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Ââåäåíèå (ìåòîä ýëëèïñîèäîâ)
Ìåòîä ýëëèïñîèäîâ ïðåäëîæèëè

1976 ÞäèíÄ.Á. è ÍåìèðîâñêèéÀ.Ñ. êàê ìåòîä
ïîñëåäîâàòåëüíûõ îòñå÷åíèé [1].

1977 ØîðÍ.Ç. êàê âàðèàíò ìåòîäà ñ ðàñòÿæåíèåì
ïðîñòðàíñòâà â íàïðàâëåíèè ñóáãðàäèåíòà [2].

1. ÞäèíÄ.Á., ÍåìèðîâñêèéÀ.Ñ. Èíôîðìàöèîííàÿ ñëîæ-
íîñòü è ýôôåêòèâíûå ìåòîäû ðåøåíèÿ âûïóêëûõ ýêñòðåìàëü-
íûõ çàäà÷ // Ýêîíîìèêà è ìàòåìàòè÷åñêèå ìåòîäû. � 1976. �
Âûï. 2. � C. 357�369.

2. ØîðÍ.Ç. Ìåòîä îòñå÷åíèÿ ñ ðàñòÿæåíèåì ïðîñòðàíñòâà äëÿ
ðåøåíèÿ çàäà÷ âûïóêëîãî ïðîãðàììèðîâàíèÿ // Êèáåðíåòèêà.
� 1977. � �1. � Ñ. 94�95.
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Ââåäåíèå (ìåòîä ýëëèïñîèäîâ)
Èäåÿ: ìèíèìàëüíûé ïî îáúåìó ýëëèïñîèä En

r

a

b

h

Ýëëèïñîèä En, ñîäåðæàùèé
ïîëóøàð â En, èìååò ïàðàìåòðû
a =

n

n+1
, b =

n√
n2−1

r, h =
1

n+1
r,

ãäå α = b
a è r � ðàäèóñ øàðà Sn.

Åñëè ïðîñòðàíñòâî ½ðàñòÿíóòü“ â
íàïðàâëåíèè a ñ êîýôôèöèåíòîì
α =

√
n+1
n−1 , òî En ñòàíåò øàðîì â

ïðåîáðàçîâàííîì ïðîñòðàíñòâå.
Îòíîøåíèå îáúåìà ýëëèïñîèäà En ê îáúåìó øàðà Sn ðàâíî
q(n) =

vol(En)
vol(Sn)

=
1
α

(
b

r

)n

=

√
n− 1
n + 1

(
n√

n2 − 1

)n

< e−1/2n < 1.
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Ïîñòàíîâêà çàäà÷è (2)�(3)
Â ÷åì ñîñòîèò çàäà÷à?

Ïóñòü èìååòñÿ cèñòåìà ëèíåéíûõ óðàâíåíèé:
Ax ≈ b, (1.a)

ïðè óñëîâèÿõ
l ≤ x ≤ u. (1.b)

Çäåñü A � m×n-ìàòðèöà; b ∈ Rm � m-ìåðíûé âåêòîð;
l ∈ Rn, u ∈ Rn � n-ìåðíûå âåêòîðû, òàêèå, ÷òî l < u;
x ∈ Rn � n-ìåðíûé âåêòîð íåèçâåñòíûõ.

Òðåáóåòñÿ íàéòè òàêîé âåêòîð íåèçâåñòíûõ x∗p, êîòîðûé
"íàèëó÷øèì îáðàçîì" âûïîëíÿåò ñîîòíîøåíèå (1.a).

7/30 Ñòåöþê Ï.È., Áèëà Ã.Ä., ÑòîâáàÂ.À. Ìåòîä ýëëèïñîèäîâ äëÿ íàõîæäåíèÿ Lp-ðåøåíèÿ ...



