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Îá èñòîðèè ìåòîäà ýëëèïñîèäîâ
Ìåòîä ýëëèïñîèäîâ ïðåäëîæèëè

1976 ÞäèíÄ.Á. è ÍåìèðîâñêèéÀ.Ñ. êàê ìåòîä
ïîñëåäîâàòåëüíûõ îòñå÷åíèé [1].

1977 ØîðÍ.Ç. êàê âàðèàíò ìåòîäà ñ ðàñòÿæåíèåì
ïðîñòðàíñòâà â íàïðàâëåíèè ñóáãðàäèåíòà [2].

1. ÞäèíÄ.Á., ÍåìèðîâñêèéÀ.Ñ. Èíôîðìàöèîííàÿ ñëîæ-
íîñòü è ýôôåêòèâíûå ìåòîäû ðåøåíèÿ âûïóêëûõ ýêñòðåìàëü-
íûõ çàäà÷ // Ýêîíîìèêà è ìàòåìàòè÷åñêèå ìåòîäû. � 1976. �
Âûï. 2. � C. 357�369.

2. ØîðÍ.Ç. Ìåòîä îòñå÷åíèÿ ñ ðàñòÿæåíèåì ïðîñòðàíñòâà äëÿ
ðåøåíèÿ çàäà÷ âûïóêëîãî ïðîãðàììèðîâàíèÿ // Êèáåðíåòèêà.
� 1977. � �1. � Ñ. 94�95.
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Îá èñòîðèè ìåòîäà ýëëèïñîèäîâ
Ìåòîä ýëëèïñîèäîâ ½c áåðåãîâ Äíåïðà“ ...

Äàâèä Áîðèñîâè÷ Þäèí
ðîäèëñÿ 21 ìàÿ 1919 ãîäà
â Åêàòåðèíîñëàâå (ñåãîäíÿ - Äíåïð),
â 1941 ãîäó çàêîí÷èë
Äíåïðîïåòðîâñêèé óíèâåðñèòåò

Íàóì Çóñåëåâè÷ Øîð
ðîäèëñÿ 1 ÿíâàðÿ 1937 ãîäà
â Êèåâå (ãîðîä íà Äíåïðå),
â 1958 ãîäó çàêîí÷èë
Êèåâñêèé óíèâåðñèòåò
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Îá èñòîðèè ìåòîäà ýëëèïñîèäîâ
Ýïîõàëüíûé ìîìåíò!

Øîð,
Íåìèðîâñêèé,
Íåñòåðîâ çà
ýëëèïñîèäàëüíûì
ñòîëîì!

îêòÿáðü 1990
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Îá èñòîðèè ìåòîäà ýëëèïñîèäîâ
XI ñèìïîçèóì ïî ìàò. ïðîãðàììèðîâàíèþ

Ìåòîä ýëëèïñîèäîâ è ïîëó÷åííûå íà åãî îñíîâå
ðåçóëüòàòû î ñëîæíîñòè çàäà÷ ìàòåìàòè÷åñêîãî
ïðîãðàììèðîâàíèÿ áûëè öåíòðàëüíûìè íà XI
ìåæäóíàðîäíîì ñèìïîçèóìå ïî ìàòåìàòè÷åñêîìó
ïðîãðàììèðîâàíèþ (Áîíí, ÔÐÃ, àâãóñò 1982).

3. Êàíòîðîâè÷Ë.Â.,Ìèõàëåâè÷Â.Ñ., ÐóáèíøòåéíÃ.Ø.,
ÒðåòüÿêîâÍ.Â., ØîðÍ.Ç., ßêèìåöÂ.Í. XI Ìåæäóíàðîä-
íûé ñèìïîçèóì ïî ìàòåìàòè÷åñêîìó ïðîãðàììèðîâàíèþ //
Òåõíè÷åñêàÿ êèáåðíåòèêà. � Ì.: Èçâ. ÀÍ ÑÑÑÐ. � 1983. � �1. �
Ñ. 197�201.
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Îá èñòîðèè ìåòîäà ýëëèïñîèäîâ
XI ñèìïîçèóì (ìåòîä ýëëèïñîèäîâ)

