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Ïðî çàäà÷ó (ÄÏ ½Iâ÷åíêî-Ïðîãðåñ“, Çàïîðiææÿ)
Cîïëî Ëàâàëÿ ç öåíòðàëüíèì òiëîì (ÖÒ)

Ëiâå ïîëîæåííÿ ÖÒ

Ïðàâå ïîëîæåííÿÖÒ
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Ïðî çàäà÷ó (ÄÏ ½Iâ÷åíêî-Ïðîãðåñ“, Çàïîðiææÿ)
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Ïðî çàäà÷ó (ÄÏ ½Iâ÷åíêî-Ïðîãðåñ“, Çàïîðiææÿ)
Ùî òàêå ½óñåðåäíåííÿ“ ïðîôiëþ ÖÒ?

Íåîáõiäíî òàê ½óñåðåäíèòè“ ÷åðâîíèé òà ñèíié ïðîôiëi ÖÒ,
ùîá óñåðåäíåíèé ïðîôiëü ½íàéêðàùå“ çàäîâiëüíÿâ çàäàíèì
ãðàôiêàì ïëîù áîêîâèõ ïîâåðõîíü çðiçàíîãî êîíóñà ó
êðàéíüîìó ëiâîìó òà êðàéíüîìó ïðàâîìó ïîëîæåííÿõ ÖÒ.
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Ùî òàêå Lp-óñåðåäíåíå ÷èñëî?
Ôîðìóëþâàííÿ îïòèìiçàöiéíî¨ çàäà÷i

Çíàéòè òàêå ÷èñëî a∗p, ÿêå çà Lp-íîðìîþ
ìiíiìàëüíî óõèëÿ¹òüñÿ âiä çàäàíèõ m ÷èñåë a1, . . . , am.

Ôîðìóëþâàííÿ çàäà÷i: çíàéòè

a∗p = argmin
a∈R

fp(a)=

(
m∑

i=1

|a− ai|p
)1/p

 , (1)

äå p ∈ R - ñêàëÿðíèé ïàðàìåòð � òàêèé, ùî p ≥ 1.

Óìîâà p ≥ 1 çàáåçïå÷ó¹ îïóêëiñòü íåãëàäêî¨ ôóíêöi¨ fp(a).
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Ùî òàêå Lp-óñåðåäíåíå ÷èñëî?
Ïðî íå¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (p = 1)

Ðèñ. 1. a1 = 1, a2 = 2. Ðèñ. 2. a1=1, a2=2, a3=3, a4=6

Çàäà÷à (1) çàâæäè ìà¹ ðîçâ'ÿçîê, àëå íå çàâæäè âií ¹ ¹äèíèì.
Òàê, íàïðèêëàä, a∗1 ∈ [1, 2] (ðèñ. 1), òà a∗1 ∈ [2, 3] (ðèñ. 2).
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Ùî òàêå Lp-óñåðåäíåíå ÷èñëî?
Ìåòîäè � ÌÍÌ, ÌÍÊ òà ÌÌÌ

Äëÿ îêðåìèõ âèïàäêiâ Lp-íîðìè âåêòîðà x ∈ Rm:
p = 1 � "ìàíõåòòåíñüêà" íîðìà ‖x‖1=

m∑
i=1

|xi|;

p = 2 � åâêëiäîâà íîðìà ‖x‖2 =

√
m∑

i=1

(xi)2 ;
p = ∞ � ÷åáèøåâñüêà íîðìà ‖x‖∞ = max

i=1,...,m
|xi|;

iç çàäà÷i (1) îòðèìó¹ìî âiäîìi ìåòîäè:
ÌÍÌ � Ìåòîä Íàéìåíøèõ Ìîäóëiâ (p = 1);
ÌÍÊ � Ìåòîä Íàéìåíøèõ Êâàäðàòiâ (p = 2);
ÌÌÌ � ÌiíiÌàêñíèé (÷åáèøåâñüêèé) Ìåòîä (p = ∞).
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Âëàñòèâîñòi Lp-óñåðåäíåíèõ ÷èñåë (1 < p ≤ 2)
Ñïðîùåíà çàäà÷à (1) äëÿ 1 ≤ p ≤ 2

âiäïîâiäà¹ çàäà÷i ìiíiìiçàöi¨ îïóêëî¨ ôóíêöi¨:
çíàéòè

a∗p = argmin
a∈R

{
Fp(a) =

m∑
i=1

|a− ai|p
}

, (2)

äå p ∈ R � ñêàëÿðíûé ïàðàìåòð, òàêèé ùî 1 ≤ p ≤ 2.

Òóò:
Fp(x) � îïóêëà ôóíêöiÿ (íåãëàäêà, ÿêùî p = 1),
ïðè p = 1 ìà¹ìî ÌÍÌ (çâîäèòüñÿ äî ðîçâ'ÿçàííÿ ËÏ-çàäà÷i),
ïðè p = 2 ìà¹ìî ÌÍÊ (ìiíiìiçàöiÿ êâàäðàòè÷íî¨ ôóíêöi¨).
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Âëàñòèâîñòi Lp-óñåðåäíåíèõ ÷èñåë (1 < p ≤ 2)
Êîðèñíi ïîñèëàííÿ íà ÌÍÌ òà ÌÍÊ

1. Ìóäðîâ Â.È., Êóøêî Â.Ë. Ìåòîä íàèìåíüøèõ ìîäóëåé. � Ì.:,
Çíàíèå, 1971. � 64 ñ.
... Áðîøþðà ïîñâÿùåíà îïèñàíèþ îäíîãî èç ìåòîäîâ îáðàáîòêè
ýêñïåðèìåíòàëüíûõ äàííûõ � ìåòîäà íàèìåíüøèõ ìîäóëåé,
èñïîëüçîâàíèå êîòîðîãî ïîëåçíî â òåõ ñëó÷àÿõ, êîãäà
ðàñïðåäåëåíèå îøèáîê èçìåðåíèé ïîä÷èíåíî çàêîíó Ëàïëàñà.

