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Î äâóõ èäåÿõ Øîðà (1962, 1969)
Øîð Íàóì Çóñåëåâè÷ (1937 � 2006)

Îñíîâîïîëîæíèê íàó÷íîé øêîëû
ìåòîäîâ íåãëàäêîé îïòèìèçàöèè
Èíñòèòóòà êèáåðíåòèêèÍÀÍÓ.
Â 1962 ãîäó ðàçðàáîòàë
ïåðâûé ñóáãðàäèåíòíûé ìåòîä.

Â 1969 ãîäó ïðåäëîæèë èñïîëüçîâàòü ëèíåéíûå
íåîðòîãîíàëüíûå ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà äëÿ
óëó÷øåíèÿ îáóñëîâëåííîñòè îâðàæíûõ ôóíêöèé.
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Î äâóõ èäåÿõ Øîðà (1962, 1969)
Þáèëåéíàÿ ñòàòüÿ (ÿíâàðü, 2012)

75-ëåòèþ ñî äíÿ ðîæäåíèÿ Í.Ç.Øîðà ïîñâÿùåíà ñòàòüÿ
ÑåðãèåíêîÈ.Â., ÑòåöþêÏ.È.
Î òðåõ íàó÷íûõ èäåÿõ Í.Ç.Øîðà // Êèáåðíåòèêà
è ñèñòåìíûé àíàëèç. � 2012, � 1. � Ñ. 4�22.

Â ñòàòüå îïèñàíû òðè öåíòðàëüíûå èäåè Í.Ç.Øîðà:
îáîáùåííûé ãðàäèåíòíûé ñïóñê (1962),
èñïîëüçîâàíèå ëèíåéíûõ ïðåîáðàçîâàíèé ïðîñòðàíñòâà äëÿ
óëó÷øåíèÿ îáóñëîâëåííîñòè îâðàæíûõ ôóíêöèé (1969),
äâîéñòâåííûé ïîäõîä ê ïîëó÷åíèþ è óòî÷íåíèþ îöåíîê öåëåâîé
ôóíêöèè â íåâûïóêëûõ êâàäðàòè÷íûõ ìîäåëÿõ (1985).
Ïðèâåäåíû ìåòîäû è àëãîðèòìû, ðàçðàáîòàííûå íà èõ îñíîâå â
Èíñòèòóòå êèáåðíåòèêè èì. Â.Ì. Ãëóøêîâà ÍÀÍ Óêðàèíû.
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Î äâóõ èäåÿõ Øîðà (1962, 1969)
Ñòàòüÿ â ãàçåòå ½Ñåãîäíÿ“, 28 äåêàáðÿ 2002 ãîäà
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Î äâóõ èäåÿõ Øîðà (1962, 1969)
Ôîòîãðàôèÿ (Æ.Ô.Ýììåíåããåð, Áåðí, 1997)
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Î äâóõ èäåÿõ Øîðà (1962, 1969)
È åùå î âíåøíåé ñõîæåñòè, íî óæå ïîìîëîæå ...

Àëüáåðò Åéíøòåéí â
Áåðëèíå. Íàóì Øîð â Êèåâå.
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Î äâóõ èäåÿõ Øîðà (1962, 1969)
Î ñõîäñòâå èäåé ... èëè ÷òî îáùåãî?

ìåæäó
îïåðàòîðîì Øîðà äëÿ ðàñòÿæåíèÿ ïðîñòðàíñòâà

Rα(ξ) = I + (α− 1)ξξT , ãäå α > 1, (1.1)

(I � åäèíè÷íàÿ n×n-ìàòðèöà, âåêòîð ξ ∈ En òàêîé, ÷òî ‖ξ‖=1)

è
ôîðìóëîé Åéíøòåéíà äëÿ ýíåðãèè â ðåëÿòèâèñòñêîé äèíàìèêå

E = mc2, ãäå m =
m0√

1− v2/c2
(1.2)

9/71 Ñòåöþê Ï.È. Óñêîðåííûå ïî Øîðó ìîäèôèêàöèè ìåòîäà Ïîëÿêà äëÿ îâðàæíûõ ôóíêöèé



Î äâóõ èäåÿõ Øîðà (1962, 1969)
Øàð Sn è ýëëèïñîèä En â ïðîñòðàíñòâå En

Â ïðåîáðàçîâàííîì (ò.å. â ðàñòÿíóòîì â íàïðàâëåíèè ξ ñ
êîýôôèöèåíòîì α = 1/β > 1) ïðîñòðàíñòâå y = Rα(ξ)x
îáðàçîì øàðà Sn = {x ∈ En : ‖x− x0‖ ≤ r} c ðàäèóñîì r
ÿâëÿåòñÿ ýëëèïñîèä En = {y ∈ En : ‖Rβ(ξ)(y − y0)‖ ≤ r}.

Îáúåìû øàðà Sn è ýëëèïñîèäà En ðàâíû

vol(Sn) = v0r
n è vol(En) =

v0r
n

detRβ(ξ)
,

ãäå v0 � îáúåì åäèíè÷íîãî n-ìåðíîãî øàðà.
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Î äâóõ èäåÿõ Øîðà (1962, 1969)
Ñîîòíîøåíèå îáúåìîâ øàðà Sn è ýëëèïñîèäà En

Îòíîøåíèå îáúåìîâ En è Sn âû÷èñëÿåòñÿ ïî ôîðìóëå

vol(En)

vol(Sn)
=

v0rn

detRβ(ξ)

v0rn
=

1

detRβ(ξ)
=

1

β
= α > 1,

ãäå v0 � îáúåì åäèíè÷íîãî n-ìåðíîãî øàðà.

Åãî ìîæíî ïåðåïèñàòü òàê

vol(En) =
vol(Sn)

β
=

vol(Sn)√
1− (1− β2)

(1.3)
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Î äâóõ èäåÿõ Øîðà (1962, 1969)
Ñâÿçü îáüåìîâ ñ ôîðìóëîé Ýéíøòåéíà

Èç (1.3) ñëåäóåò

vol(En) =
vol(Sn)√

1− (1− β2)
.=. vol(Sn)√

1− v2/c2
. (Shor)

×åì íå m? â ôîðìóëå Ýéíøòåéíà (1.2) ...

m =
m0√

1− v2/c2
(Einstein)
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Î äâóõ èäåÿõ Øîðà (1962, 1969)
Ýéíøòåéí ïèøåò ïîñëàíèå Øîðó ...

½... ÷òîáû ñèìâîëîìRα(ξ)
îí îáîçíà÷èë ñâîé îïåðàòîð
ðàñòÿæåíèÿ ïðîñòðàíñòâà“
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Ñóáãðàäèåíòíûé ìåòîä (Øîð, 1962)
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Ñóáãðàäèåíòíûé ìåòîä (Øîð, 1962)
Á.Ò.Ïîëÿê ½Ââåäåíèå â îïòèìèçàöèþ“ (1983)

ÁîðèñÒåîäîðîâè÷ ãîâîðèò:

íà ñòð. 128
½Îñíîâíûå àëãîðèòìû ìèíèìèçàöèè
ãëàäêèõ ôóíêöèé � ãðàäèåíòíûé è
Íüþòîíà � áûëè ïîñòðîåíû íà
èñïîëüçîâàíèè ëèíåéíîé è
êâàäðàòè÷íîé àïïðîêñèìàöèè
ôóíêöèè, çàäàâàåìîé ïåðâûìè
÷ëåíàìè ðÿäà Òåéëîðà. Îäíàêî, äëÿ
íåäèôôåðåíöèðóåìîé ôóíêöèè ýòà
èäåÿ íåïðèìåíèìà � òàêàÿ ôóíêöèÿ
íå ìîæåò áûòü õîðîøî
àïïðîêñèìèðîâàíà íè ëèíåéíîé, íè
êâàäðàòè÷íîé ôóíêöèÿìè.“
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Ñóáãðàäèåíòíûé ìåòîä (Øîð, 1962)
Á.Ò.Ïîëÿê ½Ââåäåíèå â îïòèìèçàöèþ“ (1983)