Òðè ïðåìèè � èì. Ôàëêåðñîíà (1), èì. Äàíöèãà (2):
èì. Ôàëêåðñîíà: Gr�otchelM., L�ovasz L., Schrijver À., 1981
èì. Äàíöèãà: Õà÷èÿíË., 1979
èì. Äàíöèãà: ÞäèíÄ., ÍåìèðîâñêèéÀ., 1976

Ïëåíàðíûé äîêëàä Øîðà:
"Generalized gradient methods of nondi�erentiable optimization
employing space dilatation operations", îïóáëèêîâàí â [4]

4. Mathematical Programming: the state of art,
Bonn, 1982 / Bachem A., Gr�otchelM., Korte B. (eds.)
� Berlin: Springer-Verlag, 1983. � 655 p.
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Îá èñòîðèè ìåòîäà ýëëèïñîèäîâ
Øîð (1982) è Þäèí (1983)

Øîð â Áîííå (1982) Þäèí â Ðèãå (1983)
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Èäåÿ ìåòîäà (1-d ýëëèïñîèä)
1-d ýëëèïñîèä è åãî ñâîéñòâà

r

a

b

h

Ýëëèïñîèä En, ñîäåðæàùèé
ïîëóøàð â En, èìååò ïàðàìåòðû
b =

(
α +

1
α

)
r

2
, h =

(
1− 1

α2

)
r

2
,

ãäå α = b
a è r � ðàäèóñ øàðà Sn.

Åñëè ïðîñòðàíñòâî ½ðàñòÿíóòü“ ñ
êîýôôèöèåíòîì α â íàïðàâëåíèè
ïîëóîñè a, òî En ñòàíåò øàðîì â
ïðåîáðàçîâàííîì ïðîñòðàíñòâå.

Îòíîøåíèå îáúåìà ýëëèïñîèäà En ê îáúåìó øàðà Sn ðàâíî

q(n) =
vol(En)

vol(Sn)
=

1

α

(
b

r

)n

=
1

α

(
1

2

(
α +

1

α

))n

.
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Èäåÿ ìåòîäà (1-d ýëëèïñîèä)
Îïåðàòîð ðàñòÿæåíèÿ ïðîñòðàíñòâà

Ââåäåí Í.Ç.Øîðîì (1969) è èìååò ñëåäóþùèé âèä
Rα(ξ) = In + (α− 1)ξξT , ãäå α > 1.

Çäåñü: α � êîýôôèöèåíò ðàñòÿæåíèÿ ïðîñòðàíñòâà
â íîðìèðîâàííîì íàïðàâëåíèè ξ ∈ En, ‖ξ‖ = 1,
In � åäèíè÷íàÿ ìàòðèöà ðàçìåðîì n× n.

Â ìåòîäàõ èñïîëüçóåòñÿ îáðàòíûé ê íåìó îïåðàòîð
Rβ(ξ) = In + (β − 1)ξξT , ãäå β =

1
α

< 1,

êîòîðûé îçíà÷àåò "ñæàòèå"ïðîñòðàíñòâà ñóáãðàäèåíòîâ.

12/26 Ñòåöþê Ï.È., Èâëè÷åâÀ.Â. Ìåòîä ýëëèïñîèäîâ è Octave-ïðîãðàììà emshor



Èäåÿ ìåòîäà (1-d ýëëèïñîèä)
Ïî÷åìó ìåòîä ýëëèïñîèäîâ ñõîäèòñÿ?

Îòíîøåíèå îáúåìà ýëëèïñîèäà En ê îáúåìó øàðà Sn ðàâíî

q(n) =
vol(En)

vol(Sn)
=

1

α

(
1

2

(
α +

1

α

))n

.

Åñëè êîýôôèöèåíò α òàêîé, ÷òî α + 1/α < 2 n
√

α, òî
îòíîøåíèå q(n) < 1 è îáúåì ýëëèïñîèäà, â êîòîðîì
ëîêàëèçóåòñÿ èñêîìàÿ òî÷êà x∗, óáûâàåò ñî ñêîðîñòüþ
ãåîìåòðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì q(n).