Ïîñòàíîâêà çàäà÷è (2)�(3)
×òî îçíà÷àåò "íàèëó÷øèì îáðàçîì"?

x∗p � "íàèëó÷øåå" ðåøåíèå ñèñòåìû (1) â Lp-íîðìå, ò. å.
êîãäà íîðìà âåêòîðà íåâÿçîê y = Ax− b = (y1, . . . , ym)T

îïðåäåëåíà ñëåäóþùèì îáðàçîì:

‖y‖p =

(
m∑

i=1

|yi|p
)1/p

, ãäå p ≥ 1.

Òðè ÷àñòíûõ ñëó÷àÿ:
Ñëó÷àé p = ∞ îïðåäåëÿåòñÿ êàê ‖y‖∞ = max

i=1,...,m
|yi|.

p = 2 ñîîòâåòñòâóåò ‖y‖ � ñòàíäàðòíîé åâêëèäîâîé íîðìå.
p = 1 ñîîòâåòñòâóåò "ìàíõåòòåíîâñêîé" íîðìå ‖y‖1 =

m∑
i=1

|yi|.
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Ïîñòàíîâêà çàäà÷è (2)�(3)
"Íàèëó÷øåå" ðåøåíèå ñèñòåìû (1)

ñîîòâåòñòâóåò çàäà÷å âûïóêëîãî ïðîãðàììèðîâàíèÿ:
íàéòè

f ∗p = fp(x
∗
p) = min

x∈Rn

{
fp(x) = ‖Ax− b‖p

}
(2)

ïðè îãðàíè÷åíèÿõ
l ≤ x ≤ u, (3)

ãäå p ∈ R � ñêàëÿðíûé ïàðàìåòð, òàêîé ÷òî p ≥ 1.

Çäåñü x∗p � ðåøåíèå çàäà÷è (2)�(3).
Äëÿ óäîáñòâà áóäåì ñ÷èòàòü, ÷òî îíî åäèíñòâåííîå.

9/30 Ñòåöþê Ï.È., Áèëà Ã.Ä., ÑòîâáàÂ.À. Ìåòîä ýëëèïñîèäîâ äëÿ íàõîæäåíèÿ Lp-ðåøåíèÿ ...



Ïîñòàíîâêà çàäà÷è (2)�(3)
Î ïðèëîæåíèÿõ çàäà÷è (2)�(3)

Ïîäîáíûå çàäà÷è ÷àñòî âñòðå÷àþòñÿ â ñàìûõ ðàçíûõ îáëàñòÿõ
ïðèêëàäíîé ìàòåìàòèêè, íàïðèìåð: ïðè îáðàáîòêå ðåçóëüòàòîâ
íàáëþäåíèé, ïîñòðîåíèè è àíàëèçå ðàçëè÷íîãî ðîäà ìîäåëåé
(ôèçè÷åñêèõ, áèîëîãè÷åñêèõ, ýêîíîìè÷åñêèõ, ñîöèàëüíûõ è
äðóãèõ), ïðè ïîèñêå êîìïðîìèññíûõ ðåøåíèé â ìîäåëÿõ ñ
ïðîòèâîðå÷èâûìè äàííûìè, è ò.ä.

Äëÿ ëèíåéíîé ðåãðåññèè çàäà÷à (2)�(3) ñîîòâåòñòâóåò
ìåòîäó íàèìåíüøèõ êâàäðàòîâ (p = 2),
ìåòîäó íàèìåíüøèõ ìîäóëåé (p = 1),
ìèíèìàêñíîìó (÷åáûøåâñêîìó) ìåòîäó (p = ∞).
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Çàäà÷à (2)�(3) è ìåòîä ýëëèïñîèäîâ
Ñîäåðæàíèå

1 Ââåäåíèå (ìåòîä ýëëèïñîèäîâ)

2 Ïîñòàíîâêà çàäà÷è (2)�(3)

3 Çàäà÷à (2)�(3) è ìåòîä ýëëèïñîèäîâ

4 Ìåòîä ýëëèïñîèäîâ äëÿ íàõîæäåíèÿ x∗p

5 Çàêëþ÷åíèå (î ïðèìåíåíèè ìåòîäà)

11/30 Ñòåöþê Ï.È., Áèëà Ã.Ä., ÑòîâáàÂ.À. Ìåòîä ýëëèïñîèäîâ äëÿ íàõîæäåíèÿ Lp-ðåøåíèÿ ...