íà ñòð. 129
½Ïîýòîìó ðàçðàáîòêà ìåòîäîâ ìèíèìèçàöèè íåãëàäêèõ ôóíêöèé
òðåáóåò ïðèâëå÷åíèÿ íîâûõ èäåé. Îäíà èç íèõ, ïðèíàäëåæàùàÿ
Í.Ç.Øîðó, âûãëÿäèò íåñêîëüêî íåîæèäàííî. Ïèøåòñÿ ïðÿìîé
àíàëîã ãðàäèåíòíîãî ìåòîäà ñ çàìåíîé ãðàäèåíòà íà
ïðîèçâîëüíûé ñóáãðàäèåíò gf (x) ôóíêöèè f(x):

xk+1 = xk − γkgf (xk). (3)

... Çíà÷åíèÿ ôóíêöèè â ìåòîäå (3) íå ìîãóò óáûâàòü ìîíîòîííî.
Îêàçûâàåòñÿ, îäíàêî, ÷òî ïðè ýòîì ìîíîòîííî óáûâàåò äðóãàÿ
ôóíêöèÿ � ðàññòîÿíèå äî òî÷êè ìèíèìóìà, è â ýòîì òî
çàêëþ÷àåòñÿ îñíîâíàÿ èäåÿ ñóáãðàäèåíòíîãî ìåòîäà (3).“

16/71 Ñòåöþê Ï.È. Óñêîðåííûå ïî Øîðó ìîäèôèêàöèè ìåòîäà Ïîëÿêà äëÿ îâðàæíûõ ôóíêöèé



Ñóáãðàäèåíòíûé ìåòîä (Øîð, 1962)
Âûïóêëàÿ ôóíêöèÿ è åå ñóáãðàäèåíò

Ïóñòü f(x) � âûïóêëàÿ ôóíêöèÿ, x ∈ En, X∗ � ìíîæåñòâî
ìèíèìóìîâ, x∗ ∈ X∗ � òî÷êà ìèíèìóìà; f∗ = inf f(x).

Îïðåäåëåíèå 1. Ñóáãðàäèåíòîì ôóíêöèè f(x) â òî÷êå x0

íàçûâàåòñÿ âåêòîð gf (x0), óäîâëåòâîðÿþùèé íåðàâåíñòâó
f(x)− f(x0) ≥ (gf (x0), x− x0) äëÿ âñåõ x ∈ En. (2.1)

Çäåñü (·, ·) � ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ èç En.

Ïðèìå÷àíèå. Åñëè f(x) ÿâëÿåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìîé â òî÷êå x0, òî âåêòîð gf (x0)

îïðåäåëÿåòñÿ îäíîçíà÷íî è ñîâïàäàåò ñ ∇f(x0) � ãðàäèåíòîì ôóíêöèè f(x) â òî÷êå x0. Â îáùåì
ñëó÷àå (äëÿ ôóíêöèé ñ ðàçðûâíûì ãðàäèåíòîì) âåêòîð gf (x0) îïðåäåëÿåòñÿ íåîäíîçíà÷íî.
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Ñóáãðàäèåíòíûé ìåòîä (Øîð, 1962)
Ãåîìåòðè÷åñêîå ñâîéñòâî ñóáãðàäèåíòà

Èç íåðàâåíñòâà (2.1) ñëåäóåò, ÷òî åñëè f(x) < f(x0), òî
ñóáãðàäèåíò gf (x0) óäîâëåòâîðÿåò íåðàâåíñòâó

(−gf (x0), x− x0) > 0. (2.2)
Ôîðìóëà (2.2) îçíà÷àåò, ÷òî àíòèñóáãðàäèåíò â òî÷êå x0 îáðàçóåò îñòðûé óãîë ñ íàïðàâëåíèåì èç
òî÷êè x0 â ëþáóþ òî÷êó x ñ ìåíüøèì çíà÷åíèåì f(x).

Ñëåäñòâèå. Åñëè X∗ íåïóñòî è x0 6∈ X∗, òî èç òî÷êè x0

â íàïðàâëåíèè −gf (x0) ñóùåñòâóåò íåíóëåâîé äëèíû øàã,
ïðè êîòîðîì ðàññòîÿíèå äî ìíîæåñòâà X∗ óáûâàåò.

Ýòîò ôàêò ëåæèò â îñíîâå ñóáãðàäèåíòíîãî ìåòîäà ìèíèìèçàöèè íåãëàäêèõ ôóíêöèé. Òî, ÷òî ýòà
èäåÿ ïðèíàäëåæèò Í.Ç.Øîðó îòìåòèë Á.Ò.Ïîëÿê (1983, Ââåäåíèå â îïòèìèçàöèþ, c. 128-129).
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Ñóáãðàäèåíòíûé ìåòîä (Øîð, 1962)
Ñóáãðàäèåíòíûé ìåòîä (îïðåäåëåíèå)

Îïðåäåëåíèå 2. Ñóáãðàäèåíòíûì ìåòîäîì íàçûâàåòñÿ
ïðîöåäóðà ïîñòðîåíèÿ ïîñëåäîâàòåëüíîñòè {xk}∞k=0 ïî
ñëåäóþùåìó ïðàâèëó:

xk+1 = xk − hk
gf (xk)

‖gf (xk)‖
, k = 0, 1, 2, . . . , (2.3)

ãäå x0 � íà÷àëüíîå ïðèáëèæåíèå, hk � øàãîâûé
ìíîæèòåëü, gf (xk) � ïðîèçâîëüíûé ñóáãðàäèåíò ôóíêöèè
f(x) â òî÷êå xk. Åñëè gf (xk) = 0, òî xk ÿâëÿåòñÿ òî÷êîé
ìèíèìóìà ôóíêöèè f(x) è ïðîöåññ (2.3) îñòàíàâëèâàåòñÿ.

Êàê ðåãóëèðîâàòü øàã hk? ... ÷òîáû ìåòîä (2.3) ñõîäèëñÿ.
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Ñóáãðàäèåíòíûé ìåòîä (Øîð, 1962)
Îá èçâåñòíûõ ðåãóëèðîâêàõ øàãà

(a) êëàññè÷åñêèå óñëîâèÿ (Í.Øîð, Þ. Åðìîëüåâ, Á. Ïîëÿê)

hk > 0; lim
k→∞

hk = 0;
∞∑

k=0

hk = +∞.

(b) ôåéåðîâñêèé øàã (Á. Ïîëÿê, È. Åðåìèí)

hk =
γ(f(xk)− f∗)
‖gf (xk)‖

, ãäå 0 < γ < 2.

(c) ãåîìåòðè÷åñêàÿ ïðîãðåññèÿ (Í.Øîð)
hk+1 = hk ∗ qk, ãäå 0 < qk < 1, k = 0, 1, 2, . . .

Äëÿ ðåãóëèðîâîê (a) è (b) ìåòîä (2.3) ñõîäèòñÿ ñ ëþáîãî íà÷àëüíîãî ïðèáëèæåíèÿ x0.
Äëÿ ðåãóëèðîâêè (c) ìåòîä (2.3) ñõîäèòñÿ äëÿ ñïåöèàëüíûõ êëàññîâ âûïóêëûõ ôóíêöèé.
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Ñóáãðàäèåíòíûé ìåòîä (Øîð, 1962)
Î ñóáãðàäèåíòíîì ìåòîäå Ïîëÿêà

Ïðè γ = 1 ôåéåðîâñêèé øàã äàåò ñóáãðàäèåíòíûé ìåòîä

xk+1 = xk−h∗k
gf (xk)
‖gf (xk)‖

, h∗k =
f(xk)−f∗

‖gf (xk)‖
, k = 0, 1, 2, . . . , (2.4)

èçâåñòíûé êàê ìåòîä Ïîëÿêà (1969). Øàã h∗k íàçûâàþò øàãîì
Ïîëÿêà èëè AMS-øàãîì (øàã Àãìîíà-Ìîöêèíà-Øåíáåðãà).

