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KTO MPEANONKWNT M2 U KOTAA?

Chapter 3
The Ellipsoid Method

In 1979 a note of L. G. Khachiyan indicated how an algorithm, the so-called
ellipsoid method, originally devised for nonlinear nondifferentiable optimization,
can be modified in order to check the feasibility of a system of linear inequalities
in polynomial time. This result caused great excitement in the world of math-
ematical programming since it implies the polynomial time solvability of linear
programming problems.

This excitement had several causes. First of all, many researchers all over the
world had worked hard on the problem of finding a poly ial time algorithm
for linear programming for a long time without success. So a really major open
problem had been solved.

Secondly, many people believe that 2 = 42 N co-#P — cf. Section 1.1 -
and the linear programming problem was one of the few problems known to
belong to #2 N co-A2 but that had not been shown to be in 2. Thus, a further
indication for the correctness of this conjecture was obtained.

Thirdly, the ellipsoid method together with the additional number theoret-
ical “tricks” was so different from all the algorithms for linear programming
considered so far that the method itself and the correctness proof were a real
surprise.

Fourthly, the ellipsoid method, although “theoretically efficient”, did not prove
to be “practically efficient”. Therefore, controversies in complexity theory about
the value of polynomiality of algorithms and about how to measure encoding
lengths and running times — cf. Chapter 1 — were put into focus.

For almost all presently known versions of the simplex method, there exist a
few (artificial) examples for which this algorithm has exponential running time.
The first examples of this type have been discovered by KLEE and MINTY (1972).
Such bad examples do not exist for the ellipsoid method. But the ellipsoid
method has been observed to be much slower than the simplex algorithm on the
average in practical computation. In fact, BORGWARDT (1982) has shown that
the expected running time of a version of the simplex method is polynomial and
much better than the running time of the ellipsoid method. Although the ellipsoid
method does not seem to be a breakthrough in applied linear programming, it
is of value in nonlinear (in particular nondifferentiable) optimization — see for
instance ECKER and KUPFERSCHMID (1983).

As mentioned, nonlinear optimization is one of the roots of the ellipsoid
method. The method grew out of work in convex nondifferential optimization
(relaxation, subgradient, space dilatation methods, methods of central sections)
as well as of studies on computational complexity of convex programming
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problems. The history of the ellipsoid hod and its d has been
covered extensively by BLAND, GOLDFARB and TopD (1981) and SCHRADER (1982).
Briefly, the development was as follows.

Based on his earlier work, SHOR (1970a,b) described a new gradient projection
algorithm with space dilatation for nondifferential programming. YUDIN
and NeMIROVSKIT (1976a,b) observed that Shor’s algorithm provides an answer
to a problem discussed by LevIN (1965) and - in a somewhat cryptical way
— gave an outline of the ellipsoid method. The first explicit statement of the
ellipsoid method, as we know it today, is due to SHOR (1977). In the language of
nonlinear programming, it can be viewed as a rank-one update algorithm and is
quite analogous to a variable metric quasi-Newton method — see GOFFIN (1984)
for such interpretations of the ellipsoid method. This method was adapted by
KHACHIYAN (1979) to state the polynomial time solvability of linear programming.
The proofs appeared in KHACHIYAN (1980). Khachiyan’s 1979-paper stimulated
a flood of research aiming at accelerating the method and making it more stable
for numerical purposes — cf. BLAND, GOLDFARB and Topp (1981) and SCHRADER
(1982) for surveys. We will not go into the numerical details of these modifications.
Our aim is to give more general versions of this algorithm which will enable us
to show that the problems discussed in Chapter 2 are equivalent with respect
to polynomial time solvability and, by applying these results, to unify various
algorithmic approaches to combmatoml opumlmnon The appllcablhty of the
ellipsoid method to combi al ¢ ization was d: dently by
KARP and PapADIMITRIOU (1980), PADBERG and Rao (1981), and kascnm.,
LovAsz and SCHRUVER (1981).