Çàäà÷à (2)�(3) è ìåòîä ýëëèïñîèäîâ
Äëÿ ðåøåíèÿ çàäà÷è (2)�(3)

ìåòîäîì ýëëèïñîèäîâ òðåáóåòñÿ:
1. îïðåäåëèòü ãðàäèåíòíîå ïîëå gp(x) (ñïîñîá ïîñòðîåíèÿ

â òî÷êå x ∈ Rn òàêîé ãèïåðïëîñêîñòè, êîòîðàÿ ëîêàëèçóåò
òî÷êó x∗p â îäíîì èç ïîëóïðîñòðàíñòâ ïðîñòðàíñòâà Rn);

2. âûáðàòü íà÷àëüíûé ðàäèóñ øàðà, â êîòîðîì
ëîêàëèçîâàíî îïòèìàëüíîå ðåøåíèå x∗p.

Óäîâëåòâîðèòü ýòè òðåáîâàíèÿ ìîæíî ñ ïîìîùüþ
[3]. ÑòåöþêÏ.È., ÊîëåñíèêÞ.Ñ., ÁåðåçîâñêèéÎ.À.
Îá îäíîì ìåòîäå íàõîæäåíèÿ Lp-ðåøåíèÿ ñèñòåìû ëèíåéíûõ
óðàâíåíèé // Òåîðèÿ îïòèìàëüíûõ ðåøåíèé. � Êèåâ: Èí-ò
êèáåðíåòèêè èì. Â.Ì.Ãëóøêîâà ÍÀÍ Óêðàèíû, 2003. � Ñ. 83�90.
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Çàäà÷à (2)�(3) è ìåòîä ýëëèïñîèäîâ
Ãðàäèåíòíîå ïîëå gp(x)

Ëåììà 1 (Ñòåöþê, Êîëåñíèê, Áåðåçîâñêèé, 2003)
Ïóñòü ∂fp(x) � ñóáãðàäèåíò ôóíêöèè fp(x) â òî÷êå x;
t∗=max{ti∗ , tj∗}, ti∗= max

i=1,...,n
{xi−ui}, tj∗= max

j=1,...,n
{lj−xj};

i∗,j∗ � çíà÷åíèÿ i,j (1≤i,j≤n), íà êîòîðûõ äîñòèãàþòñÿ ti∗ , tj∗ ;
ek � k-é îðò â Rn, 1 ≤ k ≤ n. Òîãäà, âåêòîð

gp(x) =


∂fp(x), åñëè t∗ ≤ 0,

ei∗ , åñëè t∗ > 0 è t∗ > ti∗ ,
−ej∗ , åñëè t∗ > 0 è t∗ ≤ tj∗ ,

óäîâëåòâîðÿåò ñâîéñòâó(
gp (x) , x− x∗p

)
≥ 0 äëÿ âñåõ x ∈ Rn. (4)
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Çàäà÷à (2)�(3) è ìåòîä ýëëèïñîèäîâ
×òî îçíà÷àåò ëåììà 1?

Åñëè òî÷êà x íàõîäèòñÿ
â äîïóñòèìîé îáëàñòè, çàäàííîé îãðàíè÷åíèÿìè (3),
òî â êà÷åñòâå gp(x) âûáèðàåòñÿ ñóáãðàäèåíò ôóíêöèè
fp(x), âû÷èñëåííûé â òî÷êå x;
âíå äîïóñòèìîé îáëàñòè, òî âûáèðàåòñÿ ñóáãðàäèåíò ê
ìàêñèìàëüíî íàðóøåííîìó îãðàíè÷åíèþ âèäà (3).

