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“Êè¨âñüêi“ ìåòîäè íåãëàäêî¨ îïòèìiçàöi¨
Øîð Íàóì Çóñåëåâè÷ (1937�2006)

Çàñíîâíèê íàóêîâî¨ øêîëè
ìåòîäiâ íåãëàäêî¨ îïòèìiçàöi¨
(Iíñòèòóò êiáåðíåòèêèÍÀÍÓêðà¨íè)
Ó 1962 ðîöi Í.Ç.Øîð ðîçðîáèâ
ïåðøèé ñóáãðàäi¹íòíèé ìåòîä
Ó 1969 ðîöi âïåðøå âèêîðèñòàâ
îïåðàòîð ðîçòÿãó ïðîñòîðó äëÿ
ïðèñêîðåííÿ ãðàäi¹íòíèõìåòîäiâ

Ìåòîäè Í.Ç.Øîðà âèñîêî îöiíåíi ôàõiâöÿìè,
ìàþòü âåëèêå òåîðåòè÷íå òà ïðèêëàäíå çíà÷åííÿ,
¹ "êëþ÷åì"äî ðîçâ'ÿçàííÿ çàäà÷ âåëèêèõ ðîçìiðiâ
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“Êè¨âñüêi“ ìåòîäè íåãëàäêî¨ îïòèìiçàöi¨
Íàéáiëüø âiäîìi ìåòîäè

1. r-àëãîðèòìè (ñòiéêi äî íàêîïè÷åííÿ ïîìèëîê îá÷èñëåíü);
2. ìåòîäè åëiïñî¨äiâ (çáiæíiñòü � ãåîìåòðè÷íà ïðîãðåñiÿ);
3. ñóáãðàäi¹íòíi ìåòîäè ç ïåðåòâîðåííÿì ïðîñòîðó

(âèêîðèñòîâóþòü ôå¹ðîâñüêi êðîêè, êðîêè Ïîëÿêà).

Ìåòîäè ìàþòü ïðèñêîðåíó çáiæíiñòü
äëÿ ÿðóæíèõ îïóêëèõ ôóíêöié (ãëàäêèõ òà íåãëàäêèõ)
òà âèêîðèñòîâóþòüñÿ
ÿê îïòèìiçàöiéíi ÿäðà äëÿ ïðèêëàäíèõ çàäà÷.

5/36 Ñòåöþê Ï.I., Òêà÷åíêî Î.Â. r-Àëãîðèòìè äëÿ ìîäåëþâàííÿ êðèâîëiíiéíèõ îáâîäiâ ...



“Êè¨âñüêi“ ìåòîäè íåãëàäêî¨ îïòèìiçàöi¨
Ïðèñêîðåíà çáiæíiñòü: êóñî÷íî ëiíiéíà ôóíêöiÿ
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1. Òðà¹êòîðiÿ ìåòîäó ams
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2. ...ïðèñêîðåíîãîìåòîäó amsg2

äëÿ ÿðóæíî¨ ôóíêöi¨ f1(x1, x2) = |x1|+ 10|x2|, x0 = (1, 1).
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“Êè¨âñüêi“ ìåòîäè íåãëàäêî¨ îïòèìiçàöi¨
Ïðîãðàìíi ðåàëiçàöi¨ ìåòîäiâ

ÿê îïòèìiçàöiéíi ÿäðà âèêîðèñòîâóþòü:
1. Êèñåëüîâà Î.Ì. (Äíiïðî, çàäà÷i ðîçìiùåííÿ);
2. Ñòîÿí Þ.Ã. (Õàðêiâ, çàäà÷i óïàêîâêè);
3. Ñîëîìîí Ä.I. (Êèøèíåó, òðàíñïîðòíi çàäà÷i);
4. Øàðèé Ñ.Ï. (Íîâîñèáiðñüê, iíòåðâàëüíèé àíàëiç);
5. Ìiöà Î.Â. (Óæãîðîä, áàãàòîøàðîâi îïòè÷íi ïîêðèòòÿ).

