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ÀÊÀÄÅÌÈÊ Í. Ç. ØÎÐ (1937 � 2006)

"Òåîðèÿ âñåãî êëàññà àëãîðèòìîâ ñ ðàñòÿæåíèåì

ïðîñòðàíñòâà åù¼ äàëåêà îò ñîâåðøåíñòâà.

Íàì êàæåòñÿ äîñòàòî÷íî ðåàëèñòè÷åñêîé öåëüþ

ïîñòðîåíèå òàêîãî àëãîðèòìà, êîòîðûé

ïî ñâîåé ïðàêòè÷åñêîé ýôôåêòèâíîñòè

íå óñòóïàë áû r-àëãîðèòìó è áûë ñòîëü æå

õîðîøî îáîñíîâàí, êàê ìåòîä ýëëèïñîèäîâ".
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Øîð Íàóì Çóñåëåâè÷ � îñíîâîïîëîæíèê íàïðàâëåíèÿ íåäèôôåðåí-

öèðóåìîé îïòèìèçàöèè â ìàòåìàòè÷åñêîì ïðîãðàììèðîâàíèè, ïðîôåñ-

ñîð, àêàäåìèê ÍÀÍ Óêðàèíû. Ðîäèëñÿ 1 ÿíâàðÿ 1937 ã. â ã. Êèåâå. Ïî-

ñëå îêîí÷àíèÿ â 1958 ã. Êèåâñêîãî íàöèîíàëüíîãî óíèâåðñèòåòà èìåíè

Òàðàñà Øåâ÷åíêî ðàáîòàë â Èíñòèòóòå êèáåðíåòèêè èì. Â. Ì. Ãëóø-

êîâà ÍÀÍ Óêðàèíû (c 1983 ã. � çàâåäóþùèé ëàáîðàòîðèåé, ñ 1990 ã. �

çàâåäóþùèé îòäåëîì ìåòîäîâ ðåøåíèÿ ñëîæíûõ çàäà÷ îïòèìèçàöèè).

Îí àâòîð 10 ìîíîãðàôèé è áîëåå 200 ñòàòåé ïî ìàòåìàòè÷åñêîìó ïðî-

ãðàììèðîâàíèþ, âû÷èñëèòåëüíîé ìàòåìàòèêå è òåîðèè ãðàôîâ. Ëàóðå-

àò Ãîñóäàðñòâåííûõ ïðåìèé ÓÑÑÐ (1973 ã.), ÑÑÑÐ (1981 ã.), Óêðàèíû

(1993 ã., 2000 ã.), ïðåìèè èì. Â. Ì. Ãëóøêîâà ÍÀÍ Óêðàèíû (1987 ã.),

ïðåìèè èì. Â. Ñ. Ìèõàëåâè÷à ÍÀÍ Óêðàèíû (1997 ã.).

Íàó÷íîå íàñëåäèå Í. Ç. Øîðà � âûäàþùèéñÿ âêëàä â ðàçâèòèå òåî-

ðèè è ìåòîäîâ îïòèìèçàöèè. Åãî ðàáîòû ïîëîæèëè íà÷àëî íîâîìó íà-

ïðàâëåíèþ ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ � ÷èñëåííûì ìåòîäàì

íåãëàäêîé îïòèìèçàöèè, è ñóùåñòâåííî ïîâëèÿëè íà ðàçâèòèå ìåòîäîâ

äèñêðåòíîé, ìàòðè÷íîé, ïîëèíîìèàëüíîé è ñòîõàñòè÷åñêîé îïòèìèçà-

öèè.

Äàëåêî íå âñå ðàáîòû Í. Ç. Øîðà îòðàæåíû â åãî ìîíîãðàôèÿõ.

Î÷åíü ìíîãî îñòàëîñü ðàññðåäîòî÷åííûì ïî ìíîãî÷èñëåííûì ñòàòüÿì,

êîòîðûå íûíå ñòàëè áèáëèîãðàôè÷åñêîé ðåäêîñòüþ. Êíèãà ñîäåðæèò èç-

áðàííûå òðóäû Í. Ç. Øîðà, ñâÿçàííûå ñ ðåøåíèåì ñòðóêòóðèðîâàííûõ

çàäà÷ âûïóêëîãî ïðîãðàììèðîâàíèÿ áîëüøîé ðàçìåðíîñòè è çàäà÷ ìàò-

ðè÷íîé îïòèìèçàöèè. Áûëè îòîáðàíû òå ñòàòüè, êîòîðûå ëèáî îòêðûâà-

ëè íîâûå ýòàïû â åãî òâîð÷åñòâå, ëèáî äàâàëè îáçîðíîå ïðåäñòàâëåíèå

î ðàçðàáîòàííîì íàïðàâëåíèè.

Ñáîðíèê ñîñòîèò èç äâóõ ÷àñòåé. Â ïåðâîé ÷àñòè ïîìåùåíû ñòàòüè

î ìåòîäàõ íåäèôôåðåíöèðóåìîé îïòèìèçàöèè è ñõåìàõ äåêîìïîçèöèè

ïî ïåðåìåííûì è îãðàíè÷åíèÿì, ñòàòüè î äâóõýòàïíûõ ñòîõàñòè÷åñêèõ

çàäà÷àõ, ãäå ñõåìà äåêîìïîçèöèè ïî ïåðåìåííûì èãðàåò öåíòðàëüíóþ

ðîëü. Âî âòîðîé ÷àñòè ñîáðàíû ñòàòüè, ñâÿçàííûå ñ ïðèìåíåíèåì ìåòî-

äîâ íåãëàäêîé îïòèìèçàöèè äëÿ ðåøåíèÿ çàäà÷ êâàäðàòè÷íîãî, áóëåâîãî

è ìàòðè÷íîãî ïðîãðàììèðîâàíèÿ.

Âñÿ ïðîôåññèîíàëüíàÿ æèçíü Í. Ç. Øîðà ïðîøëà â Èíñòèòóòå êè-

áåðíåòèêè èìåíè Â.Ì. Ãëóøêîâà. Çäåñü1 îí íà÷àë ðàáîòàòü ïîñëå îêîí-

÷àíèÿ Êèåâñêîãî íàöèîíàëüíîãî óíèâåðñèòåòà èìåíè Òàðàñà Øåâ÷åíêî

ïî ïðèãëàøåíèþ Âèêòîðà Ìèõàéëîâè÷à Ãëóøêîâà, çäåñü îí ïðîøåë âñå

ñòóïåíè îò èíæåíåðà äî ðóêîâîäèòåëÿ îòäåëà ìåòîäîâ ðåøåíèÿ ñëîæ-

1Â 1958 îí íà÷àë òðóäîâóþ äåÿòåëüíîñòü â Âû÷èñëèòåëüíîì öåíòðå Àêàäåìèè
íàóê Óêðàèíû, ïðåîáðàçîâàííîì â 1962 ãîäó â Èíñòèòóò êèáåðíåòèêè.
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íûõ çàäà÷ îïòèìèçàöèè. Ýòî áûëè âðåìåíà èíòåíñèâíîãî ðàçâèòèÿ ïðè-

êëàäíîé ìàòåìàòèêè â Ñîâåòñêîì Ñîþçå, à Èíñòèòóò êèáåðíåòèêè ñòàë

îäíîé èç âåäóùèõ îðãàíèçàöèé â îáëàñòè èíôîðìàòèêè, âû÷èñëèòåëü-

íîé òåõíèêè, ÷èñëåííûõ ìåòîäîâ îïòèìèçàöèè [1] � [3].

Ðàçðàáîòêà ìåòîäîâ íåäèôôåðåíöèðóåìîé îïòèìèçàöèè ñòàëà â 60-õ

ãîäàõ îäíîé èç ïåðâîî÷åðåäíûõ çàäà÷. Èìåííî ýòè ìåòîäû îáåñïå÷èëè

âîçìîæíîñòü ðåøåíèÿ ñëîæíûõ ïðàêòè÷åñêèõ çàäà÷ îïòèìèçàöèè íà

áàçå âû÷èñëèòåëüíîé òåõíèêè òîãî âðåìåíè. Ìåòîäû íåäèôôåðåíöè-

ðóåìîé îïòèìèçàöèè ïîçâîëÿëè ãèáêî èñïîëüçîâàòü ðàçëè÷íûå ñõåìû

äåêîìïîçèöèè (ïî ïåðåìåííûì, îãðàíè÷åíèÿì, ðåñóðñàì è ò. ï.), ó÷èòû-

âàþùèå ñïåöèôèêó çàäà÷ áîëüøîé ðàçìåðíîñòè, ýôôåêòèâíî ïîëó÷àòü

äâîéñòâåííûå îöåíêè â çàäà÷àõ äèñêðåòíîãî, íåïðåðûâíî-äèñêðåòíîãî

ïðîãðàììèðîâàíèÿ è äëÿ íåêîòîðûõ êëàññîâ ìíîãîýêñòðåìàëüíûõ çà-

äà÷. Ïîÿâëÿåòñÿ âîçìîæíîñòü èñïîëüçîâàòü íåãëàäêèå ôóíêöèè øòðà-

ôà, ïîçâîëÿþùèå ïðè êîíå÷íûõ çíà÷åíèÿõ øòðàôíûõ ïàðàìåòðîâ ïîëó-

÷àòü çàäà÷ó áåçóñëîâíîé ìèíèìèçàöèè, ýêâèâàëåíòíóþ ïåðâîíà÷àëüíîé

çàäà÷å âûïóêëîãî ïðîãðàììèðîâàíèÿ. Òåõíèêî-ýêîíîìè÷åñêèå õàðàêòå-

ðèñòèêè îïòèìèçèðóåìûõ îáúåêòîâ ÷àñòî õîðîøî àïïðîêñèìèðóþòñÿ

êóñî÷íî-ãëàäêèìè ôóíêöèÿìè îò íåèçâåñòíûõ ïàðàìåòðîâ, ÷òî òàêæå

ïîðîæäàåò çàäà÷è îïòèìèçàöèè ñ íåãëàäêèìè ôóíêöèÿìè.

Çíà÷èòåëüíóþ ÷àñòü òâîð÷åñêîãî íàñëåäèÿ Í. Ç. Øîðà çàíèìàåò

ðàçðàáîòêà è èññëåäîâàíèå ìåòîäîâ íåäèôôåðåíöèðóåìîé îïòèìèçàöèè.

Îíè ÿâèëèñü îñíîâîé åãî êàíäèäàòñêîé äèññåðòàöèè "Î ñòðóêòóðå àëãî-

ðèòìîâ ÷èñëåííîãî ðåøåíèÿ çàäà÷ îïòèìàëüíîãî ïëàíèðîâàíèÿ è ïðîåê-

òèðîâàíèÿ", 1964 ã. [4]. À íàèáîëåå ïîëíî ðåçóëüòàòû ïî ýòîé òåìàòèêå,

ïîëó÷åííûå â ïåðèîä ñ 1962 ïî 1978 ãîä, îòðàæåíû â ìîíîãðàôèè [5]. Â

íåå áûë âêëþ÷åí è ðÿä ìàòåðèàëîâ åãî äîêòîðñêîé äèññåðòàöèè "Ìåòî-

äû ìèíèìèçàöèè íåäèôôåðåíöèðóåìûõ ôóíêöèé è èõ ïðèëîæåíèÿ" �

å¼ çàùèòà ñîñòîÿëàñü â 1970 ãîäó [6]. Ýòà êíèãà ïîëó÷èëà îãðîìíóþ èç-

âåñòíîñòü, áûëà ïðàêòè÷åñêè ñðàçó æå ïåðåâåäåíà íà àíãëèéñêèé ÿçûê

èçâåñòíûìè ïîëüñêèìè ó÷åíûìè Ê. Êèâåëåì è À. Ðóùèíüñêèì è èçäàíà

â èçäàòåëüñòâå "Øïðèíãåð" â 1985 ã. [7]. Â ìîíîãðàôèè [5] èññëåäîâàíû

îñíîâíûå ìîäèôèêàöèè ìåòîäà îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà, èç-

ëîæåíû àëãîðèòìû ñóáãðàäèåíòíîãî òèïà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà

â íàïðàâëåíèè ñóáãðàäèåíòà è ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ ñóáãðà-

äèåíòîâ, êîòîðûå îáëàäàþò óñêîðåííîé ñõîäèìîñòüþ, à òàêæå ïðèìåíå-

íèÿ ìåòîäîâ ìèíèìèçàöèè íåäèôôåðåíöèðóåìûõ ôóíêöèé ïðè ðåøåíèè

ðàçíîîáðàçíûõ çàäà÷ îïòèìàëüíîãî ïëàíèðîâàíèÿ è ïðîåêòèðîâàíèÿ.

Î ñóùíîñòè ïðîáëåì, ñâÿçàííûõ ñ íåäèôôåðåíöèðóåìîñòüþ è î âêëà-

äå Í. Ç. Øîðà â èõ ðàçðåøåíèå çàìå÷àòåëüíî íàïèñàë Á.Ò. Ïîëÿê [8]:
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"Îñíîâíûå àëãîðèòìû ìèíèìèçàöèè ãëàäêèõ ôóíêöèé � ãðàäèåíò-

íûé è Íüþòîíà � áûëè ïîñòðîåíû íà èñïîëüçîâàíèè ëèíåéíîé è êâàä-

ðàòè÷íîé àïïðîêñèìàöèè ôóíêöèè, çàäàâàåìîé ïåðâûìè ÷ëåíàìè ðÿäà

Òåéëîðà. Îäíàêî, äëÿ íåäèôôåðåíöèðóåìîé ôóíêöèè ýòà èäåÿ íåïðè-

ìåíèìà � òàêàÿ ôóíêöèÿ íå ìîæåò áûòü õîðîøî àïïðîêñèìèðîâàíà íè

ëèíåéíîé, íè êâàäðàòè÷íîé ôóíêöèÿìè... Ïîýòîìó ðàçðàáîòêà ìåòîäîâ

ìèíèìèçàöèè íåãëàäêèõ ôóíêöèé òðåáóåò ïðèâëå÷åíèÿ íîâûõ èäåé. Îä-

íà èç íèõ, ïðèíàäëåæàùàÿ Í.Ç.Øîðó, âûãëÿäèò íåñêîëüêî íåîæèäàííî.

Ïèøåòñÿ ïðÿìîé àíàëîã ãðàäèåíòíîãî ìåòîäà ñ çàìåíîé ãðàäèåíòà íà

ïðîèçâîëüíûé ñóáãðàäèåíò gf (x) ôóíêöèè f(x):

xk+1 = xk � 
kgf (xk) (1)

[...]; çíà÷åíèÿ ôóíêöèè â ìåòîäå (1) íå ìîãóò óáûâàòü ìîíîòîííî. Îêà-

çûâàåòñÿ, îäíàêî, ÷òî ïðè ýòîì ìîíîòîííî óáûâàåò äðóãàÿ ôóíêöèÿ �

ðàññòîÿíèå äî òî÷êè ìèíèìóìà, è â ýòîì-òî çàêëþ÷àåòñÿ îñíîâíàÿ èäåÿ

ñóáãðàäèåíòíîãî ìåòîäà (1). "

Ðåçóëüòàòû Í.Ç.Øîðà ïî ìåòîäàì íåãëàäêîé îïòèìèçàöèè ìîæíî

óñëîâíî ðàçäåëèòü íà òðè íàïðàâëåíèÿ. Ïåðâîå � ìåòîäû îáîáùåííîãî

ãðàäèåíòíîãî ñïóñêà (ÎÃÑ) (1962 � 1971 ãã.), êîòîðûå ïîëîæèëè íà÷à-

ëî íîâîìó íàïðàâëåíèþ ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ � ÷èñëåí-

íûì ìåòîäàì íåãëàäêîé îïòèìèçàöèè. Âòîðîå � ñóáãðàäèåíòíûå ìåòî-

äû ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâëåíèè ñóáãðàäèåíòà, êîòîðûå

â ñðàâíåíèè ñ ìåòîäàìè ÎÃÑ èìåþò óñêîðåííóþ ñõîäèìîñòü. Ýòè ìåòî-

äû äàëè òåîðèè îïòèìèçàöèè óíèêàëüíûé àëãîðèòì � ìåòîä ýëëèïñîè-

äîâ, ñêîðîñòü ñõîäèìîñòè êîòîðîãî çàâèñèò ëèøü îò ðàçìåðíîñòè ïðî-

ñòðàíñòâà. Èñïîëüçîâàíèå ìåòîäà ýëëèïñîèäîâ ïîçâîëèëî ðåøèòü ðÿä

âàæíûõ âîïðîñîâ â òåîðèè ñëîæíîñòè çàäà÷ ìàòåìàòè÷åñêîãî ïðîãðàì-

ìèðîâàíèÿ. Íàèáîëåå ðåçóëüòàòèâíûìè ýòè èññëåäîâàíèÿ îêàçàëèñü â

ïåðèîä ñ 1968 ïî 1986 ãã.

È, íàêîíåö, òðåòüå íàïðàâëåíèå � ýòî ñóáãðàäèåíòíûå ìåòîäû ñ ðàñ-

òÿæåíèåì ïðîñòðàíñòâà â íàïðàâëåíèè ðàçíîñòè äâóõ ïîñëåäîâàòåëü-

íûõ ñóáãðàäèåíòîâ � òàê íàçûâàåìûå r-àëãîðèòìû. Äî íàñòîÿùåãî âðå-

ìåíè r-àëãîðèòìû ÿâëÿþòñÿ îäíèì èç íàèáîëåå ýôôåêòèâíûõ ñðåäñòâ

ðåøåíèÿ çàäà÷ íåäèôôåðåíöèðóåìîé îïòèìèçàöèè. Ïðè ìèíèìèçàöèè

ãëàäêèõ ôóíêöèé îíè îêàçàëèñü êîíêóðåíòíîñïîñîáíûìè ñ íàèáîëåå

óäà÷íûìè ðåàëèçàöèÿìè ìåòîäîâ ñîïðÿæåííûõ íàïðàâëåíèé è ìåòîäîâ

êâàçèíüþòîíîâñêîãî òèïà. Íà÷àëî èññëåäîâàíèé ïî r-àëãîðèòìàì ïðè-

øëîñü íà 1970�1974 ãã., àêòèâíî ïðîäîëæàëèñü â ïîñëåäóþùèå ãîäû è

ïðîäîëæàþòñÿ ó÷åíèêàìè Í. Ç. Øîðà. Ê íàñòîÿùåìó âðåìåíè óñèëè-

ÿìè Í. Ç. Øîðà è åãî ó÷åíèêîâ Í. Ã. Æóðáåíêî, Ë. Ï. Øàáàøîâîé,
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Â. È. Ãåðøîâè÷à, Ï. È. Ñòåöþêà, À. Ï. Ëèõîâèäà, À. Â. Êóíöåâè÷à è

äð. ðàçðàáîòàíî íåñêîëüêî ìîäèôèêàöèé r-àëãîðèòìà ïðèìåíèòåëüíî ê

ðåøåíèþ ðàçíîîáðàçíûõ çàäà÷ îïòèìèçàöèè. r-àëãîðèòì èñïîëüçîâàë-

ñÿ â çàäà÷àõ îïòèìèçàöèè áîëüøîé ðàçìåðíîñòè è â áëî÷íûõ çàäà÷àõ ñ

ðàçëè÷íûìè ñõåìàìè äåêîìïîçèöèè, ïðè ðåøåíèè ìèíèìàêñíûõ è ìàò-

ðè÷íûõ çàäà÷ îïòèìèçàöèè, äëÿ âû÷èñëåíèÿ äâîéñòâåííûõ ëàãðàíæå-

âûõ îöåíîê â ìíîãîýêñòðåìàëüíûõ è êîìáèíàòîðíûõ çàäà÷àõ îïòèìè-

çàöèè. Íà ïðàêòèêå îí ïðèìåíÿëñÿ äëÿ ðåøåíèÿ çàäà÷ îïòèìàëüíîãî

ïëàíèðîâàíèÿ, îïòèìàëüíîãî ïðîåêòèðîâàíèÿ, ñèíòåçà è àíàëèçà ñåòåé,

âîññòàíîâëåíèÿ èçîáðàæåíèé, ýëëèïñîèäàëüíîé àïïðîêñèìàöèè è ëîêà-

ëèçàöèè è äð. [5, 9, 10].

×òîáû êðàòêî äàòü ïðåäñòàâëåíèå î ðåçóëüòàòàõ Í. Ç. Øîðà ïî ýòîé

òåìàòèêå, ïåðâîé â äàííîì ñáîðíèêå ïîìåùåíà îáçîðíàÿ ñòàòüÿ [11],

íàïå÷àòàííàÿ â íîìåðå æóðíàëà "Êèáåðíåòèêà", ïîñâÿùåííîì ïàìÿòè

Â. Ì. Ãëóøêîâà.

Ìåòîäû ÎÃÑ äàëè âîçìîæíîñòü ðåøèòü áîëüøîå ÷èñëî çàäà÷ ïðî-

èçâîäñòâåííî-òðàíñïîðòíîãî ïëàíèðîâàíèÿ ñ ïðèìåíåíèåì ñõåì äåêîì-

ïîçèöèè äëÿ çàäà÷ áîëüøîé ðàçìåðíîñòè. Ïîäðîáíóþ èíôîðìàöèþ îá

ýòèõ çàäà÷àõ ìîæíî íàéòè â [5, 12]. Äëÿ äàííîãî ñáîðíèêà îòîáðàí

ðÿä ðåçóëüòàòîâ Í. Ç. Øîðà ïî ðåøåíèþ çàäà÷ áëî÷íîé ñòðóêòóðû,

â ÷àñòíîñòè, â ñòîõàñòè÷åñêîì ïðîãðàììèðîâàíèè. Â ñòàòüå [13] ñ èñ-

ïîëüçîâàíèåì ÎÃÑ âïåðâûå ïðèìåíåíà äåêîìïîçèöèÿ ïî îãðàíè÷åíèÿì.

Ðåçóëüòàòû Í. Ç. Øîðà ïî çàäà÷àì ñòîõàñòè÷åñêîãî ïðîãðàììèðîâà-

íèÿ èçëîæåíû â íåñêîëüêèõ ðàçäåëàõ åãî äîêòîðñêîé äèññåðòàöèè ([6],

ñ. 160�180) è áîëüøîì êîëè÷åñòâå ñòàòåé. Èì áûëè ïîäðîáíî èññëåäî-

âàíû äâóõýòàïíûå è ìíîãîýòàïíûå çàäà÷è, ñâÿçàííûå ñ íèìè âîïðîñû

äåêîìïîçèöèè è îñîáåííîñòè èõ ÷èñëåííîãî ðåøåíèÿ.

Ìåòîä ÎÃÑ òàêæå ïîñëóæèë îñíîâîé äëÿ ñîçäàíèÿ ñòîõàñòè÷åñêîãî

àíàëîãà îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà [14], êîòîðûé èìååò áîëüøîå

ïðàêòè÷åñêîå ïðèìåíåíèå, â ÷àñòíîñòè, ïðè ðåøåíèè ìíîãîýòàïíûõ çà-

äà÷ ñòîõàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ. Ýòà ñòàòüÿ òàêæå âêëþ÷åíà â

ñáîðíèê. Â íåé âïåðâûå ââåäåíî è èññëåäîâàíî ïîíÿòèå ñòîõàñòè÷åñêîãî

êâàçèãðàäèåíòà.

Â äàííûé ñáîðíèê ïîìåùåíû òàêæå ñòàòüÿ [15] � â íåé âïåðâûå èñ-

ïîëüçîâàíà îðèãèíàëüíàÿ ìåòîäèêà ðåãóëèðîâêè øàãîâîãî ìíîæèòåëÿ,

è ñòàòüÿ [16], â êîòîðîé âïåðâûå áûë ïðåäëîæåí r-àëãîðèòì. Â ñëåäó-

þùåé ñòàòüå [17] ïðèâîäèòñÿ ÷àñòíûé ñëó÷àé àëãîðèòìà îáîáùåííîãî

ãðàäèåíòíîãî ñïóñêà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâëåíèè ñóá-

ãðàäèåíòà, â êîòîðîì âåëè÷èíà øàãà è êîýôôèöèåíòà ðàñòÿæåíèÿ ïðî-

ñòðàíñòâà îïðåäåëÿþòñÿ òîëüêî ðàçìåðíîñòüþ ïðîñòðàíñòâà ïåðåìåí-
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íûõ. Ýòîò âàðèàíò àëãîðèòìà ïîëíîñòüþ ñîîòâåòñòâóåò ìåòîäó ýëëèï-

ñîèäîâ, ïðåäëîæåíîìó Ä. Á. Þäèíûì è À. Ñ.Íåìèðîâñêèì [18], èñõîäÿ

èç ìåòîäîâ ïîñëåäîâàòåëüíûõ îòñå÷åíèé. Ýòîò àëãîðèòì èñïîëüçîâàí

Ë. Ã. Õà÷èÿíîì [19] äëÿ ïîñòðîåíèÿ è îáîñíîâàíèÿ ïåðâîãî ïîëèíîìè-

àëüíîãî àëãîðèòìà ðåøåíèÿ çàäà÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ ñ ðà-

öèîíàëüíûìè êîýôôèöèåíòàìè è ïîëó÷èë âàæíîå ïðèìåíåíèå â òåîðèè

ñëîæíîñòè àëãîðèòìîâ äèñêðåòíîé îïòèìèçàöèè [20]. Â ñòàòüå [21] ñõåìà

äåêîìïîçèöèè ïî îãðàíè÷åíèÿì ïðèìåíåíà äëÿ òðàíñïîðòíîé äèíàìè-

÷åñêîé çàäà÷è â ñåòåâîé ïîñòàíîâêå. Ýòà ñòàòüÿ ñîäåðæèò òàêæå îïèñà-

íèå àëãîðèòìà óñðåäíåíèÿ, ïîçâîëÿþùåãî ïîëó÷èòü ðåøåíèå èñõîäíîé

çàäà÷è íà îñíîâå ðåøåíèÿ äâîéñòâåííîé ê íåé çàäà÷è.

Çàâåðøàþùàÿ ïåðâóþ ÷àñòü ñáîðíèêà ñòàòüÿ [22] ïîñâÿùåíà ðåçóëü-

òàòàì âûïîëíåíèÿ ïðîåêòà "Ìåòîäû ðåøåíèÿ è àïïðîêñèìàöèè â ñòîõà-

ñòè÷åñêîì ïðîãðàììèðîâàíèè", êîòîðûé âûïîëíÿëñÿ ñîâìåñòíî ñ ãðóï-

ïîé ïðîôåññîðà Ïèòåðà Êàëëà èç Èíñòèòóòà èññëåäîâàíèÿ îïåðàöèé

Öþðèõñêîãî óíèâåðñèòåòà ïðè ïîääåðæêå Øâåéöàðñêîé íàöèîíàëüíîé

íàó÷íîé îðãàíèçàöèè2. Â ðåçóëüòàòå âûïîëíåíèÿ ýòîãî ïðîåêòà áûëè

ðàçðàáîòàíû ïðîãðàììû äëÿ ðåøåíèÿ äâóõ ñïåöèàëüíûõ êëàññîâ çàäà÷

äâóõýòàïíîãî ñòîõàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ. Â ýòèõ ïðîãðàììàõ

áûëè èñïîëüçîâàíû ðàçðàáîòàííûå Í.Ç. Øîðîì ìåòîäû íåãëàäêîé îï-

òèìèçàöèè è ïðèìåíåíà ñõåìà äåêîìïîçèöèè ïî ïåðåìåííûì. Ïðîãðàì-

ìû âêëþ÷åíû â ñîñòàâ ñèñòåìû ìîäåëèðîâàíèÿ SLP�IOR3, ðàçðàáîòàí-

íîé â Èíñòèòóòå èññëåäîâàíèÿ îïåðàöèé Öþðèõñêîãî óíèâåðñèòåòà.

Çàâåðøàÿ êðàòêóþ õàðàêòåðèñòèêó ïåðâîé ÷àñòè ñáîðíèêà, îòìå-

òèì ñëåäóþùåå. Ðàçðàáîòàííûå Í. Ç. Øîðîì ïîäõîäû ê ðåøåíèþ çà-

äà÷ áëî÷íîé ñòðóêòóðû íàøëè ìíîãî÷èñëåííûå ïðèëîæåíèÿ. Èñïîëü-

çîâàíèå ñõåì äåêîìïîçèöèè äëÿ ðåøåíèÿ òàêèõ çàäà÷ ïðèâîäèò ê çà-

äà÷àì ìèíèìèçàöèè (ìàêñèìèçàöèè), êàê ïðàâèëî, íåãëàäêèõ ôóíê-

öèé îò ñâÿçûâàþùèõ ïåðåìåííûõ èëè îò ìíîæèòåëåé Ëàãðàíæà (äâîé-

ñòâåííûõ îöåíîê), ñîîòâåòñòâóþùèõ ñâÿçûâàþùèì îãðàíè÷åíèÿì. Ìíî-

ãî ïðèêëàäíûõ çàäà÷ áëî÷íîé ñòðóêòóðû îïèñàíî â ìîíîãðàôèÿõ [5,

12, 23, 24]. Òàê â [5, 12] ðàññìîòðåíû ðàçíîîáðàçíûå çàäà÷è îïòèìàëü-

íîãî ïëàíèðîâàíèÿ è ïðîåêòèðîâàíèÿ, çàäà÷è äîëãîñðî÷íîãî è òåêóùå-

ãî ïðîèçâîäñòâåííî-òðàíñïîðòíîãî ïëàíèðîâàíèÿ, ìíîãîèíäåêñíûå ðàñ-

ïðåäåëèòåëèòåëüíûå çàäà÷è â ëèíåéíîé, íåëèíåéíîé è äèíàìè÷åñêîé

ïîñòàíîâêàõ è äð. Ìîíîãðàôèÿ Í. Ç. Øîðà è Ä. È. Ñîëîìîíà [23] ïî-

ñâÿùåíà ìåòîäàì ðåøåíèÿ áëî÷íûõ çàäà÷ äðîáíî-ëèíåéíîãî ïðîãðàì-

2Swiss National Science Foundation, Project number: 7UKPJ048452, September 1997
� August 1998.

3http://www.ior.uzh.ch/Pages/English/Research/StochOpt/SLP_Users_Guide.pdf
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ìèðîâàíèÿ áîëüøîé ðàçìåðíîñòè. Çäåñü ðàññìîòðåíû òàêèå ïðàêòè÷å-

ñêèå çàäà÷è îïòèìèçàöèè: îïðåäåëåíèå êëèåíòóðíîãî ïëàíà è ñòðóê-

òóðû ïîäâèæíîãî ñîñòàâà àâòîòðàíñïîðòíûõ ïðåäïðèÿòèé, ìàðøðóòè-

çàöèÿ àâòîìîáèëüíûõ ãðóçîâûõ ïåðåâîçîê. Ìîíîãðàôèÿ [24] ñîäåðæèò

ïðèìåíåíèå ñõåì äåêîìïîçèöèè ïðè ðåøåíèè ðÿäà çàäà÷ îïòèìàëüíîãî

ïðîåêòèðîâàíèÿ è ìàðøðóòèçàöèè â ñåòÿõ ñ ó÷åòîì îòêàçà îòäåëüíûõ

êîìïîíåíò ñåòè è èçìåíåíèÿ òðåáîâàíèé ê ïîòîêàì. Ýòè ðàáîòû áûëè

âûïîëíåíû â ðàìêàõ ìåæäóíàðîäíîãî ïðîåêòà "Ìàòåìàòè÷åñêîå è ïðî-

ãðàììíîå îáåñïå÷åíèå îïòèìàëüíîãî ïðîåêòèðîâàíèÿ ñòðóêòóð íàäåæ-

íûõ ñåòåé" Óêðàèíñêîãî íàó÷íî-òåõíîëîãè÷åñêîãî öåíòðà4 � ïîñëåäíåãî

ìåæäóíàðîäíîãî ïðîåêòà, âûïîëíåííîãî ïîä ðóêîâîäñòâîì Í. Ç. Øîðà.

Âî âòîðóþ ÷àñòü äàííîãî ñáîðíèêà âîøëè ÷åòûðå ñòàòüè Í. Ç. Øî-

ðà [25]�[28], ñâÿçàííûå ñ ïðèìåíåíèåì ìåòîäîâ íåäèôôåðåíöèðóåìîé

îïòèìèçàöèè â äèñêðåòíûõ, ïîëèíîìèàëüíûõ è ìàòðè÷íûõ çàäà÷àõ.

Èõ îáúåäèíÿåò èñïîëüçîâàíèå ïîäõîäà Ëàãðàíæà äëÿ ïîëó÷åíèÿ äâîé-

ñòâåííûõ îöåíîê. Ïîëó÷åíèå ýòèõ îöåíîê î÷åíü âàæíî äëÿ íåâûïóêëûõ

êâàäðàòè÷íûõ ìîäåëåé, êîòîðûå âñòðå÷àþòñÿ âî ìíîãèõ ïðèëîæåíèÿõ,

íàïðèìåð, â ïîëèíîìèàëüíûõ çàäà÷àõ îïòèìèçàöèè è NP-òðóäíûõ ýêñ-

òðåìàëüíûõ çàäà÷àõ íà ãðàôàõ. Òàêîé ïîäõîä äàåò âîçìîæíîñòü ñðåäè

NP-òðóäíûõ íåâûïóêëûõ êâàäðàòè÷íûõ çàäà÷ âûäåëèòü òàêèå ïîäêëàñ-

ñû, äëÿ êîòîðûõ ïðîáëåìà íàõîæäåíèÿ çíà÷åíèÿ ãëîáàëüíîãî ìèíèìóìà

öåëåâîé ôóíêöèè ðàçðåøèìà çà ïîëèíîìèàëüíîå âðåìÿ.

Òàê ïîëó÷èëîñü, ÷òî íàèáîëåå ïîëíàÿ ïî ìàòåðèàëàì ýòîé òåìàòèêè

êíèãà [10] âûøëà çà ðóáåæîì íà àíãëèéñêîì ÿçûêå, íà ðóññêèé íå ïå-

ðåâîäèëàñü è ÿâëÿåòñÿ áèáëèîãðàôè÷åñêîé ðåäêîñòüþ â ñòðàíàõ ÑÍÃ.

Ìû íàäååìñÿ, ÷òî ïóáëèêàöèÿ îòîáðàííûõ ñòàòåé [25]�[28] õîòÿ áû ÷à-

ñòè÷íî âîñïîëíèò ýòîò ïðîáåë. Ñòàòüÿ [25], îïóáëèêîâàííàÿ íà ðóññêîì

ÿçûêå â "Îáîçðåíèè ïðèêëàäíîé è ïðîìûøëåííîé ìàòåìàòèêè", òàêæå

ÿâëÿåòñÿ òðóäíîäîñòóïíîé. Îíà ñîäåðæèò ïðåêðàñíûé îáçîð ïî çàäà÷àì

ìàòðè÷íîé îïòèìèçàöèè, êîòîðûå èìåþò ìíîãî÷èñëåííûå ïðèëîæåíèÿ

â òåîðèè óñòîé÷èâîñòè è îïòèìèçàöèè äèíàìè÷åñêèõ ñèñòåì. Ïðèâå-

äåíû ïðèìåðû ìàòðè÷íûõ çàäà÷, ñâÿçàííûõ ñ ïîëó÷åíèåì îïòèìàëü-

íîé ôóíêöèè Ëÿïóíîâà, è ìåòîäû èõ ðåøåíèÿ ñ ïîìîùüþ àëãîðèòìîâ

íåäèôôåðåíöèðóåìîé îïòèìèçàöèè. Ê ìàòðè÷íûì çàäà÷àì îòíîñÿòñÿ è

çàäà÷è ïîñòðîåíèÿ îïòèìàëüíûõ ïî îáúåìó âïèñàííûõ â ìíîãîãðàííèê

è îïèñàííûõ âîêðóã ìíîãîãðàííèêà ýëëèïñîèäîâ, èìåþùèå ìíîãî÷èñ-

ëåííûå ïðèëîæåíèÿ â òåîðèè îöåíèâàíèÿ, ðàñïîçíàâàíèè îáðàçîâ, ïðè

ïîñòðîåíèè ÷èñëåííûõ ìåòîäîâ îïòèìèçàöèè. Îðèãèíàëüíûå àëãîðèò-

ìû äëÿ ðåøåíèÿ ýòèõ çàäà÷ ðàçðàáîòàíû Í. Ç. Øîðîì âìåñòå ñ ó÷å-

4Ïðîåêò � 1625.
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íèêàìè Ñ. È. Ñòåöåíêî è Î. À. Áåðåçîâñêèì. ×àñòü ýòèõ ðåçóëüòàòîâ

âîøëà â ìîíîãðàôèþ [9], íî íàïèñàííàÿ ïîçæå ñòàòüÿ [25], áåç ñîìíåíèÿ,

ÿâëÿåòñÿ íàèáîëåå ïîëíîé èõ êîëëåêöèåé.

