñîèäîâ
Ñîáñòâåííî ñàì àëãîðèòì

Ïóñòü íà k-é èòåðàöèè íàéäåíû uk ∈ En+1, rk è Bk.Äëÿ ïåðåõîäà ê (k + 1)-é èòåðàöèè âûïîëíÿåì
Øàã 1. Âû÷èñëèì FP (uk) è g(uk) = ∂FP (uk). Åñëè rk‖BT

k ‖ ≤ ε,
òî ÎÑÒÀÍÎÂ u∗ = uk. Èíà÷å ïåðåõîäèì ê øàãó 2.

Øàã 2. Âû÷èñëèì î÷åðåäíóþ òî÷êó

uk+1 = uk−hkBkξk, ãäå hk =
1
2

(
1− 1

α2

)
, ξk =

BT
k g(uk)

‖BT
k g(uk)‖

.

Øàã 3. Ïåðåñ÷èòàåì ìàòðèöó Bk+1 è ðàäèóñ rk+1

Bk+1 = Bk+(β−1)(Bkξk)ξT
k , β = 1/α, rk+1 = (α+β)×rk/2.

Øàã 4. Ïåðåõîäèì ê (k + 1)-é èòåðàöèè ñ xk+1, rk+1 è Bk+1.
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Íàèëó÷øèé ëèíåéíûé êëàññèôèêàòîð Àëãîðèòì îïèñàííûõ ýëëèïñîèäîâ
Î ñõîäèìîñòè àëãîðèòìà

Òåîðåìà
Ïðè ëþáîì α � òàêîì, ÷òî α + 1/α ≤ 2 n+1

√
α ,

àëãîðèòì îïèñàííûõ ýëëèïñîèäîâ ñõîäèòñÿ ê
u∗=(a∗, b∗) � îïòèìàëüíîìó ðåøåíèþ çàäà÷è (1),(2).
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Íàèëó÷øèé ëèíåéíûé êëàññèôèêàòîð Àëãîðèòì îïèñàííûõ ýëëèïñîèäîâ
Áëàãîäàðíîñòè

Ðàáîòà âûïîëíåíà ïðè
ôèíàíñîâîé ïîääåðæêå ÍÀÍ
Óêðàèíû, ïðîåêò 07-01-14 (Ó)
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Íàèëó÷øèé ëèíåéíûé êëàññèôèêàòîð Àëãîðèòì îïèñàííûõ ýëëèïñîèäîâ
Âîïðîñû?

ÑÏÀÑÈÁÎ ÇÀ ÂÍÈÌÀÍÈÅ!
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