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Ìåòà ðîáîòè:

âäîñêîíàëèòè ïðîöåñè êåðóâàííÿ ïðîãðàìíèìè ïðîåêòàìè,
âèêîðèñòîâóþ÷è áóëåâi çàäà÷i ïðî ìàêñèìàëüíó íåçàëåæíó
ìíîæèíó âåðøèí íåîði¹íòîâàíîãî ãðàôà;

óòî÷íèòè ïîñòàíîâêè çàäà÷i ïðî ìàêñèìàëüíó íåçàëåæíó
ìíîæèíó i íàâåñòè åôåêòèâíi êîäè ïðîãðàì ìîâîþ AMPL
äëÿ çíàõîäæåííÿ óñiõ ìàêñèìàëüíèõ íåçàëåæíèõ ìíîæèí i
ìàêñèìàëüíî¨ ñóìè íåçàëåæíèõ ìíîæèí âåðøèí ãðàôà.

2/22 Ñëàáîñïèöüêà Î.Î., Ñòåöþê Ï.I., Õîì'ÿê Î.Ì. Ïîøóê ìàêñèìàëüíèõ íåçàëåæíèõ ìíîæèí âåðøèí ãðàôà äëÿ âäîñêîíàëåííÿ ïðîãðàìíèõ ïðîåêòiâ



Ùî òàêå α(G)?

Ó çàäàíîìó íåîði¹íòîâàíîìó ãðàôi G áåç ïåòåëü ïîòðiáíî
çíàéòè íåçàëåæíó ìíîæèíó ìàêñèìàëüíîãî ðîçìiðó. �¨
ðîçìið íàçèâàþòü ÷èñëîì íåçàëåæíîñòi i ïîçíà÷àþòü α(G).
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Áóëåâi çàäà÷i äëÿ α(G)

Çìiñò

1 Áóëåâi çàäà÷i äëÿ α(G)

2 Áóëåâi çàäà÷i äëÿ αK(G)

3 α(GK) òà αK(G) â çàäà÷àõ óïðàâëiííÿ ïðîåêòàìè
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Áóëåâi çàäà÷i äëÿ α(G)

Ïåðøà áóëåâà çàäà÷à

Çíàéòè

α(G) = max
∑

i∈V (G)

xi (1a)

çà îáìåæåíü

xi + xj ≤ 1, (i, j) ∈ E(G), (2a)

xi ∈ {0, 1}, i ∈ V (G). (3a)

Òóò áóëåâà çìiííà xi äîðiâíþ¹ îäèíèöi, ÿêùî
âåðøèíà i âêëþ÷à¹òüñÿ â íåçàëåæíó ìíîæèíó,
i íóëþ � â ïðîòèëåæíîìó âèïàäêó.
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Áóëåâi çàäà÷i äëÿ α(G)

Äðóãà áóëåâà çàäà÷à

Çíàéòè

α(G) = max
∑

i∈V (G)

xi (1b)

çà îáìåæåíü ∑
j∈Γ(i)

xj ≤ di(1− xi), ∀i ∈ V (G), (2b)

xi ∈ {0, 1}, i ∈ V (G). (3b)

Balansundaram B., Butenko S., Hicks I.V. (2011)

Clique relaxations in social network analysis: the maximum k-plex

problem. Operations Research. 2011. Vol. 59, N 1. P. 133�142.
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Áóëåâi çàäà÷i äëÿ α(G)

ßê çíàéòè óñi ìàêñèìàëüíi íåçàëåæíi ìíîæèíè?

∑
i∈V (Sj)

xi ≤ α(G)− 1/2, j = 1, . . . ,m. (4)

Ëiíiéíi íåðiâíîñòi (4) âiäñiêàþòü óæå çíàéäåíi ìíîæèíè Sj,
j = 1, . . . ,m, òîìó ðîçâ'ÿçêîì çàäà÷i (1a)-(3a), (4) àáî
çàäà÷i (1b)-(3b), (4) áóäå íîâà íåçàëåæíà ìíîæèíà Sm+1.

