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Ôîðìóëèðîâêà çàäà÷è è ïðèëîæåíèÿ
Ôîðìóëèðîâêà çàäà÷è

Èìåþòñÿ êðóãè Si ñ ðàäèóñàìè ri è âåñàìè wi, i = 1, . . . ,m.
Ïîëàãàåì, ÷òî öåíòð òÿæåñòè êðóãà Si íàõîäèòñÿ â åãî öåíòðå.

Ðàâíîâåñíîé óïàêîâêîé ñåìåéñòâà êðóãîâ Si, i = 1, . . . ,m
áóäåì íàçûâàòü òàêóþ èõ óïàêîâêó â êðóã S, ÷òîáû ðàäèóñ
êðóãà S áûë ìèíèìàëüíûì è öåíòð òÿæåñòè ñåìåéñòâà
êðóãîâ Si, i = 1, . . . ,m, ñîâïàäàë ñ öåíòðîì êðóãà S.

ÂÑÐ-çàäà÷à
Íàéòè ðàâíîâåñíóþ óïàêîâêó ñåìåéñòâà êðóãîâ Si, i = 1, . . . ,m.
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Ôîðìóëèðîâêà çàäà÷è è ïðèëîæåíèÿ
Ïðèëîæåíèÿ ÂÑÐ-çàäà÷

ïðè ìîäåëèðîâàíèè ñïóòíèêîâ (êîñìè÷åñêàÿ èíæåíåðèÿ)

Fasano G., Pintår J.D., eds., Modeling and
Optimization in Space Engineering. Springer Optimization and
Its Applications. � Springer. � New York. � 2012. � 404 p.
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Ôîðìóëèðîâêà çàäà÷è è ïðèëîæåíèÿ
Ïðèëîæåíèÿ ÂÑÐ-çàäà÷

Óïàêîâêà êðóãîâûõ êîíòåéíåðîâ îäèíàêîâîé âûñîòû
â öèëèíäðè÷åñêèé êîíòåéíåð
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Ìàòåìàòè÷åñêàÿ ìîäåëü
Ìàòåìàòè÷åñêàÿ ìîäåëü

Ìíîãîýêñòðåìàëüíàÿ çàäà÷à íåëèíåéíîãî ïðîãðàììèðîâàíèÿ:
r∗ = min

x,y∈Rm,r≥rlow
r (1)

ïðè îãðàíè÷åíèÿõ
x2

i + y2
i ≤ (r − ri)2, i = 1, . . . ,m, (2)

(xi − xj)2 + (yi − yj)2 ≥ (ri + rj)2, 1 ≤ i < j ≤ m, (3)
m∑

i=1

λixi = 0,

m∑
i=1

λiyi = 0. (4)

Íåèçâåñòíûå âåëè÷èíû:xi, yi � öåíòð êðóãàSi, r � ðàäèóñ êðóãàS,
èçâåñòíûå âåëè÷èíû: λi = wi/

∑m
i=1 wi, i = 1, . . . ,m,

rlow = max
i=1,...,m

ri � íèæíÿÿ ãðàíèöà íà r � èñêîìûé ðàäèóñ.
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Ìàòåìàòè÷åñêàÿ ìîäåëü
Îãðàíè÷åíèÿ â ÂÑÐ-çàäà÷å

Îãðàíè÷åíèÿ â çàäà÷å (1)�(4) îçíà÷àþò ñëåäóþùåå:
ϕi(x, r) = x2

i + y2
i − (r − ri)2 ≤ 0, i = 1, . . . ,m, (2′)

ò.å. êðóãè Si, i = 1, . . . ,m ñîäåðæàòñÿ âíóòðè êðóãà S,
φij(x) = −(xi−xj)2−(yi−yj)2+(ri+rj)2 ≤ 0, 1≤i<j≤m, (3′)