Âòîðàÿ ïîìåùåííàÿ çäåñü ñòàòüÿ [26] ïîñâÿùåíà çàäà÷àì ïîëèíîìè-

àëüíîãî ïðîãðàììèðîâàíèÿ. Ê ýòîìó êëàññó îòíîñÿò çàäà÷è ñ öåëåâîé

ôóíêöèåé, çàäàííîé ïîëèíîìîì è îãðàíè÷åíèÿìè â âèäå ïîëèíîìèàëü-

íûõ ðàâåíñòâ è íåðàâåíñòâ. Â âèäå çàäà÷ ïîëèíîìèàëüíîãî ïðîãðàììè-

ðîâàíèÿ ìîæíî ïðåäñòàâèòü øèðîêèé êëàññ ìîäåëåé ëèíåéíîãî öåëî-

÷èñëåííîãî ïðîãðàììèðîâàíèÿ è ðàçíîîáðàçíûå ìîäåëè êîìáèíàòîðíîé

è ìíîãîýêñòðåìàëüíîé îïòèìèçàöèè.

Â ðàáîòàõ Í. Ç. Øîðà (ñì., íàïðèìåð, [9]) èññëåäóþòñÿ òàê íàçûâà-

åìûå äâîéñòâåííûå èëè ëàãðàíæåâû îöåíêè êâàäðàòè÷íûõ îïòèìèçà-

öèîííûõ çàäà÷, â êîòîðûõ èñïîëüçóþòñÿ êëàññè÷åñêèå ìíîæèòåëè Ëà-

ãðàíæà. Ðåçóëüòàòîì òàêîé ïðîöåäóðû åñòü îöåíêà ñíèçó (ñâåðõó) äëÿ

îïòèìàëüíîãî çíà÷åíèÿ öåëåâîé ôóíêöèè èñõîäíîé çàäà÷è ìèíèìèçà-

öèè (ìàêñèìèçàöèè). Çàäà÷à íàõîæäåíèÿ îïòèìàëüíûõ ìíîæèòåëåé Ëà-

ãðàíæà îòíîñèòñÿ ê êëàññó çàäà÷ íåäèôôåðåíöèðóåìîé îïòèìèçàöèè, à

ïðîáëåìû ïîñòðîåíèÿ àëãîðèòìîâ äëÿ îïðåäåëåíèÿ ëàãðàíæåâûõ îöå-

íîê òåñíî ñâÿçàíû ñ ïðèìåíåíèåì ìåòîäîâ íåäèôôåðåíöèðóåìîé îïòè-

ìèçàöèè.

Èñïîëüçóÿ ôóíêöèþ Ëàãðàíæà, ìîæíî ïîëó÷àòü äâîéñòâåííûå

îöåíêè, êîòîðûå ÿâëÿþòñÿ îöåíêàìè ñíèçó äëÿ ãëîáàëüíîãî ìè-

íèìóìà ïîëèíîìà. Ýòè îöåíêè ìîãóò áûòü óëó÷øåíû çà ñ÷åò

ïðåäëîæåííîé Í. Ç. Øîðîì èäåè ââåäåíèÿ èçáûòî÷íûõ îãðàíè-

÷åíèé. Îäíîé èç îñíîâíûõ ðàáîò, ïîñâÿùåííûõ ýòîìó âîïðîñó,

ÿâëÿåòñÿ ñòàòüÿ [27], âêëþ÷åííàÿ âî âòîðóþ ÷àñòü. Îêàçàëîñü, ÷òî

óêàçàííûå ïðîáëåìû òåñíî ñâÿçàíû ñ èññëåäîâàíèÿìè Ãèëüáåðòà

î ïðåäñòàâëåíèè íåîòðèöàòåëüíûõ ïîëèíîìîâ â âèäå ñóììû êâàä-

ðàòîâ ïîëèíîìîâ ìåíüøèõ ñòåïåíåé (òàê íàçûâàåìàÿ 17-ÿ ïðîáëåìà

Ãèëüáåðòà).

Ñòàòüÿ [28] áûëà îïóáëèêîâàíà çà ðóáåæîì, è â íåé äîñòàòî÷íî ïîë-

íî ïðåäñòàâëåíû ðåçóëüòàòû êàê ïî íåâûïóêëûì ïîëèíîìèàëüíûì çà-

äà÷àì, òàê è ïî äèñêðåòíûì îïòèìèçàöèîííûì çàäà÷àì.

Çàâåðøàåò ñáîðíèê ñïèñîê íàó÷íûõ òðóäîâ àêàäåìèêà Í. Ç. Øî-

ðà. Ïî èíäåêñó öèòèðîâàíèÿ åãî ðàáîòû, îñîáåííî êíèãè [5]

è [10], çàíèìàþò ëèäèðóþùèå ïîçèöèè. Ñóáãðàäèåíòíûå ìåòîäû

íåäèôôåðåíöèðóåìîé îïòèìèçàöèè, ðàçðàáîòàííûå â Èíñòèòóòå êè-

áåðíåòèêè ïîä åãî ðóêîâîäñòâîì, îêàçàëè îãðîìíîå âëèÿíèå íà

ðàçâèòèå òåîðèè è ïðàêòèêè äëÿ ìíîãèõ íàïðàâëåíèé ìàòåìàòè-

÷åñêîãî ïðîãðàììèðîâàíèÿ, ïîëó÷èëè âûñîêóþ îöåíêó ìèðîâîãî
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íàó÷íîãî ñîîáùåñòâà. Íàäååìñÿ, ÷òî âêëþ÷åííûå â ýòîò ñáîðíèê

ðàáîòû áóäóò ñïîñîáñòâîâàòü ïîïóëÿðèçàöèè åãî ðåçóëüòàòîâ.

Çà âûäàþùèåñÿ çàñëóãè ïðîôåññîð Í. Ç.Øîð â 1990 ãîäó áûë èçáðàí

÷ëåíîì-êîððåñïîíäåíòîì, à â 1997 ãîäó � àêàäåìèêîì Íàöèîíàëüíîé

àêàäåìèè íàóê Óêðàèíû.

Çàíèìàÿñü ïåäàãîãè÷åñêîé äåÿòåëüíîñòüþ â Êèåâñêîì îòäåëåíèèÌîñ-

êîâñêîãî ôèçèêî-òåõíè÷åñêîãî èíñòèòóòà, Íàöèîíàëüíîì òåõíè÷åñêîì

óíèâåðñèòåòå (ÊÏÈ), Êèåâñêîì íàöèîíàëüíîì óíèâåðñèòåòå èìåíè Òà-

ðàñàØåâ÷åíêî, Ñîëîìîíîâîì óíèâåðñèòåòå, îí âñåãäà ïîìîãàë ìîëîäûì

ó÷åíûì âíèìàòåëüíûìè è äîáðîæåëàòåëüíûìè íàó÷íûìè êîíñóëüòàöè-

ÿìè, ðåêîìåíäàöèÿìè. Ïîä åãî ðóêîâîäñòâîì áûëî ïîäãîòîâëåíî è çàùè-

ùåíî ìíîãî äîêòîðñêèõ è êàíäèäàòñêèõ äèññåðòàöèé. Ñåé÷àñ ó÷åíèêè

Íàóìà Çóñåëåâè÷à óñïåøíî ðàáîòàþò âî ìíîãèõ ñòðàíàõ â ðàçëè÷íûõ

îáëàñòÿõ ïðèêëàäíîé ìàòåìàòèêè.

Íàóìà Çóñåëåâè÷à ëþáèëè è óâàæàëè âñå, êòî èìåë ñ÷àñòüå ðàáîòàòü

ñ íèì íà ïðîòÿæåíèè ñîðîêà âîñüìè ëåò åãî íàó÷íîé äåÿòåëüíîñòè.

Íàó÷íîå íàñëåäèå àêàäåìèêà Í. Ç. Øîðà îêàçàëî ñóùåñòâåííîå âëè-

ÿíèå íà ðàçâèòèå òåîðèè è ÷èñëåííûõ ìåòîäîâ îïòèìèçàöèè è îñòàåòñÿ

àêòóàëüíûì äëÿ áóäóùåãî.

Ðåäàêöèîííàÿ êîëëåãèÿ ñåðäå÷íî áëàãîäàðèò Å. È. Øîð çà íåîöå-

íèìóþ ïîìîùü â ñáîðå è ïîäãîòîâêå ìàòåðèàëîâ è âñåõ, êòî ïîìîãàë

ãîòîâèòü ýòîò ñáîðíèê � ñîòðóäíèêîâ îòäåëà íåãëàäêîé îïòèìèçàöèè,

ðàáîòíèêîâ èçäàòåëüñòâà "Ýâðèêà" è ìíîãèõ äðóãèõ.

Ðåäàêöèîííàÿ êîëëåãèÿ

Êèåâ, Êèøèíýó, ôåâðàëü 2008
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× À Ñ Ò Ü I

Ïåðâàÿ ÷àñòü ñáîðíèêà ñîäåðæèò 8 ðàáîò ïî ìåòîäàì íåäèôôåðåí-

öèðóåìîé îïòèìèçàöèè è èõ ïðèëîæåíèÿì â çàäà÷àõ áëî÷íîãî ïðîãðàì-

ìèðîâàíèÿ.

Ïåðâàÿ èç ðàáîò [210] ñîäåðæèò îáçîð ðàçðàáîòàííûõ â Èíñòèòóòå

êèáåðíåòèêè ìåòîäîâ íåäèôôåðåíöèðóåìîé îïòèìèçàöèè: îáîáùåííûé

ãðàäèåíòíûé ñïóñê, ìåòîäû ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâëåíèè

ñóáãðàäèåíòà, r-àëãîðèòìû.

Îñòàëüíûå ñåìü ðàáîò ïîìåùåíû â õðîíîëîãè÷åñêîì ïîðÿäêå è ñâÿ-

çàíû ñ âàæíûìè ýòàïàìè â ðàçâèòèè ìåòîäîâ íåäèôôåðåíöèðóåìîé îï-

òèìèçàöèè â 60�80 ãã.

Â ðàáîòå [35] âïåðâûå áûëî îáîñíîâàíî èñïîëüçîâàíèå ÎÃÑ ïðè äå-

êîìïîçèöèè çàäà÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ.

Ðàáîòû [45, 46] ñâÿçàíû ñ ðàçðàáîòêîé è îáîñíîâàíèåì àëãîðèò-

ìîâ ðåøåíèÿ äâóõýòàïíîé çàäà÷è ñòîõàñòè÷åñêîãî ïðîãðàììèðîâà-

íèÿ. Â ñòàòüå [45] ââîäèòñÿ ïîíÿòèå ñòîõàñòè÷åñêîãî êâàçèãðàäèåíòà,

ïîñëóæèâøåå îñíîâîé íîâîãî íàïðàâëåíèÿ â ÷èñëåííûõ ìåòîäàõ ñòî-

õàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ. Â ñòàòüå [46] ïðåäëîæåí è îáîñíîâàí

îðèãèíàëüíûé ñïîñîá ðåãóëèðîâêè øàãà â ìåòîäàõ ÎÃÑ.

Äâå ñëåäóþùèå ðàáîòû [60, 100] ñâÿçàíû ñ âàæíûìè äîñòèæåíèÿìè

â îáëàñòè ñóáãðàäèåíòíûõ ìåòîäîâ ñ ðàñòÿæåíèåì ïðîñòðàíñòâà. Â [60]

ïðåäëîæåí ìåòîä ìèíèìèçàöèè, èñïîëüçóþùèé îïåðàöèþ ðàñòÿæåíèÿ

ïðîñòðàíñòâà â íàïðàâëåíèè ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ ñóáãðà-

äèåíòîâ (r-àëãîðèòì). Â ðàáîòå [100] îïèñûâàåòñÿ ìåòîä ýëëèïñîèäîâ

êàê ÷àñòíûé ñëó÷àé àëãîðèòìà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâ-

ëåíèè ñóáãðàäèåíòà.

Â äâóõ ïîñëåäíèõ ðàáîòàõ [104, 200] îïèñàíû ïðèëîæåíèÿ ñóáãðà-

äèåíòíûõ ìåòîäîâ ñ ðàñòÿæåíèåì ïðîñòðàíñòâà äëÿ ðåøåíèÿ áëî÷íûõ

çàäà÷: íà îñíîâå ñõåìû äåêîìïîçèöèè ïî ñâÿçûâàþùèì îãðàíè÷åíèÿì

[104] è ïî ñâÿçûâàþùèì ïåðåìåííûì [200].
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Ðàçâèòèå àëãîðèòìîâ
íåäèôôåðåíöèðóåìîé îïòèìèçàöèè è

èõ ïðèëîæåíèÿ

Í. Ç. Øîð, Í. Ã. Æóðáåíêî, À. Ï. Ëèõîâèä, Ï. È. Ñòåöþê

Êèáåðíåòèêà è ñèñòåìíûé àíàëèç. � 2003. � � 4. � Ñ. 80�94.

1. Bâåäåíèå

Ê çàäà÷àì ìèíèìèçàöèè âûïóêëûõ ôóíêöèé ñ ðàçðûâíûì ãðàäèåíòîì

ñâîäèòñÿ áîëüøîå ÷èñëî ïðîáëåì, âîçíèêàþùèõ ïðè ðåøåíèè ñëîæíûõ

çàäà÷ ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ. Âëàäåíèå ìåòîäàìè íåäèô-

ôåðåíöèðóåìîé îïòèìèçàöèè äàåò âîçìîæíîñòü ãèáêî èñïîëüçîâàòü ðàç-

ëè÷íûå ñõåìû äåêîìïîçèöèè (ïî ïåðåìåííûì, îãðàíè÷åíèÿì, ðåñóðñàì

è ò. ï.), ó÷èòûâàþùèå ñïåöèôèêó çàäà÷ áîëüøîé ðàçìåðíîñòè, ïîçâî-

ëÿåò ýôôåêòèâíî íàõîäèòü äâîéñòâåííûå îöåíêè â çàäà÷àõ äèñêðåò-

íîãî è íåïðåðûâíî- äèñêðåòíîãî ïðîãðàììèðîâàíèÿ è äëÿ íåêîòîðûõ

êëàññîâ ìíîãîýêñòðåìàëüíûõ çàäà÷. Ïîÿâëÿåòñÿ âîçìîæíîñòü èñïîëüçî-

âàòü íåãëàäêèå ôóíêöèè øòðàôà, ïîçâîëÿþùèå ïðè êîíå÷íûõ çíà÷åíè-

ÿõ øòðàôíûõ ïàðàìåòðîâ ïîëó÷àòü çàäà÷ó áåçóñëîâíîé ìèíèìèçàöèè,

ïîëíîñòüþ ýêâèâàëåíòíóþ ïåðâîíà÷àëüíîé çàäà÷å âûïóêëîãî ïðîãðàì-

ìèðîâàíèÿ. Òåõíèêî-ýêîíîìè÷åñêèå õàðàêòåðèñòèêè îïòèìèçèðóåìûõ

îáúåêòîâ ÷àñòî õîðîøî àïïðîêñèìèðóþòñÿ êóñî÷íî-ãëàäêèìè ôóíê-

öèÿìè îò íåèçâåñòíûõ ïàðàìåòðîâ, ÷òî ïîðîæäàåò çàäà÷è îïòèìèçàöèè

ñ íåãëàäêèìè ôóíêöèÿìè.

Îòñóòñòâèå ýôôåêòèâíûõ ìåòîäîâ íåãëàäêîé îïòèìèçàöèè çàòðóä-

íÿëî ðåøåíèå óêàçàííûõ êëàññîâ çàäà÷ è âûíóæäàëî ëèáî èçìåíÿòü

ïîñòàíîâêó çàäà÷è â óùåðá àäåêâàòíîñòè ìîäåëè ðåàëüíîñòè, ëèáî èñ-

ïîëüçîâàòü ðàçëè÷íûå ïðèåìû ñãëàæèâàíèÿ. Ïîñëåäíåå íå âñåãäà ïðè-

âîäèò ê óñïåõó, òàê êàê ïðèìåíåíèå ñãëàæèâàþùèõ ôóíêöèé âûçûâàåò

ïëîõóþ îáóñëîâëåííîñòü ìèíèìèçèðóåìîé ôóíêöèè, ÷òî óõóäøàåò âû-

÷èñëèòåëüíóþ óñòîé÷èâîñòü òàêèõ ýôôåêòèâíûõ ìåòîäîâ ãëàäêîé ìè-

íèìèçàöèè, êàê êâàçèíüþòîíîâñêèå è ìåòîäû ñîïðÿæåííûõ ãðàäèåíòîâ.
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Òàêèì îáðàçîì, îáëàñòü ïðèëîæåíèé ìåòîäîâ íåãëàäêîé îïòèìèçà-

öèè âåñüìà øèðîêà, ïîýòîìó áîëüøîå âíèìàíèå óäåëÿåòñÿ ðàçðàáîòêå

âû÷èñëèòåëüíûõ ìåòîäîâ íåãëàäêîé îïòèìèçàöèè. Ýòè ìåòîäû âïîëíå

êîíêóðåíòíîñïîñîáíû êàê ïî íàäåæíîñòè, òàê è ïî âðåìåíè ñ÷åòà è òî÷-

íîñòè ðåçóëüòàòîâ ñ íàèáîëåå ýôôåêòèâíûìè ìåòîäàìè ðåøåíèÿ ãëàä-

êèõ ïëîõî îáóñëîâëåííûõ çàäà÷.

Öåëü äàííîãî îáçîðà � äàòü êðàòêîå îïèñàíèå ðàçðàáîòàííûõ â Èí-

ñòèòóòå êèáåðíåòèêè ñåìåéñòâ àëãîðèòìîâ íåäèôôåðåíöèðóåìîé îïòè-

ìèçàöèè è ïîêàçàòü èõ ìíîãî÷èñëåííûå ïðèëîæåíèÿ. Â îáçîð âêëþ÷å-

íû ñëåäóþùèå ìåòîäû ñóáãðàäèåíòíîãî òèïà: îáîáùåííûé ãðàäèåíòíûé

ñïóñê; ìåòîäû ñóáãðàäèåíòíîãî òèïà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íà-

ïðàâëåíèè ñóáãðàäèåíòà; r-àëãîðèòìû, ÿâëÿþùèåñÿ ìîùíûì ïðàêòè÷å-

ñêèì ñðåäñòâîì ðåøåíèÿ çàäà÷ íåäèôôåðåíöèðóåìîé îïòèìèçàöèè.

Âèêòîð Ìèõàéëîâè÷ Ãëóøêîâ ïðèäàâàë áîëüøîå çíà÷åíèå èññëåäî-

âàíèÿì ìåòîäîâ íåãëàäêîé îïòèìèçàöèè. Íà ñàìîì âûñîêîì ïðàâèòåëü-

ñòâåííîì óðîâíå îí ñïîñîáñòâîâàë èõ âíåäðåíèþ â ðàçëè÷íûõ îáëàñòÿõ

íàðîäíîãî õîçÿéñòâà. Â ÷àñòíîñòè, îí óäåëÿë áîëüøîå âíèìàíèå ñîçäà-

íèþ ñèñòåìû àâòîìàòèçèðîâàííîãî ïëàíèðîâàíèÿ ïðîèçâîäñòâà è ðàñ-

ïðåäåëåíèÿ çàêàçîâ â ÷åðíîé ìåòàëëóðãèè.

2. Îáîáùåííûé ãðàäèåíòíûé ñïóñê

Ïóñòü f(x) � âûïóêëàÿ ôóíêöèÿ, îïðåäåëåííàÿ íà åâêëèäîâîì ïðî-

ñòðàíñòâå En, X� � ìíîæåñòâî ìèíèìóìîâ (îíî ìîæåò áûòü è ïóñòûì),

x� 2 X� � òî÷êà ìèíèìóìà; inf f(x) = f�; gf (x) � ñóáãðàäèåíò (ïðîèç-
âîëüíûé) ôóíêöèè f(x) â òî÷êå x.

Ñóáãðàäèåíò gf (x) ôóíêöèè f â òî÷êå x åñòü âåêòîð gf (x) òàêîé, ÷òî

f(x)� f(x) � (gf (x); x� x) 8 x 2 En :

Èç îïðåäåëåíèÿ ñóáãðàäèåíòà ñëåäóåò, ÷òî åñëè f(x) < f(x), òî

(�gf (x); x� x) > 0: (1)

Ãåîìåòðè÷åñêè ôîðìóëà (1) îçíà÷àåò, ÷òî àíòèñóáãðàäèåíò â òî÷êå x

îáðàçóåò îñòðûé óãîë ñ ïðîèçâîëüíûì íàïðàâëåíèåì, ïðîâåäåííûì èç x

â ñòîðîíó òî÷êè x ñ ìåíüøèì çíà÷åíèåì f(x). Îòñþäà, åñëè X� íåïóñòî,

x 62 X�, òî ïðè äâèæåíèè èç x â íàïðàâëåíèè �gf (x) ñ äîñòàòî÷íî

ìàëûì øàãîì ðàññòîÿíèå äî X� óáûâàåò. Ýòîò ïðîñòîé ôàêò ëåæèò â

îñíîâå ñóáãðàäèåíòíîãî ìåòîäà, èëè ìåòîäà îáîáùåííîãî ãðàäèåíòíîãî
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ñïóñêà (ÎÃÑ), âïåðâûå ïðåäëîæåííîãî â [1] â ñâÿçè ñ ðåøåíèåì ñåòåâîé

òðàíñïîðòíîé çàäà÷è.

Ìåòîäîì îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà (ÎÃÑ) íàçûâàåòñÿ ïðî-

öåäóðà ïîñòðîåíèÿ ìèíèìèçèðóþùåé ïîñëåäîâàòåëüíîñòè
n
xk

o1
k=0

, ãäå

x0 � íà÷àëüíîå ïðèáëèæåíèå, à xk ñòðîÿòñÿ ïî ñëåäóþùåé ðåêóððåíò-

íîé ôîðìóëå:

xk+1 = xk � hk+1
gf (xk)

kgf (xk)k ; k = 0; 1; 2; : : : ; (2)

çäåñü gf (xk) � ïðîèçâîëüíûé ñóáãðàäèåíò ôóíêöèè f(x) â òî÷êå xk, hk+1
� øàãîâûé ìíîæèòåëü. Åñëè kgf (xk)k = 0, òî xk � åñòü òî÷êîé ìèíèìóìà
ôóíêöèè f(x) è ïðîöåññ îñòàíàâëèâàåòñÿ.

Â Èíñòèòóòå êèáåðíåòèêè, íà÷èíàÿ ñ 1962 ãîäà, áûëè ðàçðàáîòàíû

íåñêîëüêî âàðèàíòîâ ÎÃÑ, èñïîëüçóþùèõ ñîîòíîøåíèå (2). Ýòè ðåçóëü-

òàòû ïîëó÷åíû â ïåðèîä ñ 1962 ïî 1968 ãîä è îòðàæåíû â ìîíîãðàôèè

[2]. Íàèáîëåå îáùèé ðåçóëüòàò î ñõîäèìîñòè ÎÃÑ ñîäåðæèòñÿ â ñëåäó-

þùåé òåîðåìå (ñì., íàïðèìåð, [2]).

Òåîðåìà 1. Ïóñòüf(x) � âûïóêëàÿ ôóíêöèÿ, îïðåäåëåííàÿ íà En, ñ

îãðàíè÷åííîé îáëàñòüþ ìèíèìóìîâ X�,
n
hk

o
(k = 1; 2; : : :) � ïîñëåäî-

âàòåëüíîñòü ÷èñåë, îáëàäàþùàÿ ñâîéñòâàìè:

hk > 0; lim
k!1

hk = 0;

1X
k=1

hk = +1:

Òîãäà ïîñëåäîâàòåëüíîñòü
n
xk

o
(k = 1; 2; : : :), îáðàçîâàííàÿ ïî ôîð-

ìóëå (2) ïðè ïðîèçâîëüíîì x0 2 En îáëàäàåò îäíèì èç ñëåäóþùèõ

ñâîéñòâ: ëèáî íàéäåòñÿ òàêîå k = k, ÷òî xk 2 X�, ëèáî lim
k!1

min
y2X�

kxk�
yk = 0; lim

k!1
f(xk) = min

y2En

f(x) = f�:

Ïðè îïðåäåëåííûõ äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ óäàëîñü ïîëó-

÷èòü âàðèàíòû ÎÃÑ, ñõîäÿùèåñÿ ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåñ-

ñèè.

Òåîðåìà 2. Ïóñòüf(x) � âûïóêëàÿ ôóíêöèÿ, îïðåäåëåííàÿ íà En, è

äëÿ âñåõ x 2 En ïðè íåêîòîðîì ' (0 � ' < �=2) âûïîëíÿåòñÿ íåðàâåí-
ñòâî �

gf (x); x� x�(x)
�
� cos' kgf (x)k � kx� x�(x)k; (3)
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ãäå x�(x) � òî÷êà, ïðèíàäëåæàùàÿ ìíîæåñòâó ìèíèìóìîâ ôóíêöèè

f(x) è ëåæàùàÿ íà êðàò÷àéøåì ðàññòîÿíèè îò x. Òîãäà, åñëè ïðè

çàäàííîì x0 âûáðàòü âåëè÷èíó h1, óäîâëåòâîðÿþùóþ íåðàâåíñòâó

h1 �
8<
:

kx�(x0)� x0k cos'; �=4 � ' < �=2;

kx�(x0)� x0k
Æ
(2 cos'); 0 � ' < �=4;

îïðåäåëèòü
n
hk

o1
k=1

â ñîîòâåòñòâèè ñ ðåêóððåíòíîé ôîðìóëîé

hk+1 = hk r('); k = 1; 2; : : : ;

ãäå

r(') =

8<
:

sin'; �=4 � ' < �=2;

1
Æ
(2 cos'); 0 � ' < �=4;

è âû÷èñëèòü fxkg1k=1 ïî ôîðìóëå (2), òî ëèáî ïðè íåêîòîðîì k�

gf (xk�) è xk� ïðèíàäëåæèò îáëàñòè ìèíèìóìîâ, ëèáî ïðè âñåõ

k = 1; 2; : : : âûïîëíÿåòñÿ íåðàâåíñòâî

kxk � x�(xk)k �
8<
:

hk+1
Æ
cos'; �=4 � ' < �=2;

2 cos' � hk+1; 0 � ' < �=4:

Òàêèì îáðàçîì, åñëè óãîë ' çàðàíåå èçâåñòåí, òî, ðåãóëèðóÿ øàã ïî

ôîðìóëàì òåîðåìû 2, ìîæíî ïîëó÷èòü ñõîäèìîñòü ê ìèíèìóìó ñî ñêî-

ðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì q = r('). Â ôîð-

ìóëå (3) cos' õàðàêòåðèçóåò ñòåïåíü âûòÿíóòîñòè ïîâåðõíîñòåé óðîâíÿ

ôóíêöèè f(x). Åñëè â íåêîòîðîé îêðåñòíîñòè ìèíèìóìà ôóíêöèè f(x)
íå ñóùåñòâóåò ' < �=2 òàêîãî, ÷òî äëÿ ëþáîãî x èç ýòîé îêðåñòíî-

ñòè âûïîëíÿåòñÿ (3), òî òàêóþ ôóíêöèþ áóäåì íàçûâàòü ñóùåñòâåííî

îâðàæíîé. Ïðè ìèíèìèçàöèè ñóùåñòâåííî îâðàæíûõ ôóíêöèé ïðèâå-

äåííûé â òåîðåìå 2 ñïîñîá ðåãóëèðîâêè øàãîâûõ ìíîæèòåëåé íåïðèìå-

íèì. Â ýòîì ñëó÷àå ñëåäóåò èñïîëüçîâàòü óíèâåðñàëüíûé ñïîñîá âûáîðà

øàãîâûõ ìíîæèòåëåé, óêàçàííûé â òåîðåìå 1.

Ñôîðìóëèðóåì òåîðåìó, àíàëîãè÷íóþ òåîðåìå 2, íåïîñðåäñòâåííî â

òåðìèíàõ, õàðàêòåðèçóþùèõ ñòåïåíü "âûòÿíóòîñòè" ïîâåðõíîñòåé óðîâ-

íÿ.

Òåîðåìà 3. Ïóñòü âûïóêëàÿ ôóíêöèÿ f(x) îïðåäåëåíà íà En, x� �

åäèíñòâåííàÿ òî÷êà ìèíèìóìà f(x) è çàäàíû íà÷àëüíîå ïðèáëèæåíèå
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x0 è ÷èñëà � è h1, ïðè÷åì � � p
2, h1 � kx0 � x�k Æ �. Ðàññìîòðèì

ìíîæåñòâî Y =
n
y : ky � x�k � � h1

o
. Åñëè äëÿ ëþáîé ïàðû òî÷åê

x, z 2 Y òàêîé, ÷òî f(x) = f(z) 6= f(x�), âûïîëíÿåòñÿ óñëîâèå

kx� x�k � � kz � x�k;

òî ïîñëåäîâàòåëüíîñòü
n
xk

o1
k=0

, îáðàçîâàííàÿ ñ ïîìîùüþ ðåêóððåíò-

íûõ ôîðìóë (2), ãäå hk+1 = hk
p
�2 � 1=�, ñõîäèòñÿ ê x� ñî ñêîðîñòüþ

ãåîìåòðè÷åñêîé ïðîãðåññèè:

kxk � x�k � hk+1 �;

çà èñêëþ÷åíèåì ñëó÷àÿ, êîãäà äëÿ íåêîòîðîãî k = k gf (xk) = 0, ò. å.
xk = x�.

Ðàññìîòðèì åùå îäèí âàðèàíò ìåòîäà ÎÃÑ, êîãäà øàãîâûé ìíîæè-

òåëü îñòàåòñÿ â òå÷åíèå îïðåäåëåííîãî ÷èñëà øàãîâ ïîñòîÿííûì, à çàòåì

óìåíüøàåòñÿ â äâà ðàçà [2].

Òåîðåìà 4. Ïóñòü äëÿ âûïóêëîé ôóíêöèè f(x) âûïîëíÿþòñÿ óñëîâèÿ
òåîðåìû 1, � � 2. Ðàññìîòðèì ïðè çàäàííîì x èòåðàòèâíûé ïðîöåññ

(2), ãäå hk+1 = h0 � 2�b(k+1)=Nc. Çäåñü bac � öåëàÿ ÷àñòü ÷èñëà a. Ïðè

äîñòàòî÷íî áîëüøîì h0 è N � 3�2 + 1 âûïîëíÿåòñÿ íåðàâåíñòâî

kxk � x�k � 2� hk+1; k = 0; 1; 2; : : : :

Ðåãóëèðîâêà øàãà, ñîãëàñíî òåîðåìå 4, áûëà èñïîëüçîâàíà â ìåòîäå

ÎÃÑ, êîòîðûé áûë ïðåäëîæåí â 1962 ãîäó â ñâÿçè ñ ðåøåíèåì òðàíñ-

ïîðòíîé çàäà÷è â ñåòåâîé ôîðìå [1]. Ôàêòè÷åñêè ðàáîòà [1] áûëà ïåðâûì

ïðèìåðîì èñïîëüçîâàíèÿ ñóáãðàäèåíòíîãî ïðîöåññà äëÿ ìèíèìèçàöèè

âûïóêëûõ íåäèôôåðåíöèðóåìûõ ôóíêöèé.

Ìåòîäû ÎÃÑ äàëè âîçìîæíîñòü ðåøèòü áîëüøîå ÷èñëî çàäà÷ ïðîèç-

âîäñòâåííî-òðàíñïîðòíîãî ïëàíèðîâàíèÿ ñ ïðèìåíåíèåì ñõåì äåêîìïî-

çèöèè (ïî ïåðåìåííûì è îãðàíè÷åíèÿì) äëÿ çàäà÷ áîëüøîé ðàçìåðíî-

ñòè. Ïîäðîáíóþ èíôîðìàöèþ îá ýòèõ çàäà÷àõ ìîæíî íàéòè â [3]. Ìåòîä

ÎÃÑ òàêæå ïîñëóæèë îñíîâîé äëÿ ñîçäàíèÿ ñòîõàñòè÷åñêîãî àíàëîãà

îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà [4], êîòîðûé èìååò áîëüøîå ïðàêòè-

÷åñêîå ïðèìåíåíèå, â ÷àñòíîñòè ïðè ðåøåíèè ìíîãîýòàïíûõ çàäà÷ ñòî-

õàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ. Â [3] îïèñàíî ïðèìåíåíèå ìåòîäà îáîá-

ùåííîãî ñòîõàñòè÷åñêîãî ãðàäèåíòà ê ðåøåíèþ äâóõýòàïíîé ñòîõàñòè÷å-

ñêîé òðàíñïîðòíîé çàäà÷è, ñâÿçàííîé ñ îïðåäåëåíèåì îáúåìîâ ñêëàäîâ

îäíîðîäíîé ïðîäóêöèè ïðè ñëó÷àéíîì ñïðîñå.
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Ðåçóëüòàòû ïî ìåòîäàì ÎÃÑ, ïîëó÷åííûå â Èíñòèòóòå êèáåðíåòèêè,

ïîëó÷èëè ðàçâèòèå â ðàáîòàõ [5, 6] äëÿ ðåøåíèÿ çàäà÷ âûïóêëîãî ïðî-

ãðàììèðîâàíèÿ ñ îãðàíè÷åíèÿìè. Äî 1974 ãîäà ðàáîòû ïî ÎÃÑ áûëè

ìàëîèçâåñòíû çà ðóáåæîì, òàê êàê ïóáëèêîâàëèñü íà ðóññêîì ÿçûêå â

ìàëîäîñòóïíûõ èçäàíèÿõ. Îíè ïîëó÷èëè èçâåñòíîñòü ïîñëå ïóáëèêàöèè

â [7] ïîäðîáíîãî îáçîðà ðåçóëüòàòîâ è áèáëèîãðàôèè ðàáîò ïî íåäèô-

ôåðåíöèðóåìîé îïòèìèçàöèè, âûïîëíåííûõ â ÑÑÑÐ.

3. Ñóáãðàäèåíòíûå ìåòîäû

ñ ðàñòÿæåíèåì ïðîñòðàíñòâà

â íàïðàâëåíèè ñóáãðàäèåíòà

Ïðè àíàëèçå àëãîðèòìîâ ÎÃÑ, ñõîäÿùèõñÿ ñî ñêîðîñòüþ ãåîìåòðè÷å-

ñêîé ïðîãðåññèè, ñóùåñòâåííóþ ðîëü èãðàëè âåðõíèå ãðàíèöû ñèíóñîâ

óãëîâ ìåæäó íàïðàâëåíèåì àíòèãðàäèåíòà â äàííîé òî÷êå è íàïðàâëå-

íèåì èç íåå íà òî÷êó ìèíèìóìà. Ìåäëåííàÿ ñõîäèìîñòü ÎÃÑ íåïðåîäî-

ëèìà â ðàìêàõ ýòîãî ìåòîäà â îâðàæíûõ çàäà÷àõ, êîãäà âåðõíÿÿ ãðàíèöà

óêàçàííûõ óãëîâ ðàâíà �=2.
Ìîæíî èçìåíèòü ñèòóàöèþ, èñïîëüçóÿ ëèíåéíûå íåîðòîãîíàëüíûå

ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà àðãóìåíòîâ äëÿ óëó÷øåíèÿ îáóñëîâëåí-

íîñòè çàäà÷è. Â ñëó÷àå, êîãäà àíòèãðàäèåíòû îáðàçóþò óãîë, áëèçêèé

ê �=2, ñ íàïðàâëåíèåì íà òî÷êó ìèíèìóìà, ðàçóìíî ïðèìåíèòü îïåðà-

öèþ ðàñòÿæåíèÿ ïðîñòðàíñòâà â íàïðàâëåíèè ãðàäèåíòà äëÿ óìåíüøå-

íèÿ åãî "ïîïåðå÷íîé" ñîñòàâëÿþùåé. Ýòè ýâðèñòè÷åñêèå ñîîáðàæåíèÿ

ïîñëóæèëè îñíîâîé ñîçäàíèÿ ñåìåéñòâà ìåòîäîâ ñóáãðàäèåíòíîãî òèïà

ñ ðàñòÿæåíèåì ïðîñòðàíñòâà.

