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Êîðîòêî ïðî Øîðà Í.Ç. (ëèñò ïðîô. Ñ. Áîéäà)

Øîð Íàóì Çóñåëåâè÷ (1937�2006)

Çàñíîâíèê íàóêîâî¨ øêîëè
ìåòîäiâ íåãëàäêî¨ îïòèìiçàöi¨
(Iíñòèòóò êiáåðíåòèêèÍÀÍÓêðà¨íè)

Ó 1962 ðîöi Í.Ç.Øîð ðîçðîáèâ
ïåðøèé ñóáãðàäi¹íòíèé ìåòîä

Ó 1969 ðîöi âïåðøå âèêîðèñòàâ
îïåðàòîð ðîçòÿãó ïðîñòîðó äëÿ
ïðèñêîðåííÿ ãðàäi¹íòíèõìåòîäiâ

Ìåòîäè Í.Ç.Øîðà âèñîêî îöiíåíi ôàõiâöÿìè,
ìàþòü âåëèêå òåîðåòè÷íå òà ïðèêëàäíå çíà÷åííÿ,
¹ "êëþ÷åì"äî ðîçâ'ÿçàííÿ çàäà÷ âåëèêèõ ðîçìiðiâ
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ôóíêöèé è èõ ïðèëîæåíèÿ. � Êèåâ: Íàóêîâà äóìêà, 1979.

English translation: ShorN.Z. Minimization Methods for

Non-Di�erentiable Functions. � Berlin: Springer-Verlag, 1985.

2. ShorN.Z. Nondi�erentiable optimization and polynomial

problems. � Boston; Dordrecht; London: Kluwer Academic
Publishers, 1998.

3. ØîðÍ.Ç., ÑòåöåíêîÑ.È. Êâàäðàòè÷íûå

ýêñòðåìàëüíûå çàäà÷è è íåäèôôåðåíöèðóåìàÿ

îïòèìèçàöèÿ. � Êèåâ: Íàóêîâà äóìêà, 1989.
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Êîðîòêî ïðî Øîðà Í.Ç. (ëèñò ïðîô. Ñ. Áîéäà)

Ëèñò ïðîôåñîðà C. Áîéäà stanford.edu/ boyd/

April 15, 2005
Dear Professor Shor,

We have never met, but your work has very much in�uenced me for
many years now. I started with your small 1985 Springer book on
subgradient methods, which I read as a PhD student. I recently
read your newer book on nondi�erentiable optimization (1998),
which I enjoyed very much.

I'm enclosing copies of the three books I've written. The �rst
concerns the design of linear controllers via convex optimization;
the second is on linear matrix inequalities; and the third one is a
basic textbook on convex optimization. [. . . ] I hope you can see
your strong in�uence in all of these books.

With the best regards,

Stephen P. Boyd
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Ìåòîä ç ðîçòÿãîì ïðîñòîðó (1969)

Ñòàòòÿ Øîð, Áiëåöüêèé (1969)

ØîðÍ.Ç., ÁèëåöêèéÂ.È. Ìåòîä ðàñòÿæåíèÿ

ïðîñòðàíñòâà äëÿ óñêîðåíèÿ ñõîäèìîñòè â çàäà÷àõ

îâðàæíîãî òèïà // Òð. ñåìèíàðà Íàó÷. ñîâåòà
ÀÍ ÓÑÑÐ ïî êèáåðíåòèêå "Òåîðèÿ îïòèìàëüíûõ
ðåøåíèé". � Êèåâ. � 1969. � 2. � Ñ. 3�18.

1. Äîïîâiäü íà ñåìiíàði 11.IV.1969,
2. Çäàíî ó âèðîáíèöòâî 6.VIII.1969,
3. Ïiäïèñàíî äî äðóêó 11.IX.1969.
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Ìåòîä ç ðîçòÿãîì ïðîñòîðó (1969)

Çáiðíèê 1969 (òèòóëüíà òà çàêëþ÷íà ñòîðiíêè)
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Ìåòîä ç ðîçòÿãîì ïðîñòîðó (1969)

Ñòàòòÿ 1969 (ïåðøà òà îñòàííÿ ñòîðiíêè)
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Ìåòîä ç ðîçòÿãîì ïðîñòîðó (1969)

Ïðî òðè iäå¨ Øîðà (ñi÷åíü, 2012)

75-ði÷÷þ ç äíÿ íàðîäæåííÿ Í.Ç.Øîðà ïðèñâÿ÷åíà ñòàòòÿ

ÑåðãèåíêîÈ.Â., ÑòåöþêÏ.È.

Î òðåõ íàó÷íûõ èäåÿõ Í.Ç.Øîðà // Êèáåðíåòèêà
è ñèñòåìíûé àíàëèç. � 2012, � 1. � Ñ. 4�22.