ò.å. íèêàêèå äâà êðóãà èç Si, i = 1, . . . ,m íå ïåðåñåêàþòñÿ,

Φ1(x) =
m∑

i=1

λixi = 0, Φ2(y) =
m∑

i=1

λiyi = 0, (4′)

ò.å. öåíòð òÿæåñòè êðóãîâ Si, i = 1, . . . ,m íàõîäèòñÿ â íà÷àëå
êîîðäèíàò (öåíòðå êðóãà S).
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Îöåíêà ψ∗ äëÿ ãëîáàëüíîãî ìèíèìóìà
Î êíèãå � Ýâðèêà: Êèøèíýó, 2018. � 503 ñ.
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Çàâåäóþùèé îòäåëîì ìåòîäîâ íåãëàäêîé îïòèìèçàöèè 
Èíñòèòóòà êèáåðíåòèêè èìåíè Â.Ì. Ãëóøêîâà Íàöèîíàëüíîé 
àêàäåìèè íàóê Óêðàèíû, äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê.

Ðîäèëñÿ â 1958 ãîäó â ñåëå Êóíèñîâöû, Ãîðîäåíêîâñêîãî 
ðàéîíà, Èâàíî-Ôðàíêîâñêîé îáëàñòè. Îêîí÷èë ôàêóëüòåò 
óïðàâëåíèÿ è ïðèêëàäíîé ìàòåìàòèêè (1982 ã.) è àñïèðàíòóðó 
(1992 ã.) Ìîñêîâñêîãî ôèçèêî-òåõíè÷åñêîãî èíñòèòóòà. Ñ 1982 ã. 
ðàáîòàåò â Èíñòèòóòå êèáåðíåòèêè ÍÀÍÓ, ãäå çàùèòèë êàíäè-
äàòñêóþ (1996 ã.) è äîêòîðñêóþ (2013 ã.) äèññåðòàöèè.

Ñôåðà íàó÷íûõ èíòåðåñîâ — ëèíåéíîå è íåëèíåéíîå ïðî-
ãðàììèðîâàíèå; ìåòîäû ìèíèìèçàöèè íåãëàäêèõ ôóíêöèé, èõ 
ïðèìåíåíèå â áëî÷íûõ, ìàòðè÷íûõ, ïîëèíîìèàëüíûõ è áóëåâûõ 
çàäà÷àõ îïòèìèçàöèè; àëãîðèòìû íàõîæäåíèÿ è óòî÷íåíèÿ 
äâîéñòâåííûõ îöåíîê öåëåâîé ôóíêöèè â êâàäðàòè÷íûõ ìíîãî-
ýêñòðåìàëüíûõ çàäà÷àõ; ìàòåìàòè÷åñêîå è ïðîãðàììíîå îáå-
ñïå÷åíèå ïðèêëàäíûõ çàäà÷ îïòèìèçàöèè.

Àâòîð 6 êíèã, 8 ðàçäåëîâ â ìîíîãðàôèÿõ, áîëåå 200 íàó÷-
íûõ ðàáîò, ó÷åáíûõ êóðñîâ "Ìåòîäû íåãëàäêîé îïòèìèçàöèè è 
ìàòåìàòè÷åñêîå ïðîãðàììèðîâàíèå", "Ìåòîäû âûïóêëîé îïòè-
ìèçàöèè", "Îïòèìèçàöèîííûå àëãîðèòìû è ñåòåâûå òåõíîëî-
ãèè", "Ìåòîäû ýëëèïñîèäîâ è r-àëãîðèòìû". 

Ëàóðåàò Ãîñóäàðñòâåííîé ïðåìèè Óêðàèíû â îáëàñòè íàóêè 
è òåõíèêè (2016), ïðåìèè èì. àêàäåìèêà Â.Ñ. Ìèõàëåâè÷à ÍÀÍ 
Óêðàèíû (2017).