ßêùî ðîçìið ìíîæèíè Sm+1 äîðiâíþ¹ α(G), òî âîíà áóäå
íîâîþ ìàêñèìàëüíîþ íåçàëåæíîþ ìíîæèíîþ, i ¨ ¨ ìîæíà
äîäàòè äî ñïèñêó ìíîæèí Sj, j = 1, . . . ,m. ßêùî ðîçìið
ìåíøèé íiæ α(G), òî ñïèñîê ìíîæèí Sj, j = 1, . . . ,m
ìiñòèòü óñi ìàêñèìàëüíi íåçàëåæíi ìíîæèíè äëÿ ãðàôà G.
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Áóëåâi çàäà÷i äëÿ α(G)

AMPL-êîä äëÿ çàäà÷i (1a)-(3a), (4)
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Áóëåâi çàäà÷i äëÿ αK(G)

Çìiñò

1 Áóëåâi çàäà÷i äëÿ α(G)

2 Áóëåâi çàäà÷i äëÿ αK(G)

3 α(GK) òà αK(G) â çàäà÷àõ óïðàâëiííÿ ïðîåêòàìè
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Áóëåâi çàäà÷i äëÿ αK(G)

Ïåðøà áóëåâà çàäà÷à

Çíàéòè

αK(G) = max
xki∈{0,1}

K∑
k=1

∑
i∈V (G)

xki (5a)

çà îáìåæåíü

xki + xkj ≤ 1, k = 1, . . . , K, (i, j) ∈ E(G), (6a)

K∑
k=1

xki ≤ 1, i ∈ V (G). (7a)
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Áóëåâi çàäà÷i äëÿ αK(G)

Äðóãà áóëåâà çàäà÷à

Çíàéòè

αK(G) = max
xki∈{0,1}

K∑
k=1

∑
i∈V (G)

xki (5b)

çà îáìåæåíü∑
j∈Γ(i)

xkj +
∑

t=1,...,K
t̸=k

∑
j∈V (G)

xtj ≤ (di + (K − 1)|V (G)|)(1− xki),

(6b)
∀k ∈ {1, . . . , K},∀i ∈ V (G).
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Áóëåâi çàäà÷i äëÿ αK(G)

Àëãîðèòì Âiçèíãà-Ïëåñíåâè÷à

Çàäà÷i (5a) � (7a) òà (5b), (6b) ìîæóòü áóòè âèêîðèñòàíi â
àëãîðèòìi Âiçèíãà-Ïëåñíåâè÷à äëÿ ïîøóêó ìiíiìàëüíî¨
êiëüêîñòi êîëüîðiâ äëÿ ðîçôàðáóâàííÿ âåðøèí ãðàôà, ùîá
ñóìiæíi âåðøèíè áóëè ðîçôàðáîâàíi ðiçíèìè êîëüîðàìè.

Ëåìà 1

αK(G) = α(G× IK)

Ëåìà 2

χ(G) = min{k : α(G× Ik) = |G(V )|} =
= min{k : αk(G) = |G(V )|}
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Áóëåâi çàäà÷i äëÿ αK(G)

Îïèñ àëãîðèòìó Âiçèíãà-Ïëåñíåâè÷à

Iíiöiàëiçàöiÿ

Íà iòåðàöi¨ k = 0 ìà¹ìî χmin = 1, χmax = |V (G)|.

Iòåðàòèâíèé ïðîöåñ

Íåõàé íà k-é iòåðàöi¨ çíàéäåíi χmin òà χmax.
1 ßêùî χmax − χmin < 1.5, òî χ(G) = χmax, itn = k i

çóïèíÿ¹ìîñÿ.
2 Îá÷èñëèìî K = ⌈(χmin+χmax)/2⌉, äå ⌈·⌉ � íàéáëèæ÷å

öiëå ÷èñëî. Çíàéäåìî α = αK(G) àáî α = α(GK).
3 ßêùî α = |V (G)|, òî χmax = α, iíàêøå χmin = α.
4 Ïåðåõîäèìî äî (k+1)-¨ iòåðàöi¨ ç íîâèìè χmin òà χmax.
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α(GK) òà αK(G) â çàäà÷àõ óïðàâëiííÿ ïðîåêòàìè

Çìiñò

1 Áóëåâi çàäà÷i äëÿ α(G)

2 Áóëåâi çàäà÷i äëÿ αK(G)

3 α(GK) òà αK(G) â çàäà÷àõ óïðàâëiííÿ ïðîåêòàìè
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α(GK) òà αK(G) â çàäà÷àõ óïðàâëiííÿ ïðîåêòàìè

Çàäà÷i óïðàâëiííÿ ïðîãðàìíèìè ïðîåêòàìè

ôîðìóâàííÿ ïðîòîòèïíèõ ñêëàäiâ çãóðòîâàíèõ êîìàíä;

îïòèìiçàöiÿ ðîçêëàäó àâòîíîìíîãî òåñòóâàííÿ
êîìïîíåíòiâ ïîâòîðíîãî âèêîðèñòàííÿ â ñêëàäi
êðèòè÷íî¨ ïðîãðàìíî¨ ñèñòåìè;