We do not believe that the ellipsoid method will become a true competitor of
the simplex algorithm for practical calculations. We do, however, believe that the
ellipsoid method has fundamental theoretical power since it is an elegant tool for
proving the polynomial time solvability of many g ric and bi ial
optimization problems.

YamniTski and LEVIN (1982) gave an algorithm — in the spirit of the ellipsoid
method and also based on the research in the Soviet Union mentioned above —
in which ellipsoids are replaced by simplices. This algorithm is somewhat slower
than the ellipsoid method, but it seems to have the same theoretical applicability.

Khachiyan’s achievement received an attention in the nonscientific press that
is — to our knowledge — unprewded in mathematm Newspapers and journals
like The Guardian, Der Spiegel, Ni d 1 Courant, Népszabadsa
The Daily Yomiuri wrote about the "major breakthrough in the solutxon of

real-world problems”. The ellipsoid method even jumped on the front page
of The New York Times: “A Soviet Discovery Rocks World of Mathematics”
(November 7, 1979). Much of the excitement of the journalists was, however, due
to exaggerations and misinterpretations — see LAWLER (1980) for an account of
the treatment of the implications of the ellipsoid method in the public press.

Similar attention has recently been given to the new method of KARMARKAR
(1984) for linear programming. Karmarkar’s algorithm uses an approach different
from the ellipsoid method and from the simplex method. Karmarkar’s algorithm
has a better worst-case running time than the ellipsoid method, and it seems that
this method runs as fast or even faster than the simplex algorithm in practice.




[MOYEMY B HEKOTOPbLIX NCTOYHUKAX YTBEPAXAETCA,
4TO M> MPEAJTOXWNI WWOP B 1970 TO4AY?

HOBBIE BAPHAHTBI METO/IOB JJLIMIICOU/IOB’

ILA. CTEHIOK,

HuctutyT kubepuernku umenn B.M. Inymikosa
HAH Vkpaunsr, Kues, Ykpauna
stetsyukp(@gmail.com

A. DULIEP,

WHCTHTYT BbIYHCINTEIBHOI MATEMATHKH
TeXHH4ECKOro ynusepcutera Jpesaena, 'epmanns
Andreas.Fischer@tu-dresden.de

O.H. XOMHIK,

HuctutyTt kudepretkn umern B.M. I'nymkosa
HAH VYkpaunsl, Kue, Ykpanna
khomiak.olha@gmail.com

/’l’l}l MUHUMU3aYUU I{hl")’l{;’l{)ﬁ (I),\‘HKI[IIU om n nepemMeHHvix an’()/l().)k'L‘Hbl
ancopummot em80b u em99b. Ancopumm em80b ecmv Memoo 11uncoudos
6 B-¢hopme (Xawusn, 1980), 20e nx n-wampuya B onpedeisem 3ameny
nepemeHHbIx. C eco NOMOUbIO MONCHO Hanmu npuﬁ.’lu.)«'erme K mo4ke
MUHUMYMG € OYeHb  GBICOKOU MOYHOCMBIO, 4e20 Helb3s coelams ¢
nomowsio Memooa snauncoudos 6 H -ghopme, 20e koppexmupyemcs
cummempuueckas mampuya H = BB . Ancopumm em99b seisemes B -
(1)0[).\1()17 Memooa  NIUNCOUO0E O annpoxkcumMayuu - MHodcecmed,
NOYHEHH020 6 pe3yibmame nepeceyenus n -MepHozo wapa u nabopa
onpeodensiemuix eunepniockocmeit  (Cmeyiox, 1999). Ezo npeoenvubiit
eapuanm cxoOuUmes K moyke MuHuMyMa me 6oiee 4em 3a n umepayuil.

Kuouegvie cnosa: evinykias yynkyus, Memoo s11uncoudos, onepamop
pacmaxcenus — npocmpancmea, H- u  B-ghopmer  memodos ¢
npeodpazoeanuem npocmpancmea.