Â ìåòîäå ýëëèïñîèäîâ Þäèíà-Íåìèðîâñêîãî-Øîðà

q(n) ≤ 1− 1

2n
è ðåàëèçóåòñÿ ïðè α =

√
n + 1

n− 1
.
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Ìåòîä ýëëèïñîèäîâ äëÿ íàõîæäåíèÿ x∗ε

Çàäà÷à è êðèòåðèé îñòàíîâà

Ðåøàåòñÿ òàêàÿ çàäà÷à:
äëÿ âûïóêëîé ôóíêöèè f(x), x ∈ Rn íàéòè òî÷êó x∗ε,
äëÿ êîòîðîé f(x∗ε)− f ∗ ≤ εf , ãäå f ∗ = f(x∗).

Âõîäíîé ïàðàìåòð ìåòîäà:
εf > 0 � òî÷íîñòü, ñ êîòîðîé òðåáóåòñÿ íàéòè f ∗ε = f(x∗ε).

Îáîçíà÷åíèÿ:
g(xk) � ñóáãðàäèåíò ôóíêöèè f(x) â òî÷êå xk.

15/26 Ñòåöþê Ï.È., Èâëè÷åâÀ.Â. Ìåòîä ýëëèïñîèäîâ è Octave-ïðîãðàììà emshor



Ìåòîä ýëëèïñîèäîâ äëÿ íàõîæäåíèÿ x∗ε

Èöèöèàëèçàöèÿ â ìåòîäå

Èíèöèàëèçàöèÿ:
Ïîëîæèì ñòàðòîâóþ òî÷êó x0 ∈ Rn è
ðàäèóñ r0 òàêîé, ÷òî ‖x0 − x∗‖ ≤ r0.
Ââåäåì â ðàññìîòðåíèå n×n-ìàòðèöó B è ïîëîæèì
B0 := In, ãäå In � åäèíè÷íàÿ n×n-ìàòðèöà. Ïåðåéäåì
ê ïåðâîé èòåðàöèè ñî çíà÷åíèÿìè x0, r0 è B0.

Ïóñòü íà k-é èòåðàöèè íàéäåíû çíà÷åíèÿ xk ∈ Rn, rk, Bk.
Ïåðåõîä ê (k + 1)-é èòåðàöèè ñîñòîèò â âûïîëíåíèè òàêîé
ïîñëåäîâàòåëüíîñòè äåéñòâèé.
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Ìåòîä ýëëèïñîèäîâ äëÿ íàõîæäåíèÿ x∗ε

Èòåðàöèÿ ìåòîäà

Øàã 1. Âû÷èñëèì f(xk) è g(xk). Åñëè ‖BT
k g(xk)‖rk ≤ εf , òî

"Îñòàíîâ: k∗ = k è x∗ε = xk". Èíà÷å ïåðåõîäèì ê øàãó 2.
Øàã 2. Âû÷èñëèì î÷åðåäíóþ òî÷êó

xk+1 := xk−hkBkξk, ãäå ξk :=
BT

k g(xk)

‖BT
k g(xk)‖ , hk = 1

n+1rk.

Øàã 3. Âû÷èñëèì

Bk+1 := Bk+

(√
n−1
n+1 − 1

)
(Bkξk) ξT

k è rk+1 := rk
n√

n2−1
.

Øàã 4. Ïåðåõîäèì ê èòåðàöèè (k+1) ñî çíà÷åíèÿìèxk+1,rk+1,Bk+1.
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Ìåòîä ýëëèïñîèäîâ äëÿ íàõîæäåíèÿ x∗ε