ÏîëÿêÁ.Ò. Ìèíèìèçàöèÿ íåãëàäêèõ ôóíêöèîíàëîâ //
Æóðí. âû÷èñëèò. ìàòåìàòèêè è ìàòåì. ôèçèêè. � 1969. �
Ò.9, �3. � Ñ. 507�521.

Ãåîìåòðè÷åñêèé ñìûñë ìåòîäà (2.4) � ñëåäóþùèé. Ôóíêöèÿ f(x) àïïðîêñèìèðóåòñÿ ëèíåéíîé
f̃(x) = f(xk) + (f ′(xk), x− xk) è øàã âûáèðàåòñÿ òàêèì, ÷òîáû f̃(xk+1) ñòàëà ðàâíîé f∗.
Øàã h∗k çàäàåò âåëè÷èíó ìàêñèìàëüíîãî ñäâèãà â íàïðàâëåíèè íîðìèðîâàííîãî àíòèñóáãðà-
äèåíòà, ïðè êîòîðîì óãîë ìåæäó àíòèñóáãðàäèåíòîì è íàïðàâëåíèåì èç òî÷êè xk+1 íà òî÷êó
ìèíèìóìà áóäåò íåòóïûì.

21/71 Ñòåöþê Ï.È. Óñêîðåííûå ïî Øîðó ìîäèôèêàöèè ìåòîäà Ïîëÿêà äëÿ îâðàæíûõ ôóíêöèé



Ñóáãðàäèåíòíûé ìåòîä (Øîð, 1962)
Ïî÷åìó AMS-øàã?

Ïåðâûìè AMS-øàã â 1954 ãîäó èñïîëüçîâàëè Ñ. Àãìîí (Agmon)
è íåçàâèñèìî Ò.Ìîöêèí (Motzkin) è È.Øåíáåðã (Schoenberg) â
ðåëàêñàöèîííîì ìåòîäå äëÿ íàõîæäåíèÿ õîòÿ áû îäíîãî èç
ðåøåíèé ñîâìåñòíîé ñèñòåìû ëèíåéíûõ íåðàâåíñòâ.

Agmon S. The relaxation method for linear inequalities //
Canadien Journal of Mathematics. � 1954. � 6. � P.382�392.
Motzkin T. and Schoenberg I.J. The relaxation method
for linear inequalities // Òàì æå. � P.393�404.

È.È. Åðåìèí (1965) îáîáùèë ýòîò ìåòîä äëÿ ñèñòåì âûïóêëûõ
íåðàâåíñòâ.

Åðåìèí È.È. Îáîáùåíèå ðåëàêñàöèîííîãî ìåòîäà
Àãìîíà�Ìîöêèíà // ÓÌÍ, 1965, ò. XX, âûï. 2(122).
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Ìåòîä Ïîëÿêà è ïðîáëåìà îâðàæíîñòè
Content

1 Î äâóõ èäåÿõ Øîðà (1962, 1969)

2 Ñóáãðàäèåíòíûé ìåòîä (Øîð, 1962)

3 Ìåòîä Ïîëÿêà è ïðîáëåìà îâðàæíîñòè

4 Èäåÿ ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà (Øîð, 1969)

5 r-àëãîðèòìû è ýëëèïñîèäû (Ñòåöþê,1996)

6 Ìåòîäû amsg2 è amsg2p
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Ìåòîä Ïîëÿêà è ïðîáëåìà îâðàæíîñòè
Ñóáãðàäèåíòíûé ìåòîä Ïîëÿêà

Ñóáãðàäèåíòíûé ìåòîä Ïîëÿêà èìååò âèä

xk+1 = xk −
f(xk)−f?

‖gf (xk)‖
×

gf (xk)
‖gf (xk)‖

, k = 0, 1, 2, . . . , (3.1)

è ðåøàåò ñëåäóþùóþ çàäà÷ó

íàéòè x∗ = argmin
x∈Rn

f(x), åñëè f∗ � èçâåñòíî, (3.2)

ãäå f(x) � âûïóêëàÿ ôóíêöèÿ è f∗ = f(x∗) = min
x∈Rn

f(x).
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Ìåòîä Ïîëÿêà è ïðîáëåìà îâðàæíîñòè
Óìåíüøåíèå ðàññòîÿíèÿ äî òî÷êè ìèíèìóìà

Òåîðåìà 1 (Ïîëÿê, 1969)
Ïîñëåäîâàòåëüíîñòü {xk}∞k=0, ãåíåðèðóåìàÿ ìåòîäîì (3.1),
óäîâëåòâîðÿåò íåðàâåíñòâàì

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − (f(xk)−f ∗)2

‖gf (xk)‖2
, k = 0, 1, 2, . . .

Çàìå÷àíèå. Òåîðåìà 1 ãàðàíòèðóåò, ÷òî â ìåòîäå Ïîëÿêà
ðàññòîÿíèå äî òî÷êè ìèíèìóìà ìîíîòîííî óáûâàåò.
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Ìåòîä Ïîëÿêà è ïðîáëåìà îâðàæíîñòè
Ìåäëåííàÿ ñõîäèìîñòü ìåòîäà Ïîëÿêà

1. Îâðàæíàÿ êóñî÷íî-ëèíåéíàÿ ôóíêöèÿ (t > 1)
f1(x1, x2) = |x1|+ t|x2|, x? = (0, 0) f? = 0.

Ìåòîä (3.1) ñõîäèòñÿ ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè
ñî çíàìåíàòåëåì q(t) =

√
1− 1

t2
(Ïîëÿê,1969).

2. Ñóùåñòâåííî îâðàæíàÿ êóñî÷íî-êâàäðàòè÷íàÿ ôóíêöèÿ
f2(x1, x2) = max

{
x2

1 + (2x2 − 2)2 − 3, x2
1 + (x2 + 1)2

}
,

Âûðîæäåíèå â òî÷êå ìèíèìóìà x? = (0, 0), f? = 1.
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Ìåòîä Ïîëÿêà è ïðîáëåìà îâðàæíîñòè
Ìåòîä Ïîëÿêà äëÿ f1(x1, x2) = |x1| + 10|x2|
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Ìåòîä Ïîëÿêà è ïðîáëåìà îâðàæíîñòè
Ìåòîä Ïîëÿêà äëÿ f2(x1, x2) (10000 èòåðàöèé)
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Ìåòîä Ïîëÿêà è ïðîáëåìà îâðàæíîñòè
Êàê ïðåîäîëåòü îâðàæíîñòü?

Ìåäëåííóþ ñõîäèìîñòü ìåòîäà Ïîëÿêà äëÿ îâðàæíûõ
ôóíêöèé îïðåäåëÿåò òóïîé óãîë ìåæäó äâóìÿ
ïîñëåäîâàòåëüíûìè ñóáãðàäèåíòàìè. ×åì îí áëèæå ê
180 ãðàäóñàì, òåì ìåäëåííåå áóäåò ñõîäèòñÿ ìåòîä (3.1).

1. Ìåòîä (3.1) ìîæíî ½óñêîðèòü ïî Ïîëÿêó“, ò.å. çà ñ÷åò
èíôîðìàöèè î âû÷èñëåííûõ îòñåêàþùèõ ãèïåðïëîñêîñòÿõ
(Ïîëÿê, 1969, Ùåïàêèí, 1987).
2. èëè ½óñêîðèòü ïî Øîðó“, åñëè ïðîñòðàíñòâî ïåðåìåííûõ
ïðåîáðàçîâàòü òàê, ÷òîáû òóïîé óãîë ìåæäó äâóìÿ
ïîñëåäîâàòåëüíûìè ñóáãðàäèåíòàìè óìåíüøàëñÿ.
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Èäåÿ ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà (Øîð, 1969)
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Èäåÿ ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà (Øîð, 1969)
Îá èäåå Øîðà (1969)

Èäåÿ ñîñòîèò â
ïðèìåíåíèè ëèíåéíûõ íåîðòîãîíàëüíûõ ïðåîáðàçîâàíèé
ïðîñòðàíñòâà äëÿ óëó÷øåíèÿ ñâîéñòâ ìèíèìèçèðóåìîé
ôóíêöèè â ïðåîáðàçîâàííîì ïðîñòðàíñòâå ïåðåìåííûõ.