Îïåðàöèÿ ðàñòÿæåíèÿ ïðîñòðàíñòâà â íàïðàâëåíèè ãðàäèåíòà ïåð-

âîíà÷àëüíî ââåäåíà Í.3.Øîðîì [8]�[10] êàê ýâðèñòè÷åñêàÿ ïðîöåäóðà

äëÿ óëó÷øåíèÿ ñâîéñòâ îáóñëîâëåííîñòè çàäà÷è. Îíà ðåàëèçóåòñÿ ïî-

ñðåäñòâîì îïåðàòîðà ðàñòÿæåíèÿ ïðîñòðàíñòâà, êîòîðûé â âåêòîðíîé

ôîðìå èìååò âèä

R�(�) = In + (�� 1)��T ; � 2 En; k�k = 1; � > 1;

ãäå (�)T îçíà÷àåò òðàíñïîíèðîâàíèå, k�k � åâêëèäîâà íîðìà, In � åäèíè÷-
íàÿ ìàòðèöà ïîðÿäêà n, � � êîýôôèöèåíò ðàñòÿæåíèÿ ïðîñòðàíñòâà, � �

íàïðàâëåíèå ðàñòÿæåíèÿ. Ïîäðîáíî ñâîéñòâà îïåðàòîðà R�(�) èçëîæå-
íû â ìîíîãðàôèè [2]. Ïðè îïèñàíèè àëãîðèòìîâ èñïîëüçóåòñÿ îïåðàòîð

R�(�), îáðàòíûé ê îïåðàòîðó ðàñòÿæåíèÿ ïðîñòðàíñòâà R�(�). Îí èìååò
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ñëåäóþùóþ ôîðìó ([2]):

R�(�) = R�1� (�) = In + (� � 1)��T ; � =
1

�
< 1:

Îïèøåì ïðèíöèïèàëüíóþ ñõåìó àëãîðèòìîâ ñóáãðàäèåíòíîãî òèïà

ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâëåíèè ñóáãðàäèåíòà äëÿ ìèíèìè-

çàöèè ôóíêöèè f(x).
Çàäàíû x0 2 En, B0 = A�10 = In (åäèíè÷íàÿ ìàòðèöà ðàçìåðà n�n).

Ïîñëå k øàãîâ èìååì xk 2 En, Bk = A�1k , Ak � ìàòðèöà ðàçìåðíîñòè

n� n ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà ïîñëå k øàãîâ.

1. Âû÷èñëÿåì gf (xk) (åñëè gf (xk) = 0, ïðîöåññ îñòàíàâëèâàåòñÿ).
2. Îïðåäåëÿåì ~gk = g'k(yk) = B�

kgf (xk), ãäå 'k(y) = f(Bky); yk =
Akxk; ~gk � îáîáùåííûé ãðàäèåíò äëÿ ôóíêöèè 'k(y), îïðåäåëåííîé â

"ðàñòÿíóòîì" ïðîñòðàíñòâå.

3. Íàõîäèì

�k = ~gk=k~gkk; xk+1 = xk � hk+1Bk�k: (4)

Ôîðìóëå (4) ñîîòâåòñòâóåò äâèæåíèå ïî àíòèñóáãðàäèåíòó â "ðàñòÿ-

íóòîì" ïðîñòðàíñòâå: Akxk+1 = yk � hk+1�k.

4. Âû÷èñëÿåì

Bk+1 = A�1k+1 = BkR�k+1
(�k); �k+1 = 1=�k+1: (5)

Ôîðìóëå (5) ñîîòâåòñòâóåò ðàñòÿæåíèå ïðåîáðàçîâàííîãî ïðîñòðàíñòâà

â íàïðàâëåíèè �k: Ak+1 = R�k+1
(�k)Ak, �k+1 > 1.

5. Ïåðåõîäèì ê ñëåäóþùåìó øàãó: k + 1! k + 2.
Îñíîâíàÿ ñëîæíîñòü ïðè êîíñòðóèðîâàíèè ðàáîòîñïîñîáíîãî àëãî-

ðèòìà ñîñòîÿëà â âûáîðå êîýôôèöèåíòîâ ðàñòÿæåíèÿ ïðîñòðàíñòâà �k
è ñòðàòåãèè èçìåíåíèÿ øàãîâûõ ìíîæèòåëåé hk. Ïåðâûå ýêñïåðèìåíòû

ïîêàçàëè, ÷òî, âûáèðàÿ � = 2 è hk = const, äëÿ ìíîãèõ ïðèìåðîâ âû-

ïóêëûõ îâðàæíûõ ôóíêöèé ìîæíî ïîëó÷èòü õîðîøèå ðåçóëüòàòû [8].

Ê ñîæàëåíèþ, òàêîé ïðîñòîé ñïîñîá íå âñåãäà ïðèâîäèò ê öåëè. Ïðè

ïîñòðîåíèè äðóãèõ âàðèàíòîâ àëãîðèòìîâ, êîòîðûå óäàëîñü òåîðåòè-

÷åñêè îáîñíîâàòü, øàãîâûé ìíîæèòåëü è êîýôôèöèåíòû ðàñòÿæåíèÿ

ïðîñòðàíñòâà âûáèðàëèñü òàêèì îáðàçîì, ÷òîáû ïîñëåäîâàòåëüíîñòü

ðàññòîÿíèé äî òî÷êè ìèíèìóìà â ñîîòâåòñòâóþùèõ ïðåîáðàçîâàííûõ

ïðîñòðàíñòâàõ íå âîçðàñòàëà. Ýòîò ïðèíöèï ãàðàíòèðóåò ñõîäèìîñòü ñî

ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè ïî çíà÷åíèþ ôóíêöèè. Äëÿ ðå-

àëèçàöèè óêàçàííîãî ïðèíöèïà íåîáõîäèìû íåêîòîðàÿ äîïîëíèòåëüíàÿ

èíôîðìàöèÿ î ôóíêöèè f(x) � çíà÷åíèå ôóíêöèè â òî÷êå ìèíèìóìà f�

è òàê íàçûâàåìûå ïîñòîÿííûå ðîñòà M è N .
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Òåîðåìà 5. Ïóñòü f(x) � âûïóêëàÿ ôóíêöèÿ, îïðåäåëåííàÿ íà En è â

íåêîòîðîé ñôåðè÷åñêîé îêðåñòíîñòè Sd òî÷êè ìèíèìóìà x
�: Sd = fx :

kx�x�k � dg ñóáãðàäèåíò óäîâëåòâîðÿåò äâóñòîðîííåìó íåðàâåíñòâó

N(f(x)� f(x�)) � (gf (x); x � x�) �M(f(x)� f(x�)); (6)

ãäå M > N � ïîëîæèòåëüíûå êîíñòàíòû. Òîãäà, åñëè â àëãîðèòìå

ïðèíÿòü:

1) x0 2 Sd,

2) hk+1 =
2MN
M+N

f(xk)�f(x
�)

k ~gkk
,

3) 1 < �k+1 � (M+N)

(M�N)
; k = 0; 1; 2; : : :,

òî äëÿ âñåõ k = 0; 1; : : : ñïðàâåäëèâî íåðàâåíñòâî

kAk(xk � x�)k � d: (7)

Èç íåðàâåíñòâà (7) ñëåäóåò ëîêàëèçàöèÿ x� â ýëëèïñîèäå �k ñ öåí-
òðîì â òî÷êå xk. Îòíîøåíèå îáúåìîâ ýëëèïñîèäîâ �k+1 è �k çàäàåòñÿ
ñëåäóþùèì ðàâåíñòâîì

vol(�k+1)

vol(�k)
= �k =

M �N

M +N
:

Äëÿ êâàäðàòè÷íîé ïîëîæèòåëüíî îïðåäåëåííîé ôóíêöèè â íåðàâåí-

ñòâå (6) ìîæíî âûáèðàòü M = N = 2. Äëÿ êóñî÷íî-ëèíåéíîé ôóíê-

öèè, íàäãðàôèê êîòîðîé ïðåäñòàâëÿåò ñîáîé êîíóñ ñ âåðøèíîé â òî÷êå

(x�; f�), ìîæíî âûáèðàòüM = N = 1. Äëÿ ýòèõ ñëó÷àåâ �k+1 = � = 0 è
àëãîðèòì ñõîäèòñÿ çà ÷èñëî øàãîâ, íå ïðåâûøàþùåå n.

Ðåøåíèå íåâûðîæäåííîé ñèñòåìû n ëèíåéíûõ óðàâíåíèé ñ n íåèç-

âåñòíûìè (ai; x)+bi = 0; i = 1; :::n; ìîæíî çàìåíèòü íàõîæäåíèåì ìèíè-

ìóìà f(x) = max
1�i�n

j(ai; x)+bij. Áåðÿ f� = 0, �k = 0 è ïðèìåíÿÿ ìåòîä (4),

(5), ïîëó÷àåì àëãîðèòì, ñîîòâåòñòâóþùèé èçâåñòíîé êîíå÷íîé ïðîöåäó-

ðå ðåøåíèÿ ëèíåéíûõ àëãåáðàè÷åñêèõ ñèñòåì - ìåòîäó îðòîãîíàëèçàöèè

ãðàäèåíòîâ.

Ïîëó÷åíû îáîáùåíèÿ òåîðåìû 5 è äëÿ íåêîòîðûõ êëàññîâ íåâûïóê-

ëûõ ôóíêöèé, âîçíèêàþùèõ ïðè ðåøåíèè ñèñòåì íåëèíåéíûõ óðàâíå-

íèé fi(x) = 0; i = 1; : : : ; n. Äëÿ f(x) = max jfi(x)j ìîæíî ïîêàçàòü,

÷òî åñëè x� (ðåøåíèå ñèñòåìû) � ðåãóëÿðíàÿ òî÷êà (ò. å. ôóíêöèè fi(x)
íåïðåðûâíî äèôôåðåíöèðóåìû â ýòîé òî÷êå è ÿêîáèàí ñèñòåìû I(x�)
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îòëè÷åí îò íóëÿ), òî äëÿ ëþáîãî Æ > 0 íàéäåòñÿ äîñòàòî÷íî ìàëàÿ

îêðåñòíîñòü Sd(x
�), òàêàÿ, ÷òî ïîñòîÿííûå Ì è N â (6) ìîæíî âûáè-

ðàòü ñîîòâåòñòâåííî M = 1 + Æ;N = 1� Æ;� = M�N
M+N

= Æ. Êàê ïîêàçàíî

â ðàáîòå [2], åñëè ïðèìåíÿòü ïðåäåëüíûé âàðèàíò àëãîðèòìà ñ � = 0
è âîññòàíîâëåíèåì ïîñëå êàæäûõ n èòåðàöèé (áîëüøîé öèêë), òî ïðè

îáû÷íûõ ïðåäïîëîæåíèÿõ ãëàäêîñòè è ðåãóëÿðíîñòè äëÿ ðåøåíèÿ ñè-

ñòåì íåëèíåéíûõ óðàâíåíèé ìîæíî ïîëó÷èòü êâàäðàòè÷íóþ ñêîðîñòü

ñõîäèìîñòè (îòíîñèòåëüíî áîëüøèõ öèêëîâ).

Ñåìåéñòâî àëãîðèòìîâ ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâëåíèè

ñóáãðàäèåíòà ñîäåðæèò êàê ÷àñòíûé ñëó÷àé òàê íàçûâàåìûé ìåòîä ýë-

ëèïñîèäîâ. Ìåòîä ýëëèïñîèäîâ áûë ïðåäëîæåí Ä.Á.Þäèíûì è À.Ñ.Íå-

ìèðîâñêèì [11], èñõîäÿ èç ìåòîäîâ ïîñëåäîâàòåëüíûõ îòñå÷åíèé, à òàê-

æå, íåçàâèñèìî, Í.Ç.Øîðîì [12], êàê ÷àñòíûé ñëó÷àé àëãîðèòìà ñ ðàñ-

òÿæåíèåì ïðîñòðàíñòâà â íàïðàâëåíèè ñóáãðàäèåíòà. Òàêîé àëãîðèòì

èñïîëüçóåò ñëåäóþùèå ïàðàìåòðû: êîýôôèöèåíò ðàñòÿæåíèÿ ïðîñòðàí-

ñòâà âûáèðàåòñÿ ïîñòîÿííûì è ðàâíûì

�k+1 = � =

r
n+ 1

n� 1
;

à ðåãóëèðîâêà øàãà îñóùåñòâëÿåòñÿ ïî ïðàâèëó:

h1 =
r

n+ 1
; hk+1 = hk

np
n2 � 1

; k = 1; 2; : : : ;

ãäå n � ðàçìåðíîñòü ïðîñòðàíñòâà, r � ðàäèóñ øàðà ñ öåíòðîì â òî÷êå

x0, ñîäåðæàùèé òî÷êó x
�.

Ìåòîä ýëëèïñîèäîâ ñõîäèòñÿ ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåñ-

ñèè ïî îòêëîíåíèþ íàèëó÷øåãî äîñòèãíóòîãî íà äàííîì øàãå çíà÷åíèÿ

f(x) îò îïòèìàëüíîãî, ïðè ýòîì çíàìåíàòåëü ãåîìåòðè÷åñêîé ïðîãðåñ-

ñèè çàâèñèò òîëüêî îò ðàçìåðíîñòè ïðîñòðàíñòâà n àñèìòîòè÷åñêè

qn � 1� 1

2n2
:

Ìåòîä ýëëèïñîèäîâ èñïîëüçîâàí Ë.Ã.Õà÷èÿíîì [13] äëÿ ïîñòðîåíèÿ

è îáîñíîâàíèÿ ïåðâîãî ïîëèíîìèàëüíîãî àëãîðèòìà äëÿ ðåøåíèÿ çàäà-

÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè.

Êðîìå òîãî, ýòîò ìåòîä ýëëèïñîèäîâ ïîëó÷èë âàæíîå ïðèìåíåíèå â òåî-

ðèè ñëîæíîñòè àëãîðèòìîâ äèñêðåòíîé îïòèìèçàöèè [14]. Íà êîíãðåññå

ïî ìàòåìàòè÷åñêîìó ïðîãðàììèðîâàíèþ, êîòîðûé ïðîõîäèë â Áîííå â

1982 ãîäó, ìåòîäó ýëëèïñîèäîâ è åãî ïðèëîæåíèÿì áûëî óäåëåíî áîëü-

øîå âíèìàíèå. Â ÷àñòíîñòè, â [15] áûë îïóáëèêîâàí îáçîðíûé äîêëàä
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Í.Ç.Øîðà ïî ìåòîäàì íåãëàäêîé îïòèìèçàöèè, ðàçðàáîòàííûì â Èícòè-

òóòå êèáåðíåòèêè [16].

Îïûò ïðèìåíåíèÿ àëãîðèòìîâ ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íà-

ïðàâëåíèè ãðàäèåíòà ïîêàçàë âîçìîæíîñòü ñóùåñòâåííîãî óñêîðåíèÿ

ñóáãðàäèåíòíûõ ïðîöåññîâ ïðè èñïîëüçîâàíèè îïåðàòîðîâ, èçìåíÿþùèõ

ìåòðèêó ïðîñòðàíñòâà. Â òî æå âðåìÿ òðóäíîñòè âûáîðà øàãîâûõ ìíî-

æèòåëåé ñòèìóëèðîâàëè ïîèñê íîâûõ ìåòîäîâ íåãëàäêîé îïòèìèçàöèè

ñ ïåðåìåííîé ìåòðèêîé, â êîòîðûõ âûáîð øàãîâîãî ìíîæèòåëÿ ñâÿçàí

ñ ïîèñêîì ìèíèìóìà ïî íàïðàâëåíèþ. Ýòîò êëàññ àëãîðèòìîâ îïèñàí â

ñëåäóþùåì ðàçäåëå.

4. Ñóáãðàäèåíòíûå ìåòîäû ñ ðàñòÿæåíèåì

ïðîñòðàíñòâà â íàïðàâëåíèè ðàçíîñòè

äâóõ ïîñëåäîâàòåëüíûõ ñóáãðàäèåíòîâ

Ïðè ðåøåíèè ñëîæíûõ çàäà÷ íåäèôôåðåíöèðóåìîé îïòèìèçàöèè ñðåä-

íåé ðàçìåðíîñòè (äî íåñêîëüêèõ ñîò ïåðåìåííûõ) îñîáåííî ýôôåêòèâíû

îêàçàëèñü àëãîðèòìû ñóáãðàäèåíòíîãî òèïà ñ ðàñòÿæåíèåì ïðîñòðàí-

ñòâà â íàïðàâëåíèè ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ ñóáãðàäèåíòîâ (r-

àëãîðèòìû), ïðåäëîæåííûå â 1971 ãîäó â ðàáîòå [17].

Ïî ñâîåé ñòðóêòóðå è òðóäîåìêîñòè èòåðàöèè r-àëãîðèòìû áëèçêè ê

ìåòîäàì ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâëåíèè ñóáãðàäèåíòà. Íî

ìåæäó íèìè åñòü âàæíîå ðàçëè÷èå: ìåòîäû ÎÃÑ ñ ðàñòÿæåíèåì ïðî-

ñòðàíñòâà â íàïðàâëåíèè ñóáãðàäèåíòà â ïðèíöèïå íå ìîãóò áûòü ìî-

íîòîííûìè, â òî æå âðåìÿ r-àëãîðèòìû ïðè îïðåäåëåííîé ðåãóëèðîâ-

êå øàãîâûõ ìíîæèòåëåé è êîýôôèöèåíòîâ ðàñòÿæåíèÿ ïðîñòðàíñòâà

ìîãóò ñòàòü ìîíîòîííûìè.Ýòî îáñòîÿòåëüñòâî ñâÿçàíî ñ ïðîñòûì ãåî-

ìåòðè÷åñêèì ôàêòîì: åñëè òî÷êà x íà ãðàíèöå äâóõ "êóñêîâ" êóñî÷íî-

ãëàäêîé ïîâåðõíîñòè óðîâíÿ, ïðè÷åì ãðàäèåíòû ê ýòèì ãëàäêèì "êóñ-

êàì", âû÷èñëåííûå â äàííîé òî÷êå, îáðàçóþò òóïîé óãîë, òî ëþáîå ðàñ-

òÿæåíèå ïðîñòðàíñòâà â íàïðàâëåíèè îäíîãî èç ãðàäèåíòîâ (èëè ïîñëå-

äîâàòåëüíîå ðàñòÿæåíèå ïîïåðåìåííî â íàïðàâëåíèè äâóõ óêàçàííûõ

ãðàäèåíòîâ) íå ìîæåò ïðåâðàòèòü ýòîò óãîë â îñòðûé, îí ìîæåò ëèøü

ïðèáëèæàòüñÿ ê �=2, îñòàâàÿñü òóïûì. Ïðèìåíÿÿ ìåòîä ñ ðàñòÿæåíè-

åì ïðîñòðàíñòâà â íàïðàâëåíèè ñóáãðàäèåíòà, íåëüçÿ ïîëó÷èòü íàïðàâ-

ëåíèå óáûâàíèÿ ôóíêöèè â âèäå àíòèãðàäèåíòà ê îäíîìó èç êóñêîâ â

ðàñòÿíóòîì ïðîñòðàíñòâå. Â òî æå âðåìÿ ðàñòÿæåíèå ïðîñòðàíñòâà â

íàïðàâëåíèè ðàçíîñòè äâóõ óêàçàííûõ ãðàäèåíòîâ ñ äîñòàòî÷íûì êî-
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ýôôèöèåíòîì ðàñòÿæåíèÿ ïðåâðàùàåò òóïîé óãîë ìåæäó ãðàäèåíòàìè

â îñòðûé, ò.å. ñîîòâåòñòâóþùèå îáðàçû ýòèõ àíòèãðàäèåíòîâ â ðàñòÿíó-

òîì ïðîñòðàíñòâå ñòàíîâÿòñÿ íàïðàâëåíèÿìè óáûâàíèÿ ôóíêöèè.

Ïðèâåäåì îáùóþ ñõåìó r-àëãîðèòìîâ äëÿ ìèíèìèçàöèè âûïóêëîé

ôóíêöèè f(x), îïðåäåëåííîé íà En. Áóäåì ïðåäïîëàãàòü, ÷òî f(x) èìå-
åò îãðàíè÷åííóþ îáëàñòü ìèíèìóìîâ X�, òàê ÷òî lim

kxk!1
f(x) = +1,

Âûáèðàåì íà÷àëüíîå ïðèáëèæåíèå x0 2 En è íåîñîáåííóþ ìàòðèöó B0

(÷àùå âñåãî B0 ñîâïàäàåò ñ åäèíè÷íîé ìàòðèöåé In èëè ñ äèàãîíàëüíîé

ìàòðèöåé Dn ñ ïîëîæèòåëüíûìè ýëåìåíòàìè íà äèàãîíàëè, ñ ïîìîùüþ

êîòîðîé îñóùåñòâëÿåòñÿ ìàñøòàáèðîâàíèå ïåðåìåííûõ).

Ïåðâûé øàã àëãîðèòìà ïðîèçâîäèì ïî ôîðìóëå x1 = x0 � h0�0, ãäå

�0 = B0B
T
0 gf (x0), h0 � íåêîòîðûé øàãîâûé ìíîæèòåëü, âûáèðàåìûé

èç óñëîâèÿ ñóùåñòâîâàíèÿ â òî÷êå x1 ñóáãðàäèåíòà gf (x1), òàêîãî, ÷òî
(gf (x1); �0) � 0. Ïðè B0 = In èìååì �0 = gf (x0) è ïåðâûé øàã ñîâïàäàåò
ñ èòåðàöèåé ñóáãðàäèåíòíîãî ïðîöåññà. Ïóñòü â ðåçóëüòàòå âû÷èñëåíèé

ïîñëå k (k = 1; 2; :::) øàãîâ ïðîöåññà ïîëó÷åíû îïðåäåëåííûå çíà÷åíèÿ

xk 2 En è ìàòðèöû Bk ðàçìåðíîñòè n � n. Îïèøåì (k + 1)-é øàã ïðî-

öåññà.

1. Âû÷èñëÿåì ñëåäóþùèå âåëè÷èíû: gf (xk) � ñóáãðàäèåíò ôóíêöèè
f(x) â òî÷êå xk ; rk = BTk (gf (xk) � gf (xk�1)) � âåêòîð ðàçíîñòè äâóõ

ïîñëåäîâàòåëüíûõ ñóáãðàäèåíòîâ â ïðåîáðàçîâàííîì ïðîñòðàíñòâå.

Ïåðåõîä îò íà÷àëüíîãî ïðîñòðàíñòâà ê ïðåîáðàçîâàííîìó çàäàåòñÿ

ôîðìóëîé y = Akx, ãäå Ak = B�1
k . Îïðåäåëèì ôóíêöèþ 'k(y) = f(Bky),

òîãäà g'k(y) = BTk gf (x). Òàêèì îáðàçîì, rk åñòü ðàçíîñòü äâóõ ñóá-

ãðàäèåíòîâ îò ôóíêöèè 'k(y), âû÷èñëåííûõ â òî÷êàõ yk = Akxk è

~yk = Akxk�1.

2. Îïðåäåëÿåì �k = rk=krkk.
3. Çàäàåì âåëè÷èíó �k, îáðàòíóþ êîýôôèöèåíòó ðàñòÿæåíèÿ ïðî-

ñòðàíñòâà �k ïåðåä (k + 1)-ì øàãîì.

4. Âû÷èñëÿåì Bk+1 = BkR�k(�k), ãäå R�k(�k) � îïåðàòîð ðàñòÿæåíèÿ
ïðîñòðàíñòâà íà (k + 1)-ì øàãå. Çàìåòèì, ÷òî Bk+1 = A�1k+1.

5. Íàõîäèì ~gk = BTk+1gf (xk), ñóáãðàäèåíò ôóíêöèè 'k+1 = f(Bk+1y)
â òî÷êå yk+1 = Ak+1xk.

6. Îïðåäåëÿåì

xk+1 = xk � hkBk+1~gk=k~gkk: (8)

Øàã àëãîðèòìà (8) ñîîòâåòñòâóåò øàãó îáîáùåííîãî ãðàäèåíòíîãî ñïóñ-

êà â ïðåîáðàçîâàííîì ïîä âîçäåéñòâèåì îïåðàòîðà Ak+1 ïðîñòðàíñòâå.

Äåéñòâèòåëüíî, ïðèìåíèâ ê îáåèì ÷àñòÿì ôîðìóëû (8) îïåðàòîð Ak+1



27

ïîëó÷èì

yk+1 = Ak+1xk+1 = yk � hk~gk=k~gkk; (9)

ãäå yk = Ak+1xk.

7. Ïåðåõîäèì ê ñëåäóþùåìó øàãó èëè çàêàí÷èâàåì ðàáîòó àëãîðèò-

ìà ïðè âûïîëíåíèè íåêîòîðûõ óñëîâèé îñòàíîâà.

Ïðàêòè÷åñêàÿ ýôôåêòèâíîñòü àëãîðèòìà âî ìíîãîì çàâèñèò îò âû-

áîðà øàãîâîãî ìíîæèòåëÿ hk. Â r-àëãîðèòìå hk âûáèðàåòñÿ èç óñëîâèÿ

ïðèáëèæåííîãî ïîèñêà ìèíèìóìà f(x) ïî íàïðàâëåíèþ, ïðè ýòîì ïðè

ìèíèìèçàöèè âûïóêëûõ ôóíêöèé äîëæíî ñîáëþäàòüñÿ óñëîâèå hk �
h�k, (h

�
k � çíà÷åíèå øàãîâîãî ìíîæèòåëÿ, ñîîòâåòñòâóþùåãî ìèíèìó-

ìó ïî íàïðàâëåíèþ). Â îáùåì ñëó÷àå íåîáõîäèìî, ÷òîáû íàïðàâëåíèå

ñóáãðàäèåíòà â òî÷êå xk+1 îáðàçîâûâàëî íåòóïîé óãîë ñ íàïðàâëåíèåì

ñïóñêà èç òî÷êè xk.

Ïðè ìèíèìèçàöèè íåãëàäêèõ âûïóêëûõ ôóíêöèé, îïðåäåëåííûõ íà

En, íàèáîëåå óäà÷íûìè îêàçàëèñü ñëåäóþùèå âàðèàíòû àëãîðèòìà ïðè

ïðîâåäåíèè ýêñïåðèìåíòàëüíûõ è ïðàêòè÷åñêèõ ðàñ÷åòîâ. Êîýôôèöè-

åíòû ðàñòÿæåíèÿ ïðîñòðàíñòâà �k âûáèðàþòñÿ â ïðåäåëàõ 2-3, äëÿ øà-

ãîâîãî ìíîæèòåëÿ hk ïðèìåíÿåòñÿ àäàïòèâíûé ñïîñîá ðåãóëèðîâêè. Çà-

äàåòñÿ íåêîòîðîå íàòóðàëüíîå ÷èñëî m, ïîñòîÿííûå q > 1 è t0k > 0.
Ïîñëå k øàãîâ ïîëó÷àåì ïîñòîÿííóþ t0k. Äâèãàåìñÿ èç òî÷êè xk â íà-

ïðàâëåíèè ñïóñêà ñ øàãîì t0k äî òåõ ïîð, ïîêà íå áóäåò âûïîëíåíî óñëî-

âèå çàâåðøåíèÿ ñïóñêà ïî íàïðàâëåíèþ, ëèáî ÷èñëî øàãîâ íå ñòàíåò

ðàâíûì m. Óñëîâèå çàâåðøåíèÿ ñïóñêà ìîæåò ñîñòîÿòü â òîì, ÷òî çíà-

÷åíèå ôóíêöèè â î÷åðåäíîé òî÷êå íå ìåíüøå, ÷åì çíà÷åíèå ôóíêöèè

â ïðåäûäóùåé òî÷êå; äðóãîé âàðèàíò òàêîãî óñëîâèÿ � ïðîèçâîäíàÿ ïî

íàïðàâëåíèþ ñïóñêà â äàííîé òî÷êå íåîòðèöàòåëüíà. Åñëè ïðîøëî m

øàãîâ, à óñëîâèå çàâåðøåíèÿ ñïóñêà íå âûïîëíåíî, òî âìåñòî t0k çàïî-

ìèíàåì t1k = qt0k, ãäå q > 1, è ïðîäîëæàåì ñïóñê â òîì æå íàïðàâëåíèè

ñ áîëüøèì øàãîì. Åñëè ïîñëå î÷åðåäíûõ m øàãîâ óñëîâèå çàâåðøå-

íèÿ ñïóñêà íå âûïîëíåíî, òî âìåñòî t1k áåðåì t2k = qt1k è ò. ä. Òàê êàê

ïðåäïîëàãàåì, ÷òî lim
kxk!1

f(x) = +1, òî ïîñëå êîíå÷íîãî ÷èñëà øàãîâ

â îïðåäåëåííîì íàïðàâëåíèè îáÿçàòåëüíî âûïîëíèòñÿ óñëîâèå çàâåð-

øåíèÿ ñïóñêà. Ïîñòîÿííàÿ øàãà t
pk
k = qpk t0k(p 2 f0; 1; 2; : : :g), êîòîðàÿ

èñïîëüçîâàëàñü íà ïîñëåäíåì øàãå, ïðèíèìàåòñÿ â êà÷åñòâå íà÷àëüíîé

ïðè ñïóñêå â íîâîì íàïðàâëåíèè èç òî÷êè xk+1, ò.å. t
0
k+1 = t

pk
k .

Ïðèâåäåííûé âûøå ñïîñîá ðåãóëèðîâêè øàãîâîãî ìíîæèòåëÿ îñíî-

âàí íà ñëåäóþùèõ ñîîáðàæåíèÿõ. Äîïóñòèì, ÷òî ìû ïðèìåíèëè r-àëãî-

ðèòì ñ ïîñòîÿííûì êîýôôèöèåíòîì ðàñòÿæåíèÿ ïðîñòðàíñòâà �. Òîãäà

çà n èòåðàöèé ïðîèçâîëüíîå íàïðàâëåíèå ðàñòÿíåòñÿ â "ñðåäíåì" â �
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ðàç, ò.å. åñëè èäòè â ðàñòÿíóòîì ïðîñòðàíñòâå ñ ïîñòîÿííûì øàãîì, òî

â ïåðâîíà÷àëüíîì ïðîñòðàíñòâå çà n èòåðàöèé øàã óìåíüøèòñÿ ïðè-

ìåðíî â � ðàç. Åñëè ðàññòîÿíèå äî òî÷êè ìèíèìóìà ïðè ýòîì áóäåò

óìåíüøàòüñÿ ñ òàêîé æå ñðåäíåé ñêîðîñòüþ, ò. å. ïðèìåðíî â � ðàç çà

n èòåðàöèé, òî ÷èñëî øàãîâ ïî íàïðàâëåíèþ áóäåò îãðàíè÷åííûì. Ïðè

áîëåå ìåäëåííîì òåìïå ñõîäèìîñòè øàã â ïåðâîíà÷àëüíîì ïðîñòðàíñòâå

"â ñðåäíåì" áóäåò óìåíüøàòüñÿ áûñòðåå, ÷åì ðàññòîÿíèå äî òî÷êè ìèíè-

ìóìà è ÷èñëî øàãîâ ïî íàïðàâëåíèþ ìîæåò íåîãðàíè÷åííî âîçðàñòàòü.

Äëÿ ïðåäîòâðàùåíèÿ ýòîãî ââîäèòñÿ àäàïòèâíàÿ ïðîöåäóðà óâåëè÷åíèÿ

øàãîâîãî ìíîæèòåëÿ h, ñòàáèëèçèðóþùàÿ ÷èñëî øàãîâ ïî íàïðàâëåíèþ

îò îäíîãî äî íåñêîëüêèõ åäèíèö. Äàííàÿ ïðîöåäóðà ïîçâîëÿåò áûñò-

ðåå âûÿâèòü íàïðàâëåíèÿ, â êîòîðûõ ôóíêöèÿ íåîãðàíè÷åííî óáûâàåò

(òàêèå ñëó÷àè ÷àñòî âñòðå÷àþòñÿ íà ïðàêòèêå, êîãäà çàäà÷ó ëèíåéíî-

ãî ïðîãðàììèðîâàíèÿ ðåøàþò â ïðîñòðàíñòâå äâîéñòâåííûõ ïåðåìåí-

íûõ ñ èñïîëüçîâàíèåì ñõåìû äåêîìïîçèöèè ïî îãðàíè÷åíèÿì, à çàäà÷à

îêàçûâàåòñÿ íåñîâìåñòíîé). Â ýòîì ñëó÷àå øàãîâûé ìíîæèòåëü ðåçêî

âîçðàñòàåò, ÷òî ñëóæèò ñèãíàëîì ê îñòàíîâêå ïðîöåññà ñïóñêà.

Êàê ïîêàçàëè ìíîãî÷èñëåííûå âû÷èñëèòåëüíûå ýêñïåðèìåíòû è

ïðàêòè÷åñêèå ðàñ÷åòû, â áîëüøèíñòâå ñëó÷àåâ ïðè � 2 [2; 3] è m = 3 è
óêàçàííîì âûøå ñïîñîáå ðåãóëèðîâêè h ÷èñëî øàãîâ ïî íàïðàâëåíèþ â

ñðåäíåì ðåäêî ïðåâîñõîäèò 2, ïðè ýòîì çà nøàãîâ r-àëãîðèòìà òî÷íîñòü

ïî ôóíêöèîíàëó, êàê ïðàâèëî, óëó÷øàåòñÿ â 3-5 ðàç.

Â ñëó÷àå ìèíèìèçàöèè ãëàäêîé ôóíêöèè äëÿ óñêîðåíèÿ ñõîäèìîñòè

ìîæíî ïðèìåíÿòü áîëåå òîíêèå ñïîñîáû ïîèñêà ìèíèìóìà ïî íàïðàâ-

ëåíèþ, íàïðèìåð, êâàäðàòè÷íóþ àïïðîêñèìàöèþ ïî òðåì òî÷êàì, ïðî-

öåññ "çîëîòîãî ñå÷åíèÿ" è äð. Â ãëàäêîì ñëó÷àå õîðîøî çàðåêîìåíäîâàë

ñåáÿ àäàïòèâíûé ñïîñîá ðåãóëèðîâêè øàãà ïî íàïðàâëåíèþ, ïîäîáíûé

ïðèâåäåííîìó âûøå, ñ íåáîëüøèì èçìåíåíèåì: åñëè íà äàííîé èòåðà-

öèè ôóíêöèÿ ïðèíÿëà óæå ïîñëå ïåðâîãî øàãà áîëüøåå çíà÷åíèå, òî

øàãîâûé ìíîæèòåëü óìíîæàåòñÿ íà çàäàííîå ÷èñëî, ìåíüøåå åäèíèöû

(ïîðÿäêà 0,8-0,95). Ýòî ñâÿçàíî ñ òåì, ÷òî â ãëàäêîì ñëó÷àå ñêîðîñòü

ñõîäèìîñòè ìîæåò îêàçàòüñÿ áîëåå áûñòðîé ïðè áîëåå òî÷íîì íàõîæäå-

íèè ìèíèìóìà ïî íàïðàâëåíèþ, à äîïîëíèòåëüíîå èçìåëü÷åíèå øàãà

ñïîñîáñòâóåò óâåëè÷åíèþ òî÷íîñòè ïîèñêà ìèíèìóìà ïî íàïðàâëåíèþ.

Ïðèìåíèòåëüíî ê çàäà÷àì ãëàäêîé îïòèìèçàöèè r-àëãîðèòì ïî ñâî-

åé ôîðìàëüíîé ñòðóêòóðå áëèçîê ê àëãîðèòìàì êâàçèíüþòîíîâñêîãî

òèïà ñ ïåðåìåííîé ìåòðèêîé. Òàê ïðåäåëüíûé âàðèàíò r-àëãîðèòìà ñ

áåñêîíå÷íûì êîýôôèöèåíòîì ðàñòÿæåíèÿ (ò.å. � = 0) ÿâëÿåòñÿ ïðî-

åêòèâíûì âàðèàíòîì ìåòîäà ñîïðÿæåííûõ ãðàäèåíòîâ. Â ðàáîòå [17]

ïîêàçàíî, ÷òî ïðåäåëüíûé âàðèàíò r-àëãîðèòìà îáëàäàåò êâàäðàòè÷-
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íîé ñêîðîñòüþ ñõîäèìîñòè ïðè îáû÷íûõ óñëîâèÿõ ãëàäêîñòè è ðåãóëÿð-

íîñòè. Çàìåòèì, ÷òî íà îñíîâå èñïîëüçîâàíèÿ îïåðàòîðîâ ðàñòÿæåíèÿ

ïðîñòðàíñòâà ìîæíî ñòðîèòü ñåìåéñòâî êâàçèíüþòîíîâñêèõ ìåòîäîâ è

ïðè êîíå÷íûõ çíà÷åíèÿõ êîýôôèöèåíòîâ ðàñòÿæåíèÿ [18, 19]. Ýòè àë-

ãîðèòìû õàðàêòåðèçóþòñÿ ÷èñëåííîé óñòîé÷èâîñòüþ ïî îòíîøåíèþ ê

òî÷íîñòè ïîèñêà ìèíèìóìà ïî íàïðàâëåíèþ.

