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Problem statement and its application

Special linear programming problem

We consider the problem

fmax = max
x∈Rn

cTx =
n∑

i=1

cixi, (1)

subject to n∑
i=1

aijxi ≤ bj, j = 1, . . . ,m, (2)

0 ≤ xi ≤ ui, i = 1, . . . , n, (3)

where m >> n, ci ≥ 0, bj > 0, ui < +∞.

The constraints in (3) allow us to bound fmax because

fmax ≤ cTu =
n∑

i=1

ciui < +∞. (4)
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Problem statement and its application

Applications of linear programs (m >> n)

Examples are robust linear optimization problems, Danzig-
Wolfe and Benders decomposition schemes, minimax and
maximin problems, approximation problems with Chebyshev's
minimax criterion, and Boolean estimation problems.

In robust linear optimization we consider

A(ξ)x ≤ b(ξ) ∀ξ ∈ U, (5)

where the matrix A(ξ), as well as the right-hand-side b(ξ)
may depend on ξ ∈ U . If the set U is �nite, but contains
up to thousands or millions of given parameters, we get
linear programming problems with m >> n.

6/23 Petro Stetsyuk, Andreas Fischer, Olha Khomiak An exact nonsmooth penalty approach



Problem statement and its application

Independence (stability) number α(G)

For an undirected graph G with vertices vi, and associated
variables xi, the following integer program (IP) de�nes α(G):

independence number α(G) = max
n∑

i=1

xi, (6)

edge constraints xi + xj ≤ 1 for each edge vivj, (7)

binary constraints xi ∈ {0, 1} for each vertex vi. (8)

The independence number α(G) is the optimal value of IP
(6)-(8) and, for an optimal solution {xi}, the set of vertices
{vi : xi = 1} is a maximum independent set.
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Problem statement and its application

Clique independence number αQ(G)

The following special linear problem de�nes αQ(G):

αQ(G) = max
n∑

i=1

xi, (9)

subject to∑
i∈V (Q)

xi ≤ 1, for each maximal clique Q(G), (10)

0 ≤ xi ≤ 1, for each vertex vi. (11)

Tighter upper bounds for the number α(G)

can be found by solving LP (9)-(11) with additional linear
inequalities for odd cycles and p-wheels in the graph.
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A nonsmooth penalty approach

A nonsmooth penalty function for LP

We rewrite problem (1)-(3) as the LP:

fmax = max
x≥0

cTx : Hx ≤ 1, x ∈ Rn, (12)

where the (m+n)×n matrix H = {hji} such that

hji =


aji/bi, j = 1, . . . ,m, i = 1, . . . , n,

1/ui, j = m+ i, i = 1, . . . , n,

0, j = m+ i, . . . ,m+ n, i = 1, . . . , n,

1 � (m+ n)-vector, whose components are equal to one.
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A nonsmooth penalty approach

Theorem 1 (nonsmooth optimization problem)

Theorem 1

If P > fmax > 0, then the LP (12) is equivalent to the
optimization problem

fmax = max
x≥0

fP (x), (13)

where fP (x) is de�ned by

fP (x) = cTx−P ·max

{
0, max

j=1,...,m+n

{
n∑

i=1

hjixi−1

}}
. (14)
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A nonsmooth penalty approach

Proof of the Theorem 1

We used Pshenichnyi's theorem 2.14 ([3], p.25) for the LP

−fmax = min
x
{−cTx : Hx ≤ 1, x ≥ 0}. (15)

The following penalty function is associated to (15):

ϕP (x) = −cTx+ P ·max

{
0, max

j=1,...,m+n

{
n∑

i=1

hjixi−1

}}
,

where P > fmax. Here ϕP (x) = −fP (x).
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A nonsmooth penalty approach

LPralg � r-algorithm for solving problem (13)

Nonsmooth optimization problem (Theorem 1):

fmax = max
x≥0

fP (x), where P =
n∑

i=1

ciui > fmax > 0. (13)

Replacement of variables

The variables xi are replaced by |zi|, i = 1, . . . , n. Then,
instead of the function fP (x1, . . . , xn), we obtain the function
fP (|z1|, . . . , |zn|), in which all local maxima are global.

Note: this does not require any selection of penalty parameters.
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Results of numerical experiments

Test problems

LP problem:

fmax =
n∑

i=1

cixi, (1)

subject to
n∑

i=1

aijxi ≤ bj, j = 1, . . . ,m, (2)

0 ≤ xi ≤ 1, i = 1, . . . , n, (3′)

where

ci ∼ U(0, 1), aji ∼ U(0, 1), bj = 0.9
n∑

i=1

aji.
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Results of numerical experiments

Parameters for nonsmooth problems

fmax = max
x≥0

fP (x), P =
n∑

i=1

ci.

Parameters of the r-algorithm:

x := 0 ∈ Rn, alpha := 4, q1 := 1.0(0.99), h0 := 1.0.

Processor and programming language:

Intel Core i5-9400f, 2.9 GHz, 16GB RAM, GNU Octave 5.1.0
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Results of numerical experiments

Results for GLPK and LPralg (runtimes in seconds)

n m tGLPK tLPralg tGLPK/tLPralg ∆
100.000 1.80 0.73 2.47 2.9e-08

25 500.000 8.55 4.90 1.75 9.2e-09
1.000.000 18.0 12.2 1.47 2.0e-08
100.000 4.00 2.44 1.64 4.6e-08

50 500.000 22.4 15.2 1.48 4.3e-08
1.000.000 46.2 26.3 1.75 2.2e-08
100.000 12.8 13.2 0.97 1.2e-07

100 500.000 66.7 45.5 1.46 1.3e-07
1.000.000 284.5 110.0 2.59 2.4e-07

The GLPK solver needs in average 0.97�2.59 times longer for
the test problems than LPralg, ∆ = ‖xGLPK − xLPralg‖.
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Results of numerical experiments

Runtimes for LPralg (in seconds)

n m q1 = 0.99 q1 = 1.00
100 3.000.000 391.3 338.7
50 6.000.000 286.1 274.0
25 12.000.000 157.9 110.9

Memory required: 2.4 GB

n×m = 300.000.000
300.000.000×8 = 2.4 GB
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Summary

Conclusion

A new solution method

is based on the reformulation of the linear program as an
equivalent non-smooth optimization problem subject to
non-negativity constraints.

For large randomly generated test problems

with much more constraints than variables the competitiveness
with the GLPK solver is demonstrated.
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