ôîðìóâàííÿ ÿäåð íåçàëåæíèõ êîìàíä ó êðèòè÷íîìó
ïðîãðàìíîìó ïðîåêòi.
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α(GK) òà αK(G) â çàäà÷àõ óïðàâëiííÿ ïðîåêòàìè

Ïðèêëàä 1. Ôîðìóâàííÿ çãóðòîâàíèõ êîìàíä

Íåõàé 25 ôàõiâöiâ, âèêîíàâöiâ ïîðòôåëÿ ïðîãðàìíèõ
ïðîåêòiâ, âïîðÿäêîâàíi çãiäíî ç àëôàâiòíèì ïîðÿäêîì ¨õ
ïðiçâèù i çàíóìåðîâàíi ÷èñëàìè âiä 1 äî 25.
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α(GK) òà αK(G) â çàäà÷àõ óïðàâëiííÿ ïðîåêòàìè

Ôîðìóâàííÿ çãóðòîâàíèõ êîìàíä (ñëàéä 2)

Òóò α(G25) = 10 òà 16 ìàêñèìàëüíèõ íåçàëåæíèõ ìíîæèí:
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α(GK) òà αK(G) â çàäà÷àõ óïðàâëiííÿ ïðîåêòàìè

Ïðèêëàä 2. Îïòèìiçàöiÿ ðîçêëàäó òåñòóâàííÿ

Ãðàô äëÿ ïîáóäîâè ðîçêëàäó òåñòóâàííÿ, ðîçôàðáîâàíèé
ôàðáàìè 1-4. Ïiäìíîæèíè âåðøèí, ðîçôàðáîâàíèõ îäíèì
êîëüîðîì, âiäïîâiäàþòü îïåðàöiÿì òåñòóâàííÿ.
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α(GK) òà αK(G) â çàäà÷àõ óïðàâëiííÿ ïðîåêòàìè

Ïðèêëàä 3. Ôîðìóâàííÿ íåçàëåæíèõ êîìàíä

Ïîòðiáíî âèçíà÷èòè ìiíiìàëüíó êiëüêiñòü òà ñêëàä ÿäåð
çãóðòîâàíèõ ïiäêîìàíä äëÿ íåçàëåæíîãî ðîçðîáëåííÿ
âåðñié ìîäóëiâ êðèòè÷íî¨ ïðîãðàìíî¨ ñèñòåìè, ÷ëåíè ÿêèõ
ïîâèííi ìàòè äîñâiä óñïiøíî¨ ñïiëüíî¨ ðîáîòè, íà ïiäñòàâi
ìàòðèöi ñóìiñíîñòi ôàõiâöiâ-êàíäèäàòiâ.
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Âèñíîâêè:

Çàïðîïîíîâàíi ïîñòàíîâêè çàäà÷ òà AMPL-êîäè

ìîæóòü áóòè âèêîðèñòàíi äëÿ àâòîìàòèçîâàíîãî îòðèìàííÿ
ðîçâ'ÿçêiâ òèõ çàäà÷ êåðóâàííÿ ïðîãðàìíèì ïðîåêòîì,
ðîçâ'ÿçàííÿ ÿêèõ íåäîñòàòíüî ðåãëàìåíòîâàíî â ðóñëi
òåõíîëîãi÷íî-îïèñîâîãî ïiäõîäó äî êåðóâàííÿ íèì.

Äîñëiäæåíi ïðèêëàäè òàêèõ çàäà÷:

ôîðìóâàííÿ íàéáiëüø çãóðòîâàíî¨ êîìàíäè
ïðîãðàìíîãî ïðîåêòó;

îïòèìiçàöiÿ ðîçêëàäó òåñòóâàííÿ êîìïîíåíòiâ
êðèòè÷íî¨ ïðîãðàìíî¨ ñèñòåìè;

ôîðìóâàííÿ ÿäåð íåçàëåæíèõ ïiäêîìàíä ó êðèòè÷íîìó
ïðîãðàìíîìó ïðîåêòi.
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Íàïðÿìè ïîäàëüøèõ äîñëiäæåíü

Íàâåäåíi àëãîðèòìè âèñâiòëþþòü äîöiëüíiñòü óçàãàëüíåííÿ
íåçàëåæíî¨ ìíîæèíè/êëiêè äî co-k-ïëåêñó/k-ïëåêñó.
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Çàïèòàííÿ?

ÄßÊÓÞ ÇÀ ÓÂÀÃÓ!

e-mail: stetsyukp@gmail.com
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