Ó ñòàòòi îïèñàíî òðè öåíòðàëüíi iäå¨ Í.Ç.Øîðà:

óçàãàëüíåíèé ãðàäi¹íòíèé ñïóñê (1962),

âèêîðèñòàííÿ ëiíiéíèõ íåîðòîãîíàëüíèõ ïåðåòâîðåíü ïðîñòîðó

äëÿ ïîëiïøåííÿ îáóìîâëåíîñòi ÿðóæíèõ ôóíêöié (1969),

äâî¨ñòèé ïiäõiä äî îòðèìàííÿ òà óòî÷íåííÿ îöiíîê öiëüîâî¨

ôóíêöi¨ â íåîïóêëèõ êâàäðàòè÷íèõ ìîäåëÿõ (1985).
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Ïðî çîâíiøíþ ñõîæiñòü Øîðà òà Åéíøòåéíà

Ñòàòòÿ â ãàçåòi �Ñåãîäíÿ�, 28 ãðóäíÿ 2002 ðîêó
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Ïðî çîâíiøíþ ñõîæiñòü Øîðà òà Åéíøòåéíà

Ôîòîãðàôiÿ (Æ.Ô. Åììåíåããåð, Áåðí, 1997)
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Ïðî çîâíiøíþ ñõîæiñòü Øîðà òà Åéíøòåéíà

Ùå ðàç ïðî çîâíiøíþ ñõîæiñòü, àëå ðàíiøå ...

Àëüáåðò Åéíøòåéí â
Áåðëiíi. Íàóì Øîð â Êè¹âi.
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Ïðî çîâíiøíþ ñõîæiñòü Øîðà òà Åéíøòåéíà

Åéíøòåéí ïèøå ïîñëàííÿ Øîðó ...

"... ùîá ñèìâîëîìRα(ξ)
âií ïîçíà÷èâ îïåðàòîð

ðîçòÿãó ïðîñòîðó"

16/33 Ñòåöþê Ï.I. Ìåòîäè Øîðà ç ðîçòÿãîì ïðîñòîðó



Ïðî iäåéíó ñõîæiñòü Øîðà òà Åéíøòåéíà

Ïëàí ëåêöi¨

1 Êîðîòêî ïðî Øîðà Í.Ç. (ëèñò ïðîô. Ñ. Áîéäà)

2 Ìåòîä ç ðîçòÿãîì ïðîñòîðó (1969)

3 Ïðî çîâíiøíþ ñõîæiñòü Øîðà òà Åéíøòåéíà

4 Ïðî iäåéíó ñõîæiñòü Øîðà òà Åéíøòåéíà

5 Îïåðàòîð ðîçòÿãó òà Îïòèìàëüíi åëiïñî¨äè

6 Ìåòîäè ç ïåðåòâîðåííÿì ïðîñòîðó

17/33 Ñòåöþê Ï.I. Ìåòîäè Øîðà ç ðîçòÿãîì ïðîñòîðó



Ïðî iäåéíó ñõîæiñòü Øîðà òà Åéíøòåéíà

Ïðî ñõîæiñòü iäåé ... àáî ùî ñïiëüíîãî?

ìiæ

îïåðàòîðîì Øîðà äëÿ ðîçòÿãó ïðîñòîðó

Rα(ξ) = I + (α− 1)ξξT , äå α > 1, (1)

(I � îäèíè÷íà n×n-ìàòðèöÿ, âåêòîð ξ ∈ En òàêèé,ùî ‖ξ‖=1)

òà

ôîðìóëîþ Åéíøòåéíà äëÿ åíåðãi¨ â ðåëÿòèâiñòñüêié äèíàìiöi

E = mc2, äå m =
m0√

1− v2/c2
(2)
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Ïðî iäåéíó ñõîæiñòü Øîðà òà Åéíøòåéíà

Êóëÿ Sn òà åëiïñî¨ä En â ïðîñòîði En

Îáðàçîì êóëi Sn = {x ∈ En : ‖x− x0‖ ≤ r}
ó ïåðåòâîðåíîìó ïðîñòîði y = Rα(ξ)x

¹ åëiïñî¨ä En = {y ∈ En : ‖Rβ(ξ)(y − y0)‖ ≤ r}.