! PaGota nox T Volk genFoundation (rpant Ne 97775)

IHCTHTN T KIBEPHETHKH
ivieni BN Dayuiwosa HAH Y KPATHI

IHCTUTYT MATEMATHKH TA IHOOPMATHKH
i iecsiua MO.IIOBH
M VIIPABIITHHS
AHTKAHY

Marepianu
7=i MiXKHapOAHOI HayKOBOI KOHMEPEH il
MOAEJTKOBAHHAL ONMTUMISALIIA
Y TPAHCHIOPTI TA NOFICTWLII

NpUCBAYeHOI
85-pit4r0 3 OHS HapOOKEHHS
akademika HAH Ykpaitu Hayma 3yceneguya lliopa
21 - 25 6epesHs 2022 poky

Kyiv—Chisinau—Baku-2022

5. Stetsyuk P., Fischer A., Khomyak O. The Generalized Ellipsoid
Method and Its Implementation. In: Jacimovic M., Khachay M., Malkova
V., Posypkin M. (eds) Optimization and Applications. OPTIMA 2019.
Communications in Computer and Information Science. 2020. Vol 1145.
Springer, Cham, pp. 355-370.

6. Grotschel M., Lovasz L., Schrijver A. The ellipsoid method and its
consequences in combinatorial optimization. Combinatorica. 1981. Vol 1.
No 2. pp. 169-197.

7. Crewok ILH. K merozam smmunconzoB. Teopus OnTHMAIbHBIX
pewennit. Kues: Hucruryr kubGeprernku um. B.M.I'mymkxosa HAH
Vkpausst, 1999. C. 27-33.

8. Illop H.3. Mcnonb30BaHue onepawuii pacTsukeHHs NPOCTPAHCTBA B
3ajJayaX MHHAMM3AUMH BeIMyKIbIX (QyHkumii. KuGepueruka. 1970. Ne 1.
C.6-12.

9. Ilop H. 3. O ckopoctH cX0AMMOCTH 000BIEHHOTO rPAAHEHTHOrO
chmycka ¢ pacTsokeHneMm npoctpanctBa // KuGepuernka. 1970. Ne 2.
C. 80—85.

10. Creuwok IT.M. Meroas! smimnconaos u r-aaropurmbl. Kummusy.
Ospuka. 2014. 488 c.




[NTOYEMY B HEKOTOPbBIX NCTOYHUKAX YTBEPAXAETCA,
4TO M3 WOP MPEANOXNIT B 1970 TO4AY?

Home > Cybernetics > Article

Convergence rate of the gradient descent
method with dilatation of the space

\701111116 6 March 1970 - December 1972 Rubhishied: March 1970, 181024081938

Cybernetics

December 1972, issue

Aims and scope >

November 1970, issue 6

September 1970, issue 5

luly 1970, issue 4 Home > Cybernetics > Article

May 1970, issue 3

Utilization of the operation of space
dilatation in the minimization of convex

March 1970, issue 2

Published: December1972 | 6,7-15(1972) Cybernetics

Aims and scope -




[MOYEMY TTIPUHATO CHUTATDL, YTO M3 HE PELLUAET
SAAAYN C HECKOJIBKUMW NMEPEMEHHbBIMW

Commun. Optim. Theory 2023 (2023) 21 https://doi.org/10.23952/cot.2023.21 4 A. FISCHER, O. KHOMYAK, P. STETSYUK

”g Communications i Optimization Theory

la’ g n
MATHRES Available online at http://cot.mathres.org Y b s n+1
- ‘4* -
h
I ) 1 D = "1
" n -1
.
! ’ 1
THE ELLIPSOID METHOD AND COMPUTATIONAL ASPECTS 4 h =r TET,