Âûïóêëîñòü ôóíêöèè fp(x) è îãðàíè÷åíèé (3) ãàðàíòèðóåò
âûïîëíåíèå ñâîéñòâà (4) äëÿ âåêòîðíîãî ïîëÿ gp(x).
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Çàäà÷à (2)�(3) è ìåòîä ýëëèïñîèäîâ
Ëîêàëèçàöèÿ x∗p â øàðå S(x0, r0)

Ëåììà 2 (Ñòåöþê, Êîëåñíèê, Áåðåçîâñêèé, 2003)
Åñëè x0 = 1

2
(u + l) è r0 = 1

2
‖u− l‖, òî ïàðàëëåëåïèïåä

P (x) = {x : l ≤ x ≤ u} ñîäåðæèòñÿ â n-ìåðíîì øàðå
S(x0, r0) = {x : ‖x− x0‖ ≤ r0}.

×òî îçíà÷àåò ëåììà 2?
Çà öåíòð øàðà âûáèðàåì öåíòð ïàðàëëåëåïèïåäà, a ðàäèóñ
øàðà âûáèðàåì òàê, ÷òîáû øàð èìåë ìèíèìàëüíûé îáúåì.
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Ìåòîä ýëëèïñîèäîâ äëÿ íàõîæäåíèÿ x∗p
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Ìåòîä ýëëèïñîèäîâ äëÿ íàõîæäåíèÿ x∗p

Ïàðàìåòðû è êðèòåðèé îñòàíîâà

Âõîäíûå ïàðàìåòðû ìåòîäà:
ïàðàìåòð p (p ≥ 1) è ïàðàìåòð εf > 0 � òî÷íîñòü, ñ
êîòîðîé òðåáóåòñÿ íàéòè çíà÷åíèå f ∗p = fp(x

∗
p).

Îñòàíîâ èñïîëüçóåò ôîðìóëó äëÿ âû÷èñëåíèÿ
"îáîáùåííîãî" çíà÷åíèÿ ôóíêöèè â çàäà÷å (2)�(3):

Fp(x) =

{
+∞, åñëè t∗ > 0;
fp(x), åñëè t∗ ≤ 0.
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Ìåòîä ýëëèïñîèäîâ äëÿ íàõîæäåíèÿ x∗p

Èöèöèàëèçàöèÿ â ìåòîäå

Èíèöèàëèçàöèÿ:
Ïîëîæèì ñòàðòîâóþ òî÷êó x0 = (u + l)/2 è íà÷àëüíûé
ðàäèóñ r0 = ‖u− l‖ /2. Âû÷èñëèì β =

√
n−1
n+1

.
Ââåäåì â ðàññìîòðåíèå n×n-ìàòðèöó B è ïîëîæèì
B0 := In, ãäå In � åäèíè÷íàÿ n×n-ìàòðèöà. Ïåðåéäåì
ê ïåðâîé èòåðàöèè ñî çíà÷åíèÿìè x0, r0 è B0.

Ïóñòü íà k-é èòåðàöèè íàéäåíû çíà÷åíèÿ xk ∈ Rn, rk, Bk.
Ïåðåõîä ê (k + 1)-é èòåðàöèè ñîñòîèò â âûïîëíåíèè òàêîé
ïîñëåäîâàòåëüíîñòè äåéñòâèé.
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Ìåòîä ýëëèïñîèäîâ äëÿ íàõîæäåíèÿ x∗p

Èòåðàöèÿ ìåòîäà

Øàã 1. Âû÷èñëèì Fp(xk). Åñëè Fp(xk) = 0, òî "Îñòàíîâ: k∗ = k è
x∗p = xk". Èíà÷å âû÷èñëèì gp(xk). Åñëè Fp(xk) < +∞ è∥∥BT

k gp(xk)
∥∥ rk ≤ εf , òî "Îñòàíîâ: k∗ = k è x∗p = xk".