Îá'¹ìè êóëi Sn òà åëiïñî¨äà En äîðiâíþþòü

vol(Sn) = v0r
n òà vol(En) =

v0r
n

detRβ(ξ)
,

äå v0 � îá'¹ì îäèíè÷íî¨ n-âèìiðíî¨ êóëi.
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Ïðî iäåéíó ñõîæiñòü Øîðà òà Åéíøòåéíà

Ïðèêëàä: êóëÿ S3 òà åëiïñî¨ä E3

Ïiñëÿ ðîçòÿãó ïðîñòîðó â íàïðÿìi ξ ∈ E3

êóëÿ S3 (çëiâà) ¹ åëiïñî¨äîì E3 (ñïðàâà)
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Ïðî iäåéíó ñõîæiñòü Øîðà òà Åéíøòåéíà

Âiäíîøåííÿ îá'¹ìiâ êóëi Sn òà åëiïñî¨äà En

Âiäíîøåííÿ îá'¹ìiâ En i Sn îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

vol(En)
vol(Sn)

=

v0rn

detRβ(ξ)

v0rn
=

1

detRβ(ξ)
=

1

β
= α > 1,

äå v0 � îá'¹ì îäèíè÷íî¨ n-âèìiðíî¨ êóëi.

Éîãî ìîæíà ïåðåïèñàòè òàê

vol(En) =
vol(Sn)
β

=
vol(Sn)√

1− (1− β2)
(3)
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Ïðî iäåéíó ñõîæiñòü Øîðà òà Åéíøòåéíà

Çâ'ÿçîê îá'¹ìiâ ç ôîðìóëîþ Åéíøòåéíà

Iç (3) âèïëèâà¹

vol(En) =
vol(Sn)√

1− (1− β2)
.=.

vol(Sn)√
1− v2/c2

. (Shor)

×è íå ïîäiáíî íà ôîðìóëó (2) ? ...

m =
m0√

1− v2/c2
. (Einstein)
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Îïåðàòîð ðîçòÿãó òà Îïòèìàëüíi åëiïñî¨äè
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Îïåðàòîð ðîçòÿãó òà Îïòèìàëüíi åëiïñî¨äè

Îïòèìàëüíèé 1d-åëiïñî¨ä (Øîð, 1977)

r

a

b

h

Åëiïñî¨ä En, ùî ìiñòèòü ïiâêóëþ â

En, ìà¹ ìiíiìàëüíèé îá'¹ì, ÿêùî

a = n
n+1r, b =

n√
n2−1r, h = 1

n+1r.

Ùîá ïåðåòâîðèòè En â êóëþ

ïîòðiáíî ðîçòÿíóòè ïðîñòið ç

êîåôiöi¹íòîì α = b
a =

√
n+1
n−1 .

Íà êîæíié iòåðàöi¨ ÌÅ îá'¹ì åëiïñî¨äà çìåíøó¹òüñÿ â

q(n) =
vol(En)
vol(Sn)

=
a

r

(
b

r

)n−1
=

√
n−1
n+1

(
n√
n2−1

)n
≤ 1− 1

2n
,
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Îïåðàòîð ðîçòÿãó òà Îïòèìàëüíi åëiïñî¨äè

Îïòèìàëüíèé 2d-åëiïñî¨ä (Ñòåöþê, 1996)

�

�

0( , , , )x a b r

ba

0( , )S x r

�

Ïåðåòâîðåííÿ 2d-åëiïñî¨äà
â êóëþ âèìàãà¹ ðîçòÿãó
ïðîñòîðó â íàïðÿìi ξ−η

‖ξ−η‖

ç êîåô. α1=
1√

1+(ξ,η)
> 1

i ïîäàëüøîãî çæèìàííÿ

ïðîñòîðó â íàïðÿìi ξ+η
‖ξ+η‖

ç êîåô. α2=
1√

1−(ξ,η)
< 1.

q =
vol(E(x0, a, b, r))
vol(S(x0, r))

=
(a
r

)( b
r

)
=
√
1− (ξ, η)2.

25/33 Ñòåöþê Ï.I. Ìåòîäè Øîðà ç ðîçòÿãîì ïðîñòîðó



Îïåðàòîð ðîçòÿãó òà Îïòèìàëüíi åëiïñî¨äè

Äå ìîæíà äiçíàòèñÿ ïðî 1d òà 2d-åëiïñî¨äè?

r

a

b

h

�

�

0( , , , )x a b r

ba

0( , )S x r

�

1. ÑòåöþêÏ.È. Ìåòîäû ýëëèïñîèäîâ è r-àëãîðèòìû. �
Êèøèíýó, Ýâðèêà, 2014. � 488 c.

2. Ñòåöþê Ï.I. òà ií. Ñóáãðàäi¹íòíi àëãîðèòìè òà çàäà÷i íà
êîìáiíàòîðíèõ êîíôiãóðàöiÿõ. �Êè¨â: ÏÓËÜÑÀÐÈ, 2019. � 235 c.
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5 Îïåðàòîð ðîçòÿãó òà Îïòèìàëüíi åëiïñî¨äè

6 Ìåòîäè ç ïåðåòâîðåííÿì ïðîñòîðó
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Ìåòîäè ç ïåðåòâîðåííÿì ïðîñòîðó