Äàëåå ðàññìîòðèì ìîíîòîííóþ ìîäèôèêàöèþ r-àëãîðèòìà [20]. Äàí-

íàÿ ìîäèôèêàöèÿ îòëè÷àåòñÿ îò äðóãèõ âàðèàíòîâ r-àëãîðèòìîâ êàê

âûáîðîì íàïðàâëåíèÿ äâèæåíèÿ, òàê è ðåãóëèðîâêîé âåëè÷èíû øàãîâî-

ãî ìíîæèòåëÿ. Â îáùåì ñëó÷àå ìîíîòîííàÿ ìîäèôèêàöèÿ r-àëãîðèòìà

ñîñòîèò èç ïîñëåäîâàòåëüíîñòè èòåðàöèé, íà êàæäîé èç êîòîðûõ ïðî-

èçâîäÿòñÿ ñëåäóþùèå äåéñòâèÿ (íèæå x0; x1; : : : ; xk; : : : ìèíèìèçèðóþ-

ùàÿ ïîñëåäîâàòåëüíîñòü òî÷åê ïðîñòðàíñòâà En, íà êîòîðîì îïðåäåëå-

íà ôóíêöèÿ f(x)). Ïóñòü çàäàíà íåêîòîðàÿ íà÷àëüíàÿ òî÷êà x0 2 En,

íåîñîáàÿ ìàòðèöà B0 ðàçìåðíîñòè n� n. Íà÷àëüíàÿ èòåðàöèÿ ñîîòâåò-

ñòâóåò ïåðâîìó øàãó ïðèâåäåííîé âûøå ñõåìû r-àëãîðèòìà.

Ïóñòü ïðîäåëàíî k èòåðàöèé (k > 1), â ðåçóëüòàòå êîòîðûõ ïîëó÷åíà
òî÷êà xk 2 En, îáðàòíàÿ ìàòðèöà Bk ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà è

ñóáãðàäèåíò g(xk), òàê ÷òî íàïðàâëåíèå äâèæåíèÿ èç òî÷êè xk îïðåäå-
ëÿåòñÿ ïî ôîðìóëå:

xk+1(hk) = xk � hkBkB
T
k
gk

hk � íåèçâåñòíûé øàãîâûé ìíîæèòåëü, êîòîðûé îïðåäåëÿåòñÿ èç óñëî-

âèÿ ìèíèìóìà ïî íàïðàâëåíèþ:

hmin
k

= argmin f(xk(hk))

Â ÷àñòíîñòè, hmin
k

ìîæåò ðàâíÿòüñÿ 0, à â ýòîì ñëó÷àå xk+1 = xk.

Øàãîâûé ìíîæèòåëü ïðè äâèæåíèè â îñíîâíîì ïðîñòðàíñòâå âûáè-

ðàåòñÿ èç óñëîâèÿ ïðèáëèæåííîãî ìèíèìóìà ïî íàïðàâëåíèþ äâèæå-

íèÿ, íî â îòëè÷èå îò èçâåñòíûõ ìîäèôèêàöèé â îïðåäåëåííûõ îáñòîÿ-

òåëüñòâàõ ìîæåò îêàçàòüñÿ, ÷òî øàãîâûé ìíîæèòåëü ðàâåí 0. Â ýòîì

ñëó÷àå îñòàåìñÿ â òåêóùåé òî÷êå è íà ñîîòâåòñòâóþùåé èòåðàöèè èçìå-

íÿåòñÿ òîëüêî îáðàòíàÿ ìàòðèöà.

Åñëè hmin
k

> 0, òî

xk+1 = xk � hmin
k

BkB
T
k
gk:

Â îáîèõ ñëó÷àÿõ ñðåäè ñóáãðàäèåíòîâ ôóíêöèè f â òî÷êå xk+1 íà-

õîäèì ñóáãðàäèåíò, êîòîðûé îáðàçóåò ñ íàïðàâëåíèåì äâèæåíèÿ óãîë,
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áîëüøèé èëè ðàâíûé �
2
. Åñëè èñêîìûé ñóáãðàäèåíò ìîæíî âûáðàòü

íåîäíîçíà÷íî, òî âûáèðàåòñÿ òîò, ïðîåêöèÿ êîòîðîãî íà íàïðàâëåíèå

ñïóñêà ìèíèìàëüíà.

Ïîñëåäîâàòåëüíîñòü f(x0); f(x1); : : : ; f(xk) ÿâëÿåòñÿ íåâîçðàñòà-

þùåé, òàê êàê ñëåäóþùàÿ òî÷êà ïîëó÷àåòñÿ èç ïðåäûäóùåé â ðåçóëü-

òàòå îïåðàöèè íàõîæäåíèÿ ïðèáëèæåííîãî ìèíèìóìà ïî íåêîòîðîìó

íàïðàâëåíèþ, ïðèìåíåíèå êîòîðîé îáåñïå÷èâàåò âûïîëíåíèå íåðàâåí-

ñòâà f(xk) � f(xk+1). Îòñþäà ÿñíî, ÷òî ïîñëåäîâàòåëüíîñòü çíà÷åíèé

ôóíêöèè ff(xk)g1k=0 èìååò ïðåäåë f� � f(x�).

Â àëãîðèòì ââîäèòñÿ íîâàÿ âîçìîæíîñòü âûáîðà íàïðàâëåíèÿ äâè-

æåíèÿ, ñâÿçàííàÿ ñ ðåøåíèåì âñïîìîãàòåëüíûõ çàäà÷ âûïóêëîãî êâàä-

ðàòè÷íîãî ïðîãðàììèðîâàíèÿ. Ðàññìîòðèì ñëó÷àé ìèíèìèçàöèè ôóíê-

öèè ìàêñèìóìà ãëàäêèõ âûïóêëûõ ôóíêöèé. Îòìåòèì, ÷òî ãëàäêàÿ âû-

ïóêëàÿ ôóíêöèÿ àïïðîêñèìèðóåòñÿ ñíèçó â ëþáîé òî÷êå x ëèíåéíîé

ôóíêöèåé âèäà (gf (x); x� x).

Ïóñòü '(x) = maxi2I fi(x), ãäå I � êîíå÷íîå ìíîæåñòâî èíäåêñîâ,

fi(x) � íåïðåðûâíî äèôôåðåíöèðóåìûå âûïóêëûå ôóíêöèè, îïðåäåëåí-
íûå íà âñåì En. Äëÿ óïðîùåíèÿ âûêëàäîê áóäåì ñ÷èòàòü, ÷òî '(x)
èìååò åäèíñòâåííûé ìèíèìóì � èñêîìóþ òî÷êó x� 2 En.

Ïóñòü x � ïðîèçâîëüíàÿ òî÷êà èç En. Îáîçíà÷èì I0(x) = fi 2 I j
'(x) = fi(x)g, I"(x) = fi 2 I j'(x) � fi(x) � '(x) � "g. I"(x) áóäåì

íàçûâàòü "-àêòèâíûì ìíîæåñòâîì èíäåêñîâ äëÿ òî÷êè x.

Ïî ñðàâíåíèþ ñ îáû÷íûì r-àëãîðèòìîì ïðè âûáîðå íàïðàâëåíèÿ

ñïóñêà èñïîëüçóåòñÿ ñëåäóþùàÿ ñïåöèàëüíàÿ êâàäðàòè÷íàÿ çàäà÷à: íàé-

òè

�� = min
f�:f�igi2I"(x)g

X
p;l

�p�l(gfp(x); gfl(x)) (10)

ïðè îãðàíè÷åíèÿõ

�i � 0 äëÿ âñåõ i 2 I"(x) (11)X
i2I"(x)

�i = 1 (12)

Åñëè �� = 0, òî '(x�) � '(x)�", ò.å. çíà÷åíèå '(x)�" ÿâëÿåòñÿ íèæ-
íåé îöåíêîé. Èìåÿ çíà÷åíèÿ ðåêîðäà è íèæíåé îöåíêè ìèíèìèçèðóåìîé

ôóíêöèè â òî÷êå x, ìîæíî îöåíèòü òî÷íîñòü îïðåäåëåíèÿ ìèíèìóìà

â òåêóùåé òî÷êå. Åñëè �� > 0, òî âåêòîð, ïðîòèâîïîëîæíûé âåêòîðóP
i2I"(x)

��i gfi(x), äàåò íàïðàâëåíèå äâèæåíèÿ èç òî÷êè x, óìåíüøàþ-

ùåå çíà÷åíèå '(x) íå ìåíåå, ÷åì íà ".
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Îòìåòèì, ÷òî âñïîìîãàòåëüíàÿ çàäà÷à (10)�(12) ÿâëÿåòñÿ îòíîñè-

òåëüíî � çàäà÷åé êâàäðàòè÷íîãî âûïóêëîãî ïðîãðàììèðîâàíèÿ ñ ëèíåé-

íûìè îãðàíè÷åíèÿìè, è îíà ëåãêî ñâîäèòñÿ ñ èñïîëüçîâàíèåì íåãëàä-

êèõ øòðàôíûõ ôóíêöèé ê çàäà÷å áåçóñëîâíîé ìèíèìèçàöèè íåãëàäêîé

êóñî÷íî-êâàäðàòè÷íîé ôóíêöèè. Äëÿ ðåøåíèÿ ýòîé çàäà÷è ìîæíî ïðè-

ìåíèòü r-àëãîðèòì â ñî÷åòàíèè ñ ìåòîäîì íåãëàäêèõ øòðàôíûõ ôóíê-

öèé. Âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïîêàçàëè äëÿ áîëüøèõ ïðèìåðîâ

ñîêðàùåíèå âðåìåíè ïîëó÷åíèÿ ðåøåíèÿ äëÿ âñïîìîãàòåëüíîé çàäà÷è

ïî ñðàâíåíèþ ñ èçâåñòíîé ïðîãðàììîé LOQO, êîòîðàÿ ðåàëèçóåò ïîä-

õîä, îñíîâàííûé íà ìåòîäå âíóòðåííèõ òî÷åê.

Òàêèì îáðàçîì, ðåàëèçàöèÿ ìîíîòîííîé ìîäèôèêàöèè r-àëãîðèòìà

â îáùåì ñëó÷àå ñîñòîèò èç êîíå÷íîãî ÷èñëà ñòàäèé, êàæäàÿ èç êîòîðûõ

ñîñòîèò èç íåñêîëüêèõ áëîêîâ:

(à) âû÷èñëåíèå ïîñëåäîâàòåëüíûõ çíà÷åíèé xk; xk+1; : : : ñ íåâîçðàñ-

òàþùèìè çíà÷åíèÿìè ìèíèìèçèðóåìîé ôóíêöèè ïðè ïîñòîÿííîì � > 1
è ñîîòâåòñòâóþùèõ ìàòðèö Bk; Bk+1;

(á) êîíòðîëü âûðîæäåííîñòè ìàòðèö Bk è èõ "âîññòàíîâëåíèå" â

ñëó÷àå íåîáõîäèìîñòè;

(ñ) ðåøåíèå ñïåöèàëüíûõ âñïîìàãàòåëüíûõ êâàäðàòè÷íûõ çàäà÷ äëÿ

ïîëó÷åíèÿ îöåíîê ñíèçó ìèíèìèçèðóåìîé ôóíêöèè.

Ìîíîòîííàÿ ìîäèôèêàöèÿ r-àëãîðèòìà ïðèìåíÿëàñü äëÿ ðåøåíèÿ

øèðîêîãî êëàññà îïòèìèçàöèîííûõ çàäà÷, âêëþ÷àÿ ìèíèìàêñíûå çàäà-

÷è, ñïåöèàëüíûå êâàäðàòè÷íûå çàäà÷è, çàäà÷è ìàêñèìàëüíîãî ðàçðåçà

ãðàôà, çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ñ äèñêðåòíûì âðåìåíåì, ïîëè-

íîìèàëüíûå ìíîãîýêñòðåìàëüíûå çàäà÷è [20].

5. Ïðèëîæåíèÿ àëãîðèòìîâ

íåäèôôåðåíöèðóåìîé îïòèìèçàöèè

Ïðèâåäåì îñíîâíûå èñòî÷íèêè, ïîðîæäàþùèå çàäà÷è íåãëàäêîé îïòè-

ìèçàöèè.

Âî-ïåðâûõ, ýòî çàäà÷è ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ áîëüøîé

ðàçìåðíîñòè ñ áëî÷íîé ñòðóêòóðîé è ñðàâíèòåëüíî íåáîëüøèì ÷èñëîì

ñâÿçåé ìåæäó áëîêàìè. Èñïîëüçîâàíèå ñõåì äåêîìïîçèöèè äëÿ ðåøå-

íèÿ òàêèõ çàäà÷ ïðèâîäèò ê çàäà÷àì ìèíèìèçàöèè (ìàêñèìèçàöèè), êàê

ïðàâèëî, íåãëàäêèõ ôóíêöèé îò ñâÿçûâàþùèõ ïåðåìåííûõ èëè îò ìíî-

æèòåëåé Ëàãðàíæà (äâîéñòâåííûõ îöåíîê), ñîîòâåòñòâóþùèõ ñâÿçûâà-

þùèì îãðàíè÷åíèÿì.
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Âî-âòîðûõ, ýòî çàäà÷è ìèíèìèçàöèè ôóíêöèè ìàêñèìóìà. Ïóñòü çà-

äàíî ïàðàìåòðè÷åñêîå ñåìåéñòâî âûïóêëûõ ôóíêöèé, îïðåäåëåííûõ íà

En, ff�(x)g�2A. Îñíîâíûì èñòî÷íèêîì ïîëó÷åíèÿ íåãëàäêèõ ôóíêöèé

â âûïóêëîì ïðîãðàììèðîâàíèè ÿâëÿåòñÿ îïåðàöèÿ âçÿòèÿ ïîòî÷å÷íîãî

ìàêñèìóìà ïî ïàðàìåòðó �, ò.å. ïîñòðîåíèå ôóíêöèè ìàêñèìóìà:

F (x) = sup
�2A

f�(x):

Îáëàñòü îïðåäåëåíèÿ ôóíêöèè F (x) (dom F ) ñîâïàäàåò ñ òàêèìè

çíà÷åíèÿìè x 2 En, ïðè êîòîðûõ ff�(x)g îãðàíè÷åíà ñâåðõó ïî �. Äëÿ
êàæäîãî x 2 dom F îïðåäåëèì ïîäìíîæåñòâî èíäåêñîâ

I(x) = f� 2 A : f�(x) = F (x)g

Ñóáãðàäèåíòíîå ìíîæåñòâî GF (x) ôóíêöèè F â òî÷êå x îïðåäåëÿåòñÿ

ôîðìóëîé

GF (x) = conv f[�2I(x)Gf�(x)g; (13)

ãäå conv fMg îáîçíà÷àåò îïåðàöèþ íàõîæäåíèÿ ìèíèìàëüíîãî âûïóê-

ëîãî çàìêíóòîãî ìíîæåñòâà, ñîäåðæàùåãî M , Gf�(x) � ñóáãðàäèåíò-

íûå ïîäìíîæåñòâà ôóíêöèé f� â òî÷êå x, � 2 I(x). Åñëè âñå ôóíêöèè

f�(� 2 I(x)) ÿâëÿþòñÿ äèôôåðåíöèðóåìûìè â òî÷êå x, òî Gf�(x) ñîñòî-
èò èç åäèíñòâåííîé òî÷êè, ñîâïàäàþùåé ñ ãðàäèåíòîì gf�(x), è ôîðìóëà
ïðèíèìàåò ñëåäóþùèé âèä:

GF (x) = conv f[�2I(x)gf�(x)g:

Â ñëó÷àå, êîãäà I(x) � êîíå÷íîå ìíîæåñòâî, òî âñå êðàéíèå

òî÷êè ìíîæåñòâà GF (x) ÿâëÿþòñÿ ãðàäèåíòàìè íåêîòîðûõ ôóíê-

öèé f�, � 2 I(x), â òî÷êå x, è Gf (x) ïðåäñòàâëÿåò ñîáîé âûïóêëûé

ìíîãîãðàííèê ñîîòâåòñòâóþùåé ðàçìåðíîñòè.

Òðåòèé èñòî÷íèê íåãëàäêèõ çàäà÷ � ëàãðàíæåâû îöåíêè â çàäà÷àõ

ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ. Ðàññìîòðèì äîñòàòî÷íî îáùóþ

çàäà÷ó ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ, îãðàíè÷åíèÿ êîòîðîé ðàç-

áèòû íà äâå ÷àñòè, ÷àñòü èç êîòîðûõ èìååò âèä óñëîâèÿ ïðèíàäëåæíîñòè

x 2 X � En, à äðóãàÿ ÷àñòü îïðåäåëÿåòñÿ ñèñòåìîé ðàâåíñòâ: íàéòè

f�0 = inf
x2X

f0(x); X � En; (14)

ïðè îãðàíè÷åíèÿõ

fi(x) = 0; i = 1; : : : ;m: (15)
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Ïðåäïîëîæèì, ÷òî X � çàìêíóòîå ïîäìíîæåñòâî n-ìåðíîãî åâêëè-

äîâîãî ïðîñòðàíñòâà, fi(x) � íåïðåðûâíûå ôóíêöèè, îïðåäåëåííûå íà

X .

Äëÿ îöåíêè f�0 ââåäåì ôóíêöèþ Ëàãðàíæà

L(x; u) = f0(x) +

mX
i=1

uifi(x);

ãäå u = fu1; : : : ; umg�âåêòîð ìíîæèòåëåé Ëàãðàíæà. Ðàññìîòðèì îöåíêó

 (u) = inf
x
L(x; u):

Ïðè ëþáîì äîïóñòèìîì x è ïðîèçâîëüíîì u èìååì  (u) � f0(x),
îòêóäà ñëåäóåò ÷òî  (u) � f�0 .

Çàäà÷à íàõîæäåíèÿ íàèëó÷øåé îöåíêè äëÿ îïòèìàëüíîãî çíà÷åíèÿ

çàäà÷è (14), (15) â äàííîì êëàññå ëàãðàíæåâûõ îöåíîê ñâîäèòñÿ ê ðå-

øåíèþ êîîðäèíèðóþùåé çàäà÷è: íàéòè

 � = sup
u
 (u):

Ôóíêöèÿ  (u) ÿâëÿåòñÿ âîãíóòîé êàê ðåçóëüòàò îïåðàöèè ìèíèìèçà-

öèè ïî x 2 X ïàðàìåòðè÷åñêîãî (u�ïàðàìåòð) ñåìåéñòâà ëèíåéíûõ ïî

u ôóíêöèé. Ïðåäïîëîæèì, ÷òî  (u) � ñîáñòâåííàÿ âîãíóòàÿ ôóíêöèÿ ñ
íåïóñòîé îáëàñòüþ dom , èìåþùåé âíóòðåííèå òî÷êè. Ïóñòü x � íåêî-

òîðàÿ âíóòðåííÿÿ òî÷êà dom  , ò.å. x 2 int dom  .

Òîãäà ïî ïðàâèëàì âû÷èñëåíèÿ ñóáãðàäèåíòà îò ôóíêöèè ìàêñèìó-

ìà '(u) = � (u) ñóáãðàäèåíòíîå ìíîæåñòâî G'(x) îïðåäåëÿåòñÿ ñëåäó-
þùèì îáðàçîì:

G'(u) = convf
[

x2X(u)

F (x(u))g;

ãäå X(u) � ìíîæåñòâî âñåâîçìîæíûõ ðåøåíèé ëîêàëüíîé çàäà÷è

infx2X L(x; u); F (x(u)) � âåêòîð "íåâÿçîê", ñîîòâåòñòâóþùèé ðåøåíèþ

x(u), F (x(u)) = ff1(x(u)); : : : ; fm(x(u))g. Òàêèì îáðàçîì, åñëè â òî÷êå x

ëîêàëüíàÿ çàäà÷à èìååò åäèíñòâåííîå ðåøåíèå, òî ' â ñîîòâåòñòâóþùåé

òî÷êå äèôôåðåíöèðóåìà è åå ãðàäèåíò ñîâïàäàåò ñ âåêòîðîì íåâÿçîê

f�fi(x(u))gmi=1. Â ïðîòèâíîì ñëó÷àå, êàê ïðàâèëî, ãðàäèåíò ôóíêöèè

'(u) â ñîîòâåòñòâóþùåé òî÷êå òåðïèò ðàçðûâ.
×åòâåðòûé èñòî÷íèê � çàäà÷è ìèíèìèçàöèè ôóíêöèè ìàêñèìóìà,

õàðàêòåðíûå äëÿ ìîäåëåé èãðîâîãî õàðàêòåðà, "ìíîãîêðèòåðèàëüíûõ"
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ìîäåëåé îïòèìàëüíîãî ïëàíèðîâàíèÿ è èññëåäîâàíèÿ îïåðàöèé. Ê òà-

êîãî ðîäà çàäà÷àì ñâîäÿòñÿ çàäà÷è ðåøåíèÿ ñèñòåì óðàâíåíèé è íåðà-

âåíñòâ, îïðåäåëåíèÿ êîýôôèöèåíòîâ íåëèíåéíîé ðåãðåññèè, êîãäà â êà-

÷åñòâå êðèòåðèÿ èñïîëüçóåòñÿ ÷åáûøåâñêèé êðèòåðèé ìèíèìèçàöèè

ìàêñèìóìà íåâÿçêè (ìîäóëÿ íåâÿçêè).

Ïÿòûé èñòî÷íèê ñîñòàâëÿþò çàäà÷è íåëèíåéíîãî ïðîãðàììèðîâà-

íèÿ, äëÿ ðåøåíèÿ êîòîðûõ èñïîëüçóåòñÿ ìåòîä íåãëàäêèõ øòðàôíûõ

ôóíêöèé. Íåãëàäêèå øòðàôíûå ôóíêöèè îïðåäåëåííîãî âèäà îáëàäà-

þò íåñîìíåííûì ïðåèìóùåñòâîì ïî ñðàâíåíèþ ñ îáû÷íî ïðèìåíÿåìûìè

ãëàäêèìè ôóíêöèÿìè øòðàôà: ïðè èñïîëüçîâàíèè íåãëàäêèõ øòðàô-

íûõ ôóíêöèé, êàê ïðàâèëî, íåò íåîáõîäèìîñòè óñòðåìëÿòü øòðàôíûå

êîýôôèöèåíòû ê +1.

Øåñòîé èñòî÷íèê � çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ñ íåïðåðûâ-

íûì è äèñêðåòíûì âðåìåíåì. Èñïîëüçîâàíèå ïðèíöèïà ìàêñèìóìà èëè

äèñêðåòíîãî ïðèíöèïà ìàêñèìóìà âî ìíîãèõ ñëó÷àÿõ ïðèâîäèò ê çà-

äà÷àì ìèíèìèçàöèè ôóíêöèé ñ ðàçðûâíûì ãðàäèåíòîì. Ýòè çàäà÷è

ìîæíî ðàññìàòðèâàòü êàê ñïåöèàëüíûå çàäà÷è íåëèíåéíîãî ïðîãðàì-

ìèðîâàíèÿ, äëÿ ðåøåíèÿ êîòîðûõ ïðèìåíèìû ñõåìû äåêîìïîçèöèè èëè

ìåòîä íåãëàäêèõ øòðàôíûõ ôóíêöèé.

Ñåäüìîé èñòî÷íèê ñîñòàâëÿþò çàäà÷è äèñêðåòíîãî ïðîãðàììèðîâà-

íèÿ èëè çàäà÷è ñìåøàííîãî äèñêðåòíî-íåïðåðûâíîãî òèïà. Ìíîãèå çà-

äà÷è òàêîãî ðîäà äîñòàòî÷íî óñïåøíî ìîãóò ðåøàòüñÿ ñ èñïîëüçîâàíèåì

ìåòîäà âåòâåé è ãðàíèö ñ ïîëó÷åíèåì îöåíîê ïóòåì ðåøåíèÿ äâîéñòâåí-

íîé çàäà÷è. Äâîéñòâåííàÿ çàäà÷à îáû÷íî îêàçûâàåòñÿ çàäà÷åé ìèíèìè-

çàöèè âûïóêëîé êóñî÷íî-ëèíåéíîé ôóíêöèè ñ îãðîìíûì ÷èñëîì "êóñ-

êîâ" ïðè ïðîñòûõ îãðàíè÷åíèÿõ, ò. å. çàäà÷åé íåãëàäêîé îïòèìèçàöèè.

È íàêîíåö, ôóíêöèè ñ ðàçðûâíûì ãðàäèåíòîì ìîãóò íåïîñðåäñòâåí-

íî âõîäèòü â ìîäåëü çàäà÷è îïòèìàëüíîãî ïëàíèðîâàíèÿ, ïðîåêòèðîâà-

íèÿ èëè èññëåäîâàíèÿ îïåðàöèé êàê ðåçóëüòàò êóñî÷íî-ãëàäêîé àïïðîê-

ñèìàöèè òåõíèêî-ýêîíîìè÷åñêèõ õàðàêòåðèñòèê ðåàëüíûõ îáúåêòîâ.

Ñëåäóåò òàêæå îòìåòèòü, ÷òî ñ ïðèêëàäíîé òî÷êè çðåíèÿ íåò ðåç-

êîé ãðàíèöû ìåæäó íåãëàäêèìè è ãëàäêèìè ôóíêöèÿìè. Ñ ïîçèöèé

ïðèêëàäíîé ìàòåìàòèêè è âû÷èñëèòåëüíîé ïðàêòèêè ôóíêöèÿ ñ î÷åíü

áûñòðî ìåíÿþùèìñÿ ãðàäèåíòîì áëèçêà ïî ñâîèì ñâîéñòâàì ê íåãëàä-

êîé ôóíêöèè. Ïîýòîìó âû÷èñëèòåëüíûå ìåòîäû, ðàçðàáîòàííûå äëÿ

ðåøåíèÿ çàäà÷ íåãëàäêîé îïòèìèçàöèè, îêàçûâàþòñÿ ýôôåêòèâíûìè

è äëÿ îïòèìèçàöèè "ïëîõèõ" ãëàäêèõ ôóíêöèé (íàïðèìåð, ôóíêöèé

îâðàæíîãî òèïà). Ìíîãî÷èñëåííûå ïðèëîæåíèÿ àëãîðèòìîâ íåãëàäêîé

îïòèìèçàöèè äëÿ óêàçàííûõ êëàññîâ çàäà÷ ìîæíî íàéòè â

ìîíîãðàôèÿõ Í. Ç. Øîðà [2, 3, 21, 22].
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6. Çàêëþ÷åíèå

Ðàáîòà ñîäåðæèò êðàòêîå îïèñàíèå ðàçðàáîòàííûõ â Èíñòèòóòå êèáåð-

íåòèêè ìåòîäîâ íåäèôôåðåíöèðóåìîé îïòèìèçàöèè.

1. Ìåòîäû îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà, ïîëîæèâøèå íà÷àëî

íîâîìó íàïðàâëåíèþ ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ � ÷èñëåííûì

ìåòîäàì íåãëàäêîé îïòèìèçàöèè, êîòîðîìó â íàñòîÿùåå âðåìÿ ïîñâÿ-

ùåíû ìíîãî÷èñëåííûå íàó÷íûå ñòàòüè è ìîíîãðàôèè.

2. Ñóáãðàäèåíòíûå ìåòîäû ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâëå-

íèè ñóáãðàäèåíòà, êîòîðûå èìåþò óñêîðåííóþ ñõîäèìîñòü â ñðàâíåíèè

ñ ìåòîäàìè îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà. Ýòè ìåòîäû äàëè òåîðèè

îïòèìèçàöèè óíèêàëüíûé àëãîðèòì � ìåòîä ýëëèïñîèäîâ, ñêîðîñòü ñõî-

äèìîñòè êîòîðîãî çàâèñèò ëèøü îò ðàçìåðíîñòè ïðîñòðàíñòâà. Èñïîëü-

çîâàíèå ìåòîäà ýëëèïñîèäîâ ïîçâîëèëî ðåøèòü ðÿä âàæíûõ âîïðîñîâ â

òåîðèè ñëîæíîñòè çàäà÷ ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ.

3. Ñóáãðàäèåíòíûå ìåòîäû ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâ-

ëåíèè ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ ñóáãðàäèåíòîâ � r-àëãîðèòìû.

Â ðàìêàõ ýòîãî ñåìåéñòâà ìåòîäîâ ïîëó÷åíû äîñòàòî÷íî ýôôåêòèâíûå

ðåàëèçàöèè r-àëãîðèòìîâ. ×èñëî èòåðàöèé äëÿ íàõîæäåíèÿ îïòèìàëü-

íîãî çíà÷åíèÿ f� ñ "-òî÷íîñòüþ äëÿ ôóíêöèé îò n ïåðåìåííûõ ýìïèðè-

÷åñêè îöåíèâàåòñÿ êàê N = O(n log 1
"
) . Ðàçðàáîòàííûå ìîäèôèêàöèè r-

àëãîðèòìà ÿâëÿþòñÿ ýôôåêòèâíûì ñðåäñòâîì ìèíèìèçàöèè âûïóêëûõ

íåãëàäêèõ ôóíêöèé. Ïðè ìèíèìèçàöèè ãëàäêèõ ôóíêöèé îíè îêàçàëèñü

êîíêóðåíòíîñïîñîáíûìè ñ íàèáîëåå óäà÷íûìè ðåàëèçàöèÿìè ìåòîäîâ

ñîïðÿæåííûõ íàïðàâëåíèé è ìåòîäîâ êâàçèíüþòîíîâñêîãî òèïà.

r-àëãîðèòì èñïîëüçîâàëñÿ â çàäà÷àõ îïòèìèçàöèè áîëüøîé ðàçìåð-

íîñòè è â êâàçè-áëî÷íûõ çàäà÷àõ ñ ðàçëè÷íûìè ñõåìàìè äåêîìïîçèöèè,

äëÿ âû÷èñëåíèÿ äâîéñòâåííûõ ëàãðàíæåâûõ îöåíîê â ìíîãîýêñòðåìàëü-

íûõ è êîìáèíàòîðíûõ çàäà÷àõ îïòèìèçàöèè. Íà ïðàêòèêå îí ïðèìå-

íÿëñÿ äëÿ ðåøåíèÿ çàäà÷ îïòèìàëüíîãî ïëàíèðîâàíèÿ, îïòèìàëüíîãî

ïðîåêòèðîâàíèÿ, ñèíòåçà ñåòåé, âîññòàíîâëåíèÿ èçîáðàæåíèé, ýëëèïñî-

èäàëüíîé àïïðîêñèìàöèè è ëîêàëèçàöèè, è äð.

Â.Ì.Ãëóøêîâ, ïîä ðóêîâîäñòâîì êîòîðîãî ñëîæèëàñü øêîëà íåãëàä-

êîé îïòèìèçàöèè â Èíñòèòóòå êèáåðíåòèêè, ïðèäàâàë áîëüøîå çíà÷åíèå

ðàçâèòèþ ÷èñëåííûõ ìåòîäîâ îïòèìèçàöèè, îòìå÷àÿ âàæíîñòü èõ ïðàê-

òè÷åñêèõ ïðèëîæåíèé. Â íàñòîÿùåå âðåìÿ ðàçâèòèå ìåòîäîâ íåäèôôå-

ðåíöèðóåìîé îïòèìèçàöèè àêòèâíî ïðîäîëæàåòñÿ.
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Ïðèìåíåíèå îáîáùåííîãî
ãðàäèåíòíîãî ñïóñêà â áëî÷íîì

ïðîãðàììèðîâàíèè

Í. Ç. Øîð

Êèáåðíåòèêà. � 1967. � � 3. � Ñ. 53�55.

1. Ìåòîä îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà (î. ã. ñ.) áûë ðàçâèò äëÿ

ìèíèìèçàöèè âûïóêëûõ (ìàêñèìèçàöèè âîãíóòûõ) íåäèôôåðåíöèðóå-

ìûõ ôóíêöèé [1-3]. Ýòîò ìåòîä îòëè÷àåòñÿ îò îáû÷íîãî ãðàäèåíòíî-

ãî ñïóñêà ôîðìàëüíî òåì, ÷òî â òî÷êàõ, ãäå ìèíèìèçèðóåìàÿ ôóíêöèÿ

íåäèôôåðåíöèðóåìà (â ýòèõ òî÷êàõ íàïðàâëåíèå ãðàäèåíòà íå îïðåäå-

ëåíî), íàïðàâëåíèå ãðàäèåíòà çàìåíÿåòñÿ íàïðàâëåíèåì íîðìàëè ê ïðî-

èçâîëüíîé îïîðíîé ãèïåðïëîñêîñòè ïîâåðõíîñòè óðîâíÿ â ýòîé òî÷êå. Â

îòëè÷èå îò ìåòîäîâ âîçìîæíûõ íàïðàâëåíèé ïðè èñïîëüçîâàíèè î. ã. ñ.

íå âñåãäà ìîæíî äîáèòüñÿ, ÷òîáû ïîñëåäîâàòåëüíîñòü çíà÷åíèé ìèíè-

ìèçèðóåìîé ôóíêöèè, ïîëó÷àåìàÿ ïðè ðåàëèçàöèè ñïóñêà, áûëà ìîíî-

òîííî óáûâàþùåé. Â ñâÿçè ñ ýòèì ïðè ïðàêòè÷åñêîì èñïîëüçîâàíèè î.

ã. ñ. íóæíî ïðèìåíÿòü ñïåöèàëüíóþ ìåòîäèêó ðåãóëèðîâêè øàãà [1,2].

Âïåðâûå ìåòîä îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà áûë ïðèìåíåí â

1962 ã. äëÿ ðåøåíèÿ òðàíñïîðòíîé çàäà÷è ëèíåéíîãî ïðîãðàììèðîâà-

íèÿ â ñåòåâîé ôîðìå [2]. Îáîñíîâàíèå ìåòîäà î. ã. ñ. äëÿ ïðîèçâîëüíîé

âûïóêëîé ôóíêöèè äàíî â äèññåðòàöèè àâòîðà [1], à òàêæå â îáçîðíîé

ñòàòüå [3].

Äîêëàä Á. Ò. Ïîëÿêà íà V Ìåæäóíàðîäíîì ìàòåìàòè÷åñêîì Êîí-

ãðåññå â Ìîñêâå áûë ïîñâÿùåí íåêîòîðûì îáîáùåíèÿì ýòîãî ìåòîäà.

Â äàííîé ñòàòüå ðàññìîòðèì âîçìîæíîñòü ïðèìåíåíèÿ î. ã. ñ. â áëî÷-

íîì ëèíåéíîì ïðîãðàììèðîâàíèè è, â ÷àñòíîñòè, äëÿ ðåøåíèÿ äâóõ-

ýòàïíûõ çàäà÷ ñòîõàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ [4,6].

2. Çàïèøåì îáùóþ çàäà÷ó ëèíåéíîãî ïðîãðàììèðîâàíèÿ â ôîðìå,

êîãäà ñèñòåìà îãðàíè÷åíèé íåêîòîðûì îáðàçîì ðàçáèòà íà äâå ÷àñòè.

Íàéòè

maxL(X) = max (C;X) =max

nX
j=1

cj xj ; C 2 En; X 2 En;

C =
n
cj

o
; X =

n
xj

o
; j = 1; : : : ; n

(1)
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ïðè îãðàíè÷åíèÿõ:

xj � 0; j = 1; : : : ; n; (2)

nX
j=1

a
(1)
ij xj � b

(1)
i ; i = 1; : : : ;m1; (3)

nX
j=1

a
(2)

kj xj � b
(2)

k ; k = 1; : : : ;m2; (4)

Áóäåì ñ÷èòàòü, ÷òî:

1) çàäà÷à (1)�(4) èìååò îïòèìàëüíîå ðåøåíèå;

2) ñèñòåìà îãðàíè÷åíèé (2), (4) âûðåçàåò â ïðîñòðàíñòâå îãðàíè÷åí-

íûé ìíîãîãðàííèê D (åñëè ýòî íå òàê, òî ìû âñåãäà ìîæåì ê ñè-

ñòåìå íåðàâåíñòâ (4) äîáàâèòü íåðàâåíñòâî âèäà
nP
j=1

xj � M è M

ïîäîáðàòü íàñòîëüêî áîëüøèì, ÷òîáû õîòÿ áû îäíî èç îïòèìàëü-

íûõ ðåøåíèé çàäà÷è (1)�(4) óäîâëåòâîðÿëî ýòîìó íåðàâåíñòâó).