Èíà÷å ïåðåõîäèì ê øàãó 2.
Øàã 2. Ïîëîæèì ξk :=

BT
k gp(xk)

‖BT
k gp(xk)‖ .

Øàã 3. Âû÷èñëèì î÷åðåäíóþ òî÷êó
xk+1 := xk − hkBkξk, ãäå hk =

1

n + 1
rk.

Øàã 4. Âû÷èñëèì
Bk+1 := Bk +(β−1) (Bkξk) ξT

k è rk+1 := rk
n√

n2 − 1
.

Øàã 5. Ïåðåõîäèì ê èòåðàöèè (k+1) ñî çíà÷åíèÿìèxk+1,rk+1,Bk+1.
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Ìåòîä ýëëèïñîèäîâ äëÿ íàõîæäåíèÿ x∗p

Ñõîäèìîñòü ìåòîäà

Òåîðåìà.
Ïóñòü Ak = B−1

k . Ïîñëåäîâàòåëüíîñòü òî÷åê {xk}k∗

k=0

óäîâëåòâîðÿåò íåðàâåíñòâó∥∥Ak(xk − x∗p)
∥∥ ≤ rk, k = 0, 1, 2, . . . , k∗

Íà êàæäîé èòåðàöèè k>0 óìåíüøåíèå îáúåìà ýëëèïñîèäà
Ek = {x∈Rn : ‖Ak(xk−x)‖≤rk}, ëîêàëèçóþùåãî òî÷êó x∗p ,
åñòü âåëè÷èíà ïîñòîÿííà è ðàâíà

q =
vol(Ek)

vol(Ek−1)
=

√
n− 1

n + 1

(
n√

n2 − 1

)n

< exp

{
− 1

2n

}
< 1.
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Ìåòîä ýëëèïñîèäîâ äëÿ íàõîæäåíèÿ x∗p

×òî ñëåäóåò èç òåîðåìû?

Äëÿ óìåíüøåíèÿ â 10 ðàç îáúåìà ýëëèïñîèäà, ëîêàëèçóþùåãî
x∗p, òðåáóåòñÿ K èòåðàöèé, ãäå

K = − ln 10
ln q

≈ (2 ln 10)n ≈ 4.6n,

ò.å. ÷òîáû íà ïîðÿäîê óëó÷øèòü îòêëîíåíèå íàéäåííîãî
ðåêîðäíîãî çíà÷åíèÿ ôóíêöèè fp(x) îò åå îïòèìàëüíîãî
çíà÷åíèÿ f∗p , ïîòðåáóåòñÿ ñäåëàòü 4.6n2 èòåðàöèé.

Âåëè÷èíà m íå âëèÿåò íà ñêîðîñòü ñõîäèìîñòè,
îò íåå çàâèñèò òðóäîåìêîñòü âû÷èñëåíèÿ çíà÷åíèÿ ôóíêöèè
fp(x) è åå ñóáãðàäèåíòà ∂fp(x). Ïðè m∼1000 ýòî âíîñèò â
òðóäîåìêîñòü ìåòîäà áîëåå âåñîìûé âêëàä, ÷åì
àëãîðèòìè÷åñêèå îïåðàöèè (øàãè 2�4).
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Çàêëþ÷åíèå (î ïðèìåíåíèè ìåòîäà)
Ñîäåðæàíèå

1 Ââåäåíèå (ìåòîä ýëëèïñîèäîâ)

2 Ïîñòàíîâêà çàäà÷è (2)�(3)

3 Çàäà÷à (2)�(3) è ìåòîä ýëëèïñîèäîâ

4 Ìåòîä ýëëèïñîèäîâ äëÿ íàõîæäåíèÿ x∗p

5 Çàêëþ÷åíèå (î ïðèìåíåíèè ìåòîäà)
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Çàêëþ÷åíèå (î ïðèìåíåíèè ìåòîäà)
Çàêëþ÷åíèå (Ïðèìåíåíèå 1)

Ìåòîä ýëëèïñîèäîâ ìîæíî óñïåøíî ïðèìåíÿòü äëÿ
íàõîæäåíèÿ x∗p , åñëè êîëè÷åñòâî ïåðåìåííûõ n = 2÷ 10.

