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Îòêóäà ïîÿâèëàñü çàäà÷à?
Çàäà÷à î ½âèííîì“ ìàðøðóòå Ëüâîâ�Âðîöëàâ

Êàê ïî êðàò÷àéøåìó ïóòè äîåõàòü èç Ëüâîâà äî Âðîöëàâà,
åñëè òðåáóåòñÿ ïîñåòèòü ðîâíî 5 ïóíêòîâ èç 20 ïóíêòîâ
âèíîäåëèÿ Ìàëîïîëüñêîé âèííîé äîðîãè?

4/29 Ñòåöþê Ï.È. Êðàò÷àéøèé k-âåðøèííûé ïóòü â îðèåíòèðîâàííîì ãðàôå



Îòêóäà ïîÿâèëàñü çàäà÷à?
Çàäà÷à î êðàò÷àéøåì k-âåðøèííîì ïóòè

Êàê íàéòè êðàò÷àéøèé ïóòü, êîòîðûé ïðîõîäèò ÷åðåç k
âåðøèí n-âåðøèííîãî opãðàôà Dn,n, ãäå 2 ≤ k ≤ n?
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Îòêóäà ïîÿâèëàñü çàäà÷à?
Êðàò÷àéøèé k-âåðøèííûé ïóòü [1]

Åñëè èçâåñòíû íà÷àëüíàÿ è êîíå÷íàÿ âåðøèíû,
òî êðàò÷àéøèé k-âåðøèííûé ïóòü ìîæíî íàéòè
ïóòåì ðåøåíèÿ MBLP-çàäà÷è (çàäà÷è ñìåøàííîãî
áóëåâà ëèíåéíîãî ïðîãðàììèðîâàíèÿ) èç [1].

1. ÑòåöþêÏ.È. Ôîðìóëèðîâêè çàäà÷ äëÿ êðàò÷àéøåãî k-âåð-
øèííîãî ïóòè è êðàò÷àéøåãî k-âåðøèííîãî öèêëà â ïîëíîì
ãðàôå // Êèáåðíåòèêà è ñèñòåìíûé àíàëèç, 2016, �1.
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Îòêóäà ïîÿâèëàñü çàäà÷à?
Êðàò÷àéøèé k-âåðøèííûé ïóòü [2]

Dn,n
ba

Åñëè íà÷àëüíàÿ è êîíå÷íàÿ âåðøèíû íåèçâåñòíû,
òî êðàò÷àéøåìó k-âåðøèííîìó ïóòè ñîîòâåòñòâóåò
MBLP-çàäà÷à èç [2], ãäå ðàññòîÿíèÿ îò âåðøèí a è
b ê âåðøèíàì îðãðàôà Dn,n ðàâíû íóëþ.

2. Ñòåöþê Ï.È., Ëåôòåðîâ À.Â., Ôåäîñååâ À.È. Êðàò÷àéøèé
k-âåðøèííûé ïóòü // Êîìïüþòåðíàÿ ìàòåìàòèêà, 2015, �2.
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Îòêóäà ïîÿâèëàñü çàäà÷à?
Íàøà öåëü

Dn,na

óïðîñòèòü MBLP-çàäà÷ó èç [2]
äëÿ íàõîæäåíèÿ êðàò÷àéøåãî k-âåðøèííîãî ïóòè,
åñëè íà÷àëüíàÿ è êîíå÷íàÿ âåðøèíû ÿâëÿþòñÿ
íåèçâåñòíûìè (ñì. ðèñóíîê).
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k-Âåðøèííûé ïóòü: ïåðåìåííûå
×òî òàêîå k-âåðøèííûé ïóòü?