Ñîñòàâèì äëÿ çàäà÷è (1), (3) ôóíêöèþ Ëàãðàíæà

L
n
�; X

o
; � 2 Em1 ; � =

n
�i

o
; i = 1; : : : ;m1:

Ðàññìîòðèì çàäà÷ó. Íàéòè

min
f��0g

max
fX2Dg

L (�; X) =

= min
f��0g

max
fX2Dg

2
4 nX
j=1

cj xj +

m1X
i=1

�i

0
@b(1)i �

nX
j=1

a
(1)
ij xj

1
A
3
5 : (5)

Èçó÷èì ôóíêöèþ:

L� f�g = max
fX2Dg

2
4 nX
j=1

cj xj +

m1X
i=1

�i

0
@b(1)i �

nX
j=1

a
(1)
ij xj

1
A
3
5 : (6)

Òàê êàê ìíîãîãðàííèê D îãðàíè÷åí, òî ôóíêöèÿ L� f�g îïðåäåëåíà äëÿ
ëþáîãî �. Êàê ðåçóëüòàò ïðèìåíåíèÿ îïåðàöèè ìàêñèìóìà ê âûïóêëîìó
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ìíîæåñòâó ëèíåéíûõ ôîðì, ôóíêöèÿ L� f�g ÿâëÿåòñÿ âûïóêëîé. Òàê

êàê D � ìíîãîãðàííèê, òî L� f�g � êóñî÷íî-ëèíåéíàÿ ôóíêöèÿ.
Äëÿ � � 0 è äëÿ X = X, ãäå X = fxi; : : : ; xng � äîïóñòèìîå ðåøåíèå

çàäà÷è (1)�(4),

L� f�g � L
�
�; X

	
=

nX
j=1

cj xj +

m1X
i=1

�i

0
@b(1)i �

nX
j=1

a
(1)
ij xj

1
A �

nX
j=1

cj xj :

(7)

Òàêèì îáðàçîì, L� f�g îãðàíè÷åíà ñíèçó äëÿ � � 0, à òàê êàê L� f�g �
êóñî÷íî-ëèíåéíàÿ, òî ñóùåñòâóåò �� òàêîå, ÷òî

L� f��g = min
f��0g

L� f�g : (8)

Ðàññìîòðèì çàäà÷ó, äâîéñòâåííóþ ê çàäà÷å (1)�(4).

Íàéòè

min

 
m1X
i=1

b
(1)
i �i +

m2X
k=1

bk(2)�k

!
(9)

ïðè îãðàíè÷åíèÿõ:

�i � 0; �k � 0; i = 1; : : : ;m1; k = 1; : : : ;m2; (10)

m1X
i=1

a
(1)
ij �i +

m2X
k=1

a
(2)
ij �k � cj ; j = 1; : : : ; n: (11)

Ëåììà. Ëþáîìó îïòèìàëüíîìó ðåøåíèþ çàäà÷è (5) �� =

=
n
��1; : : : ; �

�
m1

o
ñîîòâåòñòâóåò îïòèìàëüíîå ðåøåíèå çàäà÷è (9)�(11) âè-

äà

(��; ��) =
n
��1; : : : ; �

�
m1

; ��1 ; : : : ; �
�
m2

o
:

Äîêàçàòåëüñòâî. Ðàññìîòðèì çàäà÷ó íàõîæäåíèÿ L� f�g (6). Ýòî �
çàäà÷à ëèíåéíîãî ïðîãðàììèðîâàíèÿ. Èç òåîðåìû äâîéñòâåííîñòè óçíà-

åì, ÷òî íàéäóòñÿ òàêèå �k � 0, ÷òî

m2X
k=1

�k a
(2)
kj � c�

m1X
i=1

�i a
(1)
ij (j = 1; : : : ; n) (12)

èëè
m1X
i=1

�i a
(1)
ij +

m2X
k=1

�k a
(2)
kj � cj (13)
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Êðîìå òîãî,

L� f�g =
m1X
i=1

�i b
(1)
i +

m2X
k=1

�k b
(2)
k : (14)

Òàêèì îáðàçîì, äëÿ ëþáîãî � � 0 íàéäåòñÿ � =
n
�k

o
� 0, ÷òî

�
�;�

�
îáðàçóåò äîïóñòèìîå ðåøåíèå çàäà÷è (9)�(11).

Äàëåå,

L f�; Xg =
nX
j=1

xj

 
cj �

m1X
i=1

�i a
(1)
ij

!
+

m1X
i=1

�i b
(1)
i �

�
nX
j=1

xj

m2X
k=1

�k a
(2)
kj +

m1X
i=1

�i b
(1)
i =

=

m2X
i=k

�k

nX
j=1

a
(2)
kj xj +

m1X
i=1

�i b
(1)
i �

m2X
k=1

�k b
(2)
k +

m1X
i=1

�i b
(1)
i

(15)

äëÿ

X 2 D; � � 0; � � 0; ;

m1X
i=1

�i a
(1)
ij +

m2X
k=1

�k a
(2)
kj � cj ; j = 1; : : : ; n:

Âîçüìåì (�;�) =
�b�; b��, ãäå �b�; b�� � îïòèìàëüíîå ðåøåíèå çàäà÷è

(9)�(11).

Òîãäà

L� f��g � L�
� b�� � m2X

k=1

b�k b(2)k +

m1X
i=1

b�i b(1)i : (16)

Ñîïîñòàâèâ (16) ñ (13), (14), ãäå íóæíî âçÿòü
�
�;�

�
= (��;��), ïî-

ëó÷èì äîêàçàòåëüñòâî ëåììû.

Èç äîêàçàííîé ëåììû ñëåäóåò, ÷òî ðåøåíèå çàäà÷è (9)�(11), äâîé-

ñòâåííîé ê çàäà÷å (1)�(4), ñâîäèòñÿ ê ìèíèìèçàöèè âûïóêëîé êóñî÷íî-

ëèíåéíîé ôóíêöèè L� ( � ) ïðè ïðîñòåéøèõ îãðàíè÷åíèÿõ � � 0.
3. Èç âûðàæåíèÿ äëÿ L� f�g

L� f�g =
nX
j=1

cj x
�
j (�) +

m1X
i=1

�i

0
@b(1)i �

nX
j=1

a
(1)
ij x�j (�)

1
A ; (17)
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ãäå X�
�
�
	
=
�
x�j ( � )

	
� îïòèìàëüíûé âåêòîð çàäà÷è (6), âûòåêàåò,

÷òî íàïðàâëåíèå îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà â òî÷êå � ñîâïàäàåò

ñ íàïðàâëåíèåì, ïðîòèâîïîëîæíûì íàïðàâëåíèþ âåêòîðà

�� =

8<
:b(1)i �

nX
j=1

a
(1)
ij x�j (�)

9=
; ; i = 1; : : : ;m1: (18)

Îòñþäà ñëåäóåò èòåðàöèîííûé àëãîðèòì äëÿ ðåøåíèÿ çàäà÷è (9)�

(11), r-ûé øàã êîòîðîãî îïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

1) ïðè ôèêñèðîâàííîì çíà÷åíèè �(r), ïîëó÷åííîì íà ïðåäûäóùåì

øàãå, ðåøàåì çàäà÷ó (6) (�(1) ìîæíî âçÿòü ðàâíûì 0); ïîëó÷àåì

âåêòîð X�
�
�(r)

	
è âåêòîð îïòèìàëüíîãî ðåøåíèÿ äâîéñòâåííîé

çàäà÷è �
�
�(r)

	
;

2) âû÷èñëÿåì âåêòîð �r =

(
b
(r)
i �

nP
j=1

a
(1)
ij x�j

�
�(r)

�)
;

3) íàõîäèì �(r+1) ñëåäóþùèì îáðàçîì:

�(r+1) = P

�
�(r) � kr

�r

j�rj
�
;

ãäå kr > 0 � âåëè÷èíà øàãà, P - îïåðàòîð, îñòàâëÿþùèé íåîòðèöàòåëü-

íûå êîîðäèíàòû áåç èçìåíåíèÿ è îáðàùàþùèé îòðèöàòåëüíûå êîîðäè-

íàòû â 0.

Åñëè âûáðàòü kr òàê, ÷òîáû kr �!
r!1

0 è
1P
r=1

kr =1, òî ýòèì ãàðàíòè-

ðóåòñÿ ñõîäèìîñòü L
�
�(r)

	
[1,3] ê îïòèìàëüíîìó çíà÷åíèþ çàäà÷è (5):

L�
n
�(r)

o
�!

(r!1)
L� f��g ;

ïðè ýòîì ïàðà âåêòîðîâ
�
�(r);�

�
�(r)

	�
ñõîäèòñÿ ê îïòèìàëüíîìó ðå-

øåíèþ çàäà÷è (9)�(11).

4. Ìåòîä î. ã. ñ. îñîáåííî óäîáíî ïðèìåíÿòü ê òàêèì çàäà÷àì ëè-

íåéíîãî ïðîãðàììèðîâàíèÿ, äâîéñòâåííûå ê êîòîðûì èìåþò áëî÷íóþ

ñòðóêòóðó. Èìåííî òàêîé çàäà÷åé ÿâëÿåòñÿ äâóõýòàïíàÿ çàäà÷à ñòîõà-

ñòè÷åñêîãî ïðîãðàììèðîâàíèÿ ñ êîíå÷íûì ÷èñëîì çíà÷åíèé, êîòîðûå

ìîæåò ïðèíèìàòü ñëó÷àéíûé âåêòîð ïðàâîé ÷àñòè îãðàíè÷åíèé [4, 6].

Â íàñòîÿùåå âðåìÿ â ÈÊ ÀÍ ÓÑÑÐ ðàçðàáîòàíà ïðîãðàììà ðåøåíèÿ

ýòîé çàäà÷è ìåòîäîì î. ã. ñ. äëÿ ÝÂÌ. Ïîäðîáíîñòè àëãîðèòìà áóäóò

ðàññìîòðåíû â ñòàòüå [5].
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Ìåòîä ñëó÷àéíîãî ïîèñêà äëÿ
äâóõýòàïíîé çàäà÷è ñòîõàñòè÷åñêîãî
ïðîãðàììèðîâàíèÿ è åãî îáîáùåíèå

Þ. Ì. Åðìîëüåâ, Í. Ç. Øîð

Êèáåðíåòèêà. � 1968. � � 1. � Ñ. 90�92.

Äâóõýòàïíîå ñòîõàñòè÷åñêîå ïðîãðàììèðîâàíèå ìîæåò ïðèìåíÿòüñÿ

òîãäà, êîãäà òðåáóåòñÿ ñîñòàâèòü ïëàí íà íåêîòîðûé èíòåðâàë âðåìåíè

ïðè íå ïîëíîñòüþ îïðåäåëåííîì áóäóùåì. Ïðè ðåàëèçàöèè ïðèíÿòîãî â

òàêîé ñèòóàöèè ïëàíà âîçíèêàþò "íåâÿçêè", ëèêâèäàöèÿ êîòîðûõ ñâÿ-

çàíà ñ îïðåäåëåííûìè çàòðàòàìè. Íåîáõîäèìî íàéòè òàêîé ïëàí, ñòîè-

ìîñòü ðåàëèçàöèè êîòîðîãî ñ ó÷åòîì ëèêâèäàöèè "íåâÿçîê" ÿâëÿåòñÿ â

ñðåäíåì ìèíèìàëüíîé.

Ìàòåìàòè÷åñêàÿ çàäà÷à ñòàâèòñÿ ñëåäóþùèì îáðàçîì [1]: ïóñòü çà-

äàíû:

1) ñèñòåìà ëèíåéíûõ íåðàâåíñòâ âèäà

Ax+Dy � B!; (1)

x � 0; y � 0; (2)

ãäå A � ìàòðèöà m�n1, D � ìàòðèöà m�n2, x; y � ñîîòâåòñòâåííî n1- è
n2-ìåðíûå âåêòîðà,B! �m-ìåðíûé ñëó÷àéíûé âåêòîð ñ ðàñïðåäåëåíèåì

dP (!) ñ îãðàíè÷åííîé äèñïåðñèåé;
2) äâå ëèíåéíûå ôîðìû: L1(x) =

�
C1; x

�
, L2(x) =

�
C2; y

�
,

ãäå C1 � n1-ìåðíûé, C
2 � n2-ìåðíûé âåêòîð.

Îáîçíà÷èì ÷åðåç � (x;B!) çíà÷åíèå

min
�
C2; y

�
(3)

ïðè îãðàíè÷åíèÿõ

Dy � B! �Ax; (4)

y � 0: (5)

Áóäåì ñ÷èòàòü, ÷òî äëÿ ëþáîãî x � 0 è B! ñóùåñòâóåò ðåøåíèå

çàäà÷è (3)�(5). Ïóñòü E(x) =
R
� (x;B!) dP (!). Òðåáóåòñÿ íàéòè

min
x�0

F (x) = min
x�0

h�
C1; x

�
+E(x)

i
: (6)
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1. ÌÅÒÎÄ ÐÅØÅÍÈß

Ïîñòðîèì äëÿ ðåøåíèÿ ýòîé çàäà÷è èòåðàöèîííûé ïðîöåññ ñ èñïîëü-

çîâàíèåì ñëó÷àéíîãî ïîèñêà. Î÷åâèäíî, ôóíêöèÿ F (x) âûïóêëàÿ, íî

íå îáÿçàòåëüíî íåïðåðûâíî-äèôôåðåíöèðóåìàÿ, ïîýòîìó íàéäåì âû-

ðàæåíèå äëÿ âíóòðåííåé íîðìàëè îïîðíîé ãèïåðïëîñêîñòè ê òåëó�
x : F (x) � F

�
x0
�	

â íåêîòîðîé òî÷êå x0, ò. å. íàïðàâëåíèå îáîáùåí-

íîãî ãðàäèåíòà [2]. Ðàññìîòðèì äâîéñòâåííóþ ê (3)�(5) çàäà÷ó: íàéòè

G (x;B!) = max
h
(�;B!)� (x;A��)

i
(7)

ïðè îãðàíè÷åíèÿõ

D�� � C2; (8)

� � 0: (9)

Èç òåîðåìû äâîéñòâåííîñòè âûòåêàåò, ÷òî

G (x;B!) = � (x;B!) : (10)

Íåòðóäíî çàìåòèòü, ÷òî G (x;B!) � âûïóêëàÿ ôóíêöèÿ îò x. Ïóñòü

� (x;B!)� òî÷êà, â êîòîðîé äîñòèãàåòñÿ ìàêñèìóì â (7). Áóäåì ñ÷èòàòü

îáëàñòü R, âûñåêàåìóþ îãðàíè÷åíèÿìè (8)�(9), îãðàíè÷åííîé. Òîãäà

� (x;B!) ìîæíî âûáèðàòü ñîâïàäàþùåé ñ îäíîé èç âåðøèí R. Â ñëó-

÷àå íåîäíîçíà÷íîñòè ðåøåíèÿ çàäà÷è (7)�(9) � (x;B!) ìîæíî âûáèðàòü,
íàïðèìåð, ñëåäóþùèì îáðàçîì: ïåðåíóìåðóåì óñëîâíî âåðøèíû R íåêî-

òîðûì îáðàçîì è áóäåì âûáèðàòü � (x;B!) ðàâíîé âåðøèíå ñ íàèìåíü-
øèì íîìåðîì èç âåðøèí, ÿâëÿþùèõñÿ ðåøåíèåì ýòîé çàäà÷è. Ïðè òàêîì

îïðåäåëåíèè � (x;B!) áóäåò ïðåäñòàâëÿòü êóñî÷íî-ïîñòîÿííóþ âåêòîð-

ôóíêöèþ îò x è B!, G (x;B!) � êóñî÷íî-ëèíåéíóþ ôóíêöèþ îò x, èç-

ìåðèìóþ ïî ìåðå Ëåáåãà � Ñòèëüòüåñà dP (!). Çàôèêñèðóåì íåêîòîðóþ

òî÷êó x = x0. Òîãäà ñïðàâåäëèâû ñîîòíîøåíèÿ:

G (x;B!) �
h�
�
�
x0; B!

�
; B!

�
�
�
x;A��

�
x0; B!

��i
;

G
�
x0; B!

�
=

h�
�
�
x0; B!

�
; B!

�
�
�
x0; A��

�
x0; B!

��i
:

Îòñþäà ñëåäóåò, ÷òî

E(x) �
Z �

�
�
x0; B!

�
; B!

�
dP (!)�

Z �
x;A��

�
x0; B!

��
dP (!);



46

E(x0) =

Z �
�
�
x0; B!

�
; B!

�
dP (!)�

Z �
x0; A��

�
x0; B!

��
dP (!)

èëè

E(x)�E(x0) � �
Z �

x� x0; A��
�
x0; B!

��
dP (!): (11)

Ðàññìîòðèì ñëó÷àéíûé âåêòîð

C1 �A��
�
x0; B!

�
:

Â ñîîòâåòñòâèè ñ íåðàâåíñòâîì (11) ìàòåìàòè÷åñêîå îæèäàíèå ýòîãî

âåêòîðà è ÿâëÿåòñÿ èñêîìûì âåêòîðîì âíóòðåííåé íîðìàëè îïîðíîé

ãèïåðïëîñêîñòè ê òåëó
n
x : F (x) � F

�
x0
�o
.

Òàêèì îáðàçîì, âû÷èñëåíèå íàïðàâëåíèÿ îáîáùåííîãî ãðàäèåí-

òà ôóíêöèè F (x) ñâîäèòñÿ ê âû÷èñëåíèþ èíòåãðàëîâ (11), ÷òî ïðè èç-

âåñòíîì dP (!) ïðèâîäèò ê ðåøåíèþ ïàðàìåòðè÷åñêîé çàäà÷è ëèíåéíî-

ãî ïðîãðàììèðîâàíèÿ. Â ÷àñòíîì ñëó÷àå, êîãäà B! ïðèíèìàåò êîíå÷íîå

÷èñëî çíà÷åíèé, ïîëó÷àåì àëãîðèòì, îïèñàííûé â [3]. Îäíàêî, ðåøå-

íèå ïàðàìåòðè÷åñêîé çàäà÷è âûçûâàåò áîëüøèå òðóäíîñòè. Êðîìå òîãî,

âåêòîð B! ÷àñòî ïîëó÷àåòñÿ ïóòåì ñëó÷àéíûõ èñïûòàíèé è ðàñïðåäåëå-

íèå dP (!) à priori íå èçâåñòíî. Ïîýòîìó, â îáùåì ñëó÷àå ïðåäëàãàåòñÿ

àëãîðèòì ñëó÷àéíîãî ïîèñêà ñëåäóþùåãî âèäà.

Ïóñòü íà s-îì øàãå ïîëó÷åíî çíà÷åíèå x(s). Òîãäà (s+1)-é øàã îïè-
ñûâàåòñÿ ñëåäóþùèì îáðàçîì:

à) âûáèðàåì ñëó÷àéíóþ ðåàëèçàöèþ B
(s)
! â ñîîòâåòñòâèè ñ dP (!);

á) íàõîäèì �
�
x(s); B

(s)
!

�
, ðåøàÿ çàäà÷ó (7)�(9) ïðè x = xs, B! = B

(s)
! ;

â) íàõîäèì

x(s+1) = max
n
0; x(s) + %s

h
C1 �A��

�
x(s); B(s)

!

�io
; (12)

ãäå %s � âåëè÷èíà øàãà. Äâèæåíèå òî÷êè x(s) ïðè ýòîì ïðîèñõîäèò â

ñëó÷àéíîì íàïðàâëåíèè, ìàòåìàòè÷åñêîå îæèäàíèå êîòîðîãî ñîâïàäàåò

ñ íàïðàâëåíèåì îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà.
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2. ÑÕÎÄÈÌÎÑÒÜ ÌÅÒÎÄÀ È ÅÃÎ ÎÁÎÁÙÅÍÈÅ

Ñóùíîñòü ïðåäëàãàåìîãî ìåòîäà ñëó÷àéíîãî ïîèñêà â îáùåì ñëó-

÷àå çàêëþ÷àåòñÿ â ñëåäóþùåì. Ïóñòü òðåáóåòñÿ ìèíèìèçèðîâàòü âû-

ïóêëóþ âíèç ôóíêöèþ F (x) = F (x1; : : : ; xn). Ðàññìàòðèâàåòñÿ èòåðà-

òèâíûé ïðîöåññ

x(s+1) = x(s) + %s�
(s); s = 0; 1; : : : ; (13)

ãäå x(0) � ïðîèçâîëüíàÿ òî÷êà, %s � âåëè÷èíà øàãà, �(s) � ñëó÷àéíîå

íàïðàâëåíèå òàêîå, ÷òî

M
n
�(s)

�� x(1); : : : ; x(s)o = bFx �x(s)� ; (14)

ãäå bF (x) óäîâëåòâîðÿåò íåðàâåíñòâó
F (y)� F (x) �

� bFx(x); y � x
�
: (15)

Ïóñòü minF (x) = F (x�) > �1. Áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàåì,

÷òî òî÷êà x� åäèíñòâåííàÿ.

Òåîðåìà 6. Ïóñòü

(i) %s > 0;
1P
s=1

%s =1;
1P
s=1

%2s <1;

(ii) M
�

�(s)

2 �� x(1); : : : ; x(s)� � c <1.

Òîãäà lim


x� � x(s)



 = 0, s!1 ñ âåðîÿòíîñòüþ 1.

Î÷åâèäíî,


x� � x(s+1)



2 = 


x� � x(s)




2 + 2%s

�
�(s); x� � x(s)

�
+ %2s




�(s)


2 : (16)

Âîçüìåì îò îáåèõ ÷àñòåé ýòîãî ðàâåíñòâà óñëîâíîå ìàòåìàòè÷åñêîå

îæèäàíèå:

M

�


x� � x(s+1)



2 �� x(1); : : : ; x(s)� =




x� � x(s)



2 +

+ 2%s

� bFx �x(s)� ; x� � x(s)
�
+ %2sM

�


�(s)


2 �� x(1); : : : ; x(s)� :
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Èç íåðàâåíñòâà (15) ñëåäóåò, ÷òî

� bFx �x(s)� ; x� � x(s)
�
� 0;

ïîýòîìó

M

�


x� � x(s+1)



2 �� x(1); : : : ; x(s)� � 


x� � x(s)




2 + c %2s: (17)

Ïîëîæèì z(s) =


x� � x(s)



2 + c
1P
k=s

%2k. Òîãäà íåðàâåíñòâî (17) ðàâíî-

ñèëüíî ñëåäóþùåìó:

M
n
z(s+1)

�� z(1); : : : ; z(s)o � z(s):

Ñëåäîâàòåëüíî, z(s) � ïîëóìàðòèíãàë [4], è ïîýòîìó ïîñëåäîâàòåëü-

íîñòü
�
z(s)
	
ñõîäèòñÿ ê ïðåäåëó ñ âåðîÿòíîñòüþ 1, à çíà÷èò â ñèëó (i) è

ïîñëåäîâàòåëüíîñòü


x� � x(s)



 ñõîäèòñÿ ê ïðåäåëó ñ âåðîÿòíîñòüþ 1.

Ïîêàæåì òåïåðü, ÷òî lim


x� � x(s)(!)



2 = 0 ïðè s!1. Èìååì

M

�


x� � x(s+1)



2 �� x(1)(!); : : : ; x(s)(!)� � 


x� � x(0)




2 +

+2
sX
k=1

%k

� bFx �x(k)(!)� ; x� � x(k)(!)
�
+ c

sX
k=1

%2k:

Ëåâàÿ ÷àñòü ýòîãî íåðàâåíñòâà îãðàíè÷åíà, ïîýòîìó èç óñëîâèÿ (i)
ñëåäóåò, ÷òî

1X
s=1

%s

 bFx�x(s)(!)�; x� � x(s)(!)

!
> �1;

ò. å.,

 bFx�x(s)(!)�; x� � x(s)(!)

!
> �1 ïðè s!1, à ïîýòîìó è

lim



x� � x(s)(!)




 = 0:

Â ñëó÷àå, êîãäà òðåáóåòñÿ ìèíèìèçèðîâàòü F (x) ïðè óñëîâèè x � 0,
ïðîöåññ (13) âèäîèçìåíÿåòñÿ ñëåäóþùèì îáðàçîì:

x(s+1) = max
n
0; x(s) + %s�

(s)
o
:
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Ïîêàæåì òåïåðü, ÷òî äëÿ ïðîöåññà (12) óñëîâèÿ òåîðåìû âûïîëíÿ-

þòñÿ. Äåéñòâèòåëüíî, èç ïðåäïîëîæåíèÿ îá îãðàíè÷åííîñòè îáëàñòè R,

âûñåêàåìîé íåðàâåíñòâàìè (8)�(9), ñëåäóåò îãðàíè÷åííîñòü íîðìû ñëó-

÷àéíîãî âåêòîðà C1 � A�� (x;B!).Òàêèì îáðàçîì, äëÿ ñõîäèìîñòè ïðî-

öåññà (12) äîñòàòî÷íî òîëüêî óñëîâèÿ (i).
Ðàññìîòðèì òåïåðü çàäà÷ó äâóõýòàïíîãî ñòîõàñòè÷åñêîãî ïðîãðàì-

ìèðîâàíèÿ áîëåå îáùåãî âèäà. Ïóñòü èìåþòñÿ ôóíêöèè f�(x; y; !), � =
0; 1; : : : ;m, çàâèñÿùèå îò ïëàíà x, åãî "êîððåêöèè" y è ñëó÷àéíîãî ñî-

áûòèÿ !, âûïóêëûå âíèç ïðè ëþáîì ! ïî x; y. Ïðè ôèêñèðîâàííûõ x,

! ìîæíî íàéòè âåêòîð y(x; !), ìèíèìèçèðóþùèé

f0(x; y; !) (18)

ïðè óñëîâèÿõ

f i(x; y; !) � 0; i = 1; : : : ;m: (19)

Îñîáåííî ëåãêî ýòî ñäåëàòü, åñëè f�(x; y; !) ëèíåéíû ïî y. Ïóñòü

�(x; !) � ìíîæèòåëè Ëàãðàíæà, ïðè êîòîðûõ ïàðà
�
y(x; !); �(x; !)

�
îá-

ðàçóåò ñåäëîâóþ òî÷êó çàäà÷è (18)�(19). Òîãäà ìîæíî ïîêàçàòü, ÷òî

ìàòåìàòè÷åñêîå îæèäàíèå ñëó÷àéíîãî âåêòîðà

�(x; !) = f0x

�
x; y(x; !); !

�
+

mX
l=1

�i(x; !)� f ix

�
x; y(x; !); !

�

ñîâïàäàåò ñ âåêòîðîì îáîáùåííîãî ãðàäèåíòà ôóíêöèè

F (x) =Mf0
�
x; y(x; !); !

�
: (20)

Èíà÷å ãîâîðÿ, äëÿ ìèíèìèçàöèè (20) ìîæíî ïðåäëîæèòü ìåòîä ñëó-

÷àéíîãî ïîèñêà, àíàëîãè÷íûé (12). Ñõîäèìîñòü åãî ñëåäóåò èç îáùåé

òåîðåìû [6]. Èíòåðåñíî îòìåòèòü, ÷òî ìèíèìèçàöèþ (20) ìîæíî ðàñ-

ñìàòðèâàòü òàêæå êàê ñòîõàñòè÷åñêóþ çàäà÷ó íåëèíåéíîãî ïàðàìåòðè-

÷åñêîãî ïðîãðàììèðîâàíèÿ, à ïðîöåññ ñëó÷àéíîãî ïîèñêà âèäà (12) �

êàê ñëó÷àéíûé èòåðàòèâíûé ïðîöåññ äëÿ ðåøåíèÿ ýòîé íåëèíåéíîé ïà-

ðàìåòðè÷åñêîé çàäà÷è.
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Àëãîðèòì ðåøåíèÿ äâóõýòàïíîé
çàäà÷è ñòîõàñòè÷åñêîãî
ïðîãðàììèðîâàííèÿ

Í. Ç. Øîð, Ì. Á. Ùåïàêèí

Êèáåðíåòèêà. � 1968. � � 3. � Ñ. 56�58.

Äâóõýòàïíàÿ çàäà÷à ñòîõàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ [1] ôîðìó-

ëèðóåòñÿ ñëåäóþùèì îáðàçîì.

Íàéòè

min[(c; x) +E(x)] (1)

ïðè îãðàíè÷åíèÿõ

x � 0; (2)

ãäå c; x � n1-ìåðíûå âåêòîðà, E(x) � ìàòåìàòè÷åñêîå îæèäàíèå ñëó÷àé-
íîé ôóíêöèè '(x; !), îïðåäåëåííîé ñëåäóþùèì îáðàçîì:

'(x; !) = min(h; z) (3)

ïðè îãðàíè÷åíèÿõ

z � 0; (4)

Dz � b! �Ax; (5)

ãäå h; z � n2-ìåðíûå âåêòîðà, A;D � ìàòðèöû (m� n1) è (m� n2) ñîîò-
âåòñòâåííî, b! � ñëó÷àéíûé m-ìåðíûé âåêòîð.

Â ñëó÷àå, êîãäà b! ïðèíèìàåò êîíå÷íîå ÷èñëî çíà÷åíèé br (r =
1; : : : ; k), çàäà÷à (1)�(2) ñâîäèòñÿ ê çàäà÷å ëèíåéíîãî ïðîãðàììèðîâà-

íèÿ ñëåäóþùåãî âèäà [1, 2].

Íàéòè

min

"
(c; x) +

kX
r=1

pr(h; zr)

#
(6)

ïðè îãðàíè÷åíèÿõ8>>>><
>>>>:

Ax+Dz1 � b1;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Ax + Dzr � br;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Ax + Dzk � bk;

(7)
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x � 0; zr � 0; r = 1; : : : ; k: (8)

Çàäà÷à, äâîéñòâåííàÿ ê çàäà÷å (6)�(8), çàïèñûâàåòñÿ òàê.

Íàéòè

max

kX
r=1

(br; yr) (9)

ïðè îãðàíè÷åíèÿõ

AT y1 + : : : +AT yk � c; (10)

8>><
>>:

DT y1 � p1h;

. . . . . . . . . . . . . . . . . . . . . . . .

DT yk � pkh;

(11)

yr � 0; r = 1; : : : ; k: (12)

Êàê âèäèì, çàäà÷à (9)�(12) ïðåäñòàâëÿåò óäà÷íûé îáúåêò äëÿ ïðè-

ìåíåíèÿ áëî÷íîãî ïðîãðàììèðîâàíèÿ. Â [3] áûë ïðåäëîæåí àëãîðèòì,

îñíîâàííûé íà ïðèìåíåíèè îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà, äëÿ ðå-

øåíèÿ çàäà÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ, äâîéñòâåííàÿ ê êîòîðîé

èìååò áëî÷íóþ ñòðóêòóðó. Íî çàäà÷åé, äâîéñòâåííîé ê çàäà÷å (9)�(12),

áóäåò çàäà÷à (6)�(8), ò. å. èñõîäíàÿ çàäà÷à ñòîõàñòè÷åñêîãî ïðîãðàììè-

ðîâàíèÿ.

Ñëåäóÿ ñòàòüå [3], ðàññìîòðèì ñëåäóþùóþ çàäà÷ó.

Íàéòè

min
x�0

max
y2R

"
kX
r=1

(br; yr) +

 
x; c�

kX
r=1

AT yr

!#
; (13)

ãäå y =
n
y1; : : : ; yr; : : : ; yk

o
, R � îáëàñòü, âûðåçàåìàÿ îãðàíè÷åíèÿìè

(11).

Ïðåäïîëîæèì, ÷òî R íå ïóñòî è ÿâëÿåòñÿ îãðàíè÷åííûì ìíîãîãðàí-

íèêîì. Òîãäà äëÿ ïðîèçâîëüíîãî x � 0 ñóùåñòâóåò y�(x) =
n
y�1 ; : : : ; y

�
k

o
,

ÿâëÿþùèéñÿ îïòèìàëüíûì ïëàíîì çàäà÷è ëèíåéíîãî ïðîãðàììèðîâà-

íèÿ:

íàéòè

�(x) = max
y2R

&
kX
r=1

(br; yr) +

 
x; c�

kX
r=1

AT yr

!'
: (14)
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Îòñþäà

�(x) =

kX
r=1

(br; y
�
r ) +

 
x; c�

kX
r=1

AT y�r

!
(15)

� âûïóêëàÿ êóñî÷íî-ëèíåéíàÿ ôóíêöèÿ.

Äëÿ íàõîæäåíèÿ min
x�0

�(x) ïðèìåíèì ìåòîä îáîáùåííîãî ãðàäèåíò-

íîãî ñïóñêà, (s+ 1)-é øàã êîòîðîãî ñîñòîèò èç ñëåäóþùèõ ýëåìåíòîâ:
1) äëÿ ôèêñèðîâàííîãî çíà÷åíèÿ x = x(s), ïîëó÷åííîãî íà ïðåäûäó-

ùåì øàãå, ðåøàåì çàäà÷ó (14);

2) ïîëó÷àåì

x(s+1) = P+

8>><
>>:x

(s) � gs+1

c�
kP
r=1

AT yr����c� kP
r=1

AT yr

����

9>>=
>>; ; (16)

ãäå gs+1 � âåëè÷èíà øàãà, P
+ � îïåðàòîð, îáðàùàþùèé â 0 îòðèöàòåëü-

íûå êîìïîíåíòû âåêòîðà è îñòàâëÿþùèé áåç èçìåíåíèÿ îñòàëüíûå.

Íèæå áóäåò äàíî îáîñíîâàíèå îäíîãî èç ñïîñîáîâ ðåãóëèðîâêè âåëè-

÷èíû øàãà gs , îáåñïå÷èâàþùåãî ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè�(x
(s))

ê min
x�0

�(x) . Ñóòü ýòîãî ñïîñîáà ñîñòîèò â òîì, ÷òî gs âûáèðàåòñÿ ðàâ-

íûì g0 � 2�[ st ], ãäå g0, t � äîñòàòî÷íî áîëüøèå ïîëîæèòåëüíûå ÷èñëà ( t
� öåëîå ÷èñëî).

Ëåììà. Ïóñòü F (x) � âûïóêëàÿ ôóíêöèÿ, îïðåäåëåííàÿ íà En, M
� �

ìíîæåñòâî çíà÷åíèé, íà êîòîðîì F (x) ïðèíèìàåò ìèíèìàëüíîå çíà-

÷åíèå. Ïðåäïîëîæèì, ÷òî M� � íå ïóñòîå, %(x; y) � åâêëèäîâî ðàññòî-
ÿíèå ìåæäó òî÷êàìè â En.

Ïóñòü x(0); x(1); : : : ; x(s); : : : � ïîñëåäîâàòåëüíîñòü çíà÷åíèé x , ïî-

ëó÷àþùàÿñÿ ïðè ïðèìåíåíèè îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà ê ôóíê-

öèè F (x), íà÷èíàÿ ñ òî÷êè x(0), ñ ïîñòîÿííûì øàãîì g . Òîãäà äëÿ

ëþáîãî x� 2M� íàéäóòñÿ s è y òàêèå, ÷òî:

1) F
�
x(s)

� � F (y);

2) s �
"
%2
�
x(0); x�

�
g2

#
;

3) % (y; x�) � g.
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Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç �x îïîðíóþ ïëîñêîñòü ê òåëó

Mx =
n
y : F (y) � F (x)

o
; (x 2 M�). Âîçüì¼ì òî÷êó x(r) èç çàäàííîé

ïîñëåäîâàòåëüíîñòè
n
x(i)
o
, i = 0; 1; : : :. Ïóñòü x(r) 2 M�; p

(r)
x� � ïðîåê-

öèÿ òî÷êè x� 2M� íà �x(r) . Èç îïðåäåëåíèÿ îáîáùåííîãî ãðàäèåíòíîãî
ñïóñêà ñëåäóåò, ÷òî

%2
�
x(r+1); x�

�
=

�
%
�
p
(r)
x� ; x

�
�
� g
�2

+ %2
�
x(r); x�

�� %2
�
p
(r)
x� ; x

�
�
=

= %2
�
x(r); x�

�� 2g %
�
p
(r)
x� ; x

�
�
+ g2: (17)

Âîçìîæíû äâà ñëó÷àÿ.

1. Äëÿ íåêîòîðîãî s <

�����%
2
�
x(0); x�

�
g2

����� %
�
p
(s)
x� ; x

�
�
� g. ßñíî, ÷òî

F
�
x(s)

� � F
�
p
(s)
x�

�
. Âîçüìåì y = p

(s)
x� , è óòâåðæäåíèå ëåììû áóäåò ñïðà-

âåäëèâûì.

2. Äëÿ âñåõ s <

&
%2
�
x(0); x�

�
g2

'
= m%

�
p
(s)
x� ; x

�
�
> g. Íî â ýòîì ñëó÷àå

èç (17) âûòåêàåò:

%2
�
x(s+1); x�

�
� %2

�
x(s); x�

�
� g2;

ò. å.

%2
�
x(m); x�

�
� %2

�
x(0); x�

�
� g2

"
%2
�
x(0); x�

�
g2

#
� g2;

è åñëè âçÿòü s = m, x(s) = y , òî óòâåðæäåíèå ëåììû áóäåò ñïðàâåäëè-

âûì.

Ëåììà äîêàçàíà.