ANDREAS FISCHER!, OLGA KHOMYAK?, PETRO STETSYUK?>*

lFaculty of Mathematics, Technische Universitit Dresden, Dresden, Germany

5 ) ) : _ _ _ _ FIGURE 1. The parameters of minimal volume ellipsoid containing a half-ball in R".
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Dedicated to the memory of Professor Naum Z. Shor on the occasion of his 85th birthday b L . . .
For ot = e | L follows that g, () < 1. To transform the ellipsoid, containing a half-ball,

Abstract. This paper gives an overview of particular older and recent results for the ellipsoid method with respect into a new ball, it is sufficient to dilate the space of variables in the direction of the minor semi-
to the contributions by Naum Zuselevich Shor. Therefore, we presenl this method as a Subgradient algorlthm aXIS W]th the CoefﬁCIent &= [_’. Th]s can be done us]ng the Operator Of Space d]]atlon Ra(é)
a b

WiL? Speiee dTlanon, (MR WOHT MENpES- 0L THUNGREORICIENT Uiyt i MG DIt APk miron OF where the direction & coincides with the direction of the minor semi-axis of the ellipsoid.
semi-ellipsoids by ellipsoids with monotonous decrease in their volume. The paper shows results on properties

— RPN 3 Toinal ene C var e < 3 anc e a1« Y —
and applications of the ellipsoid method including computational aspects. Two forms of the ellipsoid method are If X = R" is the Ongmdl space of variables, then in the transformed space of variables Y =
described which differ in the way of updating the inverse space transformation matrix. The applicability of the Ra(é )X , We get a new ball of radius b, which contains the solution of our problem. Repeating
ellipsoid method to several problem classes, like convex programs and saddle point problems for convex-concave this procedure, but for the new ball in the transformed space, we obtain Algorithm 1. Here, in
g::l:ttlv(:]riltsh, is discussed. Finally, the acceleration of the ellipsoid method by deeper ellipsoid approximations is also Ste p 2, the direction of the minor semi-axis of the elli ps oid in the transformed s pace Y= Bl: 1 X
Keywords. Ellipsoid method; Nonsmooth optimization; Subgradient algorithm; Space dilation; Saddle point is calculated and the transition to its center is performed. The calculated direction is used for
problem. the next space dilation, which is implemented in Step 3 by determining the matrix By,;. In the
2020 Mathematics Subject Classification. 65K05, 90C25, 90C30, 90C90. next transformed space Y. | = B,;i,X , we get a ball of radius ry. .
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2.2. The H-form of the ellipsoid method. The B-form of the ellipsoid method (Algorithm 1)
can be written in H-form by means of positive definite symmetric matrices Hy. This is presented
and discussed below.
Algorithm 2 — The H-form of the ellipsoid method
Step 0. Choose xp € R”, a positive definite symmetric matrix Hy € R™", and ry > 0 so that
(%0 —x*)THO_I(xo =) €15
Moreover, set k := 0.

Step 1. If g(xz) = 0, then set x* := x; and STOP.
Step 2. Calculate

H,
Xyl :=Xp — by k(%) ,  where hy := k.
g(x) "Hyg(xx) n+1
Step 3. Update
2 Hig(xi)g(xx) " Hi n
Hyy:=H— d = .
e CThE1 g(n) THig(w) ]

Step 4. Set k := k+ 1 and go to Step 1.

[MOYEMY MNMPUHATO CHUTATDH, UTO M3 HE PELLUAET
SAAAYHYN C HECKOJIbBKUMW TNMEPEMEHHbBIMA

Algorithm 3 — Algorithm emshor

Step 0. Choose xg € R" and rp > 0 so that |[xg — x*|| < ro.
Moreover, choose € > 0, set By :=1,, and k := 0.

Step 1. If || B g/(xx)|| r& < €. then set k* := k, x} := x; and STOP.

Step 2. Calculate

BTgf(xk) 1
= x; — yBi&r, wh =k =
Xeg1 =Xk — W Bi&,  where & 187Gl aeerwil
Step 3. Update
n—1 n
By :=Bi+ ( i 1) (Bi&) &' and  repq = —— "

Step 4. Set k:=k—+ 1 and go to Step 1.