Ñåðåä íèõ
octave-ôóíêöi¨ � ralgb5, amsg2p, emshor òà iíøi.
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Ïëîñêi êðèâi ó íàòóðàëüíié ïàðàìåòðèçàöi¨
Ïëîñêà êðèâà òà ¨¨ êðèâèíà

Ïëîñêà êðèâà çàäà¹òüñÿ ç âèêîðèñòàííÿì ðiâíÿííÿ
k = k(s), (2.1)

äå k � êðèâèíà êðèâî¨; s � äîâæèíà äóãè.

�¨ êðèâèíà âèçíà÷à¹òüñÿ çàëåæíiñòþ
k(s) = dϕ/ds, (2.2)

äå ϕ � êóò ìiæ äîòè÷íîþ äî êðèâî¨ òà âiññþ àáñöèñ.
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Ïëîñêi êðèâi ó íàòóðàëüíié ïàðàìåòðèçàöi¨
Ðîçïîäië k(s) òà ϕ(s) íà äiëÿíöi êðèâî¨

Ðèñ. 2.1. Ãðàôiê êðèâî¨

S � äîâæèíà äóãè êðèâî¨;
ds � ïðèðiñò äîâæèíè äóãè;
dx i dy � ïðèðîñòè
äåêàðòîâèõ êîîðäèíàò;
ϕ(0) � êóò íàõèëó äîòè÷íî¨
â ïî÷àòêîâié òî÷öi äiëÿíêè;
ϕ(S) � êóò íàõèëó äîòè÷íî¨
â êiíöåâié òî÷öi äiëÿíêè.

Ó äîâiëüíié òî÷öi êðèâî¨ êóò íàõèëó äîòè÷íî¨

ϕ(s) = ϕ(0) +

s∫
0

k(s)ds, (2.3)
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Ïëîñêi êðèâi ó íàòóðàëüíié ïàðàìåòðèçàöi¨
Ïàðàìåòðè÷íå ðiâíÿííÿ êðèâî¨

Ç ðèñ. 2.1 âèïëèâà¹, ùî
dx = ds cos ϕ(s), dy = ds sinϕ(s),

çâiäêè iíòåãðóâàííÿì îòðèìó¹ìî êîîðäèíàòè x(s) òà y(s).

Ðiâíÿííÿ êðèâî¨ â íàòóðàëüíié ïàðàìåòðèçàöi¨ ìàþòü âèãëÿä:

x(s) = x(0) +

s∫
0

cos ϕ(s)ds, y(s) = y(0) +

s∫
0

sinϕ(s)ds, (2.4)

äå x(0), y(0) � êîîðäèíàòè ïî÷àòêîâî¨ òî÷êè êðèâî¨.
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Ïëîñêi êðèâi ó íàòóðàëüíié ïàðàìåòðèçàöi¨
Òðè çàëåæíîñòi êðèâèíè âiä äîâæèíè äóãè

Ëiíiéíié, êâàäðàòè÷íié, òà êóái÷íié çàëåæíîñòÿì
k(s) = as + b, (2.5)

k(s) = as2 + bs + c, (2.6)

k(s) = as3 + bs2 + cs + d, (2.7)

âiäïîâiäàþòü òàêi çàëåæíîñòi äëÿ êóòiâ íàõèëó äîòè÷íèõ
ϕ(s) = ϕ(0) + as2/2 + bs, (2.5a)

ϕ(s) = ϕ(0) + as3/3 + bs2/2 + cs, (2.6a)

ϕ(s) = ϕ(0) + as4/4 + bs3/3 + cs2/2 + ds, (2.7a)
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Ïëîñêi êðèâi ó íàòóðàëüíié ïàðàìåòðèçàöi¨
Íàâiùî S îáìåæóâàòè çâåðõó?

Ðèñ. 2.2. Êðèâi ïðè S = 20 Ðèñ. 2.3. Êðèâi ïðè S = 10

x(S)=x(0)+

S∫
0

cos ϕ(s)ds, y(S)=y(0)+

S∫
0

sinϕ(s)ds, (2.8)
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Ïëîñêi êðèâi ó íàòóðàëüíié ïàðàìåòðèçàöi¨
Öå äîçâîëÿ¹ iãíîðóâàòè ½íåïðàâèëüíi“ êðèâi