×òîáû íàéòè f ∗p ñ îòíîñèòåëüíîé òî÷íîñòüþ ðàâíîé 10−10,
ìàêñèìàëüíîå êîëè÷åñòâî èòåðàöèé ñëåäóåò èç òàáëèöû

n itn n itn n itn
2 177 5 1144 8 2940
3 407 6 1651 9 3723
4 730 7 2249 10 4598
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Çàêëþ÷åíèå (î ïðèìåíåíèè ìåòîäà)
Çàêëþ÷åíèå (Ïðèìåíåíèå 2)

Ìåòîä ýëëèïñîèäîâ ìîæåò áûòü èñïîëüçîâàí äëÿ ëèíåéíîé
ðåãðåññèè ñ îáùèìè îãðàíè÷åíèÿìè íà ïàðàìåòðû θ:(

m∑
i=1

|yi − xT
i θ|p

)1/n

→ min
θ∈Rn

(5.a)

ïðè óñëîâèÿõ
blow ≤ Aθ ≤ bup, (5.b)

Çàäà÷à (5) äëÿ p = 2 èññëåäîâàíà â êíèãå

[4]. KnopovP.S., KorkhinA.S. Regression Analysis Under a
Priori Parameter Restrictions. � Springer, 2012. � 234 p.
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Çàêëþ÷åíèå (î ïðèìåíåíèè ìåòîäà)
Áëàãîäàðíîñòè

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå
Volkswagen Foundation, ãðàíò No 90 306

(ïåðâûé è âòîðîé àâòîðû)

è ÍÀÍ Óêðàèíû, ïðîåêò � 0116U004558
(ïåðâûé è òðåòèé àâòîðû).
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Çàêëþ÷åíèå (î ïðèìåíåíèè ìåòîäà)
Çàïèòàííÿ?

ÄßÊÓÞ ÇÀ ÓÂÀÃÓ!
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Çàêëþ÷åíèå (î ïðèìåíåíèè ìåòîäà)
BACK UP SLIDES: octave-ôóíêöèÿ emshor

# octave-code for emshor (version 1.0, 13.09.2013) #row00
# íàõîäèò òî÷êó ìèíèìóìà âûïóêëîé ôóíêöèè f(x) #row00a
% Âõîäíûå ïàðàìåòðû: #row00b
% calcfg - èìÿ ôóíêöèè calcfg(x): âû÷èñëÿåò f è g(1:n) #row00c
% x - íà÷àëüíàÿ òî÷êà x0(1:n) (íà âûõîäå ïîðòèòñÿ) #row00d
% rad - ðàäèóñ øàðà ñ öåíòðîì â òî÷êå x0 #row00e
% epsf - òî÷íîñòü îñòàíîâà ïî çíà÷åíèþ ôóíêöèè #row00f
% maxitn - ìàêñèìàëüíîå êîëè÷åñòâî èòåðàöèé #row00g
% Âûõîäíûå ïàðàìåòðû: #row00h
% xr -- òî÷êà ìèíèìóìà (ðåêîðäíàÿ) #row00i
% fr -- çíà÷åíèå ôóíêöèè â òî÷êå xr #row00j
% ist -- êîä îñòàíîâà (1 = epsf, 4 = maxitn) #row00k
function [xr,fr,ist]=emshor(calcfg,x,rad,epsf,maxitn); #row01
dn=float(length(x)); beta=sqrt((dn-1.d0)/(dn+1.d0)); #row02
radn=rad; B=eye(length(x)); fr=inf; ist=4; #row03
for (itn = 0:maxitn) #row04