Ñõîäèìîñòü ìåòîäà

Òåîðåìà.
Ïóñòü Ak = B−1

k . Ïîñëåäîâàòåëüíîñòü òî÷åê {xk}k∗

k=0

óäîâëåòâîðÿåò íåðàâåíñòâó

‖Ak(xk − x∗)‖ ≤ rk, k = 0, 1, 2, . . . , k∗

Íà êàæäîé èòåðàöèè k>0 óìåíüøåíèå îáúåìà ýëëèïñîèäà
Ek = {x∈Rn : ‖Ak(xk−x)‖≤rk}, ëîêàëèçóþùåãî òî÷êó x∗ ,
åñòü âåëè÷èíà ïîñòîÿííàÿ è ðàâíà

q =
vol(Ek)

vol(Ek−1)
=

√
n− 1

n + 1

(
n√

n2 − 1

)n

< exp

{
− 1

2n

}
< 1.
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Ìåòîä ýëëèïñîèäîâ äëÿ íàõîæäåíèÿ x∗ε

×òî ñëåäóåò èç òåîðåìû?

Äëÿ óìåíüøåíèÿ â 10 ðàç îáúåìà ýëëèïñîèäà, ëîêàëèçóþùåãî
x∗, òðåáóåòñÿ K èòåðàöèé, ãäå

K = − ln 10
ln q

≈ (2 ln 10)n ≈ 4.6n,

ò.å. ÷òîáû íà ïîðÿäîê óëó÷øèòü îòêëîíåíèå íàéäåííîãî
ðåêîðäíîãî çíà÷åíèÿ ôóíêöèè f(x) îò åå îïòèìàëüíîãî
çíà÷åíèÿ f∗, ïîòðåáóåòñÿ ñäåëàòü 4.6n2 èòåðàöèé.
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Octave-ïðîãðàììà emshor
Octave-ôóíêöèÿ emshor (ellipsoid method shor)

# octave-code for emshor (version 1.1, 14.03.2019) #row00# øóêà¹ íàáëèæåííÿ äî òî÷êè ìiíiìóìó îïóêëî¨ ôóíêöi¨ f(x)#row00a# Âõiäíi ïàðàìåòðè: #row00b# calcfg - iì'ÿ ôóíêöi¨ äëÿ îá÷èñëåííÿ f òà g #row00c# x0 - ñòàðòîâà òî÷êà, x0(1:n) #row00d# rad - ðàäióñ êóëi, ùî ëîêàëiçó¹ òî÷êó ìiíiìóìó #row00e# epsf, maxitn - ïàðàìåòðè çóïèíêè (òî÷í., ìàêñ. iòåð.)#row00f# intp - iíòåðâàë äðóêó (÷åðåç êîæíi intp iòåðàöié) #row00g# Âèõiäíi ïàðàìåòðè: #row00h# x - çíàéäåíå íàáëèæåííÿ äî òî÷êè ìiíiìóìó, x(1:n) #row00i# f - çíà÷åííÿ ôóíêöi¨ f â òî÷öi x #row00j# itn - êiëüêiñòü âèêîíàíèõ iòåðàöié #row00k# ist - êîä çàâåðøåííÿ (1 = epsf, 4 = maxitn) #row00l
function [x,f,itn,ist] = emshor(calcfg,x0,rad, #row01epsf,maxitn,intp);dn=double(length(x0)); beta=sqrt((dn-1.d0)/(dn+1.d0)); #row02x=x0; radn=rad; B=eye(length(x)); #row03for (itn = 0:maxitn) #row04[f, g1] = calcfg(x); g=B'*g1; dg=norm(g); #row05if(radn*dg < epsf) ist = 1; return; endif #row06xi=(1.d0/dg)*g; dx = B * xi; #row07hs=radn/(dn+1.d0); x -= hs * dx; #row08B += (beta - 1) * B * xi * xi'; #row09radn=radn/sqrt(1.d0-1.d0/dn)/sqrt(1.d0+1.d0/dn); #row10if(mod(itn,intp)==0) #row11printf("itn %4d f %14.6e\n",itn,f); #row12endif #row13endfor #row14ist = 4; #row15endfunction #row16
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Octave-ïðîãðàììà emshor
×òî íàõîäèò ïðîãðàììà emshor?

Ïóñòü f(x) � âûïóêëàÿ ôóíêöèÿ, x∗ � òî÷êà ìèíèìóìà,
f∗ = f(x∗), x0 � íà÷àëüíîå ïðèáëèæåíèå.