Ðèñ. 2.4. Ïåðøà êðèâà Ðèñ. 2.5. Äðóãà êðèâà

ßêà ç öèõ äâîõ çàìêíóòèõ êðèâèõ
¹ ½íåïðàâèëüíîþ“?
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r-Àëãîðèòì äëÿ çàäà÷i (Óñòåíêî, 2010)
Ïðèêëàä çàäà÷i [Óñòåíêî, 2010]

Ðèñ. 3.1. Äâi äiëÿíêè � PQ òà QR

Ïîòðiáíî ç'¹äíàòè òðè
òî÷êè êðèâèìè ëiíiÿìè,
çàáåçïå÷èâøè îäíàêîâèé
êóò íàõèëó äîòè÷íî¨ â
ñåðåäíié òî÷öi.
Äàíî: xP , yP , xQ, yQ,

xR, yR, ϕP , ϕR

Çíàéòè: a1, b1, S1,
a2, b2, S2, ϕQ

1. ÓñòåíêîÑ.À. Ïîáóäîâà iíòåðïîëÿöiéíèõ åëåìåíòiâ
êðèâèíè ïðè ìîäåëþâàííi êðèâîëiíiéíèõ îáâîäiâ. �
Åëåêòðîííèé Âiñíèê ÍÓÊ, � 1, 2010.
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r-Àëãîðèòì äëÿ çàäà÷i (Óñòåíêî, 2010)
Ñèñòåìà íåëiíiéíèõ ðiâíÿíü [Óñòåíêî, 2010]

xQ = xP +
∫ S1

0
cos

(
ϕP +

a1s
2

2
+ b1s

)
ds, (3.1)

yQ = yP +
∫ S1

0
sin

(
ϕP +

a1s
2

2
+ b1s

)
ds, (3.2)

xR = xQ +
∫ S2

0
cos

(
ϕQ +

a2s
2

2
+ b2s

)
ds, (3.3)

yR = yQ +
∫ S2

0
sin

(
ϕQ +

a2s
2

2
+ b2s

)
ds, (3.4)

ϕQ = ϕP +
a1S

2
1

2
+ b1S1, (3.5)

ϕR = ϕQ +
a2S

2
2

2
+ b2S2, (3.6)

b2 = a1S1 + b1. (3.7)
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r-Àëãîðèòì äëÿ çàäà÷i (Óñòåíêî, 2010)
Ôóíêöi¨ íåâ'ÿçîê äëÿ ñèñòåìè (3.1)�(3.7)

f1(a1, b1, S1) = xQ−
∫ S1

0
cos

(
ϕP +

a1s
2

2
+ b1s

)
ds−xP , (3.1a)

f2(a1, b1, S1)=yQ−
∫ S1

0
sin

(
ϕP +

a1s
2

2
+ b1s

)
ds−yP , (3.2a)

f3(a2,b2,S2,ϕQ)=xR−
∫ S2

0
cos

(
ϕQ+

a2s
2

2
+b2s

)
ds−xQ, (3.3a)

f4(a2,b2,S2,ϕQ)=yR−
∫ S2

0
sin

(
ϕQ+

a2s
2

2
+b2s

)
ds−yQ, (3.4a)

f5(a1, b1, S1, ϕQ) = ϕQ − ϕP − a1S
2
1

2
− b1S1, (3.5a)

f6(a2, b2, S2, ϕQ) = ϕR − ϕQ − a2S
2
2

2
− b2S2, (3.6a)

f7(a1, b1, S1, b2) = b2 − a1S1 − b1, (3.7a)
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r-Àëãîðèòì äëÿ çàäà÷i (Óñòåíêî, 2010)
Îïòèìiçàöiéíà çàäà÷à äëÿ (3.1a)�(3.7a)

Çíàéòè

f ∗=f(a∗1,2, b
∗
1,2, S

∗
1,2, ϕ

∗
Q)= min

{
f(·)=

7∑
i=1

|fi(·)|

}
(3.8)

ïðè îáìåæåííÿõ
S1 ≥

√
(xQ − xP )2 + (yQ − yP )2, (3.9)

S2 ≥
√

(xR − xQ)2 + (yR − yQ)2, (3.10)