Ñóáãðàäi¹íòíi ìåòîäè ç ïåðåòâîðåííÿì ïðîñòîðó

ïðèçíà÷åíi äëÿ ðîçâ'ÿçàííÿ çàäà÷i

f ∗ = f(x∗) = min
x∈Rn

f(x),

ãäå f(x) � îïóêëà ôóíêöiÿ (ãëàäêà, íåãëàäêà)

Çàäàíi: x0 � ñòàðòîâà òî÷êà, B0 � n×n-ìàòðèöÿ,

Iòåðàöi¨ k=1, 2, . . . , ìàþòü âèä

xk+1 = xk − hkBk
BT
k gf (xk)

‖BT
k gf (xk)‖

, Bk+1 = BkTk, (Shor69)

äå hk � êðîê, gf (xk) � äîâiëüíèé ñóáãðàäi¹íò

ôóíêöi¨ f(x) â òî÷öi xk, Tk � n×n-ìàòðèöÿ.
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Ìåòîäè ç ïåðåòâîðåííÿì ïðîñòîðó

Íàéáiëüø âiäîìi ìåòîäè

1. r-àëãîðèòìè (ñòiéêi äî íàêîïè÷åííÿ ïîìèëîê îá÷èñëåíü);

2. ìåòîäè åëiïñî¨äiâ (çáiæíiñòü � ãåîìåòðè÷íà ïðîãðåñiÿ);

3. ñóáãðàäi¹íòíi ìåòîäè ç ïåðåòâîðåííÿì ïðîñòîðó
(âèêîðèñòîâóþòü ôå¹ðîâñüêi êðîêè, êðîêè Ïîëÿêà).

Ìåòîäè ìàþòü ïðèñêîðåíó çáiæíiñòü

äëÿ ÿðóæíèõ îïóêëèõ ôóíêöié (ãëàäêèõ òà íåãëàäêèõ)

òà âèêîðèñòîâóþòüñÿ

ÿê îïòèìiçàöiéíi ÿäðà äëÿ ïðèêëàäíèõ çàäà÷.
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Ìåòîäè ç ïåðåòâîðåííÿì ïðîñòîðó

Ïðèñêîðåíà çáiæíiñòü: êóñî÷íî ëiíiéíà ôóíêöiÿ

-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1

1. Òðà¹êòîðiÿ ìåòîäó ams

-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1

2. ...ïðèñêîðåíîãîìåòîäó amsg2

äëÿ ÿðóæíî¨ ôóíêöi¨ f1(x1, x2) = |x1|+ 10|x2|, x0 = (1, 1).
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Ìåòîäè ç ïåðåòâîðåííÿì ïðîñòîðó

Ïðîãðàìíi ðåàëiçàöi¨ ìåòîäiâ

ÿê îïòèìiçàöiéíi ÿäðà âèêîðèñòîâóþòü:

1. Êèñåëüîâà Î.Ì. (Äíiïðî, çàäà÷i ðîçìiùåííÿ);

2. Ñòîÿí Þ.Ã. (Õàðêiâ, çàäà÷i óïàêîâêè);

3. Ñîëîìîí Ä.I. (Êèøèíåó, òðàíñïîðòíi çàäà÷i);

4. Øàðèé Ñ.Ï. (Íîâîñèáiðñüê, iíòåðâàëüíèé àíàëiç);

5. Ìiöà Î.Â. (Óæãîðîä, áàãàòîøàðîâi îïòè÷íi ïîêðèòòÿ).

Ñåðåä íèõ

octave-ôóíêöi¨ � ralgb5, amsg2p, emshor òà iíøi.
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Ïðî ñåðiþ êíèã¾ÍÄÎ è åå ïðèëîæåíèÿ¿

1. Ñîëîìîí Ä.È. Äðîáíîå ïðîãðàììèðîâàíèå è

íåäèôôåðåíöèðóåìàÿ îïòèìèçàöèÿ. � Êèøèíýó, Ýâðèêà,
2010. � 556 ñ.

2. Ñòåöþê Ï.È. Ìåòîäû ýëëèïñîèäîâ è r-àëãîðèòìû. �
Êèøèíýó, Ýâðèêà, 2014. � 488ñ.

3. Êèñåëåâà Å.Ì., Êîðÿøêèíà Ë.Ñ. Íåïðåðûâíûå
çàäà÷è îïòèìàëüíîãî ðàçáèåíèÿ ìíîæåñòâ è r-àëãîðèòìû.

� Êèåâ, Íàóêîâà äóìêà, 2015. � 400 ñ.

4. Ñòåöþê Ï.È. Äâîéñòâåííûå îöåíêè â êâàäðàòè÷íûõ

ýêñòðåìàëüíûõ çàäà÷àõ. � Êèøèíýó, Ýâðèêà, 2018. � 504ñ.
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Çàïèòàííÿ?

ÄßÊÓÞ ÇÀ ÓÂÀÃÓ!
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