Îíà îêàçàëàñü ýôôåêòèâíîé âû÷èñëèòåëüíîé èäååé â âûïóêëîé
îïòèìèçàöèè è ïîñëóæèëà îñíîâîé äëÿ ñîçäàíèÿ äâóõ ñåìåéñòâ
ñóáãðàäèåíòíûõ ìåòîäîâ ñ ðàñòÿæåíèåì ïðîñòðàíñòâà:

ñóáãðàäèåíòíûå ìåòîäû ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â
íàïðàâëåíèè ñóáãðàäèåíòà;
ñóáãðàäèåíòíûå ìåòîäû ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â
íàïðàâëåíèè ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ
ñóáãðàäèåíòîâ (r-àëãîðèòìû).
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Èäåÿ ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà (Øîð, 1969)
Cóòü èäåè Øîðà (1969)

Ïóñòü íà k-îé èòåðàöèè ñóáãðàäèåíòíîãî àëãîðèòìà
ïðîèçâîäèòñÿ çàìåíà ïåðåìåííûõ x = Bky, ãäå Bk �
íåîñîáåííàÿ n×n-ìàòðèöà. Äëÿ ñóáãðàäèåíòà èìååì

f(x)− f(xk) ≥ (gf (xk), x− xk) ∀x ∈ En,

îòêóäà, îñóùåñòâëÿÿ çàìåíó ïåðåìåííûõ x = Bky, ïîëó÷èì
ϕ(y)− ϕ(yk) ≥ (BT

k gf (xk), y − yk) ∀y ∈ En.

Âåêòîð gϕ(yk) = BT
k gf (xk) óäîâëåòâîðÿåò íåðàâåíñòâó

ϕ(y)− ϕ(yk) ≥ (gϕ(yk), y − yk) ∀y ∈ En

è åñòü ñóáãðàäèåíòîì ôóíêöèè ϕ(y) = f(Bky) â òî÷êå
yk = B−1

k xk = Akxk.
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Èäåÿ ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà (Øîð, 1969)
Cóòü èäåè Øîðà (1969) .....

Äëÿ ôóíêöèè ϕ(y) ñóáãðàäèåíòíûé ìåòîä â ïðîñòðàíñòâå
ïåðåìåííûõ y = Akx èìååò âèä

yk+1 = yk − hk
gϕ(yk)
‖gϕ(yk)‖

= yk − hk
BT

k gf (xk)
‖BT

k gf (xk)‖
. (4.1)

Ñëåäîâàòåëüíî, î÷åðåäíîå ïðèáëèæåíèå xk+1 = Bkyk+1 áóäåò
ïîëó÷åíî ïî ôîðìóëå

xk+1=Bkyk−hkBk
BT

k gf (xk)
‖BT

k gf (xk)‖
=xk−hkBk

BT
k gf (xk)

‖BT
k gf (xk)‖

. (4.2)

Íà ôîðìóëàõ (4.1) è (4.2) îñíîâàíû ñóáãðàäèåíòíûå ìåòîäû c
ïðåîáðàçîâàíèåì ïðîñòðàíñòâà ïåðåìåííûõ.
Çäåñü hk � øàã â íàïðàâëåíèè íîðìèðîâàííîãî àíòèñóáãðàäèåíòà â ïðåîáðàçîâàííîì
ïðîñòðàíñòâå ïåðåìåííûõ y = Akx = B−1

k
xk.
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Èäåÿ ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà (Øîð, 1969)
Ñóáãðàäèåíòíûé ìåòîä Shor69

Ïóñòü x0 � íà÷àëüíîå ïðèáëèæåíèå, B0 � n×n-ìàòðèöà.
Èòåðàöèÿ ñóáãðàäèåíòíîãî ìåòîäà ñ ïîñëåäîâàòåëüíûì
ïðåîáðàçîâàíèåì ïðîñòðàíñòâà ïåðåìåííûõ èìååò âèä:

xk+1 = xk − hkBk
BT

k gf (xk)
‖BT

k gf (xk)‖
, Bk+1 = BkTk, (Shor69)

ãäå hk � øàãîâûé ìíîæèòåëü, Tk � n×n-ìàòðèöà.

Ìåòîä (Shor69) íàçûâàþò B-ôîðìîé ñóáãðàäèåíòíîãî ìåòîäà ñ ïðåîáðàçîâàíèåì ïðîñòðàíñòâà.
Åãî ìîæíî çàïèñàòü â H-ôîðìå (ïî òèïó ìåòîäîâ ïåðåìåííîé ìåòðèêè) ñ ïîìîùüþ ñèììåòðè÷íîé
ìàòðèöû Hk = BkBT

k .
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Èäåÿ ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà (Øîð, 1969)
Îá äâóõ ñåìåéñòâàõ ìåòîäîâ ñ ðàñòÿæåíèåì

Åñëè â ìåòîäå (Shor69) ìàòðèöû Tk ïîäáèðàòü òàê, ÷òîáû
â ïðåîáðàçîâàííîì ïðîñòðàíñòâå ïîâåðõíîñòè îâðàæíûõ
ôóíêöèé ñòàíîâèëèñü ìåíåå îâðàæíûìè, òî òàêîé ìåòîä
îêàæåòñÿ ýôôåêòèâíåå, ÷åì ñóáãðàäèåíòíûé ìåòîä.

Ýòî ïîäâåðæäàþò ñîçäàííûå Í.Ç.Øîðîì:
ñóáãðàäèåíòíûå ìåòîäû ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â
íàïðàâëåíèè ñóáãðàäèåíòà;
ñóáãðàäèåíòíûå ìåòîäû ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â
íàïðàâëåíèè ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ
ñóáãðàäèåíòîâ (r-àëãîðèòìû).
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Èäåÿ ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà (Øîð, 1969)
Ïåðâîå ñåìåéñòâî ìåòîäîâ Øîðà

Ñóáãðàäèåíòíûì ìåòîäîì ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â
íàïðàâëåíèè ñóáãðàäèåíòà íàçûâàåòñÿ ïðîöåäóðà ïîñòðîåíèÿ
ïîñëåäîâàòåëüíîñòåé {xk}∞k=0 è {Bk}∞k=0 ïî ïðàâèëó:
xk+1 = xk − hkBkξk, Bk+1 = BkRβk

(ξk), k = 0, 1, 2, . . . , (4.3)
ãäå

ξk =
BT

k gf (xk)
‖BT

k gf (xk)‖
, βk =

1
αk

< 1. (4.4)

Çäåñü x0 � íà÷àëüíîå ïðèáëèæåíèå, B0 = In � åäèíè÷íàÿ
n×n-ìàòðèöà, hk � øàãîâûé ìíîæèòåëü, αk � êîýôôèöèåíò
ðàñòÿæåíèÿ ïðîñòðàíñòâà, gf (xk) � ïðîèçâîëüíûé ñóáãðàäèåíò
ôóíêöèè f(x) â òî÷êå xk. Åñëè gf (xk) = 0, òî xk � òî÷êà
ìèíèìóìà ôóíêöèè f(x) è ïðîöåññ (4.3)�(4.4) îñòàíàâëèâàåòñÿ.
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Èäåÿ ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà (Øîð, 1969)
Èõ ÷àñòíûé ñëó÷àé � ìåòîä ýëëèïñîèäîâ