Çàìå÷àíèå. Ëåììà îñòàåòñÿ ñïðàâåäëèâîé òàêæå äëÿ ðåøåíèÿ çàäà-

÷è: íàéòè min
x�0

F (x) ñ ïðèìåíåíèåì îïåðàòîðà P+ (ñì. (16)), òàê êàê

äëÿ y � 0

%
�
P+(x); y

� � %(x; y):

.
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Ïóñòü äëÿ ïðîèçâîëüíîé ïàðû òî÷åê y1, y22M� è òàêèõ, ÷òî F (y1) =
F (y2), âûïîëíÿþòñÿ ñîîòíîøåíèÿ:

% (y1;M
�)

% (y2;M�)
� �;

�
% (x;M�) = inf

x�2M�

% (x; x�)

�
: (18)

Äëÿ çàäàííîãî x(0) âûáåðåì g0 òàêîå, ÷òî %
�
x(0);M�

� � 2g0 �, è

áóäåì ïðîèçâîäèòü îáîáùåíåííûé ãðàäèåíòíûé ñïóñê ñ øàãîì g = g0.

Èç äîêàçàòåëüñòâà ëåììû âèäíî, ÷òî ëèáî íàéäåòñÿ s <
�
3�2
�
+ 1, ÷òî

F
�
x(s)

� � F (z) è % (z;M�) � g0 ëèáî äëÿ t =
�
3�2
�
+ 1, %2

�
x(t);M�

� �
4g20 �

2 � g203�
2 = g20 �

2. Èñïîëüçóÿ (17), ïîëó÷èì, ÷òî â îáîèõ ñëó÷àÿõ

íàéäåòñÿ s � t , ÷òî

%
�
x(s);M�

�
� g0 �:

Ïóñòü x(s) = x1 ( s ìîæíî áðàòü ðàâíûì èíäåêñó, íà êîòîðîì äîñòè-

ãàåòñÿ min
i
F
�
x(i)
�
, i=0,. . . , t ).

Åñëè íà÷àòü ñ òî÷êè x1 , òî, ïðîäåëàâ t øàãîâ ñïóñêà ñ øàãîì g =

g0=2, ìû íàéäåì òî÷êó x
(s1)
1 = x2 òàêóþ, ÷òî % (x2;M

�) � g �

2
. Òàêèì

îáðàçîì, ìîæíî ïîñòðîèòü
n
x%

o
äëÿ ëþáîãî % òàêèå, ÷òî

% (x%;M
�) � g0 �

2%
: (19)

Åñëè F � êóñî÷íî � ëèíåéíàÿ ôóíêöèÿ, òî óñëîâèå (18) âñåãäà âû-

ïîëíÿåòñÿ.

Òàêèì îáðàçîì, ìû äîêàçàëè, ÷òî äëÿ ëþáîé íà÷àëüíîé òî÷êè x(0)

ìîæíî íàéòè òàêèå g0 è t, ÷òî åñëè áðàòü âåëè÷èíó s-ão øàãà gs =
g0

2[s=t]
,

òî ïðîöåññ îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà äëÿ ôóíêöèè �(x) ñõî-
äèòñÿ; ïðè ýòîì îáåñïå÷èâàåòñÿ ýêñïîíåíöèàëüíàÿ ñõîäèìîñòü. (Ñõîäè-

ìîñòü ïîíèìàåòñÿ â òàêîì ñìûñëå: %
�
x(s);M�

� �!
s!1

0: )

Èç ðåçóëüòàòîâ [3] ñëåäóåò, ÷òî çíà÷åíèÿ x�, äàþùèå min
x�0

�(x), ÿâ-

ëÿþòñÿ îïòèìàëüíûìè ïëàíàìè äëÿ ïåðâîãî ýòàïà äâóõýòàïíîé çàäà÷è

ñòîõàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ, à çíà÷åíèÿ y�, äàþùèå îïòèìàëü-

íûé ïëàí çàäà÷è (14) ïðè x = x�, ÿâëÿþòñÿ íàáîðàìè îïòèìàëüíûõ

ïëàíîâ äëÿ âòîðîãî ýòàïà ýòîé çàäà÷è ïðè ðàçëè÷íûõ br.

Â ïðèëîæåíèè ïðèâîäèòñÿ ïðîãðàììà íà ÿçûêå "ÀËÃÎË" äëÿ ðåøå-

íèÿ çàäà÷è (6)�(8), îñíîâàííàÿ íà íàõîæäåíèè min
x�0

�(x) ìåòîäîì îáîá-

ùåííîãî ãðàäèåíòíîãî ñïóñêà.
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ÏÐÈËÎÆÅÍÈÅ

Ïðèâåäåííàÿ íèæå ïðîãðàììà ðåøàåò äâóõýòàïíóþ çàäà÷ó ñòîõà-

ñòè÷åñêîãî ïðîãðàììèðîâàíèÿ ñ êîíå÷íûì ÷èñëîì çíà÷åíèé ñëó÷àéíî-

ãî âåêòîðà br. Â ïðîãðàììå èñïîëüçóþòñÿ ñëåäóþùèå èñõîäíûå äàííûå:

òðàíñïîíèðîâàííûå ìàòðèöû êîýôôèöèåíòîâ A è D (ìàññèâû a è d),

âåêòîðû br (ìàññèâ b), âåêòîð ñòîèìîñòè c è âåêòîð "øòðàôîâ" h (ìàñ-

ñèâû c è h), à òàêæå âåðîÿòíîñòè çíà÷åíèé br � pr (ìàññèâ p). Êðîìå

òîãî, íåîáõîäèìî çàäàòü øàã g, ÷èñëî èòåðàöèé ïðè ïîñòîÿííîì øàãå t

è ÷èñëî èçìåíåíèé øàãà t0.

begin integer m; n; n1; n2; l; t0; t;

read (m; n; n1; n2; l; t0; t);

begin real s; c0; g; integer f0; f; i; j; k;

real array b; y [1 : n; 1 : m]; a [1 : n1; 1 : m];

d [1 : n2; 1 : m];

u; z [1 : n; 1 : n2]; c; r; x [1 : n1]; p [1 : n];

h [1 : n2]; v [1 : m];

read g; b; a; d; c; p; h;

procedure simplex; comment îïèñàíèå ýòîé ïðîöåäóðû èç-çà

åãî ãðîìîçäêîñòè è îáùåèçâåñòíîñòè çäåñü íå ïðèâîäèòñÿ. Îíà

âû÷èñëÿåò y[k; j], ñîîáùàþùèåmax
mP
j=1

v[j]�y[k; j], è ñîîòâåòñòâó-

þùèå äâîéñòâåííûå ïåðåìåííûå z[k; l] ïðè óñëîâèÿõ
mP
j=1

d[l; j] �
y[k; j] � u[k; l], y[k; j] � 0, k � ôèêñèðîâàíî. Äëÿ êàæäîé èç çà-

äà÷, íà÷èíàÿ ñî âòîðîé èòåðàöèè, â êà÷åñòâå íà÷àëüíîãî îïîðíîãî

ïëàíà áåðåòñÿ îïòèìàëüíîå ðåøåíèå ñîîòâåòñòâóþùåé çàäà÷è íà

ïðåäûäóùåé èòåðàöèè;

fo : = 1;

for i := 1 step 1 until n1 do x[i] := 0;

q1 : f := 1;

q2 : for i := 1 step 1 until n1 do r[i] := 0;

s := 0;

for k := 1 step 1 until n do

begin for j := 1 step 1 until m do

begin v[j] := 0;
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for i := 1 step 1 until n1 do

v [j] := v [j] + x [i]� a [i; j];

v [j] := b [k; j]� v [j];

end; j

for l := 1 step 1 until n2 do

u [k; l] := h [l]� p [k];

procedure simplex;

print z [k; 1 : n2];

for j := 1 step 1 until m do

s := s+ b [k; j]� y [k; j];

for i := 1 step 1 until n1 do

for j := 1 step 1 until m do

r [i] := r [i] + a [i; j]� y [k; j];

end; k

for i := 1 step 1 until n1 do

r [i] := r [i]� c [i];

c0 := 0;

for i := 1 step 1 until n1 do

c0 := c0 + r [i] " 2;

c0 := sqrt c0;

for i := 1 step 1 until n1 do

begin x [i] := x [i] + g � r [i]
Æ
c0;

if x [i] � 0 then x [i] := 0

end;

print (s; x);

f := f + 1;

if f � t then go to q2 else g := g=2;

f0 := f0 + 1;

if f0 � t0 then go to q1;

end

end;
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Ìåòîä ìèíèìèçàöèè, èñïîëüçóþùèé
îïåðàöèþ ðàñòÿæåíèÿ ïðîñòðàíñòâà â

íàïðàâëåíèè ðàçíîñòè äâóõ
ïîñëåäîâàòåëüíûõ ãðàäèåíòîâ

Í. Ç. Øîð, Í. Ã. Æóðáåíêî

Êèáåðíåòèêà. � 1971. � � 3. � Ñ. 51�59.

Â ðàáîòàõ [1], [2] îïèñàí êëàññ àëãîðèòìîâ îïòèìèçàöèè ãðàäèåíò-

íîãî òèïà ñ èñïîëüçîâàíèåì îïåðàöèè ðàñòÿæåíèÿ ïðîñòðàíñòâà â íà-

ïðàâëåíèè ãðàäèåíòà (èëè åãî àíàëîãà) (ÎÃÑÐÏ�àëãîðèòìû). Ñåðüåç-

íîé ïðîáëåìîé ïðè ïîñòðîåíèè òàêîãî ðîäà àëãîðèòìîâ áûë âîïðîñ âû-

áîðà íà êàæäîé èòåðàöèè âåëè÷èíû øàãà ñïóñêà, êîòîðûé ñðàâíèòåëüíî

ïðîñòî ðàçðåøàëñÿ â òîì ñëó÷àå, êîãäà áûëî çàðàíåå èçâåñòíî çíà÷åíèå

ôóíêöèè â òî÷êå ìèíèìóìà. Â áîëåå îáùåì ñëó÷àå ïðèõîäèëîñü óñëîæ-

íÿòü àëãîðèòìû [2]. Â äàííîé ñòàòüå ïðåäëàãàåòñÿ íîâûé êëàññ àëãîðèò-

ìîâ, îñíîâàííûé íà èñïîëüçîâàíèè îïåðàöèè ðàñòÿæåíèÿ ïðîñòðàíñòâà

â íàïðàâëåíèè ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ ãðàäèåíòîâ. Â îòëè-

÷èå îò âûøåóïîìÿíóòûõ àëãîðèòìîâ òèïà ÎÃÑÐÏ ýòîò êëàññ ïîçâîëÿåò

ïðèìåíèòü ñïîñîá âûáîðà øàãà, áëèçêèé ê ïðèìåíÿåìîìó â ìåòîäå íàè-

ñêîðåéøåãî ñïóñêà. Ïðè ýòîì ïîëó÷àþòñÿ àëãîðèòìû, îáåñïå÷èâàþùèå

ìîíîòîííîñòü èëè, â íåêîòîðîì ñìûñëå, "ïî÷òè" ìîíîòîííîñòü ñïóñêà.

Äàäèì îïèñàíèå îáùåé ñòðóêòóðû àëãîðèòìîâ ñ ðàñòÿæåíèåì ïðî-

ñòðàíñòâà â íàïðàâëåíèè ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ ãðàäèåíòîâ.

Àëãîðèòìû ýòîãî êëàññà áóäåì ñîêðàùåííî íàçûâàòü r�àëãîðèòìàìè.

Çàòåì äëÿ îäíîãî ïðåäåëüíîãî âàðèàíòà r-àëãîðèòìîâ äîêàæåì, ïðè

îïðåäåëåííûõ óñëîâèÿõ, êâàäðàòè÷íóþ ñêîðîñòü ñõîäèìîñòè. Áóäóò

ðàññìîòðåíû âîïðîñû ñõîäèìîñòè äðóãèõ âàðèàíòîâ r-àëãîðèòìîâ è äàí

àíàëèç ïðîâåäåííûõ ÷èñëåííûõ ýêñïåðèìåíòîâ.

1. Îáùàÿ ñòðóêòóðà r-àëãîðèòìîâ

Ïóñòü f(x) � íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ, îïðåäåëåííàÿ â
n�ìåðíîì ýâêëèäîâîì ïðîñòðàíñòâå En, è âûïîëíÿåòñÿ óñëîâèå

lim
kxk!1

f(x) = +1; (1)



60

gf (x) � ãðàäèåíò ôóíêöèè f(x) â òî÷êå x. Ðàññìîòðèì ñëåäóþùèé èòå-

ðàòèâíûé ïðîöåññ ìèíèìèçàöèè f(x).
Ïåðâûé øàã çàäàåòñÿ íà÷àëüíûì çíà÷åíèåì x0 2 En; âû÷èñëÿåì

gf (x0), âûáèðàåì h1 > 0 è íàõîäèì

x1 = x0 � h1 gf (x0) :

Ïðèíèìàåì gf (x0) = eg1; B = E (åäèíè÷íàÿ ìàòðèöà). Ïåðåõîäèì ê

âòîðîìó øàãó.

Ïóñòü â ðåçóëüòàòå âû÷èñëåíèé ïîñëå k øàãîâ ïðîöåññà (k = 1; 2; : : :)
ïîëó÷åíû îïðåäåëåííûå çíà÷åíèÿ âåêòîðîâ xk, egk 2 En è ìàòðèöû Bk.

Îïèøåì (k + 1)-é øàã ïðîöåññà.
Âû÷èñëÿåì ñëåäóþùèå âåëè÷èíû:

1. gf (xk) � ãðàäèåíò ôóíêöèè f(x) â òî÷êå xk.

2. B�
k gf (xk) = g�k.

g�k � ãðàäèåíò ôóíêöèè 'k(y) = f (Bk y) â òî÷êå y = Ak xk, ãäå Ak =
B�1
k .

3. rk = g�k � egk: (2)

rk � ðàçíîñòü äâóõ ãðàäèåíòîâ îò ôóíêöèè 'k(y), âû÷èñëåííûõ â òî÷êàõ
yk = Ak xk è eyk = Ak xk�1.

rk ìîæíî âû÷èñëèòü è äðóãèì ñïîñîáîì ïðè k = 1; 2; : : ::

rk = B�
k [gf (xk)� gf (xk�1)] ; (3)

îäíàêî èñïîëüçîâàíèå ôîðìóëû (2) äàåò íåêîòîðóþ ýêîíîìèþ âû÷èñëå-

íèé â öåëîì.

4. �k+1 =
rk

krkk .
Íîðìèðîâêà âåêòîðà rk íóæíà äëÿ ïîäãîòîâêè î÷åðåäíîé îïåðàöèè ðàñ-

òÿæåíèÿ ïðîñòðàíñòâà â íàïðàâëåíèè, îïðåäåëÿåìîì âåêòîðîì rk.

5. �k+1 � âåëè÷èíà, îáðàòíàÿ êîýôôèöèåíòó ðàñòÿæåíèÿ ïðîñòðàí-

ñòâà íà (k + 1)-îì øàãå.

6. Bk+1 = Bk � R�k+1
(�k+1).

Bk+1 = Ak+1, ãäå Ak+1 = R 1
�
k+1

(�k+1)Ak � ìàòðèöà ïðåîáðàçîâàíèÿ

ïðîñòðàíñòâà ïîñëå (k+1)-ãî øàãà; çäåñü R�(�) � îïåðàòîð ðàñòÿæåíèÿ
ïðîñòðàíñòâà â íàïðàâëåíèè � ñ êîýôôèöèåíòîì � (� � 0, k�k = 1).
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Ïîäðîáíî ñâîéñòâà ýòîãî îïåðàòîðà îïèñàíû â [1]. Îòìåòèì îñíîâíóþ

ôîðìóëó:

R�(�)x = x+ (�� 1)(x; �)�:

7. hk+1 � øàãîâûé ìíîæèòåëü â ôîðìóëå ñïóñêà â çàäàííîì íà-

ïðàâëåíèè.

8. egk+1 = R�k+1
(�k+1) g

�
k

egk+1 = R�k+1
(�k+1) g

�
k = R�k+1

(�k+1) B
�
k gf (xk) =

=
�
Bk R�k+1

(�k+1)
��
gf (xk) = B�

k+1gf (xk) :

Îòñþäà egk+1 � çíà÷åíèå ãðàäèåíòà ôóíêöèè 'k+1(y) = f (Bk+1y) â òî÷êåeyk+1 = Ak+1 xk.

9. xk+1 = xk � hk+1 Bk+1 egk+1:
(4)

Ïðèìåíèì ê îáåèì ÷àñòÿì ôîðìóëû (4) îïåðàòîð Ak+1. Òîãäà

yk+1 = Ak+1 xk+1 = Ak+1 xk � hk+1 egk+1 = eyk+1 � hk+1 egk+1:
Òàêèì îáðàçîì, ôîðìóëà (9) ôàêòè÷åñêè ðåàëèçóåò øàã ãðàäèåíòíîãî

ñïóñêà äëÿ ôóíêöèè 'k+1(y).

10. Ïåðåõîä ê (k + 2)-ìó øàãó ñ çàïîìèíàíèåì xk+1, egk+1 è Bk+1
èëè îêîí÷àíèå ðàáîòû àëãîðèòìà ïðè âûïîëíåíèè íåêîòîðîãî êðèòåðèÿ

îñòàíîâêè.

Ïðèâåäåííîå îïèñàíèå êëàññà àëãîðèòìîâ ãðàäèåíòíîãî òèïà ñ èç-

ìåíÿåìîé ìåòðèêîé ïîðîæäàåò êîíêðåòíûå àëãîðèòìû ïðè óòî÷íåíèè

ñïîñîáà âûáîðà ïîñëåäîâàòåëüíîñòåé fhk+1g è f�k+1g è êðèòåðèÿ îñòà-
íîâêè. Òàêèå àëãîðèòìû ìû áóäåì íàçûâàòü r-àëãîðèòìàìè. Èìååòñÿ

åùå îäíà âîçìîæíîñòü ìîäèôèêàöèè r-àëãîðèòìîâ � èñïîëüçîâàíèå òàê

íàçûâàåìîé îïåðàöèè âîññòàíîâëåíèÿ, êîãäà ïåðèîäè÷åñêè ïîñëå çàäàí-

íîãî ÷èñëà èòåðàöèé ïðîèñõîäèò "âîññòàíîâëåíèå" ìàòðèöû Bk, ò. å. îíà

çàìåíÿåòñÿ åäèíè÷íîé ìàòðèöåé. Âîïðîñ î ñõîäèìîñòè àëãîðèòìîâ ñ ìî-

íîòîííûì èçìåíåíèåì çíà÷åíèÿ ìèíèìèçèðóþùåé ôóíêöèè è ñ âîññòà-

íîâëåíèåì ðåøàåòñÿ ñðàâíèòåëüíî ïðîñòî, òàê êàê îí ôàêòè÷åñêè ñâî-

äèòñÿ ê âîïðîñó î ñõîäèìîñòè îáû÷íîãî ãðàäèåíòíîãî ñïóñêà áåç èçìå-

íåíèÿ ìåòðèêè, êîòîðûé ïîäðîáíî èññëåäîâàí â íåêîòîðûõ ðàáîòàõ [3].

Â ÷àñòíîñòè, åñëè f(x) íåïðåðûâíî äèôôåðåíöèðóåìà è hk+1 â ôîðìóëå
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(4) âûáèðàåòñÿ èç óñëîâèÿ ìèíèìóìà ïî íàïðàâëåíèþ, òî ïðè èñïîëü-

çîâàíèè r-àëãîðèòìîâ ñ âîññòàíîâëåíèåì ìíîæåñòâî ïðåäåëüíûõ òî÷åê

ïîñëåäîâàòåëüíîñòè fxg ñîñòîèò èç ñòàöèîíàðíûõ òî÷åê ôóíêöèè f(x) ñ
îäèíàêîâûì çíà÷åíèåì f(x). Äîêàçàòåëüñòâî ýòîãî ôàêòà ïðàêòè÷åñêè
íè÷åì íå îòëè÷àåòñÿ îò äîêàçàòåëüñòâà àíàëîãè÷íîãî ðåçóëüòàòà äëÿ

ìåòîäà íàèñêîðåéøåãî ñïóñêà.

Â ñëó÷àå, êîãäà âîññòàíîâëåíèå íå ïðåäïîëàãàåòñÿ, âîïðîñ î ñõîäè-

ìîñòè r-àëãîðèòìà òðåáóåò ñïåöèàëüíûõ èññëåäîâàíèé.

Ìû ðàññìîòðèì áîëåå ïîäðîáíî îäèí ïðåäåëüíûé âàðèàíò r-àëãî-

ðèòìà ñ âîññòàíîâëåíèåì, â êîòîðîì �k, k = 1; 2; : : :, âûáèðàåòñÿ ðàâíûì
íóëþ, a hk+1 âûáèðàåòñÿ èç óñëîâèÿ ìèíèìóìà âûðàæåíèÿ

f (xk � hk+1Bk+1 egk+1) :
Ïðè ýòîì, êàê ëåãêî çàìåòèòü, ëèáî ïîñëå íåêîòîðîãî ÷èñëà k� < n øà-

ãîâ gk�+1 ñòàíåò ðàâíûì 0, ëèáî Bn+1 = 0. Â ñàìîì äåëå, îïåðàòîð R0(�)
îçíà÷àåò ïðîåêòèðîâàíèå íà ïîäïðîñòðàíñòâî, îðòîãîíàëüíîå âåêòîðó �.

Ïðîèçâåäåíèå îïåðàòîðîâ
kQ
i=1

R0(�i) íå çàâèñèò îò ïîðÿäêà ñîìíîæèòå-

ëåé, ÿâëÿåòñÿ ñàìîñîïðÿæåííûì îïåðàòîðîì è îñóùåñòâëÿåò ïðîåêöèþ

íà ïîäïðîñòðàíñòâî, ÿâëÿþùååñÿ îðòîãîíàëüíûì äîïîëíåíèåì ê ëèíåé-

íîé îáîëî÷êå âåêòîðîâ �i, i = 1; 2; : : :.
Çàïèøåì öåïî÷êó ðàâåíñòâ

r1 = gf (x1)� gf (x0) ; : : :

rk = R0

�
rk�1

krk�1k
�
�R0

�
rk�2

krk�2k
�
� � �R0

�
r1

kr1k
�
�
h
gf (xk)� gf (xk�1)

i
;

k > 1:

Ìû âèäèì, ÷òî âåêòîðû r1; : : : ; rk ïîëó÷àþòñÿ â ðåçóëüòàòå ïðîöåññà

ïîñëåäîâàòåëüíîé îðòîãîíàëèçàöèè, ïðèìåíåííîé ê âåêòîðàì

gf (x1)� gf (x0) ; gf (x2)� gf (x1) ; : : : ; gf (xk)� gf (xk�1) ;

k = 1; 2; : : : Åñëè r1; : : : ; rn îòëè÷íû îò íóëÿ, òî îïåðàòîð Bn+1 = 0,
òàê êàê îí îçíà÷àåò ïðîåêöèþ íà ïîäïðîñòðàíñòâî, îðòîãîíàëüíî äî-

ïîëíÿþùåå âñ¼ ïðîñòðàíñòâî. Åñëè äëÿ íåêîòîðîãî k � n, rk = 0, òî ýòî
îçíà÷àåò, ÷òî

B�
k�1

h
gf (xk)� gf (xk�1)

i
= 0;
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à ýòî âîçìîæíî ëèøü ïðè óñëîâèè

B�
k gf (xk�1) = egk = 0 è xk = xk�1:

Òàêèì îáðàçîì, â ïðåäëàãàåìîì âàðèàíòå r-àëãîðèòìà ñ íåîáõîäè-

ìîñòüþ íóæíî ïðèìåíÿòü âîññòàíîâëåíèå ïðè óñëîâèè B�
k gf (xk�1) = 0.

Ýòîò âàðèàíò ìîæíî ðàññìàòðèâàòü êàê ìîäèôèêàöèþ ìåòîäà ñîïðÿ-

æåííûõ ãðàäèåíòîâ. Ëåãêî ïîêàçàòü, ÷òî äëÿ íåîòðèöàòåëüíî îïðåäå-

ëåííîé êâàäðàòè÷íîé ôîðìû ðåøåíèå ïîëó÷àåòñÿ çà ÷èñëî øàãîâ, íå

ïðåâûøàþùåå n. Äëÿ ïðîèçâîëüíîé äîñòàòî÷íî ãëàäêîé ôóíêöèè ìîæ-

íî äîêàçàòü òåîðåìó î êâàäðàòè÷íîé ñêîðîñòè ñõîäèìîñòè. Îòìåòèì,

÷òî äîêàçàòåëüñòâî àíàëîãè÷íîé òåîðåìû äëÿ äðóãèõ ìîäèôèêàöèé ìå-

òîäà ñîïðÿæåííûõ ãðàäèåíòîâ âñòðå÷àåò ñåðüåçíûå òðóäíîñòè [4].

Òåîðåìà. Ïóñòü ôóíêöèÿ f(x), îïðåäåëåííàÿ â En, äâàæäû íåïðå-

ðûâíî äèôôåðåíöèðóåìà â íåêîòîðîé îêðåñòíîñòè S òî÷êè ìèíèìóìà

x�, ïðè÷åì â ýòîé îêðåñòíîñòè ìàòðèöà âòîðûõ ïðîèçâîäíûõ (ãåññè-

àí) H(x) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà

kH(x)�H(x0)k � L kx� x0k ; x; x0 2 S: (5)

Êðîìå òîãî, H(x�) � ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà. Òîãäà íàé-

äåòñÿ òàêàÿ îêðåñòíîñòü òî÷êè x�S0 � S, ÷òî åñëè x0 2 S0, òî íàé-
äåòñÿ òàêîå ÷èñëî c > 0, ÷òî

kxn � x�k � c kx0 � x�k2 ;
ãäå xn � òî÷êà, ïîëó÷àåìàÿ ïîñëå n øàãîâ ðàáîòû ïðèâåäåííîãî âûøå

àëãîðèòìà (åñëè äëÿ íåêîòîðîãî k < n egk, òî ïðèìåì xn = xk).

Äîêàçàòåëüñòâî. Áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ñ÷èòàòü x� = 0
è f(0) = 0. Äîêàçàòåëüñòâî ïðîâåäåì ìåòîäîì èíäóêöèè ïî ðàçìåðíî-

ñòè ïðîñòðàíñòâà En. Ïðè n = 1 òåîðåìà äîêàçûâàåòñÿ òðèâèàëüíî.

Ïóñòü òåîðåìà ñïðàâåäëèâà äëÿ n = p. Äîêàæåì åå ñïðàâåäëèâîñòü

äëÿ n = p + 1 (p � 1). Îáîçíà÷èì ìàêñèìàëüíîå ñîáñòâåííîå ÷èñëî

îïåðàòîðà H(0) ñèìâîëîì M0 è ìèíèìàëüíîå � ñèìâîëîì m0. Â ñè-

ëó ïîëîæèòåëüíîé îïðåäåëåííîñòè H(0) m0 > 0. Èñõîäÿ èç íåïðåðûâ-

íîñòè ãåññèàíà H(x), ïîëó÷àåì, ÷òî íàéäåòñÿ òàêàÿ îêðåñòíîñòü íóëÿ

SÆ =
n
x : kxk < Æ

o
è òàêèå ïîëîæèòåëüíûå ÷èñëà M è m, ÷òî ïðè

x 2 SÆ ìàêñèìàëüíîå ñîáñòâåííîå ÷èñëî îïåðàòîðà H(x) íå áóäåò ïðå-
âûøàòü M , à ìèíèìàëüíîå áóäåò íå ìåíüøå m.

Ïóñòü e � âåêòîð, kek = 1. Ïðèìåì x0 = " e, 0 < " < Æ.

gf (x0) =

"Z
0

H (� e) e d� =

"Z
0

h
H(0) +G (� e)

i
e d�:
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Èñïîëüçóÿ óñëîâèå (5), ïîëó÷àåì

kG (� e)k � �L;

îòêóäà

gf (x0) = "
h
H(0) e+ r (x0)

i
; (6)

ïðè÷åì 

 r (x0) 

� 1

"

"Z
0

�Ld� =
L"

2
: (7)

Îïðåäåëèì x1 â ñîîòâåòñòâèè ñ èññëåäóåìûì àëãîðèòìîì:

x1 = x0 � h�
gf (x0)

kgf (x0) k ;

ãäå h� � ìèíèìàëüíûé ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ�
gf (x0) ; gf

�
x0 � h�

gf (x0)

kgf (x0) k
��

= 0:

Ëåãêî âèäåòü, ÷òî ïðè äîñòàòî÷íî ìàëîì "

h� � kgf (x0) k
m

� M "

m
:

Â ñàìîì äåëå, ïóñòü

x(h) = x0 � h
gf (x0)

kgf (x0)k ; " <
Æ

M

m
+ 1

:

Ðàññìîòðèì ôóíêöèþ '(h) = f
�
x(h)

�
. Ïðè 0 � h � M"

m
x(h) 2 SÆ. Òîãäà

â ñèëó ñâîéñòâ ãåññèàíà H(x) â îáëàñòè SÆ

d2'(h)

dh2
� m;

îòêóäà

d'

dh
� kgf (x0)k �mh �M"�mh:

Çíà÷èò, h� � M "

m
, ÷òî è òðåáîâàëîñü äîêàçàòü.
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Äàëåå,

gf (x1) = gf

�
x0 � h�

gf (x0)

kgf (x0) k
�
=

= gf (x0)�
h�Z
0

H

�
x0 � �

gf (x0)

kgf (x0) k
�

gf (x0)

kgf (x0) kd� =

= gf (x0)�
h�Z
0

�
H (x0) +G1

�
�
gf (x0)

kgf (x0) k
��

gf (x0)

kgf (x0) kd�;

ïðè÷åì





G1

�
�

gf (x0)

kgf (x0) k
�



 � L�. Îòñþäà

gf (x1) = gf

�
x0 � h�

gf (x0)

kgf (x0)k
�
=

= gf (x0)� h�H (x0)
gf (x0)

kgf (x0)k + h� r1 (x0) ; (8)

ïðè÷åì

kr1 (x0)k � Lh�

2
<
LM"

2m
: (9)

Èñïîëüçóÿ (6)�(9), ïîëó÷àåì�
gf (x0) ; gf (x1)

�
=

= "2

"�
H(0) e+ r (x0) ; H(0) e+ r (x0)

�
� h�

kgf (x0)k �

�
 �

H(0) +G (x0)
��

H(0) e+ r (x0)
�
; H(0) e+ r (x0)

!#
+

+ " h�
�
H(0) e+ r (x0) ; r1 (x0)

�
=

= "2
��
H(0) e;H(0) e

�
� h�

kgf (x0)k
�
H2(0) e;H(0) e

��
+ r2 (x0) ;

ïðè÷åì ïðè äîñòàòî÷íî ìàëîì ", êàê ëåãêî âèäåòü, jr2 (x0)j � d"3, ãäå d

� íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî. Ïðèðàâíÿâ
�
gf (x0) ; gf (x1)

�
íóëþ,
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ïîëó÷àåì

1� d"

kH(0) ek2 q � h� � 1 +
d"

kH(0) ek2 q;

ãäå

q =
kH(0) ek2 kgf (x0)k
(H2(0) e;H(0) e)

:

Òåïåðü ïîêàæåì, ÷òî ðàññòîÿíèå îò íà÷àëà êîîðäèíàò äî ãèïåðïëîñêî-

ñòè, ïðîõîäÿùåé ÷åðåç òî÷êó x1 è ñ íîðìàëüþ, çàäàâàåìîé âåêòîðîì

� = gf (x0)� gf (x1) ;

èìååò ïîðÿäîê "2.

Çàïèøåì óðàâíåíèå ýòîé ãèïåðïëîñêîñòè:�
x� x1; gf (x0)� gf (x1)

�
= 0:

Ðàññòîÿíèå îò íà÷àëà êîîðäèíàò äî ãèïåðïëîñêîñòè âû÷èñëÿåòñÿ ïî

ôîðìóëå

s =

���gf (x0)� gf (x1) ; x1
���

gf (x0)� gf (x1)



 ;

x1 = x0 � h�
gf (x0)

kgf (x0) k = x0 � kH(0) ek2 gf (x0)
(H2(0) e;H(0) e)

� �qgf (x0)

gf (x0)

 ; (10)

ãäå

� d"

kH(0) ek2
� � � d"

kH(0) ek2
: (11)

Äàëåå, èñïîëüçóÿ (8)�(11), ïîëó÷àåì�
gf (x0)� gf (x1) ; x1

�
=

=
h�"2

gf (x0)



��
H(0) +G (x0)

��
H(0) e+ r (x0)

�
;

e� kH(0) ek2
(H2(0) e;H(0) e)

�
H(0) e+ r (x0)

��
�
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� 1

gf (x0)


�
�qgf (x0) ; gf (x0)� gf (x1)

�
�
�
h�r1 (x0) ; x1

�
=

= "2
h�

gf (x0)



�
H2(0)e; e

�
�
�
H(0)e;H(0)e

�
+ r3 (x0) = r3 (x0) ;

ãäå jr3 (x0)j � c1"
3, a c1 � ïîëîæèòåëüíîå ÷èñëî, êîòîðîå ëåãêî âû÷èñ-

ëÿåòñÿ ñ èñïîëüçîâàíèåì îöåíîê (7), (9), (11). Òàê êàê�
gf (x0) ; gf (x1)

�
= 0

òî

kgf (x1)� gf (x0)k � kgf (x0)k � m":

Îòñþäà

s � c1

m
"2 = c2"

2; ãäå c2 =
c1

m
: (12)

Ðàññìîòðèì ôóíêöèþ  (x), îïðåäåëåííóþ â p-ìåðíîé ãèïåðïëîñêîñòè

L (x0) =
n
x :

�
gf (x1)� gf (x0) ; x� x1

�
= 0
o

è ðàâíóþ f(x) äëÿ òî÷åê ýòîé ãèïåðïëîñêîñòè.
Ïîêàæåì, ÷òî min (x) = min

x2L(x0)
f(x) äîñòèãàåòñÿ â òî÷êå òàêîé, ÷òî



x�1

 � c3 "
2:

ãäå c3 � ïîëîæèòåëüíàÿ âåëè÷èíà, íå çàâèñÿùàÿ îò " ïðè äîñòàòî÷íî

ìàëîì ".

Ðàññìîòðèì òî÷êó x1, ëåæàùóþ â L (x0) íà êðàò÷àéøåì ðàññòîÿíèè

îò íà÷àëà êîîðäèíàò. Èç (12) ïîëó÷àåì

s =


x1

 � c2 "

2;

îòêóäà

min
x2L(x0)

f(x) � f (x1) � M"4c22
2

= c4 "
4;

Ñ äðóãîé ñòîðîíû,

f (x�1) �
m


x�1


2

:
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Ïîëó÷àåì

m


x�1

2
2

� c4 "
4;



x�1

 �
r
2c4
m
"2 = c3 "

2;

Çàìåòèì, ÷òî c3 îïðåäåëÿåòñÿ êîíñòàíòàìè L;M è m. Òàê êàê äàëü-

íåéøèé ñïóñê áóäåò ïðîõîäèòü â ãèïåðïëîñêîñòè L (x0) ðàçìåðíîñòè p,
à ïî ïðåäïîëîæåíèþ èíäóêöèè ðàññìàòðèâàåìàÿ òåîðåìà ñïðàâåäëèâà

äëÿ ôóíêöèè, îïðåäåëåííîé â p-ìåðíîì ïðîñòðàíñòâå, òî ñïðàâåäëèâî

ñîîòíîøåíèå

xn

 = 

xp+1

 � 

x�1

+ 

xp+1 � x�1


 � c3 "

2 + cp


x1 � x�1



; (13)

ãäå cp � ÷èñëî, îïðåäåëÿåìîå ïî ïðåäïîëîæåíèþ èíäóêöèè òîëüêî êîí-

ñòàíòàìè L;M ,m è p ïðè äîñòàòî÷íî ìàëîì çíà÷åíèè


x1�x�1

. Îöåíèì

x1 � x�1



.
Òàê êàê

f (x0) > f (x1) � f (x�1) � f (0) = 0

òî

f (x1)� f (x�1) < f (x0) � M"2

2
:

Ñ äðóãîé ñòîðîíû,

m


x1 � x�1



2
2

� f (x1)� f (x�1) :

Ïîëó÷àåì



x1 � x�1


2 � M

m
"2:

Îêîí÷àòåëüíî èìååì



xn

 �
�
c3 + cp

M

m

�
"2 = c



x0

2;
ãäå c � âåëè÷èíà, çàâèñÿùàÿ òîëüêî îò L;M;m è n. Äîêàçàòåëüñòâî

òåîðåìû çàêîí÷åíî.