ßêùî f ∗ := 0, òî îòðèìó¹ìî ðîçâ'ÿçîê ñèñòåìè (3.1)�(3.7).
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r-Àëãîðèòì äëÿ çàäà÷i (Óñòåíêî, 2010)
Àëãîðèòì ðîçâ'ÿçàííÿ çàäà÷i (3.8)�(3.10)

ðåàëiçîâàíèé ìîâîþ Octave òà âèêîðèñòîâó¹
1. octave-ôóíêöiþ ralgb5a;
2. àíàëiòè÷íå îá÷èñëåííÿ óçàãàëüíåíèõ ãðàäi¹íòiâ;
3. ìåòîä òðàïåöié äëÿ îá÷èñëåííÿ iíòåãðàëiâ.
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Ñîïëî Ôðàíêëÿ òà S-êðèâi
Ìîäåëþâàííÿ S-êðèâèõ: k(s) = as2 + bs + c

Ðèñ. 4.1. Òðè òèïè ñîïåë

Äàíî:
x1, y1, ϕ1, x2, y2, ϕ2,
xp ∈ [x1, x2], ϕp;
Òóò ϕp � êóò â xp, yp;
Çíàéòè:
a, b, c,
S, s1;

2. ÁîðèñåíêîÂ.Ä., ÓñòåíêîÑ.À., Óñòåíêî I.Â.
Ãåîìåòðè÷íå ìîäåëþâàííÿ S-ïîäiáíèõ ñêåëåòíèõ ëiíié ïðîôiëiâ
ëîïàòîê îñüîâèõ êîìïðåñîðiâ. � Âåñòíèê äâèãàòåëåñòðîåíèÿ. �
2018. � � 1. � C. 45�52.
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Ñîïëî Ôðàíêëÿ òà S-êðèâi
Çàäà÷à: ñèñòåìà íåëiíiéíèõ ðiâíÿíü (3 + 2)

x2 = x1 +

S∫
0

cos

(
ϕ1 +

as3

3
+

bs2

2
+ cs

)
ds, (4.1)

y2 = y1 +

S∫
0

sin

(
ϕ1 +

as3

3
+

bs2

2
+ cs

)
ds, (4.2)

ϕ2 = ϕ1 +
aS3

3
+

bS2

2
+ cS, (4.3)

xp = x1 +

s1∫
0

cos

(
ϕ1 +

as3

3
+

bs2

2
+ cs

)
ds, (4.4)

ϕp = ϕ1 +
as3

1

3
+

bs2
1

3
+ cs1. (4.5)
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Ñîïëî Ôðàíêëÿ òà S-êðèâi
Ïåðøèé òåñò (äëÿ çìåíøåíèõ ðîçìiðiâ)
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x1=0, y1=2.46,ϕ1=0,
x2=1, y2=2.75,ϕ2=0,
xp = 0.7, ϕp = 12◦,

a = 7.92935
b = −11.4079
c = 3.07591
S = 1.05563
s1 = 0.75400
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Ñîïëî Ôðàíêëÿ òà S-êðèâi
Äðóãèé òåñò (äëÿ ðåàëüíèõ ðîçìiðiâ)
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x1=0, y1=246,ϕ1=0,
x2=100, y2=275,ϕ2=0,
xp = 70, ϕp = 12◦,

a = 7.92785×10−6

b = −1.14060×10−3

c = 3.07546×10−2

S = 105.562
s1 = 75.3989
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Ïðîôiëü òðåòüîãî ïîðÿäêó ãëàäêîñòi
Çìiñò

1 “Êè¨âñüêi“ ìåòîäè íåãëàäêî¨ îïòèìiçàöi¨

2 Ïëîñêi êðèâi ó íàòóðàëüíié ïàðàìåòðèçàöi¨

3 r-Àëãîðèòì äëÿ çàäà÷i (Óñòåíêî, 2010)

4 Ñîïëî Ôðàíêëÿ òà S-êðèâi

5 Ïðîôiëü òðåòüîãî ïîðÿäêó ãëàäêîñòi
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Ïðîôiëü òðåòüîãî ïîðÿäêó ãëàäêîñòi
Çàäà÷à: êðèâèíè � êâàäðàòè÷íi