Çàäàíû:
Dn,n � ïîëíûé ãðàô, ãäå n � êîëè÷åñòâî âåðøèí
dij > 0 � ðàññòîÿíèå ìåæäó âåðøèíàìè i òà j, i 6= j

k-âåðøèííûé ïóòü (2 ≤ k ≤ n)
ýòî ïóòü, êîòîðûé ïðîõîäèò ÷åðåç k âåðøèí ãðàôà Dn,n

(âêëþ÷àåò íà÷àëüíóþ è êîíå÷íóþ âåðøèíû)

n-âåðøèííûé ïóòü ÿâëÿåòñÿ ãàìèëüòîíîâûì ïóòåì
(ïðîõîäèò ÷åðåç âñå âåðøèíû ãðàôà Dn,n)
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k-Âåðøèííûé ïóòü: ïåðåìåííûå
Ïðèìåðû 4-âåðøèííûõ ïóòåé â ãðàôå D4,4

Ïóòü (1,2,3,4) Ïóòü (1,2,4,3)
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k-Âåðøèííûé ïóòü: ïåðåìåííûå
3-âåðøèííûé è 2-âåðøèííûé ïóòè â ãðàôå D4,4

Ïóòü (1,2,3) Ïóòü (1,2)
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k-Âåðøèííûé ïóòü: ïåðåìåííûå
Áóëåâû ïåðåìåííûå

Ïåðåìåííûå äëÿ ãðàôà Dn,n: n(n− 1) + n

xij =

{
1, åñëè äóãà (i, j) âêëþ÷àåòñÿ â ïóòü,
0, â ïðîòèâîïîëîæíîì ñëó÷àå

yi =

{
1, åñëè ïóòü ïðîõîäèò ÷åðåç âåðøèíó i,
0, â ïðîòèâîïîëîæíîì ñëó÷àå

Äîïîëíèòåëüíûå ïåðåìåííûå: n + n

xai, xia =

{
1, åñëè äóãà (a, i) ((i, a)) âêëþ÷àåòñÿ â öèêë,
0, â ïðîòèâîïîëîæíîì ñëó÷àå
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k-Âåðøèííûé ïóòü: ïåðåìåííûå
Íåïðåðûâíûå ïåðåìåííûå

Ïåðåìåííûå äëÿ ãðàôà Dn,n: n(n− 1)

zij ≥ 0 � çàäàþò âåëè÷èíó ïîòîêà íåêîòîðîãî ïðîäóêòà îò
âåðøèíè i ê âåðøèíå j

Äîïîëíèòåëüíûå ïåðåìåííûå: n

zai ≥ 0 � çàäàþò âåëè÷èíó ïîòîêà ýòîãî æå ïðîäóêòà îò
âåðøèíè a ê âåðøèíå i
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k-Âåðøèííûé ïóòü: îãðàíè÷åíèÿ
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k-Âåðøèííûé ïóòü: îãðàíè÷åíèÿ
Áóëåâû îãðàíè÷åíèÿ äëÿ k-âåðøèííîãî ïóòè

Îãðàíè÷åíèÿ (2)�(4): 2 + 2n + 1

n∑
i=1

xai = 1,
n∑

i=1

xia = 1, (2)

xai +
n∑

j=1,j 6=i

xji = yi,
n∑

j=1,j 6=i

xij + xia = yi, i = 1, ..., n, (3)

n∑
i=1

yi = k, (4)

(2) îïèñûâàþò îäíîêðàòíûé âõîä (âûõîä) äëÿ âåðøèíû a;
(4) çàäàåò ðîâíî k âåðøèí, ÷åðåç êîòîðûå ïðîõîäèò ïóòü;
(3) îïèñûâàþò îäíîêðàòíûé âõîä (âûõîä) äëÿ âåðøèí yi = 1.
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k-Âåðøèííûé ïóòü: îãðàíè÷åíèÿ
Áóëåâû îãðàíè÷åíèÿ äëÿ ãàìèëüòîíîâîãî ïóòè

Îãðàíè÷åíèÿ (13),(14): 2 + 2n

n∑
i=1

xai = 1,
n∑

i=1

xia = 1, (13)

xai +
n∑

j=1,j 6=i

xji = 1,
n∑

j=1,j 6=i

xij + xia = 1, i = 1, ..., n, (14)

Îíè åñòü îãðàíè÷åíèÿìè çàäà÷è î íàçíà÷åíèÿõ.