Òåîðåìà (Øîð, 1977)
Ïóñòü f(x) � âûïóêëàÿ ôóíêöèÿ, îïðåäåëåííàÿ â En, è
íà÷àëüíîå ïðèáëèæåíèå x0 òàêîå, ÷òî ñóùåñòâóåò òî÷êà
x∗ ∈ X∗, äëÿ êîòîðîé âûïîëíÿåòñÿ ‖x0 − x∗‖ ≤ r. Òîãäà,
åñëè â ìåòîäå (4.3)�(4.4) ïðèíÿòü:

h0 =
r

n + 1
, hk+1 = hk

n√
n2 − 1

, αk =

√
n + 1
n− 1

, k = 0, 1, 2, . . . ,

òî ïîñëåäîâàòåëüíîñòü {xk}∞k=0 óäîâëåòâîðÿåò íåðàâåíñòâó
‖Ak(xk − x∗)‖ ≤ hk(n + 1), Ak = B−1

k , k = 0, 1, 2, . . . (4.5)
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Èäåÿ ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà (Øîð, 1969)
r-àëãîðèòìû (Øîð,Æóðáåíêî, 1971)

r-Àëãîðèòìîì íàçûâàåòñÿ ïðîöåäóðà ïîñòðîåíèÿ
ïîñëåäîâàòåëüíîñòåé {xk}∞k=0 è {Bk}∞k=0 ïî ïðàâèëó:
xk+1 = xk − hkBkξk, Bk+1 = BkRβk

(ηk), k = 0, 1, 2, . . . , (4.6)

ãäå ξk =
BT

k gf (xk)
‖BT

k gf (xk)‖
, hk ≥ h?

k = argmin
h≥0

f(xk−hBkξk), (4.7)

ηk =
BT

k rk

‖BT
k rk‖

, rk = gf (xk+1)− gf (xk), βk =
1
αk

< 1. (4.8)

Çäåñü x0 � íà÷àëüíîå ïðèáëèæåíèå, B0 = In � åäèíè÷íàÿ
n×n-ìàòðèöà, hk � øàãîâûé ìíîæèòåëü, αk � êîýôôèöèåíò
ðàñòÿæåíèÿ ïðîñòðàíñòâà, gf (xk) è gf (xk+1) � ïðîèçâîëüíûå
ñóáãðàäèåíòû ôóíêöèè f(x) â òî÷êàõ xk è xk+1.
Åñëè gf (xk) = 0, òî xk � òî÷êà ìèíèìóìà ôóíêöèè f(x) è
ïðîöåññ (4.6)�(4.8) îñòàíàâëèâàåòñÿ.
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Èäåÿ ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà (Øîð, 1969)
r(α)-àëãîðèòì ñ àäàïòèâíûì øàãîì

Çàðåêîìåíäîâàë ñåáÿ ýôôåêòèâíûì âàðèàíòîì r-àëãîðèòìîâ.
Çäåñü âåëè÷èíà øàãà hk àäàïòèâíî íàñòðàèâàåòñÿ ñ ïîìîùüþ
ïàðàìåòðîâ h0, q1, nh, q2, ãäå h0 � âåëè÷èíà íà÷àëüíîãî øàãà
(èñïîëüçóåòñÿ íà 1-é èòåðàöèè, íà êàæäîé ïîñëåäóþùåé
èòåðàöèè óòî÷íÿåòñÿ); q1 � êîýôôèöèåíò óìåíüøåíèÿ øàãà
(q1 ≤ 1), åñëè óñëîâèå çàâåðøåíèÿ ñïóñêà ïî íàïðàâëåíèþ
(hk > h∗k) âûïîëíÿåòñÿ âñåãî çà îäèí øàã îäíîìåðíîãî ñïóñêà;
q2 � êîýôôèöèåíò óâåëè÷åíèÿ øàãà (q2 ≥ 1); íàòóðàëüíîå
÷èñëî nh çàäàåò ÷èñëî øàãîâ îäíîìåðíîãî ñïóñêà (nh > 1),
÷åðåç êàæäûå èç êîòîðûõ øàã â îäíîìåðíîì ñïóñêå áóäåò
óâåëè÷èâàòüñÿ â q2 ðàç.
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Èäåÿ ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà (Øîð, 1969)
Îctave-ôóíêöèÿ ralgb5 (êîììåíòàðèè)

% ralgb5 ðåàëèçóåò $r(\alpha)$-àëãîðèòì ñ àäàïòèâíûì øàãîì,% èñïîëüçóåò ïîäãîòîâëåííóþ ïîëüçîâàòåëåì octave-ôóíêöèþ% function [f,g] = calcfg(x), êîòîðàÿ âû÷èñëÿåò çíà÷åíèÿ% ôóíêöèè $f=f(x)$ è å¼ ñóáãðàäèåíòà $g(x)$ â òî÷êå $x$.
% Âõîäíûå ïàðàìåòðû:% calcfg -- èìÿ ôóíêöèè calcfg(x) äëÿ âû÷èñëåíèÿ f è g% x -- íà÷àëüíàÿ òî÷êà x0(1:n) (íà âûõîäå ïîðòèòñÿ)% alpha -- êîýôôèöèåíò ðàñòÿæåíèÿ ïðîñòðàíñòâà% h0, nh, q1, q2 -- ïàðàìåòðû àäàïòèâíîé ðåãóëèðîâêè øàãà% epsx, epsg, maxitn -- ïàðàìåòðû îñòàíîâà
% Âûõîäíûå ïàðàìåòðû:% xr -- íàéäåííàÿ òî÷êà ìèíèìóìà xr(n)% fr -- çíà÷åíèå ôóíêöèè â òî÷êå ìèíèìóìà% itn -- ÷èñëî çàòðà÷åííûõ èòåðàöèé% ncalls -- ÷èñëî âûçîâîâ ôóíêöèè calcfg% istop -- êîä îñòàíîâà (2=epsg,3=epsx,4=maxitn,5=error)
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Èäåÿ ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà (Øîð, 1969)
Êîä îctave-ôóíêöèè ralgb5

function [xr,fr,itn,ncalls,istop]=ralgb5(calcfg,x,alpha,h0,q1,q2,nh,epsg,epsx,maxitn);itn=0; hs=h0; B=eye(length(x)); xr=x; # row001ncalls = 1; [fr,g0] = calcfg(xr); # row002printf("itn %4d f %14.6e fr %14.6e ls %2d ncalls %4d\n", # row003itn, fr, fr, 0, ncalls);if(norm(g0) < epsg) istop = 2; return; endif # row004for (itn = 1:maxitn) # row005dx = B * (g1 = B' * g0)/norm(g1); # row006d = 1; ls = 0; ddx = 0; # row007while (d > 0) # row008x -= hs * dx; ddx += hs * norm(dx); # row009ncalls ++; [f, g1] = calcfg(x); # row010if (f < fr) fr = f; xr = x; endif # row011if(norm(g1) < epsg) istop = 2; return; endif # row012ls ++; (mod(ls,nh)==0) && (hs *= q2); # row013if(ls > 500) istop = 5; return; endif # row014d = dx' * g1; # row015endwhile # row016(ls == 1) && (hs *= q1); # row017printf("itn %4d f %14.6e fr %14.6e ls %2d ncalls %4d\n", # row018itn, f, fr, ls, ncalls);if(ddx < epsx) istop = 3; return; endif # row019xi = (dg = B' * (g1 - g0) )/norm(dg); # row020B += (1 / alpha - 1) * B * xi * xi'; # row021g0 = g1; # row022endfor # row023istop = 4; # row024endfunction
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Èäåÿ ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà (Øîð, 1969)
Âûáîð ïàðàìåòðîâ äëÿ ralgb5

Ïðè ìèíèìèçàöèè íåãëàäêèõ ôóíêöèé ðåêîìåíäóåòñÿ:
α = 2÷ 3, h0 = 1.0, q1 = 1.0, q2 = 1.1÷ 1.2, nh = 2÷ 3.

Åñëè èçâåñòíà àïðèîðíàÿ îöåíêà ðàññòîÿíèÿ îò íà÷àëüíîé
òî÷êè x0 äî òî÷êè ìèíèìóìà x∗, òî íà÷àëüíûé øàã h0

öåëåñîîáðàçíî âûáèðàòü ïîðÿäêà ‖x0 − x∗‖.
Ïðè ìèíèìèçàöèè ãëàäêèõ ôóíêöèé ðåêîìåíäóåòñÿ

q1 = 0.8÷ 0.95.