Ðèñ. 5.1. Äâi ñóìiæíi äiëÿíêè:
(1,2) k1(s)=a1s

2+b1s+c1,
(2,3) k2(s)=a2s

2+b2s+c2

Äàíî:
x1, y1, ϕ1,
x2, y2, ϕ2,
x3, y3, ϕ3

Çíàéòè:
a1, b1, c1, S1,
a2, b2, c2, S2

3. Òêà÷Ì.Ð. ÀãàðêîâÎ.Þ. Ìîäåëþâàííÿ ïëàâíèõ êðèâèõ
ñòîñîâíî ïðîôiëiâ ëîïàòîê îñüîâèõ òóðáií. � Çáiðíèê íàóêîâèõ
ïðàöü ÍÓÊ. � 2014. � � 3. � C. 58�62.
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Ïðîôiëü òðåòüîãî ïîðÿäêó ãëàäêîñòi
Cèñòåìà íåëiíiéíèõ ðiâíÿíü (3 + 3 + 2)

x2 = x1 +

S1∫
0

cos

(
ϕ1 +

a1s
3

3
+

b1s
2

2
+ c1s

)
ds, (5.1)

y2 = y1 +

S1∫
0

sin

(
ϕ1 +

a1s
3

3
+

b1s
2

2
+ c1s

)
ds, (5.2)

ϕ2 = ϕ1 +
aS3

1

3
+

bS2
1

2
+ cS1, (5.3)

Ðiâíÿííÿ (5.1) òà (5.2) çâ'ÿçóþòü òî÷êè 1 òà 2.
Ðiâíÿííÿ (5.3) çàáåçïå÷ó¹ ïîòðiáíèé êóò â òî÷öi 2.
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Ïðîôiëü òðåòüîãî ïîðÿäêó ãëàäêîñòi
Cèñòåìà íåëiíiéíèõ ðiâíÿíü (3 + 3 + 2)

x3 = x2 +

S2∫
0

cos

(
ϕ2 +

a2s
3

3
+

b2s
2

2
+ c2s

)
ds, (5.4)

y3 = y2 +

S2∫
0

sin

(
ϕ2 +

a2s
3

3
+

b2s
2

2
+ c2s

)
ds, (5.5)

ϕ3 = ϕ2 +
aS3

2

3
+

bS2
2

2
+ cS2, (5.6)

Ðiâíÿííÿ (5.4) òà (5.5) çâ'ÿçóþòü òî÷êè 2 òà 3.
Ðiâíÿííÿ (5.6) çàáåçïå÷ó¹ ïîòðiáíèé êóò â òî÷öi 3.
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Ïðîôiëü òðåòüîãî ïîðÿäêó ãëàäêîñòi
Cèñòåìà íåëiíiéíèõ ðiâíÿíü (3 + 3 + 2)

a1S
2
1 + b1S1 + c1 = c2, (5.7)

2a1S1 + b1 = b2, (5.8)

Ó òî÷öi 2
ðiâíÿííÿ (5.7) çàáåçïå÷ó¹ íåïåðåðâíiñòü êðèâèíè, à
ðiâíÿííÿ (5.8) � íåïåðåðâíiñòü ïîõiäíî¨ âiä êðèâèíè.
Öå ãàðàíòó¹ òðåòié ïîðÿäîê ãëàäêîñòi êðèâî¨.
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Ïðîôiëü òðåòüîãî ïîðÿäêó ãëàäêîñòi
Òåñò 1: Îïóêëèé áàãàòîãðàííèê
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Ïðîôiëü òðåòüîãî ïîðÿäêó ãëàäêîñòi
Òåñò 2: Íåîïóêëèé áàãàòîãðàííèê
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Ïðîôiëü òðåòüîãî ïîðÿäêó ãëàäêîñòi
Òåñò 3: Ñîïëà ½Ôðàíêëÿ-Ñòåíòîíà“
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Çàïèòàííÿ?

ÄßÊÓÞ ÇÀ ÓÂÀÃÓ!
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Backup Slides: Ìåòîä Áåçü¹

Проектирование аэродинамических профилей с
использованием метода Безье

Рк- координаты
вершин
характеристического
многогранника.

19
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Backup Slides: LL-àïðîêñèìàöiÿ

Проектирование аэродинамических профилей с
помощью LL-аппроксимации и заданного закона

изменения кривизны
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