The next theorem follows directly from Theorem 2.1, if one substitutes & according to its def-
inition and by taking into account the stopping criterion in Step 1 of Algorithm 3 with the
explanation above.

Theorem 3.1. Let x; and xy.| be generated by Algorithm 3. Then, the ratio of volumes of the
ellipsoids &, and &y does not depend on k and is equal to

vol(&41) n n E 1
_ = i 1
b vol(&) n+1\Vn2-1 RS T

Moreover, x* € &, holds for all k=0, 1,...,k* and, if Algorithm 3 stops, f(x;) < f*+¢€ is valid.
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THE ELLIPSOID METHOD AND COMPUTATIONAL ASPECTS d I T .
TABLE 3. Results for minimizing f;, f> by Algorithm emshor

3.1. Octave implementation of Algorithm emshor. Algorithm 3 (Algorithm emshor) was

implemented in Octave [4, 13]. It uses a function of the form function[f,g]=calcfg(x), : - 3
which calculates the value f(x) and a subgradient g¢(x) at x. This function has to be provided smooth function f 1 non-smooth function f 2
by the user. The code of the implementation and some short comments are given below. n k* f(xZ) ||x2i —x* || k* f(x;) ||x;‘_. —x* ||
Octane eI AlEriim s 10 3808 3.4e-19  3.9e-10 4484 82e-10  1.3e-10
# Inli’u; Parameterzi e ] Leut ‘¢ and 20 15883  1.0e-18  4.3e-10 19044 4.7e-10  5.2e-11
# calcfg - name of the function for calculation o and g
Bl & 0 starting poink, x0itu) 50 104771  5.0e-19  3.1e-10 135113  6.9e-11 5.9e-13
# r0 - the radius of the ball localizing the minimum point 100 454650 1.8e-19 6.9e-11 563705 5.3e-11 2.2e-12
# epsf, maxitn - stop parameters (accuracy, max. iter.)
# intp - printing interval (after each intp iterations)
# Output parameters: ) X . . . . .
# x - approximation of the minimum point, x(1:n) operations with the symmetric matrix H = BB'. Results for applying this modified code to
# £ - value of function f at the point x the minimization of function f, with t =2, € = 1.0e-3, xo = 0, and ry € {5,500} are given in
# itn - number of iterations performed s > .
¥ St = el wpules Clspped, . Baoudios] Table 4. In cont-rast to the oth_er tabl_es, itn denotes the total number of iterations perform.ed,
function[x,f,itn,ist]=emshor(calcfg,x0,r0,epsf,maxitn,intp);  #row01 whereas itr (with itr<itn) is the index, where the smallest value of f> was observed during
e TackoIEs e the teraion process.
for (itn=0:maxitn) #row04
[f,gll=calctg(x); g=B’*gl; dg=norm(g); #xonih TABLE 4. Results for applying the H-form of Algorithm emshor to f>
if ((mod(itn,intp)==0)&&(intp<=maxitn)) #row06
printf("itn %4d f %14.6e\n",itn,f); #row07
endif #row08 ro=> ro =500
g sl wa e TIPS N UM M i [ 7159
dome L0001t sx=elimwdny Gl 5 461  1.3e-03 446  1.0e-05 453 2.1e-01 443 2.0e-03
B+=(beta-1.d0)*Bxxi*xi’; #row12 10 1664 3.1e-02 1467  8.3e-05 1767 2.4e+00 1690  2.0e-03
gor/sare(Ld0nt.do/am/sqre (1 dont d0/an) frowis 15 6541  6.5e-05 6528  2.9e-07 8615 5.6e-05 7804  3.1e-07
ist=4; #rowis 20 5627 5.7e+00 5356 2.4e-03 5434  1.1e+04 4980 2.1e-01

endfunction #rowl6
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