Ïðè òàêîì âûáîðå ïàðàìåòðîâ, êàê ïðàâèëî, ÷èñëî ñïóñêîâ ïî
íàïðàâëåíèþ ðåäêî ïðåâîñõîäèò äâà, à çà n øàãîâ òî÷íîñòü ïî
ôóíêöèè óëó÷øàåòñÿ â òðè-ïÿòü ðàç.
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r-àëãîðèòìû è ýëëèïñîèäû (Ñòåöþê,1996)
Content

1 Î äâóõ èäåÿõ Øîðà (1962, 1969)

2 Ñóáãðàäèåíòíûé ìåòîä (Øîð, 1962)

3 Ìåòîä Ïîëÿêà è ïðîáëåìà îâðàæíîñòè

4 Èäåÿ ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà (Øîð, 1969)

5 r-àëãîðèòìû è ýëëèïñîèäû (Ñòåöþê,1996)

6 Ìåòîäû amsg2 è amsg2p
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r-àëãîðèòìû è ýëëèïñîèäû (Ñòåöþê,1996)
Àêòóàëüíî è ñåãîäíÿ

Í.Ç.Øîð, Â.È.Ãåðøîâè÷, 1982
½Òåîðèÿ âñåãî êëàññà àëãîðèòìîâ ñ ðàñòÿæåíèåì
ïðîñòðàíñòâà äàëåêà îò ñîâåðøåíñòâà. Íàì êàæåòñÿ
äîñòàòî÷íî ðåàëèñòè÷íîé öåëüþ � ïîñòðîåíèå òàêîãî
àëãîðèòìà, êîòîðûé ïî ñâîåé ïðàêòè÷åñêîé
ýôôåêòèâíîñòè íå óñòóïàë áû r-àëãîðèòìó è áûë ñòîëü æå
õîðîøî îáîñíîâàí êàê ìåòîä ýëëèïñîèäîâ“.
Îäíà èç ïîïûòîê ñäåëàíà â ñòàòüå

Ñòåöþê Ï.È. r-àëãîðèòìû è ýëëèïñîèäû // Êèáåðíåòèêà
è ñèñòåìíûé àíàëèç. � 1996. � � 1. � C. 113�134.

Çäåñü ïðåîáðàçîâàíèå ñïåöèàëüíîãî ýëëèïñîèäà â øàð
èñïîëüçóåò àíòèîâðàæíûé ïðèåì, áëèçêèé ê òîìó, êîòîðûé
èìååò ìåñòî â r-àëãîðèòìàõ.
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r-àëãîðèòìû è ýëëèïñîèäû (Ñòåöþê,1996)
Îïòèìàëüíûé ýëëèïñîèä â êëàññè÷åñêîì ÌÝ

r

a

b

h

Ýëëèïñîèä En, ñîäåðæàùèé
ïîëóøàð â En, èìååò
ìèíèìàëüíûé îáüåì, åñëè
a = n

n+1r, b = n√
n2−1

r, h = 1
n+1r.

×òîáû ïðåîáðàçîâàòü En â øàð
íóæíî ðàñòÿíóòü ïðîñòðàíñòâî ñ
êîýôôèöèåíòîì α = b

a =
√

n+1
n−1 .

Íà êàæäîé èòåðàöèè ÌÝ îáúåì ýëëèïñîèäà óìåíüøàåòñÿ â

q(n) =
vol(En)

vol(Sn)
=

a

r

(
b

r

)n−1

=

√
n−1

n+1

(
n√

n2−1

)n

≈ 1− 1

2n
,
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r-àëãîðèòìû è ýëëèïñîèäû (Ñòåöþê,1996)
Ñïåöèàëüíûé ýëëèïñîèä ìèíèìàëüíîãî îáúåìà

�

�

0( , , , )x a b r

ba

0( , )S x r

�

Ïðåîáðàçîâàíèå â øàð
òðåáóåò ðàñòÿæåíèÿ
â íàïðàâëåíèè ξ−η

‖ξ−η‖

ñ êîýô. α1=
1√

1+(ξ,η)
> 1

è ïîñëåäóþùåãî ñæàòèÿ
â íàïðàâëåíèè ξ+η

‖ξ+η‖

ñ êîýô. α2=
1√

1−(ξ,η)
< 1.

q =
vol(E(x0, a, b, r))

vol(S(x0, r))
=

(a

r

) (
b

r

)
=

√
1− (ξ, η)2.
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r-àëãîðèòìû è ýëëèïñîèäû (Ñòåöþê,1996)
Òåëî W è Ñïåöèàëüíûé ýëëèïñîèä

�

�0x

r

0( , )S x r

Òåëî W ïîëó÷åíî êàê
ïåðåñå÷åíèå øàðà è äâóõ
ïîëóïðîñòðàíñòâ.

�

�

0( , , , )x a b r

ba

0( , )S x r

�

Ñïåöèàëüíûé ýëëèïñîèä
ñîäåðæèò W è èìååò
ìèíèìàëüíûé îáúåì.

Ñòåöþê Ï.È. r-àëãîðèòìû è ýëëèïñîèäû // Êèáåðíåòèêà
è ñèñòåìíûé àíàëèç. � 1996. � � 1. � C. 113�134.
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r-àëãîðèòìû è ýëëèïñîèäû (Ñòåöþê,1996)
Ñâîéñòâà Ñïåöèàëüíîãî ýëëèïñîèäà

1. Åñëè óãîë ϕ ìåæäó âåêòîðàìè ξ è η òóïîé, òî ýëëèïñîèä
ñîäåðæèò òåëî W . Îáúåì ýëëèïñîèäà ìåíüøå, ÷åì îáúåì
øàðà, è ýòî óìåíüøåíèå ðàâíî√

1− (ξ, η)2 =
√

1− (cos ϕ)2.

2. Ïðåîáðàçîâàòü ýëëèïñîèä â øàð ìîæíî ðàñòÿæåíèåì
ïðîñòðàíñòâà â íàïðàâëåíèè ξ−η

‖ξ−η‖ ñ êîýôôèöèåíòîì
α1 = 1√

1+(ξ,η)
è ñæàòèåì ïðîñòðàíñòâà â îðòîãîíàëüíîì

íàïðàâëåíèè ξ+η
‖ξ+η‖ ñ êîýôôèöèåíòîì α2 = 1√

1−(ξ,η)
.
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r-àëãîðèòìû è ýëëèïñîèäû (Ñòåöþê,1996)
Ýëëèïñîèä äî è ïîñëå ðàñòÿæåíèÿ

�

�

0( , , , )x a b r

ba

0( , )S x r

�

Ñïåöèàëüíûé ýëëèïñîèä

0( , )Îáðàç S x r

0( , )S y r

0y

â äâàæäû ðàñòÿíóòîì
ïðîñòðàíñòâå ñòàíîâèòñÿ
øàðîì
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r-àëãîðèòìû è ýëëèïñîèäû (Ñòåöþê,1996)
Îäíîðàíãîâûé ýëëèïñîèäàëüíûé îïåðàòîð

ÎÝÎ åñòü ëèíåéíûé îïåðàòîð

T1(ξ, η) = I− 1
1−(ξ, η)2

((
1−

√
1− (ξ, η)2

)
η−(ξ, η)ξ

)
ηT ,

(5.1)
äåéñòâóþùèé èç Rn â Rn. Çäåñü ξ, η ∈ Rn � âåêòîðû, òàêèå ÷òî
‖ξ‖ = 1,‖η‖ = 1 è (ξ, η)2 6= 1, I � åäèíè÷íàÿ n×n-ìàòðèöà.

Ñòåöþê Ï.È. Îðòîãîíàëèçóþùèå ëèíåéíûå îïåðàòîðû â
âûïóêëîì ïðîãðàììèðîâàíèè (×àñòü I) // Êèáåðíåòèêà è
ñèñòåìíûé àíàëèç. � 1997. � � 3. � C.97�119.