Êíèãà ïîñâÿùåíà ðàçâèòèþ ìåòîäîâ
Í.Ç. Øîðà äëÿ íàõîæäåíèÿ è
óòî÷íåíèÿ äâîéñòâåííûõ îöåíîê
öåëåâîé ôóíêöèè â êâàäðàòè÷íûõ
ýêñòðåìàëüíûõ çàäà÷àõ. Â íåé
çíà÷èòåëüíîå âíèìàíèå óäåëåíî
íîâûì ñåìåéñòâàì ôóíêöèîíàëüíî
èçáûòî÷íûõ îãðàíè÷åíèé äëÿ
óëó÷øåíèÿ òî÷íîñòè îöåíîê â áóëåâûõ
êâàäðàòè÷íûõ çàäà÷àõ, ê êîòîðûì
ñâîäèòñÿ ðÿä èçâåñòíûõ NP-ñëîæíûõ
êîìáèíàòîðíûõ çàäà÷ è
ýêñòðåìàëüíûõ çàäà÷ íà ãðàôàõ.
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Îöåíêà ψ∗ äëÿ ãëîáàëüíîãî ìèíèìóìà
Êâàäðàòè÷íàÿ çàäà÷à

f ∗ = (r∗)2 = min
r,x,y

r2 (1′′)

ïðè îãðàíè÷åíèÿõ

x2
i + y2

i − r2 + 2rir − r2
i ≤ 0, i = 1, . . . ,m, (2′′)

−x2
i +2xixj−x2

j−y2
i +2yiyj−y2

j +(ri+rj)
2≤0, 1≤i<j≤m,

(3′′)
m∑

i=1

m∑
j=1

λiλjxixj = 0,
m∑

i=1

m∑
j=1

λiλjyiyj = 0, (4′′)

r2 − (rlow + rup)r + rlowrup ≤ 0. (5′′)
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Îöåíêà ψ∗ äëÿ ãëîáàëüíîãî ìèíèìóìà
Ñâîéñòâà îöåíêè ψ∗

1) ψ∗ ≤ f ∗ = (r∗)2 (Øîð),

2) r∗ ≥
√
ψ∗ ≥ rlow (èç ìîäåëè).

(rlow)2 = min
r
r2

r2− (rlow + rup)r+ rlowrup ≤ 0

(rlow)2 = min
r
r2

(r − rlow)(r − rup) ≤ 0
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Âû÷èñëèòåëüíûé ýêñïåðèìåíò
Òåñòîâûé ïðèìåð Ò.Å. Ðîìàíîâîé

ÂÑÐ-çàäà÷à äëÿ ïÿòè íåðàâíûõ êðóãîâ:
m = 5

Êðóãè èìåþò ðàçëè÷íûå ðàäèóñû è ìàññû:
r1 = 0.1, r2 = 0.2, r3 = 0.3, r4 = 0.5, r5 = 0.8

m1 = 0.0785, m2 = 0.314, m3 = 0.7065, m4 = 1.9625,
m5 = 5.024

Òî÷íîñòü äëÿ êîìïîíåíò öåíòðà òÿæåñòè
ε1 = ε2 = 0.0001

ò.å.

ε1 ≤
m∑

i=1

λixi ≤ ε2, ε1 ≤
m∑

i=1

λiyi ≤ ε2, (4a)
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Âû÷èñëèòåëüíûé ýêñïåðèìåíò
Äâà áëèçêèõ ëîêàëüíûõ ìèíèìóìà
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f ∗ = 1.3175

-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1

f ∗∗ = 1.3161

Âîïðîñ: åñòü ëè âòîðîé ëîêàëüíûé ìèíèìóì ãëîáàëüíûì?
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Âû÷èñëèòåëüíûé ýêñïåðèìåíò
Äîêàçàòåëüñòâî ãëîáàëüíîñòè

Åñëè

rlow = 0.8, rup = 1.35 > 1.3161

òî

ψ∗ = 1.7309

è ïîëó÷àåì

r∗ ≥
√
ψ∗ ≥ 1.3156

.
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