69

2. Âàðèàíòû àëãîðèòìîâ áåç âîññòàíîâëå-

íèÿ. ×èñëåííûå ýêñïåðèìåíòû

Íèæå ïðèâîäèòñÿ âàðèàíò r-àëãîðèòìà áåç âîññòàíîâëåíèÿ. Õîòÿ ñòðî-

ãèå ðåçóëüòàòû î ñõîäèìîñòè ýòèõ àëãîðèòìîâ è ñêîðîñòè ñõîäèìîñòè

ïîêà íå ïîëó÷åíû, ÷èñëåííûå ýêñïåðèìåíòû ïîêàçûâàþò âûñîêóþ ñêî-

ðîñòü ñõîäèìîñòè ïî ñðàâíåíèþ ñ äîñòèãàåìîé â ðàçëè÷íûõ ìîäèôè-

êàöèÿõ àëãîðèòìîâ ñ èçìåíÿåìîé ìåòðèêîé èëè ìåòîäà ñîïðÿæåííûõ

ãðàäèåíòîâ [4], [6]. Ñóùåñòâåííàÿ îñîáåííîñòü, îäíàêî, ñîñòîèò â òîì,

÷òî îïðåäåëåííûå ìîäèôèêàöèè r�àëãîðèòìîâ ïðèìåíèìû äëÿ ìèíè-

ìèçàöèè íåãëàäêèõ ôóíêöèé, â òî âðåìÿ êàê äðóãèå ìåòîäû, îáëàäàþ-

ùèå óñêîðåííîé ñõîäèìîñòüþ, òðåáóþò âî âñÿêîì ñëó÷àå íåïðåðûâíîñòè

ãðàäèåíòà.

r�àëãîðèòì ñ ïîñòîÿííûì êîýôôèöèåíòîì ðàñòÿæåíèÿ áûë ðåàëèçî-

âàí ïðîãðàììîé äëÿ âû÷èñëèòåëüíîé ìàøèíû ÁÝÑÌ-6. Îïèøåì êðàò-

êî ïðîãðàììó. Òàê êàê îáùàÿ ñõåìà àëãîðèòìà îïèñàíà, òî îñòàíîâèìñÿ

ëèøü íà àëãîðèòìå îäíîìåðíîãî ïîèñêà ìèíèìóìà ôóíêöèè f(x) â íà-
ïðàâëåíèè �, ñ ïîìîùüþ êîòîðîãî îñóùåñòâëÿåòñÿ âûáîð øàãà hk+1.

Äëÿ ðåàëèçàöèè íàèñêîðåéøåãî ñïóñêà ñ âûñîêîé òî÷íîñòüþ ïðèõîäèò-

ñÿ ïðîèçâîäèòü áîëüøîå êîëè÷åñòâî âû÷èñëåíèé çíà÷åíèé ôóíêöèè. Â

ðàçðàáîòàííîì àëãîðèòìå ïîèñê ìèíèìóìà ïî íàïðàâëåíèþ ïðîèçâî-

äèòñÿ òàêèì îáðàçîì, ÷òî òî÷íîñòü ïîèñêà ìèíèìóìà óâåëè÷èâàåòñÿ â

ïðîöåññå ñ÷åòà.

Âî âñåõ ïðèâåäåííûõ ÷èñëîâûõ ïðèìåðàõ îäíîìåðíûé ïîèñê ìèíè-

ìóìà ïðîèçâîäèòñÿ ñëåäóþùèì îáðàçîì.

Âûáèðàåì ÷èñëà � � 1, 0 < 
 < 1 è öåëîå ÷èñëî L. Âûáèðàåì ÷èñëî

h � íà÷àëüíûé ïðîáíûé øàã.

Íà (k + 1)�îé èòåðàöèè îïðåäåëåíû:

xk �òî÷êà, ïîëó÷åííàÿ íà k�îé èòåðàöèè;

� � âåêòîð, â íàïðàâëåíèè êîòîðîãî íåîáõîäèìî îñóùåñòâèòü ñïóñê

èç òî÷êè xk;

h � ïðîáíûé øàã.

Èç òî÷êè xk äåëàåì øàã äëèíû h â íàïðàâëåíèè � : z1 = xk + h �.

Âû÷èñëÿåì f (z1). Åñëè f (z1) < f (xk), òî èç òî÷êè z1 ñíîâà äåëàåì øàã

äëèíû h â íàïðàâëåíèè � : z2 = z1+h �. Âû÷èñëÿåì f (z2). Åñëè f (z2) <
f (z1), òî èç òî÷êè z2 îïÿòü äåëàåì øàã ïî � è ò. ä. äî òåõ ïîð, ïîêà íà

íåêîòîðîì øàãå çíà÷åíèå ôóíêöèè íå âîçðàñòàåò. Ýòó ïîñëåäíþþ òî÷êó

è ïðèíèìàåì çà xk+1. Ïóñòü l � ÷èñëî øàãîâ ïðè ýòîé ïðîöåäóðå. Òîãäà,

åñëè îêàçàëîñü, ÷òî l > L, òî çà íîâûé ïðîáíûé øàã ïðèíèìàåì ÷èñëî
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�
�
l

L
h

�
. Åñëè îêàçàëîñü, ÷òî ôóíêöèÿ âîçðàñòàåò íà ïåðâîì øàãå, òî çà

íîâûé øàã ïðèíèìàåì ÷èñëî (
 h), âî âñåõ îñòàëüíûõ ñëó÷àÿõ ïðîáíûé
øàã h íå èçìåíÿåì.

Ïðè ñ÷åòå âñåõ ïðèâåäåííûõ çàäà÷ 
, � è íà÷àëüíûé øàã h ïðèíèìà-

ëèñü ðàâíûìè ñîîòâåòñòâåííî 0.1, 5/4, 0.1. Âûøåîïèñàííàÿ ïðîöåäóðà

íå ãàðàíòèðóåò ìîíîòîííîãî óáûâàíèÿ ôóíêöèè, îäíàêî, êàê ïîêàçàëè

ýêñïåðèìåíòû, âîçðàñòàíèå ôóíêöèè ïðîèñõîäèò î÷åíü ðåäêî.

Â ïðîãðàììå ïðîèçâîäèòñÿ êîíòðîëü ìàëîñòè ýëåìåíòîâ bij ìàòðè-

öû B (B = A�1, ãäå A � ìàòðèöà ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà ïåðå-

ìåííûõ). ×åðåç êàæäûå k èòåðàöèé âû÷èñëÿåòñÿ âåëè÷èíà d = max
i

��bii��
è åñëè d < ", òî ìàòðèöó B óìíîæàåì íà ÷èñëî %. Ïðè ñ÷åòå k = 10,
" = 1, % = 103.

Îñòàíîâèìñÿ íà âîïðîñå òðóäîåìêîñòè ïðîãðàììû. Îñíîâíûìè äî-

ïîëíèòåëüíûìè îïåðàöèÿìè â ïðîãðàììå ÿâëÿþòñÿ îïåðàöèè óìíîæå-

íèÿ ìàòðèöû íà âåêòîð, òðåáóþùèé 2n2 îïåðàöèé óìíîæåíèÿ è ñëîæå-
íèÿ (n � ðàçìåðíîñòü ïðîñòðàíñòâà ïåðåìåííûõ), è îïåðàöèÿ óìíîæåíèÿ

ìàòðèöû B íà ìàòðèöó îïåðàòîðà ðàñòÿæåíèÿ R�(�).

Áëàãîäàðÿ òîìó, ÷òî R�(�) � ìàòðèöà ñïåöèàëüíîãî âèäà, îïåðàöèÿ
B � R�(�) òðåáóåò 5n2 îïåðàöèé óìíîæåíèÿ è ñëîæåíèÿ.

Îñíîâíîé ìàññèâ íåîáõîäèìîé äîïîëíèòåëüíîé ïàìÿòè çàíèìàåò

ìàòðèöà B, äëÿ õðàíåíèÿ êîòîðîé íåîáõîäèìî n2 ÿ÷ååê. Ïîýòîìó, èñ-

ïîëüçóÿ ëèøü îïåðàòèâíóþ ïàìÿòü ìàøèíû ÁÝÑÌ-6, ìû ìîæåì ðå-

øàòü çàäà÷è ñ ÷èñëîì ïåðåìåííûõ äî 140.

Ïðè îïèñàíèè ðåçóëüòàòîâ ñ÷åòà ïðèíÿòû ñëåäóþùèå îáîçíà÷åíèÿ:

f = f (x1; : : : ; xn) � ìèíèìèçèðóåìàÿ ôóíêöèÿ;

x��èñòèííàÿ òî÷êà ìèíèìóìà f(x);

f� � èñòèííûé ìèíèìóì f(x);

x0 � íà÷àëüíàÿ òî÷êà � òî÷êà íà íóëåâîé èòåðàöèè;exN � òî÷êà, ïîëó÷åííàÿ â ðåçóëüòàòå ñ÷åòà;

k � ñ÷åò÷èê èòåðàöèè;

f � çíà÷åíèå ôóíêöèè;

� � êîýôôèöèåíò ðàñòÿæåíèÿ;

d � âåëè÷èíà ãðàäèåíòà â òî÷êå ex : d =


rf (ex)

;

Æ = max
i
jexi � x�i j;

l � ñðåäíåå êîëè÷åñòâî âû÷èñëåíèé çíà÷åíèé ôóíêöèè íà îäíîé èòå-

ðàöèè.

Óñëîâèåì ïðåêðàùåíèÿ ñ÷åòà âî âñåõ ïðèìåðàõ ÿâëÿëîñü âûïîëíåíèå
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îäíîãî èç ñëåäóþùèõ íåðàâåíñòâ:

�f (xk) < 10�6


 ; kxk � xk�1k < 10�7; kB�rf (xk)k < 10�18:

N � íîìåð èòåðàöèè, ïðè êîòîðîé ïðîèçîøåë îñòàíîâ.

Ïðèìåð 1 [5], [6].

f(x) =
�
x21 � x2

�2
+ (x1 � 1)

2
;

x� = (1; 1); f� = 0; x0 = (�1; 2; 1); ïðè �, ðàâíîì 2 è 3,exN = (1; 000000; 1; 000000).

Ïðèìåð 2 [4].

f(x) =
10P
i=1

�
e�0;2i + 2e�0;4i � x1e

�0;2x2i � x3e
�0;4x4i

�2
;

x� = (1; 1; 2; 1); f� = 0; x0 = (0; 0; 0; 0);
� = 2; ex83 = (0; 999999; 1; 000000; 2; 000000; 1:000000);
� = 3; ex90 = (0; 999999; 0; 999999; 2; 000001; 1; 000000):

Ïðèìåð 3 [4].

f(x) = 10�3
10P
i=1

�
103e�0;2i + 2103e�0;4i � x1e

�0;2x2i � x3e
�0;2x4i

�2
;

x� = (1000; 1; 2000; 2); f� = 0; x0 = (500; 0; 2500; 3);
� = 2; ex100 = (1000; 000; 1; 000000; 2000; 000; 2; 000000);
� = 3; ex72 = (1000; 001; 1:000000; 1999; 999; 2; 000000):

Ïðèìåð 4 [6].

f(x) = 100
�
x21 � x2

�
+ (x1 � 1)

2
+ 90

�
x23 � x4

�2
+ (x3 � 1)

2
+

+ 10; 1
�
(x2 � 1)

2
+ (x4 � 1)

2
�
+ 19; 8 (x2 � 1) (x4 � 1);

x� = (1; 1; 1; 1); f� = 0; x0 = (�3;�1;�3;�1);
� = 2; ex99 = (0; 999999; 0; 999999; 1; 000000; 1; 000000);
� = 3; ex76 = (1:000000; 1; 000000; 1; 000000; 1; 000000):

Ïðèìåð 5 [6].

f(x) = (ex1 � x2)
4 + 100 (x2 � x3)

6 + th4 (x3 � x4) + x81 + (x4 � 1)2 ;
x� = (0; 1; 1; 1); f� = 0; x0 = (1; 2; 2; 2);
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� = 2; ex36 = (0; 0006; 1; 0005; 1; 0000; 1; 0000);

� = 3; ex32 = (�0; 0004; 0; 9996; 1; 0000; 1; 0000):

Ïðèìåð 6 [6].

f(x) = (x1 + 10x2)
2
+ 5 (x3 � x4)

2
+ (x2 � 2x3)

2
+ 10 (x1 � x4)

4
;

x� = (0; 0; 0; 0); f� = 0; x0 = (10; 10; 10;�10);
� = 2; ex50 = �410�7 ;�210�7 ; 610�7 ; 710�7

�
;

� = 3; ex46 = �3; 810�5 ; 0; 410�5 ;�4; 610�5 ;�4; 610�5

�
.

Áîëåå ïîäðîáíàÿ èíôîðìàöèÿ î ðåçóëüòàòàõ ÷èñëåííûõ ýêñïåðèìåí-

òîâ ñîäåðæèòñÿ â òàáëèöå.

Ïðèâåäåííûå âûøå äàííûå î ðåøåíèè ñ ïîìîùüþ r�àëãîðèòìà ðÿäà

çàäà÷ ìèíèìèçàöèè ñ ÿðêî âûðàæåííûìè îâðàæíûìè îñîáåííîñòÿìè

ãîâîðÿò î òîì, ÷òî ýòîò àëãîðèòì ÿâëÿåòñÿ ýôôåêòèâíûì ñðåäñòâîì

ðåøåíèÿ òàêîãî ðîäà çàäà÷. Ïî ÷èñëó èòåðàöèé, òðåáóåìûõ äëÿ äî-

ñòèæåíèÿ îïðåäåëåííîé òî÷íîñòè, îí áëèçîê ê íàèáîëåå óäà÷íûì ìî-

äèôèêàöèÿì àëãîðèòìîâ òèïà Äàâèäîíà�Ôëåò÷åðà�Ïàóýëëà è ìåòîäà

ñîïðÿæåííûõ ãðàäèåíòîâ [6], [4]. Àëãîðèòì óñòîé÷èâ ïî îòíîøåíèþ ê

íåòî÷íîñòÿì îïðåäåëåíèÿ ìèíèìóìà ïî íàïðàâëåíèþ (â àëãîðèòìå áûë

èñïîëüçîâàí çàâåäîìî ãðóáûé ñïîñîá ëîêàëèçàöèè ìèíèìóìà ïî íàïðàâ-

ëåíèþ). Êàê ïîêàçàë îïûò âû÷èñëåíèé, êîýôôèöèåíò ðàñòÿæåíèÿ ïðî-

ñòðàíñòâà � öåëåñîîáðàçíî âûáèðàòü ìåæäó 2 è 3 (ìû ïðèâîäèì ëèøü

ðåçóëüòàòû ýêñïåðèìåíòîâ äëÿ �, ðàâíûõ 2 è 3, íî îïûòû ïðîâîäèëèñü

è äëÿ ìíîæåñòâà äðóãèõ çíà÷åíèé êîýôôèöèåíòà ðàñòÿæåíèÿ), òàê êàê

â áîëüøèíñòâå ñëó÷àåâ ïðè äàëüíåéøåì óâåëè÷åíèè � êîëè÷åñòâî èòå-

ðàöèé åñëè è óìåíüøàåòñÿ, òî íåçíà÷èòåëüíî, íî çàòî çàìåòíî óâåëè-

÷èâàåòñÿ ñðåäíåå ÷èñëî âû÷èñëåíèé ôóíêöèè ïðè ïîèñêå ìèíèìóìà ïî

íàïðàâëåíèþ (êîíå÷íî, ýòè ðåêîìåíäàöèè îòíîñÿòñÿ ëèøü ê òîé êîí-

êðåòíîé ìîäèôèêàöèè àëãîðèòìà, êîòîðóþ ìû ïðèìåíÿëè).

Áûëè ïðîâåäåíû òàêæå ýêñïåðèìåíòû, â êîòîðûõ ñ÷åò ïðîèçâîäèëñÿ

ïî íåñêîëüêî èçìåíåííîìó àëãîðèòìó. Èçìåíåíèå ñîñòîÿëî â òîì, ÷òî

ìèíèìóì ïî íàïðàâëåíèþ íàõîäèëñÿ ñ âûñîêîé òî÷íîñòüþ. Ïðè ýòîì

íàáëþäàëîñü óìåíüøåíèå ÷èñëà èòåðàöèé íà 20�30% ïðè ñîõðàíåíèè

ïðåæíèõ êðèòåðèåâ îñòàíîâêè.
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3. Âîçìîæíîñòü ïðèìåíåíèÿ

r-àëãîðèòìîâ ê çàäà÷àì ìèíèìèçàöèè

íåãëàäêèõ ôóíêöèé

Ïóñòü ìû èìååì êóñî÷íî-ãëàäêóþ âûïóêëóþ ôóíêöèþ âèäà

f(x) = max
1�i�l

'i(x);

ãäå 'i(x) � âûïóêëûå ãëàäêèå ôóíêöèè, è ïóñòü ìû íàõîäèìñÿ â òî÷êå

x0 òàêîé, ÷òî 'i(x0) = f (x0) ïðè i 2 I�, ãäå I� � íåêîòîðîå ïîäìíîæåñòâî
öåëî÷èñëåííîãî èíòåðâàëà [1; l], è â íåêîòîðîé îêðåñòíîñòè ýòîé òî÷êè

ñóùåñòâóåò ãëàäêàÿ ãèïåðïîâåðõíîñòü

S� =
n
x : f(x) = 'i(x); i 2 I�

o
:

Ýòó ãèïåðïîâåðõíîñòü ìîæíî ðàññìàòðèâàòü, êàê "ðóñëî îâðàãà" â òîì

ñëó÷àå, êîãäà �
g'i(x); g'j (x)

�
< 0; i; j 2 I�; i 6= j:

Èç îïðåäåëåíèÿ ãèïåðïîâåðõíîñòè S� ñëåäóåò, ÷òî äëÿ ëþáîãî êàñàòåëü-

íîãî ê ýòîé ãèïåðïëîñêîñòè â òî÷êå x âåêòîðà r(x) ñïðàâåäëèâî ñîîòíî-
øåíèå �

r(x); g'i(x) � g'j (x)
�
= 0; i; j 2 I�:

Òàêèì îáðàçîì, ðàñòÿæåíèå ïðîñòðàíñòâà â íàïðàâëåíèè g'i(x)�g'j (x)
óìåíüøàåò ñîñòàâëÿþùèå îáîáùåííûõ ãðàäèåíòîâ, íàïðàâëåííûå îðòî-

ãîíàëüíî "ðóñëó îâðàãà", è îñòàâëÿåò áåç èçìåíåíèÿ ñîñòàâëÿþùèå, íà-

ïðàâëåííûå âäîëü "ðóñëà îâðàãà".

Ýòè ýâðèñòè÷åñêèå ñîîáðàæåíèÿ ïîêàçûâàþò, ÷òî ïîñëåäîâàòåëüíîå

ïðèìåíåíèå îïåðàöèé ðàñòÿæåíèÿ ïðîñòðàíñòâà â íàïðàâëåíèè ðàçíî-

ñòè äâóõ ïîñëåäîâàòåëüíûõ îáîáùåííûõ ãðàäèåíòîâ ïðè îïðåäåëåííîì

ñïîñîáå âûáîðà øàãà (êîãäà ìû èäåì äî ìèíèìóìà â âûáðàííîì íàïðàâ-

ëåíèè è ïåðåõîäèì åãî ñ ïðîáíûì øàãîì, ÷òîáû âû÷èñëèòü ãðàäèåíò ïî

äðóãóþ ñòîðîíó îò "ðóñëà îâðàãà") ïðèáëèæåííî ñîîòâåòñòâóåò îïåðà-

öèè ïðîåêòèðîâàíèÿ ãðàäèåíòà íà "ðóñëî îâðàãà".

Áûëè ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû, êîòîðûå ïîêàçûâàþò, ÷òî

ïðèìåíåíèå îïåðàöèè ðàñòÿæåíèÿ ïðîñòðàíñòâà â íàïðàâëåíèè ðàçíî-

ñòè äâóõ ïîñëåäîâàòåëüíûõ ãðàäèåíòîâ çíà÷èòåëüíî óñêîðÿåò ñõîäè-

ìîñòü îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà. Ïî ìàòåðèàëàì èññëåäîâàíèÿ

ïðèìåíèìîñòè r�àëãîðèòìîâ ê çàäà÷àì ìèíèìèçàöèè íåãëàäêèõ ôóíê-

öèé ãîòîâèòñÿ îòäåëüíàÿ ñòàòüÿ.
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Ìåòîä îòñå÷åíèÿ ñ ðàñòÿæåíèåì
ïðîñòðàíñòâà äëÿ ðåøåíèÿ çàäà÷
âûïóêëîãî ïðîãðàììèðîâàíèÿ

Í. Ç. Øîð

Êèáåðíåòèêà. � 1977. � � 1. � Ñ. 94�95.

Â íàñòîÿùåé ðàáîòå îïèñàí ïðîñòîé àëãîðèòì ðåøåíèÿ çàäà÷è âû-

ïóêëîãî ïðîãðàììèðîâàíèÿ, ãàðàíòèðóþùèé óìåíüøåíèå îáúåìà îáëà-

ñòè, â êîòîðîé ëîêàëèçóåòñÿ îïòèìóì, ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé

ïðîãðåññèè, ïðè÷åì çíàìåíàòåëü ïðîãðåññèè çàâèñèò ëèøü îò ðàçìåðíî-

ñòè çàäà÷è. Ýòîò àëãîðèòì îòíîñèòñÿ ê êëàññó àëãîðèòìîâ îáîáùåííîãî

ãðàäèåíòíîãî ñïóñêà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâëåíèè ãðàäè-

åíòà (ÎÃÑÐÏ) [1]-[2]. Ñ äðóãîé ñòîðîíû, åãî ìîæíî ðàññìàòðèâàòü êàê

ìåòîä îòñå÷åíèÿ, â êîòîðîì îïåðàöèÿ ðàñòÿæåíèÿ ïðîñòðàíñòâà èñïîëü-

çóåòñÿ äëÿ ñèììåòðèçàöèè îáëàñòè, â êîòîðîé ëîêàëèçîâàí îïòèìóì.

Ïóñòü ìû èìååì çàäà÷ó âûïóêëîãî ïðîãðàììèðîâàíèÿ:

min f0(x) (1)

ïðè îãðàíè÷åíèÿõ

fi(x) � 0; i = 1; : : : ;m; x 2 En: (2)

f�(x) � âûïóêëûå ôóíêöèè, îïðåäåëåííûå íà En; g�(x) � ñîîòâåòñòâó-
þùèå ñóáãðàäèåíòû, ïðè÷åì èìååòñÿ àïðèîðíàÿ èíôîðìàöèÿ, ÷òî îï-

òèìàëüíàÿ òî÷êà x� ñóùåñòâóåò (îíà íå îáÿçàòåëüíî åäèíñòâåííàÿ) è

íàõîäèòñÿ â øàðå ðàäèóñà R ñ öåíòðîì â òî÷êå x0 (ôîðìàëüíî ê ñèñòå-

ìå îãðàíè÷åíèé (2) ìîæíî äîáàâèòü îãðàíè÷åíèå kx� x0k � R).

Ðàññìîòðèì ñëåäóþùèé èòåðàòèâíûé àëãîðèòì (ïðè n > 1).
Ïåðåä ïåðâûì øàãîì èìååì x0 2 En, B0 = I � åäèíè÷íàÿ ìàòðèöà,

h0 =
R

n+ 1
.

Ïóñòü ïðîäåëàíî k øàãîâ è ìû ïîëó÷èëè xk 2 En; Bk � ìàòðèöà

n� n, hk > 0.
(k + 1)�é øàã. Âû÷èñëÿåì:

1)

g (xk) =

8><
>:

g0 (xk) ; åñëè max
1�i�m

fi (xk) � 0;

gi� (xk) ; åñëè max
1�i�m

fi (xk) = fi� (xk) > 0;
(3)
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åñëè g (xk) = 0, òî xk � îïòèìàëüíàÿ òî÷êà; çàìåòèì, ÷òî�
g (xk) ; xk � x�

�
� 0;

2)

�k =
B�
kg (xk)

kB�
kg (xk)k

; (4)

3)

xk+1 = xk � hk �Bk � �k; (5)

4)

Bk+1 = Bk � R� (�k) ; � =

r
n� 1

n+ 1
; (6)

R� (�k) � îïåðàòîð ðàñòÿæåíèÿ ïðîñòðàíñòâà â íàïðàâëåíèè �k ñ

êîýôôèöèåíòîì � [3];

5)

hk+1 = hk � r; r =
np

n2 � 1
: (7)

Ëåììà. Ïîñëåäîâàòåëüíîñòü fxkg1k=0 ãåíåðèðóåìàÿ àëãîðèòìîì

(3)� (7), óäîâëåòâîðÿåò íåðàâåíñòâó

kAk (xk � x�)k � hk � (n+ 1); Ak = B�1
k ; k = 0; 1; 2; : : : (8)

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðîâåäåì èíäóêöèåé ïî k. Äëÿ

k = 0 íåðàâåíñòâî (8) ïåðåõîäèò â jjx0 � x�jj � R è âûïîëíÿåòñÿ ïî

ïðåäïîëîæåíèþ.

Ïóñòü (8) âûïîëíÿåòñÿ äëÿ k = k. Äîêàæåì åãî âûïîëíåíèå äëÿ

k = k + 1.

Ïóñòü äëÿ êðàòêîñòè Ak (xk � x�) = zk, � =
1

�
,



 zk+1 

2 = 

R� ��k� �zk � hk �k
�

2 =

=



zk � hk �k + (�� 1)

h�
zk � hk �k; �k

�
�k

i


2 =
=



zk + ���hk + (�� 1)
�
zk; �k

��
�k


2 =

=


zk

2 � 2hk

�
zk; �k

�
�2 + (�2 � 1)

�
zk; �k

�2
+ �2 h2

k
=
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=


zk

2 � 2hk

�
zk; �k

� � n+ 1

n� 1
+

2

n� 1

�
zk; �k

�2
+
n+ 1

n� 1
h2
k
: (9)

Çàìåòèì, ÷òî

�
zk; �k

�
=

1

eg �xk�


�
Ak
�
xk � x�

�
; B�

k
g (xk)

�
=

=
1

eg �xk�



��
xk � x�

�
; g
�
xk
�� � 0:

Çäåñü eg �xk� = B�
k
g
�
xk
�
. Îòñþäà

2

n� 1

�
zk; �k

�2 � 2hk
n+ 1

n� 1

�
zk; �k

� � 2

n� 1

h�
zk; �k

�2 � �zk; �k�2i = 0:

Òàêèì îáðàçîì,



 zk+1 

2 �


 zk 

2 + n+ 1

n� 1
h2
k
� (n+ 1)2h2

k
+
n+ 1

n� 1
h2
k
=

= (n+ 1)2 � n2

n2 � 1
h2
k
= (n+ 1)2 � h2

k
;

îòêóäà ñëåäóåò ñïðàâåäëèâîñòü (8).

Ëåììà äîêàçàíà.

Ìíîæåñòâî òî÷åê x, óäîâëåòâîðÿþùèõ íåðàâåíñòâó

kAk (xk � x)k � (n+ 1)hk = R �
�

np
n2 � 1

�k
;

ïðåäñòàâëÿåò ñîáîé ýëëèïñîèä �k, îáúåì êîòîðîãî v (�k) ðàâåí

v0R
n

�
np

n2 � 1

�nk
detAk

;

ãäå v0 � îáúåì åäèíè÷íîãî n-ìåðíîãî øàðà. Ïîëó÷àåì

v (�k+1)

(�k)
=

�
np

n2 � 1

�n
� det Ak

det Ak+1
=

�
np

n2 � 1

�n
� det Ak

det R� (�k) � det Ak =
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=
1

�

�
np

n2 � 1

�n
=

r
n� 1

n+ 1

�
np

n2 � 1

�n
= qn < 1:

Òàêèì îáðàçîì, îáúåì ýëëèïñîèäà, â êîòîðîì ëîêàëèçóåòñÿ îïòè-

ìàëüíàÿ òî÷êà x� â ñîîòâåòñòâèè ñ íåðàâåíñòâîì (8), óáûâàåò ñî ñêîðî-

ñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì qn.

Ê àëãîðèòìó (3)�(7) ìîæíî ïðèéòè, èñõîäÿ èç ñõåìû ïîñëåäîâàòåëü-

íûõ îòñå÷åíèé1. Ðàññìîòðèì, øàð S0 =
n
x : kx� x0k � R

o
. Ïðîâåäåì

ãèïåðïëîñêîñòü
�
g (x0) ; x � x0

�
. Îáëàñòü ëîêàëèçàöèè x� ñóæàåòñÿ äî

ïîëóñôåðû S = S0
T
�0, ãäå �0 =

n
x :

�
g (x0) ; x � x0

� � 0
o
. Îïèøåì

âîêðóã S ýëëèïñîèä ìèíèìàëüíîãî îáúåìà. Ýëåìåíòàðíûå ãåîìåòðè÷å-

ñêèå ïîñòðîåíèÿ ïîêàçûâàþò, ÷òî öåíòð ýòîãî ýëëèïñîèäà áóäåò ðàâåí

x0 � R

n+ 1
� g (x0)

kg (x0)k = x0 � R

n+ 1
�0;

ò.å. áóäåò ñîâïàäàòü ñ x1. Åñëè òåïåðü ïðîèçâåñòè ðàñòÿæåíèå ïðîñòðàí-

ñòâà â íàïðàâëåíèè �0 =
g (x0)

kg (x0)k , òî â ðàñòÿíóòîì ïðîñòðàíñòâå îáðà-

çîì óêàçàííîãî ýëëèïñîèäà áóäåò øàð ñ ðàäèóñîì R� np
n2 � 1

, ñ öåíòðîì

â òî÷êå R� (�0) x1. Òåïåðü ìîæíî ïîâòîðèòü ïðîöåññ îòñå÷åíèÿ â ðàñòÿ-
íóòîì ïðîñòðàíñòâå è ò. ä. Ëåãêî óâèäåòü, ÷òî ïðè ýòîì ïîëó÷àåòñÿ

àëãîðèòì âèäà (3)�(7).

Ñëåäóåò îòìåòèòü, ÷òî ãåîìåòðè÷åñêàÿ ñêîðîñòü óáûâàíèÿ îáúåìà

îáëàñòè, â êîòîðîé ëîêàëèçîâàí îïòèìóì, äëÿ îáùåãî êëàññà çàäà÷ âû-

ïóêëîãî ïðîãðàììèðîâàíèÿ áûëà ïîêàçàíà, íàñêîëüêî èçâåñòíî àâòîðó,

âïåðâûå äëÿ èíòåðåñíûõ â òåîðåòè÷åñêîì îòíîøåíèè àëãîðèòìîâ öåí-

òðèðîâàííûõ ñå÷åíèé è èõ ìîäèôèêàöèé, ïðåäëîæåííûõ À. Ëåâèíûì â

[4].

Îäíàêî ýòè àëãîðèòìû òðåáóþò äëÿ ðàçìåðíîñòè n > 2 âåñüìà ãðî-
ìîçäêèõ ïðîöåäóð íà êàæäîì øàãå, ÷òî äåëàåò èõ ïðàêòè÷åñêè ìàëî

ïðèãîäíûìè, ïî-âèäèìîìó, óæå äëÿ n = 4.

1Òàêàÿ ñõåìà áûëà ðàññìîòðåíà â [3].
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Î ìåòîäå ðåøåíèÿ îäíîãî êëàññà
äèíàìè÷åñêèõ ðàñïðåäåëèòåëüíûõ

çàäà÷

Ë. Â. Áåëÿåâà, Í. Ã. Æóðáåíêî, Í. Ç. Øîð

Ýêîíîìèêà è ìàòåì. ìåòîäû. � 1978. � Ò. 14. � Âûï. 1. � Ñ. 137�146.

Îáîáùåííûå ãðàäèåíòíûå ìåòîäû â ñî÷åòàíèè ñ èäåÿìè äåêîìïî-

çèöèè ÿâëÿþòñÿ ýôôåêòèâíûìè ïðè ðåøåíèè çàäà÷ ìàòåìàòè÷åñêîãî

ïðîãðàììèðîâàíèÿ áîëüøîé ðàçìåðíîñòè, îñîáåííî òðàíñïîðòíî-ïðîèç-

âîäñòâåííîãî òèïà [1�5]. Ðàçðàáîòàííûå â ïîñëåäíèå ãîäû ìîäèôèêà-

öèè îáîáùåííûõ ãðàäèåíòíûõ àëãîðèòìîâ, èñïîëüçóþùèå äëÿ óñêîðå-

íèÿ ñõîäèìîñòè îïåðàöèþ ðàñòÿæåíèÿ ïðîñòðàíñòâà ([6�8]), ïîçâîëèëè

ñóùåñòâåííî ðàñøèðèòü èõ ïðèëîæåíèÿ. Â äàííîé ñòàòüå ïîêàçûâàåòñÿ,

êàê ìåòîäû ãðàäèåíòíîãî òèïà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà ìîãóò ïðè-

ìåíÿòüñÿ äëÿ ðåøåíèÿ äîâîëüíî ñëîæíûõ äèíàìè÷åñêèõ ðàñïðåäåëè-

òåëüíûõ çàäà÷. Ñàìîñòîÿòåëüíûé èíòåðåñ äëÿ ñïåöèàëèñòîâ â îáëàñòè

èññëåäîâàíèÿ îïåðàöèé ìîæåò ïðåäñòàâèòü îïèñàííàÿ çäåñü ýêîíîìèêî-

ìàòåìàòè÷åñêàÿ ìîäåëü.

1. Ðàññìàòðèâàåìàÿ ìîäåëü âîçíèêëà èç ñëåäóþùåé ïðàêòè÷åñêîé

çàäà÷è.

Èìåþòñÿ m ïîñòàâùèêîâ (ïðåäïðèÿòèé) è n ïîòðåáèòåëåé (ñòðîåê).

Ïëàíèðóåìûé ïåðèîä ðàçáèò íà T èíòåðâàëîâ (áóäåì íàçûâàòü èõ êâàð-

òàëàìè).

Çàäàíû: ait � îáúåì ïðîäóêöèè, ïðîèçâîäèìîé ïðåäïðèÿòèåì i çà

êâàðòàë t,

t = 1; : : : ; T ; ai � îáúåì ïðîäóêöèè, âûïóñêàåìîé ïðåäïðèÿòèåì i çà

ïëàíèðóåìûé ïåðèîä, ai =
TP
t=1

ait; bjt � îáúåì ñïðîñà íà ïðîäóêöèþ ïî-

òðåáèòåëÿ j çà êâàðòàë t,

t = 1; : : : ; T ; bj � ïîòðåáíîñòü ñòðîéêè j çà ïëàíèðóåìûé ïåðèîä, bj =
TP
t=1

bjt; cij � ñòîèìîñòü ïåðåâîçêè åäèíèöû ïðîäóêöèè îò ïðåäïðèÿòèÿ i

ê ïîòðåáèòåëþ j; òðàíñïîðòíûå èçäåðæêè cij ïðèíèìàþòñÿ íåçàâèñè-

ìûìè îò âðåìåíè äîñòàâêè.
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Ïðåäïîëàãàåòñÿ, ÷òî îáùåå ïðîèçâîäñòâî è ïîòðåáëåíèå ñáàëàíñèðî-

âàíû

mX
i=1

ai =

nX
j=1

bj ;

îäíàêî áàëàíñ ïî êâàðòàëàì, âîîáùå ãîâîðÿ, íå èìååò ìåñòà

mX
i=1

ait 6=
nX
j=1

bjt:

Íà èíòóèòèâíîì óðîâíå çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè òàêîãî

ðàñïðåäåëåíèÿ ïðîäóêöèè ìåæäó ïîòðåáèòåëÿìè, ÷òîáû ïðè ýòîì âû-

ïîëíÿëèñü óñëîâèÿ:

1) äëÿ áîëüøèíñòâà ïðåäïðèÿòèé èëè, ïî êðàéíåé ìåðå, äëÿ ïðåä-

ïðèÿòèé ñ áîëüøèì ïðèîðèòåòîì óäîâëåòâîðåíà èõ ïîòðåáíîñòü ïî êâàð-

òàëàì;

2) îáúåì ïðåæäåâðåìåííî ïîñòàâëåííîé ïðîäóêöèè äîëæåí áûòü ïî

âîçìîæíîñòè ìåíüøèì (ýòî óñëîâèå ìîæíî èíòåðïðåòèðîâàòü êàê ìè-

íèìèçàöèþ çàòðàò íà õðàíåíèå ïðåæäåâðåìåííî ïðîèçâåäåííîé ïðîäóê-

öèè);

3) òðàíñïîðòíûå èçäåðæêè ìèíèìàëüíû ïî ñðàâíåíèþ ñ äðóãèìè

ðàñïðåäåëåíèÿìè, óäîâëåòâîðÿþùèìè ïåðâûì äâóì óñëîâèÿì;

4) ïîòðåáèòåëè â òå÷åíèå âñåãî ïëàíèðóåìîãî ïåðèîäà äîëæíû ïî

âîçìîæíîñòè ïðèêðåïëÿòüñÿ ê îäíîìó ïîñòàâùèêó.

Öåëü íàøåé ðàáîòû � â ïîñòðîåíèè ìîäåëè, îòðàæàþùåé èíòóèòèâ-

íîå ñîäåðæàíèå çàäà÷è, è ðàçðàáîòêå ìåòîäà åå ðåøåíèÿ.