ÎÝÎ ïðåîáðàçóåò ½cïåöèàëüíûé ýëëèïñîèä“ â øàð è äåëàåò ýòî
â äâà ðàçà ýêîíîìíåå, ÷åì ïîñëåäîâàòåëüíûå ðàñòÿæåíèÿ.
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r-àëãîðèòìû è ýëëèïñîèäû (Ñòåöþê,1996)
Ýëëèïñîèä äî è ïîñëå ïðåîáðàçîâàíèÿ

�

�

0( , , , )x a b r

ba

0( , )S x r

�

Ñïåöèàëüíûé ýëëèïñîèä

0( , )S y r

0y

0( , )Îáðàç S x r

â ïðåîáðàçîâàííîì
ïðîñòðàíñòâå ñòàíîâèòñÿ
øàðîì
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r-àëãîðèòìû è ýëëèïñîèäû (Ñòåöþê,1996)
Áëèçîñòü ê r-àëãîðèòìàì

Â ïðåîáðàçîâàííîì ïðîñòðàíñòâå ýëëèïñîèä ñòàíåò øàðîì,
à îáðàçû âåêòîðîâ ξ è η áóäóò îðòîãîíàëüíûìè.
Ýòî ïîçâîëÿåò �ðàñøèðèòü� êîíóñ ïîäõîäÿùèõ íàïðàâëåíèé
óáûâàíèÿ ôóíêöèè äëÿ ñóáãðàäèåíòíîãî ïðîöåññà â
ïðåîáðàçîâàííîì ïðîñòðàíñòâå ïåðåìåííûõ, àíàëîãè÷íî
òîìó êàê ýòî äåëàåòñÿ â r-àëãîðèòìàõ.
Ðàñòÿæåíèå ïðîñòðàíñòâà ðåàëèçóåòñÿ â íàïðàâëåíèè
ðàçíîñòè äâóõ íîðìèðîâàííûõ ñóáãðàäèåíòîâ è áëèçêèì ê
íàïðàâëåíèþ ðàçíîñòè äâóõ ñóáãðàäèåíòîâ îíî áóäåò
òîëüêî òîãäà, êîãäà íîðìû ñóáãðàäèåíòîâ áëèçêè.
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Ìåòîäû amsg2 è amsg2p
Content

1 Î äâóõ èäåÿõ Øîðà (1962, 1969)

2 Ñóáãðàäèåíòíûé ìåòîä (Øîð, 1962)

3 Ìåòîä Ïîëÿêà è ïðîáëåìà îâðàæíîñòè

4 Èäåÿ ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà (Øîð, 1969)

5 r-àëãîðèòìû è ýëëèïñîèäû (Ñòåöþê,1996)

6 Ìåòîäû amsg2 è amsg2p
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Ìåòîäû amsg2 è amsg2p
amsg2 � óñêîðåííûé ìåòîä Ïîëÿêà

Èìååòñÿ ñòàðòîâàÿ òî÷êà x0 ∈ Rn è n×n-ìàòðèöà B0 = In.

xk+1 = xk − hkBk
BT

k gf (xk)
‖BT

k gf (xk)‖
, hk =

f(xk)− f∗

‖BT
k gf (xk)‖

, (6.1)

Bk+1 =

{
Bk + (Bkη)ξT

k+1, if µk < 0,

Bk, èíà÷å, k = 0, 1, 2, . . . , (6.2)

ãäå

µk = (ξk, ξk+1), ξk =
BT

k gf (xk)
‖BT

k gf (xk)‖
, ξk+1 =

BT
k gf (xk+1)

‖BT
k gf (xk+1)‖

,

η =

 1√
1− µ2

k

− 1

ξk+1 −
µk√

1− µ2
k

ξk,
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Ìåòîäû amsg2 è amsg2p
Óìåíüøåíèå ðàññòîÿíèÿ äî òî÷êè ìèíèìóìà

Òåîðåìà 2 (Ñòåöþê, 1997)
Let Ak = B−1

k , Ak+1 = B−1
k+1. Ïîñëåäîâàòåëüíîñòü {xk}∞k=0,ãåíåðèðóåìàÿ ìåòîäîì (6.1)�(6.2), óäîâëåòâîðÿåò íåðàâåíñòâàì

‖Ak+1(xk+1−x∗)‖2 ≤ ‖Ak(xk−x∗)‖2− (f(xk)−f∗)2

‖BT
k gf (xk)‖2

, k = 0, 1, 2, . . .

Çàìå÷àíèå. Òåîðåìà 2 ãàðàíòèðóåò, ÷òî â óñêîðåííîì ìåòîäå
Ïîëÿêà ðàññòîÿíèå äî òî÷êè ìèíèìóìà ìîíîòîííî óáûâàåò.
Ðàññòîÿíèÿ âû÷èñëÿþòñÿ â ïîñëåäîâàòåëüíî ïðåîáðàçîâàííûõ
ïðîñòðàíñòâàõ ïåðåìåííûõ.
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Ìåòîäû amsg2 è amsg2p
Îá óñêîðåííîé ñõîäèìîñòè ìåòîäà (6.1)�(6.2)

Äëÿ îâðàæíûõ ôóíêöèé äåòåðìèíàíò ìàòðèöû Bk óáûâàåò, à
ýòî îçíà÷àåò, ÷òî óáûâàåò îáúåì ýëëèïñîèäà, ëîêàëèçóþùåãî
òî÷êó ìèíèìóìà x∗.
Äåéñòâèòåëüíî, åñëè íà k-ì øàãå ðåàëèçóåòñÿ ïðåîáðàçîâàíèå
ïðîñòðàíñòâà, òî

det(Bk+1) = det(Bk)
√

1− µ2
k = det(Bk)

√
1− cos2 ϕk.

ãäå ϕk � òóïîé óãîë ìåæäó äâóìÿ ïîñëåäîâàòåëüíûìè
ñóáãðàäèåíòàìè.
Ýòî îáåñïå÷èâàåò óñêîðåííóþ ñõîäèìîñòü ìåòîäà (6.1)�(6.2)
äëÿ îâðàæíûõ íåãëàäêèõ ôóíêöèé â ñðàâíåíèè ñ ìåòîäîì (3.1).
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Ìåòîäû amsg2 è amsg2p
Êóñî÷íî-ëèíåéíàÿ ôóíêöèÿ îò äâóõ ïåðåìåííûõ

Äëÿ ôóíêöèè

f1(x1, x2) = |x1|+ t|x2|, ∀t > 1, ∀x0 = (x(1)
0 , x

(2)
0 )

ìåòîä (6.1)�(6.2) íàõîäèò òî÷êó ìèíèìóìà x∗ = (0, 0) íå áîëåå,
÷åì çà òðè èòåðàöèè:
1) îäíà èòåðàöèÿ, åñëè |x(2)

0 | = t|x(1)
0 |. Íåò ïðåîáðàçîâàíèé.

2) äâå èòåðàöèè, åñëè |x(2)
0 | < t|x(1)

0 |. Îäíî ïðåîáðàçîâàíèå.
3) òðè èòåðàöèè, åñëè |x(2)

0 | > t|x(1)
0 |. Îäíî ïðåîáðàçîâàíèå.