2. ÇîðêàëüöåâÂ.È. Ìåòîä íàèìåíüøèõ êâàäðàòîâ: ãåîìåòðè-
÷åñêèå ñâîéñòâà,àëüòåðíàòèâíûå ïîäõîäû,ïðèëîæåíèÿ. �
Íîâîñèáèðñê: Íàóêà, 1995. � 220 ñ.
3. Ñòåöþê Ï.È., Êîëåñíèê Þ.Ñ., Ëåéáîâè÷ Ì.Ì. Ê ðîáàñòíîñòè
ìåòîäà íàèìåíüøèõ ìîäóëåé // Êîìïüþòåðíàÿ ìàòåìàòèêà. �
2002. Âûïóñê 2. � Ñ. 114�151.
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Âëàñòèâîñòi Lp-óñåðåäíåíèõ ÷èñåë (1 < p ≤ 2)
Âëàñòèâîñòi çàäà÷i (2)

Çíàéòè:
a∗p = argmin

a∈R

{
Fp(a)=

m∑
i=1

|a− ai|p
}

. (2)

Âëàñòèâîñòi çàäà÷i (2) ïðè 1 < p ≤ 2:
1. ìà¹ ¹äèíèé ðîçâ'ÿçîê;
2. a∗2 = (a1 + . . . + am)/m (p = 2 � ñåðåäí¹ àðèôìåòè÷íå);
3. Fp(a

∗
p) =

(
fp(a

∗
p)
)p.

Ïðèìiòêà:
Fp(a) � îïóêëà ôóíêöiÿ (¹ íåãëàäêîþ ïðè p = 1).
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Ïðî Lp-óñåðåäíåííÿ ëiíiéíèõ ñïëàéíiâ
Íåãëàäêà çàäà÷à (p ≥ 1)

Ìà¹ìî m ëiíiéíèõ ñïëàéíiâ y1, . . . , ym,
ÿêi âèçíà÷åíi çíà÷åííÿìè yi

1, . . . , y
i
n, i = 1, . . . ,m â îäíèõ

i òèõ æå áàçîâèõ òî÷êàõ x1 < . . . < xn iíòåðâàëó [x1, x2].

Íåîáõiäíî çíàéòè:

y∗p = arg min
y∈Rn

fp(y)=

(
n∑

j=1

m∑
i=1

|yj − yi
j|p
)1/p

 , (3)

äå y = (y1, . . . , yn)
� íåâiäîìi çíà÷åííÿ ëiíiéíîãî ñïëàéíà â òî÷êàõ x1 < . . . < xn.
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Ïðî Lp-óñåðåäíåííÿ ëiíiéíèõ ñïëàéíiâ
Ãëàäêà çàäà÷à (1 < p ≤ 2)

Çíàéòè:

y∗p = arg min
y∈Rn

{
Fp(y)=

n∑
j=1

m∑
i=1

|yj − yi
j|p
}

. (4)

Âëàñòèâîñòi çàäà÷i (4) ïðè 1 < p ≤ 2:
1. ¹äèíèé ðîçâ'ÿçîê; 2. y∗2 = (y1 + . . . + ym)/m.

Ïðèìiòêà:
Fp(y) � ñåïàðàáåëüíà îïóêëà ôóíêöiÿ (¹ íåãëàäêîþ ïðè p = 1);
Fp(y∗p) òà fp(y∗p) çâ'ÿçàíi ñïiââiäíîøåííÿì Fp(y∗p) =

(
fp(y∗p)

)p.
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Ïðî Lp-óñåðåäíåííÿ ëiíiéíèõ ñïëàéíiâ
Çàäà÷à äëÿ íåñïàäíî-íåçðîñòàþ÷îãî ñïëàéíà

Çíàéòè (p ≥ 1):

y∗p = arg min
y∈Rn

fp(y)=

(
n∑

j=1

m∑
i=1

|yj − yi
j|p
)1/p

 (3.1)

ïðè îáìåæåííÿõ:
yj ≤ yj+1, j = 1, . . . , n1 − 1, (3.2)

yj ≥ yj+1, j = n1, . . . , n− 1. (3.3)

Ëiíiéíèé ñïëàéí ¹ íåñïàäíèì íà äiëÿíöi x1 < . . . < xn1 òà
íåçðîñòàþ÷èì íà äiëÿíöi xn1 < . . . < xn.
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Ïðî Lp-óñåðåäíåííÿ ëiíiéíèõ ñïëàéíiâ
Çàäà÷à äëÿ óâiãíóòî-îïóêëîãî ñïëàéíà

Çíàéòè (1 ≤ p ≤ 2):

y∗p = arg min
y∈Rn

{
Fp(y)=

n∑
j=1

m∑
i=1

|yj − yi
j|p
}

(4.1)

ïðè îáìåæåííÿõ:
yj+1 − yj

xj+1 − xj

≥ yj+2 − yj+1

xj+2 − xj+1

, j = 1, . . . , n1 − 2, (4.2)

yj+1 − yj

xj+1 − xj

≤ yj+2 − yj+1

xj+2 − xj+1

, j = n1, . . . , n− 2. (4.3)

Ëiíiéíèé ñïëàéí ¹ óâiãíóòèì íà äiëÿíöi x1 < . . . < xn1 òà
îïóêëèì íà äiëÿíöi xn1 < . . . < xn.
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