Ïðîáëåìà îãðàíè÷åíèé (2)�(4) è (13)�(14):
äîïóñòèìûå ðåøåíèÿ äëÿ íèõ ìîãóò ñîäåðæàòü ïîäöèêëû.
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k-Âåðøèííûé ïóòü: îãðàíè÷åíèÿ
Äâà äîïóñòèìûõ ðåøåíèÿ äëÿ ãðàôà D3,3

 a

 i1

 i3

 i2

 a

 i1

 i3

 i2

Ñâÿçíûé öèêë (ñëåâà), íåñâÿçíûå ïîäöèêëû (ñïðàâà)
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k-Âåðøèííûé ïóòü: îãðàíè÷åíèÿ
Ñâÿçíîñòü k-âåðøèííîãî ïóòè îáåñïå÷èâàþò

îãðàíè÷åíèÿ (5)�(8): n + 1 + n(n− 1) + n

zai − kxai ≤ 0, i = 1, ..., n, (5)

n∑
i=1

zai = k, (6)

zij − (k − 1)xij ≤ 0, i, j = 1, ..., n, i 6= j, (7)

zai +
n∑

j=1,j 6=i

zji −
n∑

j=1,j 6=i

zij = yi, i = 1, ..., n, (8)

Îãðàíè÷åíèÿ (5)�(8) îçíà÷àþò, ÷òî èç âåðøèíû a
íåîáõîäèìî âûâåçòè k åäèíèö ïðîäóêòà, îñòàâëÿÿ â
êàæäîé èç ïîñåùàåìûõ âåðøèí îäíó åäèíèöó ïðîäóêòà.
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k-Âåðøèííûé ïóòü: îãðàíè÷åíèÿ
Ñâÿçíîñòü ãàìèëüòîíîâîãî ïóòè îáåñïå÷èâàþò

îãðàíè÷åíèÿ (15)�(18): n + 1 + n(n− 1) + n

zai − nxai ≤ 0, i = 1, ..., n, (15)

n∑
i=1

zai = n, (16)

zij − (n− 1)xij ≤ 0, i, j = 1, ..., n, i 6= j, (17)

zai +
n∑

j=1,j 6=i

zji −
n∑

j=1,j 6=i

zij = 1, i = 1, ..., n, (18)

Îãðàíè÷åíèÿ (15)�(18) îçíà÷àþò, ÷òî èç âåðøèíû a
íåîáõîäèìî âûâåçòè n åäèíèö ïðîäóêòà, îñòàâëÿÿ â
êàæäîé èç ïîñåùàåìûõ âåðøèí îäíó åäèíèöó ïðîäóêòà.
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MBLP-çàäà÷à è åå ñëîæíîñòü
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MBLP-çàäà÷à è åå ñëîæíîñòü
Êðàò÷àéøèé k-âåðøèííûé ïóòü. MBLP-çàäà÷à

íàéòè
d∗k = min

n∑
i=1

n∑
j=1,j 6=i

dijxij (1)

ïðè îãðàíè÷åíèÿõ (2)�(4), (5)�(8) è îãðàíè÷åíèÿõ
yi = 0 ∨ 1, i = 1, ..., n, (9)

xai = 0∨1, xia = 0∨1, xij = 0∨1, i, j=1, ..., n, i6=j, (10)

zai ≥ 0, zij ≥ 0, i, j = 1, ..., n, i 6= j. (11)

Çàäà÷à (1)�(11) ÿâëÿåòñÿ çàäà÷åé
ñìåøàííîãî áóëåâîãî ëèíåéíîãî ïðîãðàììèðîâàíèÿ.
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MBLP-çàäà÷à è åå ñëîæíîñòü
Õàðàêòåðèñòèêà çàäà÷è (1)�(11)

Ìèíèìèçàöèÿ öåëåâîé ëèíåéíîé ôóíêöèè â (1) îòâå÷àåò
íàõîæäåíèþ k-âåðøèííîãî ïóòè ìèíèìàëüíîé äëèíû d∗k

Îãðàíè÷åíèÿ (2)�(11)
îïèñûâàþò âñå âîçìîæíûå k-âåðøèííûå ïóòè â ãðàôå Dn,n

Åñëè k = n,
òî ïîëó÷àåì çàäà÷ó äëÿ êðàò÷àéøåãî ãàìèëüòîíîâîãî ïóòè.
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MBLP-çàäà÷à è åå ñëîæíîñòü
Êðàò÷àéøèé ãàìèëüòîíîâ ïóòü. MBLP-çàäà÷à