Òåîðåìà (î ïðîãðàììå emshor)
Åñëè x0 òàêîå, ÷òî ‖x0 − x∗‖ ≤ rad, òî ïðîãðàììà emshor
çàêàí÷èâàåò ðàáîòó âûïîëíåíèåì îäíîãî èç óñëîâèé:
1. íàéäåíà òî÷êà xr � òàêàÿ, ÷òî f(xr)− f ∗ ≤ εf (ist=1),
2. maxitn èòåðàöèé îêàçàëîñü íåäîñòàòî÷íî (ist=4).
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Octave-ïðîãðàììà emshor
octave-ôóíêöèÿ emshor (êîììåíòàðèè)

# octave-code for emshor (version 1.1, 14.03.2019) #row00
# øóêà¹ íàáëèæåííÿ äî òî÷êè ìiíiìóìó îïóêëî¨ ôóíêöi¨ #row00a
# Âõiäíi ïàðàìåòðè: #row00b
# calcfg - iì'ÿ ôóíêöi¨ äëÿ îá÷èñëåííÿ f(x) òà g(x) #row00c
# x0 - ñòàðòîâà òî÷êà, x0(1:n) #row00d
# rad - ðàäióñ êóëi, ùî ëîêàëiçó¹ òî÷êó ìiíiìóìó #row00e
# epsf, maxitn - ïàðàìåòðè çóïèíêè (òî÷í.,ìàêñ.iòåð.)#row00f
# intp - iíòåðâàë äðóêó (÷åðåç êîæíi intp iòåðàöié) #row00g
# Âèõiäíi ïàðàìåòðè: #row00h
# x - çíàéäåíå íàáëèæåííÿ äî òî÷êè ìiíiìóìó, x(1:n) #row00i
# f - çíà÷åííÿ ôóíêöi¨ f â òî÷öi x #row00j
# itn - êiëüêiñòü âèêîíàíèõ iòåðàöié #row00k
# ist - êîä çàâåðøåííÿ (1 = epsf, 4 = maxitn) #row00l
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Octave-ïðîãðàììà emshor
octave-ôóíêöèÿ emshor (êîä ïðîãðàììû)
function [x,f,itn,ist] = emshor(calcfg,x0,rad, #row01

epsf,maxitn,intp);
dn=double(length(x0)); beta=sqrt((dn-1.d0)/(dn+1.d0)); #row02
x=x0; radn=rad; B=eye(length(x)); #row03
for (itn = 0:maxitn) #row04

[f, g1] = calcfg(x); g=B'*g1; dg=norm(g); #row05
if(radn*dg < epsf) ist = 1; return; endif #row06
xi=(1.d0/dg)*g; dx = B * xi; #row07
hs=radn/(dn+1.d0); x -= hs * dx; #row08
B += (beta - 1) * B * xi * xi'; #row09
radn=radn/sqrt(1.d0-1.d0/dn)/sqrt(1.d0+1.d0/dn); #row10
if(mod(itn,intp)==0) #row11
printf("itn %4d f %14.6e\n",itn,f); #row12

endif #row13
endfor #row14
ist = 4; #row15
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Çàêëþ÷åíèå (î ïðèìåíåíèè ìåòîäà)
Çàêëþ÷åíèå

Ìåòîä ýëëèïñîèäîâ ìîæíî óñïåøíî ïðèìåíÿòü äëÿ
íàõîæäåíèÿ x∗ε , åñëè êîëè÷åñòâî ïåðåìåííûõ n = 2÷ 10.

×òîáû íàéòè f ∗ ñ îòíîñèòåëüíîé òî÷íîñòüþ ðàâíîé 10−10,
ìàêñèìàëüíîå êîëè÷åñòâî èòåðàöèé ñëåäóåò èç òàáëèöû

n itn n itn n itn
2 177 5 1144 8 2940
3 407 6 1651 9 3723
4 730 7 2249 10 4598
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Çàêëþ÷åíèå (î ïðèìåíåíèè ìåòîäà)
Âîïðîñû?

ÑÏÀÑÈÁÎ ÇÀ ÂÍÈÌÀÍÈÅ!
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