[f, g1] = calcfg(x); g=B'*g1; dg=norm(g); #row05
if (f < fr) fr = f; xr = x; itr=itn; endif #row06
if(radn*dg < epsf) ist = 1; return; endif #row07
xi=(1.d0/dg)*g; dx = B * xi; hs=radn/(dn+1.d0); #row08
x -= hs * dx; B += (beta - 1) * B * xi * xi'; #row09
radn=radn/sqrt(1.d0-1.d0/dn)/sqrt(1.d0+1.d0/dn); #row10
printf("itn %4d itr %4d f %16.8e fr %16.8e\n", #row11

itn,itr,f,fr);
endfor #row12
endfunction #row13
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Çàêëþ÷åíèå (î ïðèìåíåíèè ìåòîäà)
×òî íàõîäèò ïðîãðàììà emshor?

Ïóñòü f(x) � âûïóêëàÿ ôóíêöèÿ, x∗ � òî÷êà ìèíèìóìà,
f∗ = f(x∗), x0 � íà÷àëüíîå ïðèáëèæåíèå.

Òåîðåìà (î ïðîãðàììå emshor)
Åñëè x0 òàêîå, ÷òî ‖x0 − x∗‖ ≤ rad, òî ïðîãðàììà emshor
çàêàí÷èâàåò ðàáîòó âûïîëíåíèåì îäíîãî èç óñëîâèé:
1. íàéäåíà òî÷êà xr � òàêàÿ, ÷òî f(xr)− f ∗ ≤ εf (ist=1),
2. maxitn èòåðàöèé îêàçàëîñü íåäîñòàòî÷íî (ist=4).
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Çàêëþ÷åíèå (î ïðèìåíåíèè ìåòîäà)
octave-ôóíêöèÿ emshor (êîììåíòàðèè)

# octave-code for emshor (version 1.0, 13.09.2013) #row00

# íàõîäèò òî÷êó ìèíèìóìà âûïóêëîé ôóíêöèè f(x) #row00a

% Âõîäíûå ïàðàìåòðû: #row00b

% calcfg - èìÿ ôóíêöèè calcfg(x): âû÷èñëÿåò f è g(1:n) #row00c

% x - íà÷àëüíàÿ òî÷êà x0(1:n) (íà âûõîäå ïîðòèòñÿ) #row00d

% rad - ðàäèóñ øàðà ñ öåíòðîì â òî÷êå x0 #row00e

% epsf - òî÷íîñòü îñòàíîâà ïî çíà÷åíèþ ôóíêöèè #row00f

% maxitn - ìàêñèìàëüíîå êîëè÷åñòâî èòåðàöèé #row00g

% Âûõîäíûå ïàðàìåòðû: #row00h

% xr -- òî÷êà ìèíèìóìà (ðåêîðäíàÿ) #row00i

% fr -- çíà÷åíèå ôóíêöèè â òî÷êå xr #row00j

% ist -- êîä îñòàíîâà (1 = epsf, 4 = maxitn) #row00k
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Çàêëþ÷åíèå (î ïðèìåíåíèè ìåòîäà)
octave-ôóíêöèÿ emshor (êîä ïðîãðàììû)

function [xr,fr,ist]=emshor(calcfg,x,rad,epsf,maxitn); #row01

dn=float(length(x)); beta=sqrt((dn-1.d0)/(dn+1.d0)); #row02

radn=rad; B=eye(length(x)); fr=inf; ist=4; #row03

for (itn = 0:maxitn) #row04

[f, g1] = calcfg(x); g=B'*g1; dg=norm(g); #row05

if (f < fr) fr = f; xr = x; itr=itn; endif #row06

if(radn*dg < epsf) ist = 1; return; endif #row07

xi=(1.d0/dg)*g; dx = B * xi; hs=radn/(dn+1.d0); #row08

x -= hs * dx; B += (beta - 1) * B * xi * xi'; #row09

radn=radn/sqrt(1.d0-1.d0/dn)/sqrt(1.d0+1.d0/dn); #row10

printf("itn %4d itr %4d f %16.8e fr %16.8e\n", #row11

itn,itr,f,fr);

endfor #row12

endfunction #row13
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