íàéòè
d∗k = min

n∑
i=1

n∑
j=1,j 6=i

dijxij (12)

ïðè îãðàíè÷åíèÿõ (13)�(14), (15)�(18) è îãðàíè÷åíèÿõ
xai = 0∨1, xia = 0∨1, xij = 0∨1, i, j=1, ..., n, i6=j, (19)

zai ≥ 0, zij ≥ 0, i, j = 1, ..., n, i 6= j. (20)

Çàäà÷à (12)�(20) ÿâëÿåòñÿ çàäà÷åé
ñìåøàííîãî áóëåâîãî ëèíåéíîãî ïðîãðàììèðîâàíèÿ.
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MBLP-çàäà÷à è åå ñëîæíîñòü
Î ñëîæíîñòè MBLP-çàäà÷è

Åñëè k áîëüøîå, òî
çàäà÷à ïîèñêà êðàò÷àéøåãî k-âåðøèííîãî ïóòè ñëîæíåå,
÷åì çàäà÷à ïîèñêà êðàò÷àéøåãî ãàìèëüòîíîâîãî ïóòè.

Ýòî îáóñëîâëåíî òåì, ÷òî íóæíî îïðåäåëèòü ïîäìíîæåñòâî
âåðøèí, äëÿ êîòîðîé áóäå íàéäåí ãàìèëüòîíîâ ïóòü.

Ýòî ïîäòâåðæäàåò âû÷èñëèòåëüíûé ýêñïåðèìåíò äëÿ 20
ïóíêòîâ âèíîäåëèÿ Ìàëîïîëüñêîé âèííîé äîðîãè [2].
Ïðîâîäèëñÿ íà NEOS-ñåðâåðå.
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MBLP-çàäà÷à è åå ñëîæíîñòü
Çàäà÷à (1)�(11), ãðàô D20,20, NEOS-ñåðâåð.

k d∗k t1 t2 t3 t4 t5
4 16.05 0.09 0.15 0.07 0.63 1.58
8 92.95 2.04 1.51 0.80 6.06 55.55
12 162.25 0.70 0.75 1.29 3.41 23.33
16 263.55 1.03 0.78 0.43 2.30 18.77
20 447.85 0.30 0.29 0.10 1.03 2.80

Âðåìåíà ðåøåíèÿ (â ñåêóíäàõ)
Gurobi 6.5.0 � t1; CPLEX 12.6.2.0 � t2;
XPRESS-MP 26.01 � t3; CBC 2.9.4 � t4;
MOSEK � t5.
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MBLP-çàäà÷à è åå ñëîæíîñòü
Âûâîäû:

1. Ïðåäëîæåíà MBLP-çàäà÷à äëÿ íàõîæäåíèÿ
êðàò÷àéøåãî ïóòè, êîòîðûé ïðîõîäèò ÷åðåç çàäàííîå
êîëè÷åñòâî âåðøèí ïîëíîãî îðãðàôà.

2. Åñëè ïóòü ïðîõîäèò ÷åðåç âñå âåðøèíû îðãðàôà, òî
ðåøåíèå MBLP-çàäà÷è îïðåäåëÿåò êðàò÷àéøèé
ãàìèëüòîíîâ ïóòü â îðèåíòèðîâàííîì ãðàôå.

3. Äëÿ íåáîëüøèõ îðãðàôîâ MBLP-çàäà÷ó ìîæíî
èñïîëüçîâàòü ïðè âûáîðå îïòèìàëüíûõ ìàðøðóòîâ â
ðåæèìå ðåàëüíîãî âðåìåíè.
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MBLP-çàäà÷à è åå ñëîæíîñòü
Áëàãîäàðíîñòè

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîåêòîâ
ÍÀÍ Óêðàèíû (� 0114U001055) è

ÌÎÍ Óêðàèíû (� 0115U001906).
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MBLP-çàäà÷à è åå ñëîæíîñòü
Çàïèòàííÿ?

ÄßÊÓÞ ÇÀ ÓÂÀÃÓ!
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