Åñëè |x(2)
0 | 6= t|x(1)

0 |, òî ìåòîä Ïîëÿêà ñõîäèòñÿ ñî ñêîðîñòüþ
ãåîìåòðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì q(t) =

√
1− 1/t2

è òðåáóåò ñóùåñòâåííîãî êîëè÷åñòâà èòåðàöèé ïðè áîëüøèõ
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Ìåòîäû amsg2 è amsg2p
Òåñòîâûé ïðèìåð f1(x1, x2) = |x1| + 10|x2|

-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1

Ìåòîä Ïîëÿêà

-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1

Ìåòîä amsg2
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Ìåòîäû amsg2 è amsg2p
Ïðèìåð ôóíêöèè îò äâóõ ïåðåìåííûõ

Ñóùåñòâåííî îâðàæíàÿ êóñî÷íî-êâàäðàòè÷íàÿ ôóíêöèÿ
f2(x1, x2) = max

{
x2

1 + (2x2 − 2)2 − 3, x2
1 + (x2 + 1)2

}
,

Âûðîæäåíèå â òî÷êå ìèíèìóìà x? = (0, 0), f ? = 1.
Åñëè x0 = (1, 1), òî ìåòîä (6.1)�(6.2) íàõîäèò çà:

16 èòåðàöèé � òî÷êó x16, ãäå f2(x16) ≤ 1 + 10−6;
31 èòåðàöèþ � òî÷êó x31, ãäå f2(x31) ≤ 1 + 10−10.
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Ìåòîäû amsg2 è amsg2p
Ìåòîä (6.1)�(6.2) äëÿ f2(x1, x2) (31 èòåðàöèÿ)
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Ìåòîäû amsg2 è amsg2p
Ñðàâíåíèå ìåòîäîâ äëÿ f2(x1, x2)

Ìåòîä Ïîëÿêà (10000 èòåð.) Ìåòîä amsg2 (31 èòåðàöèÿ)
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Ìåòîäû amsg2 è amsg2p
Êóñî÷íî-ëèíåéíàÿ ôóíêöèÿ (10 ïåðåìåííûõ)

f(x) =
10∑
i=1

q(i−1)/9|xi − 1|, q = 3, 9, 27, x0 = (0, . . . , 0)

eps itn1 itn2 itn1 itn2 itn1 itn2
1.e-01 31 15 220 37 1645 64
1.e-02 72 24 458 44 3257 73
1.e-03 113 29 695 49 4871 78
1.e-04 155 38 933 54 6481 80
1.e-05 196 43 1170 59 8083 84
1.e-06 237 50 1407 62 9633 91
1.e-07 279 54 1642 66 10000 93
1.e-08 320 59 1874 74 10000 100
1.e-09 362 62 2101 78 10000 108
1.e-10 403 65 2322 85 10000 113

itn1 � ÷èñëî èòåðàöèé ìåòîäà Ïîëÿêà, à itn2 � ìåòîäà amsg2.
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Ìåòîäû amsg2 è amsg2p
Ìåòîä amsg2p

Ñóáãðàäèåíòíûé ìåòîä ñ ïðåîáðàçîâàíèåì ïðîñòðàíñòâà

xk+1 = xk − hkBk
BT

k gf (xk)
‖BT

k gf (xk)‖
, hk =

γ(f(xk)− f∗)
‖BT

k gf (xk)‖
, (6.3)

Bk+1 = BkT
−1(ξ, η) èëè Bk+1 = Bk, k = 0, 1, 2, . . . , (6.4)

½ams“ óêàçûâàåò íà ñïîñîá ðåãóëèðîâêè øàãà

½g2p“ óêàçûâàåò íà èñïîëüçîâàíèå AMS-øàãà â ïðîñòðàíñòâå
ïåðåìåííûõ, ïðåîáðàçîâàííîì ñ ïîìîùüþ äâóõ ïîñëåäíèõ
ñóáãðàäèåíòîâ (g2) è àãðåãàòíîãî âåêòîðà (p)
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Ìåòîäû amsg2 è amsg2p
Àëãîðèòì amsg2p

Íà èòåðàöèè k=0 èìååì íà÷àëüíîå ïðèáëèæåíèå x0 ∈ Rn è
äîñòàòî÷íî ìàëîå εf>0. Âû÷èñëèì f(x0) è gf (x0). Åñëè
f(x0)−f∗≤εf , òî x∗ε=x0, k∗ε=0 è îêîí÷àíèå ðàáîòû àëãîðèòìà.

Èíà÷å ïîëîæèì h0=
γ(f(x0)−f∗)
‖gf (x0)‖

, ξ0=
gf (x0)
‖gf (x0)‖

∈Rn, p0=0∈Rn,
B0=In � åäèíè÷íàÿ ìàòðèöà ðàçìåðà n×n.
Ïåðåéäåì ê ñëåäóþùåé èòåðàöèè.
Ïóñòü íà k-é èòåðàöèè ïîëó÷åíû xk ∈ Rn, hk, ξk ∈ Rn, pk ∈ Rn,
Bk � ìàòðèöà n×n. Äëÿ (k + 1)-é èòåðàöèè âûïîëíèì ïï. 1�5.
1. Âû÷èñëèì î÷åðåäíîå ïðèáëèæåíèå

xk+1 = xk − hkBkξk.
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Ìåòîäû amsg2 è amsg2p
Aëãîðèòì amsg2p: ï. 2-3

2. Âû÷èñëèì f(xk+1) è gf(xk+1). Åñëè f(xk+1)−f∗≤εf , òî
x∗ε=xk+1, k∗ε=k+1 è îêîí÷àíèå àëãîðèòìà. Èíà÷å ïîëîæèì

ξk+1 =
BT

k gf (xk+1)∥∥BT
k gf (xk+1)

∥∥ , hk+1 =
γ(f(xk+1)− f∗)∥∥BT

k gf (xk+1)
∥∥ .

3. Âû÷èñëèì λ1 = −pT
k ξk+1 è λ2 = −ξT

k ξk+1. Ïîëîæèì

pk+1 =



λ1√
λ2

1 + λ2
2

pk +
λ2√

λ2
1 + λ2

2

ξk, åñëè λ1 > 0 è λ2 > 0,

pk, åñëè λ1 > 0 è λ2 ≤ 0,

ξk, åñëè λ1 ≤ 0 è λ2 > 0,

0, åñëè λ1 ≤ 0 è λ2 ≤ 0.
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Ìåòîäû amsg2 è amsg2p
Aëãîðèòì amsg2p: ï. 4-5

4. Âû÷èñëèì µk = pT
k+1ξk+1. Åñëè −1 < µk < 0, òî âû÷èñëèì

Bk+1=Bk+(Bkη) ξT
k+1, ãäå η=

 1√
1−µ2

k

−1

ξk+1−
µk√
1−µ2

k

pk+1.

è ïåðåñ÷èòàåì

hk+1 =
hk+1√
1− µ2

k

, pk+1 =
1√

1− µ2
k

(pk+1 − µkξk+1)

Èíà÷å ïîëîæèì Bk+1 = Bk è pk+1 = 0.

5. Ïåðåéäåì ê íîâîé èòåðàöèè ñ xk+1, hk+1, ξk+1, pk+1, Bk+1.
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Ìåòîäû amsg2 è amsg2p
amsg2p äëÿ êâàäðàòè÷íûõ ôóíêöèé, n = 200

epsf itn(Q1) itn(Q2) itn(Q3) itn(Q4) itn(Q5)
1.00e-003 11 36 84 361 773
1.00e-005 15 46 99 405 826
1.00e-007 18 56 113 430 868
1.00e-009 22 65 128 461 916
1.00e-011 25 73 142 493 947
1.00e-013 29 81 154 517 979
1.00e-015 32 89 167 541 1006
1.00e-017 35 96 180 560 1027
1.00e-019 39 102 189 574 1042
1.00e-020 41 105 196 585 1048

Q1 = 10; Q2 = 100; Q3 = 1000, Q4 = 106, Q5 = 109
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Ìåòîäû amsg2 è amsg2p
Ãäå ìîæíî íàéòè ýòè ìåòîäû?

r

a

b

h

�

�

0( , , , )x a b r

ba

0( , )S x r

�

1. ÑòåöþêÏ.È. Ìåòîäû ýëëèïñîèäîâ è r-àëãîðèòìû. �
Êèøèíýó, Ýâðèêà, 2014. � 688 c. Stetsyuk2014
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http://www.icyb.kiev.ua/file/120/books/Stetsyuk-2014.pdf


Çàêëþ÷åíèå

Íà îñíîâå îäíîðàíãîâîãî ýëëèïñîèäàëüíîãî îïåðàòîðà
ìîæíî ïîñòðîèòü óñêîðåííûå âàðèàíòû ñóáãðàäèåíòíûõ
ìåòîäîâ è äëÿ äðóãèõ ñïîñîáîâ ðåãóëèðîâêè øàãà.

Çàìå÷àòåëüíîé ÷åðòîé òàêèõ ìåòîäîâ åñòü àâòîìàòè÷åñêèé
âûáîð ïàðàìåòðîâ ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà.
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