2. Ââåäåì îáîçíà÷åíèÿ: �jt � îáúåì ïðîäóêöèè, ÿâëÿþùåéñÿ ñïðîñîì

ïîòðåáèòåëÿ j çà ïåðâûå t êâàðòàëîâ; �jt =
tP

�=1

bj� , t = 1; : : : ; T ; �it

� îáúåì ïðîäóêöèè, ïðîèçâîäèìîé ïðåäïðèÿòèåì i çà ïåðâûå t êâàðòà-

ëîâ; �it =
tP

�=1

ai� , t = 1; : : : ; T ; xijt � îáúåì ïðîäóêöèè, ïîñòàâëÿåìîé

ïðåäïðèÿòèåì i ïîòðåáèòåëþ j çà ïåðâûå t êâàðòàëîâ.

Ïðåäïîëîæèì, ÷òî âñå �jt 6= 0, íî ýòî îãðàíè÷åíèå, êàê áóäåò âèä-

íî èç äàëüíåéøåãî, íå ÿâëÿåòñÿ ñóùåñòâåííûì è ââåäåíî íàìè ëèøü

äëÿ ïðîñòîòû èçëîæåíèÿ. Îêîí÷àòåëüíûå ðåçóëüòàòû ñïðàâåäëèâû äëÿ

�jt � 0.
Âåëè÷èíó xijt

Æ
�jt íàçîâåì ñòåïåíüþ îáåñïå÷åííîñòè ïîòðåáèòåëÿ j

ïðåäïðèÿòèåì i çà ïåðâûå t êâàðòàëîâ.
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Ïðè ïîñòðîåíèè ìîäåëè äîïîëíèì ïîñòàíîâêó çàäà÷è, íå èçìåíÿÿ

ñóùåñòâåííî åå ýêîíîìè÷åñêîãî ñîäåðæàíèÿ, ñëåäóþùèìè óñëîâèÿìè:

1) ïðåæäåâðåìåííî ïðîèçâåäåííàÿ ïðîäóêöèÿ ïðåäïðèÿòèÿ õðàíèò-

ñÿ íà åãî ñêëàäàõ, ò. å. ïîòðåáèòåëè íå ïîëó÷àþò èçëèøêà ïðîäóêöèè

mX
i=1

xijt � �jt; t = 1; : : : ; T � 1;

2) ñòåïåíü îáåñïå÷åííîñòè ïîòðåáèòåëÿ íå óáûâàåò ñî âðåìåíåì

xijt

�jt
� xijt�1

�jt�1
; t = 2; : : : ; T: (1)

Ââåäåì øòðàôíûå êîýôôèöèåíòû:Rjt � øòðàô çà íåäîïîñòàâêó åäè-

íèöû ïðîäóêöèè ïîòðåáèòåëþ j â êîíöå êâàðòàëà t; eit � øòðàô çà íà-

ëè÷èå åäèíèöû íåðàñïðåäåëåííîé ïðîäóêöèè íà ïðåäïðèÿòèè i â êîíöå

êâàðòàëà t, à !it � å¼ îáúåì.

Ìîäåëü îïèñûâàåòñÿ ñëåäóþùåé çàäà÷åé ëèíåéíîãî ïðîãðàììèðîâà-

íèÿ

min

n;mX
j;i=1

cijxijT +

n;T�1X
j;t=1

Rjt

 
�jt �

mX
i=1

xijt

!
+

m;T�1X
i;t=1

eit!it; (2)

mX
i=1

xijT = bj ; j = 1; : : : ; n; (3)

nX
j=1

xijT = ai; i = 1; : : : ;m; (4)

�jt�1xijt � �jtxijt�1; i = 1; : : : ;m; j = 1; : : : ; n; t = 2; : : : ; T; (5)

nX
j=1

xijt + !it = �it; i = 1; : : : ;m; t = 2; : : : ; T � 1; (6)

mX
i=1

xijt � �it; j = 1; : : : ; n; t = 1; : : : ; T � 1; (7)

xijt � 0; t = 1; : : : ; T; i = 1; : : : ;m; j = 1; : : : ; n; (8)

!it � 0; t = 1; : : : ; T � 1; i = 1; : : : ;m: (9)
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Îãðàíè÷åíèÿ (5), èìåþùèå ñìûñë è äëÿ �jt = 0, ñîîòâåòñòâóþò (1).
Õîòÿ íåðàâåíñòâî xijt+1 � xijt íå ââåäåíî ôîðìàëüíî â ñïèñîê îãðàíè-

÷åíèé çàäà÷è, îäíàêî îíî ÿâëÿåòñÿ ñëåäñòâèåì (5), (7) è (8), ïîñêîëüêó

�jt+1 � �jt.

Óñëîâèå (5) çàïðåùàåò ïðåðûâàòü îáñëóæèâàíèå ïîòðåáèòåëÿ äàí-

íûì ïîñòàâùèêîì, ÷òî "ñïîñîáñòâóåò" âûïîëíåíèþ òðåáîâàíèÿ 4). Áî-

ëåå òî÷íàÿ ôîðìóëèðîâêà 4) ïðèâîäèò ê çàäà÷å öåëî÷èñëåííîãî ïðî-

ãðàììèðîâàíèÿ, ïîëó÷åíèå óäîâëåòâîðèòåëüíîãî ðåøåíèÿ êîòîðîé áûëî

áû âåñüìà ïðîáëåìàòè÷íûì â ñëó÷àå áîëüøîé ðàçìåðíîñòè çàäà÷è.

Ïåðåõîäèì ê îïèñàíèþ ìåòîäà ðåøåíèÿ çàäà÷è (2)�(9). Îíî áóäåò

ïðîèçâîäèòüñÿ â äâà ýòàïà: íà ïåðâîì îïðåäåëÿåòñÿ ñõåìà îïòèìàëüíî-

ãî ïðèêðåïëåíèÿ ïîòðåáèòåëåé ê ïîñòàâùèêàì, íà âòîðîì � îáúåìû ïî-

êâàðòàëüíûõ ïîñòàâîê xijt. Íàõîæäåíèå ñõåìû îïòèìàëüíîãî ïðèêðåï-

ëåíèÿ ïîòðåáèòåëåé ñâîäèòñÿ, êàê è â ñëó÷àå êëàññè÷åñêîé òðàíñïîðò-

íîé çàäà÷è, ê ðåøåíèþ äâîéñòâåííîé çàäà÷è 1.

3. Ïðåæäå ÷åì ïåðåéòè ê äâîéñòâåííîé çàäà÷å, çàïèøåì (2)�(9) â

ýêâèâàëåíòíîé ôîðìå

min

n;mX
j;i=1

cijxijT +

n;T�1X
j;�=1

 
�X
t=1

�jt; Rjt

! 
mX
i=1

yij�

!
+

m;T�1X
i;t=1

eit!it; (10)

mX
i=1

xijT = bj ; j = 1; : : : ; n; (11)

nX
j=1

xijT = ai; i = 1; : : : ;m; (12)

nX
j=1

�jt

t�1X
�=0

yij� + !it = �it; i = 1; : : : ;m; t = 1; : : : ; T � 1; (13)

� 1

bj
xijT +

T�1X
�=0

yij� = 0; i = 1; : : : ;m; j = 1; : : : ; n; (14)

xijT � 0; i = 1; : : : ;m; j = 1; : : : ; n; (15)

1Ïîä ñõåìîé îïòèìàëüíîãî ïðèêðåïëåíèÿ ìû ïîíèìàåì âûäåëåíèå ïàð èíäåêñîâ
(i; j), äëÿ êîòîðûõ xijT > 0.
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yij� � 0; i = 1; : : : ;m; j = 1; : : : ; n; � = 0; : : : ; T � 1; (16)

!it � 0; i = 1; : : : ;m; t = 1; : : : ; T � 1: (17)

Íåòðóäíî ïîêàçàòü, ÷òî çàäà÷à (10)�(17) ýêâèâàëåíòíà (2)�(9), ïðè-

÷åì ðåøåíèå xijt äëÿ (2)�(9) îïðåäåëÿåòñÿ êàê

xijt = �jt

t�1X
�=0

yij� ; i = 1; : : : ;m; j = 1; : : : ; n; t = 1; : : : ; T; (18)

ãäå yij� � ðåøåíèå (10)�(17).

Ïîêàæåì, íàïðèìåð, ñïðàâåäëèâîñòü ðàâåíñòâà

T�1X
�=1

 
�X
t=1

�jt; Rjt

! 
mX
i=1

yij�

!
=

T�1X
�=1

Rj� (�j� � exj� ) ;
ãäå

exj� =X
i=1

xij� :

Ïîëîæèâ rj� =
�P
t=1

�jtRjt, � = 1; : : : ; T � 1, j = 1; : : : ;m, è ó÷èòûâàÿ

(18), ïîëó÷àåì

T�1X
�=1

 
�X
t=1

�jtRjt

! 
mX
i=1

yij�

!
=

=

T�1X
�=1

rj�

mX
i=1

�
xij�+1

�j�+1
� xij�

�j�

�
=

=

T�1X
�=1

rj�

�exj�+1 � �j�+1

�j�+1
� exj� � �j�

�j�

�
=

=
T�1X
�=1

rj�

�
�j� � exj�

�j�

�
�
T�1X
�=1

rj�

�
�j�+1 � exj�+1

�j�+1

�
=

=

T�1X
�=1

rj�

�
�j� � exj�

�j�

�
�
T�1X
�=1

(rj�+1 � �j�+1Rj�+1)

�
�j�+1 � exj�+1

�j�+1

�
=
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= rj1
�j1 � exj1
�j1

+

T�1X
�=2

Rj� (�j� � exj� ) = T�1X
�=1

Rj� (�j� � exj� ) :
Îáîçíà÷èì ÷åðåç vj , uiT , uit, zij äâîéñòâåííûå ïåðåìåííûå, ñîîòâåòñòâó-

þùèå îãðàíè÷åíèÿì (11)�(14). Òîãäà çàäà÷à, äâîéñòâåííàÿ ê (10)�(17),

áóäåò

max
X
j=1

bjvj �
m;TX
i;t=1

�ituit; (19)

vj � cij +
1

bj
zij + uiT ; i = 1; : : : ;m; j = 1; : : : ; n; (20)

zij �
T�1X
t=1

�jtuit; i = 1; : : : ;m; j = 1; : : : ; n; (21)

zij �
�X
t=1

�jtRjt +

T�1X
t=�+1

�jtuit; i = 1; : : : ;m; j = 1; : : : ; n;

� = 1; : : : ; T � 2; (22)

zij �
T�1X
t=1

�jtRjt; i = 1; : : : ;m; j = 1; : : : ; n; (23)

uit � �eit; i = 1; : : : ;m; t = 1; : : : ; T � 1:(24)

Ïóñòü v�j , u
�
it, z

�
ij � ðåøåíèå çàäà÷è (19)� (24). Òîãäà, î÷åâèäíî, âû-

ïîëíÿåòñÿ ñîîòíîøåíèå

v�j = min
i=1;:::;m

�
cij +

1

bj
z�ij + u�iT

�
: (25)

Îáîçíà÷èì ÷åðåç I�(j) ìíîæåñòâî èíäåêñîâ i, ïðè êîòîðûõ äîñòèãà-
åòñÿ ìèíèìóì â ïðàâîé ÷àñòè ôîðìóëû (25).

Ïîñêîëüêó ïåðåìåííûå çàäà÷è (10)�(17) xijT ÿâëÿþòñÿ äâîéñòâåí-

íûìè äëÿ ñèñòåìû îãðàíè÷åíèé (20), òî xijT > 0 ëèøü äëÿ i 2 I�(j).
Ïîýòîìó I�(j) � ìíîæåñòâî íîìåðîâ ïðåäïðèÿòèé, ê êîòîðûì ïðèêðåï-

ëÿåòñÿ ïîòðåáèòåëü j. Òàêèì îáðàçîì, äëÿ îïðåäåëåíèÿ ñõåìû îïòè-

ìàëüíîãî ïðèêðåïëåíèÿ ïîòðåáèòåëåé ê ïóíêòàì ïðîèçâîäñòâà äîñòà-

òî÷íî ðåøèòü äâîéñòâåííóþ çàäà÷ó (19)�(24). Îòìåòèì, ÷òî â ñëó÷àå
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Rjt = 0, eit = 0, i = 1; : : : ;m; j = 1; : : : ; n; t = 1; : : : ; T � 1, çàäà-
÷å (19)�(24) ñîîòâåòñòâóåò äâîéñòâåííàÿ ê êëàññè÷åñêîé òðàíñïîðòíîé

çàäà÷å, îïðåäåëÿåìîé ïàðàìåòðàìè cij ; ai; bj .

4. Äëÿ ðåøåíèÿ çàäà÷è (19)�(24) ïðèìåíÿåì ñõåìó äåêîìïîçèöèè

ïî ìíîæåñòâó ïåðåìåííûõ. Çàôèêñèðîâàâ ïåðåìåííûå uit, ïðèõîäèì ê

ñëåäóþùåìó

max

nX
j=1

bjvj ; (26)

vj � cij +
1

bj
zij + ui� ; i = 1; : : : ;m; j = 1; : : : ; n;

zij � rij� (u); i = 1; : : : ;m; j = 1; : : : ; n; � = 0; : : : ; T � 1;

ãäå

rij0(u) =

T�1X
t=1

�jtuit;

rij� (u) =
�X
t=1

�jtRjt +
T�1X
t=�+1

�jtuit; � = 1; : : : ; T � 2;

rij��1(u) =

T�1X
t=1

�jtRjt:

Ðåøåíèå (26) îïðåäåëÿåòñÿ, î÷åâèäíî, ôîðìóëàìè

zij(u) = min
�=0;:::;T�1

rij� (u); (27)

vj(u) = min
i=1;:::;m

�
cij +

1

bj
zij(u) + uiT

�
: (28)

Òàêèì îáðàçîì, (19)�(24) ñâîäèòñÿ ê çàäà÷å ìàêñèìèçàöèè êóñî÷íî�

ëèíåéíîé âîãíóòîé ôóíêöèè eF (u)
eF (u) = nX

j=1

bjvj(u)�
m;TX
i;t=1

�ituit (29)
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ïðè îãðàíè÷åíèÿõ

uit � �eit; i = 1; : : : ;m; t = 1; : : : ; T � 1: (30)

Ðàññìîòðèì çàäà÷ó áåçóñëîâíîé ìàêñèìèçàöèè òàêæå êóñî÷íî�ëè-

íåéíîé âîãíóòîé ôóíêöèè F (u)

max
u

F (u); (31)

ãäå

F (u) =

nX
j=1

bjvj(u)�
m;T�1X
i;t=1

�itmax
n
uit;�eit

o
�

mX
i=1

�iTuiT ;

à vj(u) � ïî ïðåæíåìó îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè (27)�(28).
Ïóñòü eu�� ðåøåíèå (31). Òîãäà íåòðóäíî âèäåòü, ÷òî ðåøåíèå u� çà-

äà÷è (29)�(30) íàõîäèòñÿ êàê

u�it = max
neu�it;�eito; t = 1; : : : ; T � 1; i = 1; : : : ;m;

u�i� = eu�i� :
Èòàê, âûÿâëåíèå ñõåìû ïðèêðåïëåíèÿ ïîòðåáèòåëåé ê ïóíêòàì ïðî-

èçâîäñòâà ñâîäèòñÿ ê çàäà÷å áåçóñëîâíîé ìàêñèìèçàöèè (31) êóñî÷íî�

ëèíåéíîé âîãíóòîé ôóíêöèåé, äëÿ ðåøåíèÿ êîòîðîé ìîæíî ïðèìåíèòü

îäíó èç ìîäèôèêàöèé ìåòîäà îïòèìèçàöèè ñ ðàñòÿæåíèåì ïðîñòðàí-

ñòâà � r-àëãîðèòì [8], îïðîáîâàííûé íà çàäà÷àõ ìèíèìèçàöèè êóñî÷íî-

ãëàäêèõ ôóíêöèé [5,9].

5. Îïðåäåëåíèå ïîñòàâîê xijt ñâîäèòñÿ ê ðåøåíèþ ïðÿìîé çàäà÷è

(10)�(17) ïî íàéäåííîìó ðåøåíèþ äâîéñòâåííîé � (19)�(24).

Îïèøåì îäèí îáùèé ìåòîä ïîëó÷åíèÿ ðåøåíèÿ ïðÿìîé çàäà÷è, à

çàòåì ïîêàæåì åãî ïðèìåíåíèå ê (2)�(9).

Ïóñòü çàäàíà ðàçðåøèìàÿ çàäà÷à âûïóêëîãî ïðîãðàììèðîâàíèÿ,

óäîâëåòâîðÿþùàÿ óñëîâèÿì òåîðåìû Êóíà�Òàêêåðà

min
x2


f(x);

gi(x) � 0; i = 1; : : : ;m: (32)

Çàïèøåì äâîéñòâåííóþ çàäà÷ó

max
�i�0

min
x2


L(x; �); (33)
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ãäå L(x; �) = f(x) +
mP
i=1

�igi(x) � ôóíêöèÿ Ëàãðàíæà.

Ëåãêî ïîêàçàòü, ÷òî ôóíêöèÿ 	(�) = min
x2


L(x; �) âîãíóòà. Ïðåäïîëî-

æèì, ÷òî 	(�) � ñîáñòâåííàÿ ôóíêöèÿ, ò.å. îïðåäåëåíà äëÿ âñåõ � � 0;
äëÿ ýòîãî äîñòàòî÷íî îãðàíè÷åííîñòè 
.

Ïóñòü x(�) � ðåøåíèå (âîîáùå ãîâîðÿ, íå åäèíñòâåííîå) çàäà÷è

min
x2


L(x; �), ò. å. 	(�) = L
�
x(�); �

�
. Òîãäà íåòðóäíî ïîêàçàòü, ÷òî

g
�
x(�)

�
=
�
g1
�
x(�)

�
; : : : ; gm

�
x(�)

��
ÿâëÿåòñÿ îáîáùåííûì ãðàäèåíòîì 	0(�) ôóíêöèè 	(�) â òî÷êå �.

Ïóñòü �� � ðåøåíèå äâîéñòâåííîé çàäà÷è, à x� � ïðÿìîé, ñîîòâåò-

ñòâóþùåå ��, ò.å. âûïîëíÿþòñÿ ñîîòíîøåíèÿ ��i gi (x
�) = 0, i = 1; : : : ;m.

Èç òåîðåìû äâîéñòâåííîñòè ñëåäóåò, ÷òî 	(��) = f (x�).
Ìíîæåñòâî

M (��) =
n
x (��)

�� L�x (��) ; ��� = f (x�)
o
: (34)

Î÷åâèäíî, M (��) � âûïóêëîå çàìêíóòîå ìíîæåñòâî, è òàê êàê

L (x�; ��) = f (x�), òî x� 2 M (��). Ïîýòîìó, åñëè M (��) ñîñòîèò èç

åäèíñòâåííîé òî÷êè (íàïðèìåð, L (x; ��) ñòðîãî âûïóêëà ïî x), òî äëÿ

îïðåäåëåíèÿ x� äîñòàòî÷íî ðåøèòü çàäà÷ó minL (x; ��).
Ðàññìîòðèì ñëó÷àé, êîãäà (32) ÿâëÿåòñÿ çàäà÷åé ëèíåéíîãî ïðîãðàì-

ìèðîâàíèÿ. Ïðåäïîëîæèì, ÷òî âñå ��i > 0 (îãðàíè÷åíèÿ, äëÿ êîòîðûõ

��i = 0, íåñóùåñòâåííû è èõ ìîæíî âûâåñòè èç ôîðìóëèðîâêè ïðÿìîé

çàäà÷è). Äëÿ ðåøåíèÿ äâîéñòâåííîémax (�) ïðèìåíèì ìåòîä îáîáùåí-

íîãî ãðàäèåíòíîãî ñïóñêà

�k+1 = �k + hk	
0
�
�k
�
; k � 1 (35)

ñ ðåãóëèðîâêîé øàãà, îáåñïå÷èâàþùåé ñõîäèìîñòü
n
�k
o
ê ðåøåíèþ ��.

hk � 0; hk ! 0;
1X
k=1

hk =1: (36)

Îïðåäåëèì ïîñëåäîâàòåëüíîñòü
n
xN

o

xN =

NX
k=1

�Nk x
k : (37)
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Çäåñü è äàëåå xk = x
�
�k
�
, �Nk = hk

Æ NP
i=1

hi. Òàê êàê
NP
�Nk = 1,

�Nk � 0, à 
 � âûïóêëîå ìíîæåñòâî, òî xN 2 
.

Ïîêàæåì, ÷òî ëþáàÿ ïðåäåëüíàÿ òî÷êà ex ïîñëåäîâàòåëüíîñòè nxNo
ÿâëÿåòñÿ ðåøåíèåì ïðÿìîé çàäà÷è (32).

Èç çàìêíóòîñòè ìíîæåñòâà 
 ñëåäóåò, ÷òî ex 2 
.
Óñòàíîâèì, ÷òî g (ex) = 0.
Ïîñêîëüêó gi(x) ëèíåéíî, òî

g (xN ) =

NX
k=1

�Nk g
�
xk
�
=

NX
k=1

�Nk 	
0 (�k) :

Èç (35) âûòåêàåò

NX
k=1

�Nk 	
0
�
�k
�
=
�
�N+1 � �1

� . NX
i=1

hi;

ïîýòîìó, ó÷èòûâàÿ, ÷òî �k ! �� è
NP
i=1

hi ! 1, ïîëó÷àåì lim
N!1

g (xN ) =

0, îòêóäà ïîëó÷àåì òðåáóåìûé ðåçóëüòàò.

Äîêàæåì, ÷òî f (ex) = f (x�). Äëÿ çàäà÷è ëèíåéíîãî ïðîãðàììèðîâà-
íèÿ ôóíêöèÿ 	(�) ÿâëÿåòñÿ êóñî÷íî�ëèíåéíîé âîãíóòîé, ñëåäîâàòåëü-

íî, ñóùåñòâóåò òàêàÿ îêðåñòíîñòü D (��) òî÷êè ��, ÷òî äëÿ 8� 2 D (��)
áóäåò âûïîëíÿòüñÿ G (�) � G (��), ãäå G(�) � ìíîæåñòâî îáîáùåííûõ

ãðàäèåíòîâ ôóíêöèè 	(�) â òî÷êå �. Òàê êàê �k ! ��, òî, íà÷èíàÿ

ñ íåêîòîðîãî k, âñå �k 2 D (��). Ïîýòîìó, áåç îãðàíè÷åíèÿ îáùíîñòè

ìîæíî ñ÷èòàòü, ÷òî âñÿ ïîñëåäîâàòåëüíîñòü
n
�k
o
� D

�
�k�
�
.

Âûøå ìû óêàçàëè, ÷òî 	0(�) = g
�
x (�)

�
. Îêàçûâàåòñÿ âåðíî, â íåêî-

òîðîì ñìûñëå, è îáðàòíîå óòâåðæäåíèå: åñëè 	0 (�0) = g
�
x (�1)

�
, òî

x (�1) 2M (�0), ãäå M (�0) îïðåäåëÿåòñÿ àíàëîãè÷íî M (��) â (29). Îò-
ñþäà, ïîñêîëüêó g

�
xk
�
= 	0

�
�k
� � D (��), ñëåäóåò, ÷òî xk 2 M (��).

ÍîM (��) � âûïóêëîå ìíîæåñòâî, ïîýòîìó xN 2M (��), à èç çàìêíóòî-
ñòè M (��) ïîëó÷àåì ex 2 M (��). Ñëåäîâàòåëüíî, f (ex) = f (x�). Èòàê,ex 2 
, g (ex) = 0, f (ex) = f (x�), ò. å. x ÿâëÿåòñÿ ðåøåíèåì (32), ÷òî è

òðåáîâàëîñü äîêàçàòü.

Îïèøåì ñõåìó ïðèìåíåíèÿ èçëîæåííîãî ìåòîäà ïîëó÷åíèÿ ðåøåíèÿ

ïðÿìîé çàäà÷è ïðèìåíèòåëüíî ê ïàðå (10)�(17) è (19)�(24).
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Ïðåæäå âñåãî, âûäåëèì ìíîæåñòâî ïîòðåáèòåëåé, äëÿ êîòîðûõ xijt
íàõîäèòñÿ íåïîñðåäñòâåííî èç ðåøåíèÿ v�, u�, z� çàäà÷è (19)�(24).

Ïóñòü I�(j) � ìíîæåñòâî èíäåêñîâ i, äëÿ êîòîðûõ äîñòèãàåòñÿ ìè-

íèìóì â (28) ïðè u = u�; T �i (j) � ìíîæåñòâî èíäåêñîâ � , äëÿ êîòîðûõ

äîñòèãàåòñÿ ìèíèìóì â (27) ïðè u = u�; I1 � ìíîæåñòâî ïîòðåáèòåëåé,

äëÿ êîòîðûõ I�(j) ñîñòîèò èç åäèíñòâåííîãî ýëåìåíòà, i�(j); W � ìíî-

æåñòâî ïàð èíäåêñîâ (i; j), i 2 I�(j), äëÿ êîòîðûõ T �i (j) ñîñòîèò ëèøü
èç îäíîãî ýëåìåíòà ��ij .

Îïðåäåëèì ìíîæåñòâî

I2 =
n
j
�� j 2 I1; �i�(j); j� 2 Wo:

Íåòðóäíî âèäåòü, ÷òî äëÿ j 2 I2

xijt =

8>>>><
>>>>:

0; t 6= i�(j);

0; t � ��ij ; i = i�(j);

�jt; t > ��ij :

Òàêèì îáðàçîì, ïëàí ïîñòàâîê xijt äëÿ ïîòðåáèòåëåé èç I2 îïðåäåëÿ-

åòñÿ íåïîñðåäñòâåííî èç ðåøåíèÿ äâîéñòâåííîé çàäà÷è (19)�(24). Äëÿ

ðàñ÷åòà îïðåäåëåíèÿ ïëàíà ïîñòàâîê îñòàëüíûõ ïîòðåáèòåëåé íåîáõî-

äèìî ðåøèòü çàäà÷ó (10)�(17), â êîòîðîé ïðåäâàðèòåëüíî èñêëþ÷åíû

ïåðåìåííûå, ñîîòâåòñòâóþùèå ïîòðåáèòåëÿì j èç I2, ò. å. âåëè÷èíû ai,

�it çàìåíåíû íà

 
ai �

P
j2I2

xijT

!
è

 
�it �

P
j2I2

xijt

!
, à èíäåêñ j ïðèíè-

ìàåò çíà÷åíèÿ èç eI = �1; : : : ; n�nI2.
Íåòðóäíî ïîëó÷èòü ñëåäóþùóþ îöåíêó äëÿ en =

���eI��� : en � mT . Íàé-

äÿ ñõåìó îïòèìàëüíîãî ïðèêðåïëåíèÿ ïîòðåáèòåëåé, ïðèõîäèì ê çàäà÷å

òèïà (10)�(17) ñðàâíèòåëüíî íåáîëüøîãî îáúåìà (n = en), äëÿ ðåøåíèÿ

êîòîðîé ïðèìåíèì îïèñàííûé âûøå ìåòîä ïîëó÷åíèÿ ðåøåíèÿ ïðÿìîé

çàäà÷è.

Ôóíêöèþ Ëàãðàíæà äëÿ (10)�(17) áóäåì ñòðîèòü îòíîñèòåëüíî îãðà-

íè÷åíèé (12), (13), îáîçíà÷àÿ, êàê è ðàíüøå, ñîîòâåòñòâóþùèå ìíîæè-

òåëè ÷åðåç uiT è uit. Äëÿ òîãî ÷òîáû ìíîæåñòâî 
 áûëî îãðàíè÷åíî,

ââåäåì äîïîëíèòåëüíîå íåðàâåíñòâî !it � �it, ÿâëÿþùååñÿ ñëåäñòâèåì

ñèñòåìû âñåõ îãðàíè÷åíèé çàäà÷è (10)�(17). Òîãäà äâîéñòâåííàÿ çàäà÷à

áóäåò

max	(u); (38)
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ãäå

	(u) = min
u2


L(x; u):

Çäåñü äëÿ êðàòêîñòè ÷åðåç x îáîçíà÷åíî ìíîæåñòâî ïåðåìåííûõ xijT ,

yijT , vit; 
 çàäàåòñÿ ñèñòåìîé îãðàíè÷åíèé

mX
i=1

xijT = bj ; � 1

bj
xijT +

T�1X
�=0

yij� = 0;

!it � �it; xijT � 0; yijT � 0; vit � 0;

à ôóíêöèÿ Ëàãðàíæà L(x; u) îïðåäåëåíà ñòàíäàðòíûì ñïîñîáîì.

Íåòðóäíî âèäåòü, ÷òî ðåøåíèå x(u) çàäà÷èmin
x2


L(x; u) íàõîäèòñÿ ñëå-

äóþùèì îáðàçîì

!it =

8<
:

�it; uit + eit � 0;

0; uit + eit > 0;

yij� =

8<
:

1; i = i�(j); � = ��(j);

0; i 6= i�(j) èëè � 6= ��(j);

ãäå i�(j), ��(j) � ëþáàÿ ïàðà èíäåêñîâ (i; �), äëÿ êîòîðûõ äîñòèãàåòñÿ

ìèíèìóì â

min
(i;�)

rij� (u):

Çäåñü rij� (u) îïðåäåëåíî òàê æå, êàê â (27)

xijT =

8<
:

bj ; i = i�(j);

0; i 6= i�(j):

Òàêèì îáðàçîì, âû÷èñëåíèå çíà÷åíèé ôóíêöèè 	(u), êàê è åå îáîá-
ùåííîãî ãðàäèåíòà, íå ïðåäñòàâëÿåò òðóäíîñòåé. Ïîýòîìó äëÿ ðåøå-

íèÿ çàäà÷è (38) ìîæíî ïðèìåíèòü àëãîðèòì îáîáùåííîãî ãðàäèåíòíîãî

ñïóñêà è ïî (37) ïîëó÷èòü ðåøåíèå èñõîäíîé çàäà÷è � (10)�(17).

Èçëîæåííàÿ ìîäåëü ðàçðàáîòàíà äëÿ ðåøåíèÿ çàäà÷è ïëàíèðîâàíèÿ

ïîñòàâîê ìåòàëëîêîíñòðóêöèé íà ñòðîèòåëüíûå îáúåêòû Ìèíèñòåðñòâà

ýíåðãåòèêè è ýëåêòðèôèêàöèè ÑÑÑÐ (n � 2000, m � 50, T = 4).
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Â íàñòîÿùåå âðåìÿ ïðîèçâîäèòñÿ ýêñïåðèìåíòàëüíîå èññëåäîâàíèå

ýòîãî àëãîðèòìà. Ðàáîòà âûïîëíåíà â îòäåëå ýêîíîìè÷åñêîé êèáåðíåòè-

êè Èíñòèòóòà êèáåðíåòèêè ÀÍ ÓÑÑÐ. Â ïîñòàíîâêå çàäà÷è ïðèíèìàëè

ó÷àñòèå ñîòðóäíèêè îòäåëà ÀÑÓ Îäåññêîãî ôèëèàëà ÍÈÈ "Îðãýíåðãî-

ñòðîé" Ý. Ä. Áåêêåð è Â. ß. Áðàâåðìàí.

Â çàêëþ÷åíèå îòìåòèì, ÷òî àíàëîãè÷íûé ìåòîä ðåøåíèÿ ìîæåò áûòü

ïðèìåíåí äëÿ äèíàìè÷åñêèõ ðàñïðåäåëèòåëüíûõ çàäà÷ ñ âçàèìîçàìåíÿ-

åìûìè ïðîäóêòàìè è ïðè îòñóòñòâèè òðåáîâàíèÿ îá îáÿçàòåëüíîì óäî-

âëåòâîðåíèè ñïðîñà ïîòðåáèòåëåé çà âåñü ïåðèîä T .
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Ââåäåíèå

Â íàñòîÿùåé ñòàòüå ïðåäñòàâëåíû ðåçóëüòàòû ðàáîò, âûïîëíåííûõ ïî

ïðîåêòó "Ìåòîäû ðåøåíèÿ è àïïðîêñèìàöèè â ñòîõàñòè÷åñêîì ïðîãðàì-

ìèðîâàíèè" â ðàìêàõ ñîòðóäíè÷åñòâà ìåæäó Èíñòèòóòîì èññëåäîâàíèÿ

îïåðàöèé óíèâåðñèòåòà Öþðèõà è Èíñòèòóòîì êèáåðíåòèêè èì. Â. Ì.

Ãëóøêîâà ÍÀÍÓ. Îñíîâíîé öåëüþ ïðîåêòà áûëî ñîçäàíèå ñïåöèàëèçè-

ðîâàííûõ ïðîãðàììíûõ ìîäóëåé äëÿ ðåøåíèÿ çàäà÷ ëèíåéíîãî ñòîõà-

ñòè÷åñêîãî ïðîãðàììèðîâàíèÿ [1] äëÿ ñèñòåìû ìîäåëèðîâàíèÿ SLP�IOR

[2] � [5], ðàçðàáîòàííîé â Èíñòèòóòå èññëåäîâàíèÿ îïåðàöèé óíèâåðñè-

òåòà Öþðèõà.

Â Èíñòèòóòå êèáåðíåòèêè èì. Â.Ì.Ãëóøêîâà íàêîïëåí çíà÷èòåëü-

íûé îïûò ðåøåíèÿ ðàçëè÷íûõ êëàññîâ çàäà÷ ñòîõàñòè÷åñêîãî ïðîãðàì-

ìèðîâàíèÿ [6] � [17] è ýôôåêòèâíîãî ïðèìåíåíèÿ ìåòîäîâ íåãëàäêîé

îïòèìèçàöèè [18] � [20], êîòîðûé èñïîëüçîâàí ïðè ðàçðàáîòêå íîâûõ

ìîäóëåé äëÿ ñèñòåìû SLP�IOR. Ðåàëèçîâàííûå â ýòèõ ìîäóëÿõ áûñò-

ðîñõîäÿùèåñÿ ñóáãðàäèåíòíûå ìåòîäû ìîæíî ïðèìåíÿòü íå òîëüêî äëÿ

ëèíåéíûõ, íî è äëÿ íåëèíåéíûõ çàäà÷ ñòîõàñòè÷åñêîãî ïðîãðàììèðîâà-

íèÿ.

Ïðåäëîæåííûé ïîäõîä áûë ðåàëèçîâàí â âèäå äâóõ ïðîãðàììíûõ

ìîäóëåé äëÿ ðåøåíèÿ çàäà÷ ñòîõàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ ðàç-

íûõ òèïîâ, îïèñàíèþ êîòîðûõ è ïîñâÿùåíà äàííàÿ ñòàòüÿ. Â ðàçä. 1

ïðèâåäåíû ñâåäåíèÿ î ñèñòåìå ìîäåëèðîâàíèÿ SLP�IOR è îïèñàí êëàññ

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ôåäåðàëüíîãî óïðàâëåíèÿ èíîñòðàííûõ äåë è
Íàöèîíàëüíîãî íàó÷íîãî ôîíäà Øâåéöàðèè â ðàìêàõ ïðîãðàììû íàó÷íîãî ñîòðóä-
íè÷åñòâà ìåæäó ãîñóäàðñòâàìè Çàïàäíîé Åâðîïû è íîâûìè íåçàâèñèìûìè ãîñóäàð-
ñòâàìè.
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ìîäåëåé, íà êîòîðûå ðàññ÷èòàíà äàííàÿ âåðñèÿ ñèñòåìû; ðàçä. 2 ïîñâÿ-

ùåí îïèñàíèþ ìåòîäà äåêîìïîçèöèè ïî ïåðåìåííûì è êðàòêîé ñõåìû

r-àëãîðèòìà; â ðàçä. 3 îïèñàíà ñõåìà ðåøåíèÿ ïðîñòåéøèõ äâóõýòàïíûõ

çàäà÷, ðåàëèçîâàííàÿ â íîâîì ìîäóëå; ðàçä. 4 ñîäåðæèò îïèñàíèå ïîäõî-

äà, èñïîëüçîâàííîãî â áëîêå ðåøåíèÿ çàäà÷ ñ ôèêñèðîâàííîé ðåêóðñèåé;

â ðàçä. 5 ïðåäñòàâëåíû ðåçóëüòàòû òåñòèðîâàíèÿ.

1. Ñèñòåìà ìîäåëèðîâàíèÿ SLP�IOR

Âîçíèêíîâåíèå ñèñòåì ìîäåëèðîâàíèÿ êàê îòäåëüíûõ ïðîãðàììíûõ

êîìïëåêñîâ áûëî âûçâàíî íåîáõîäèìîñòüþ óïðîñòèòü è óíèôèöèðîâàòü

ïîäãîòîâêó äàííûõ è îò÷åòîâ ïðè ìîäåëèðîâàíèè, ÷òî îáëåã÷àåò ïðî-

öåññ ïðîãðàììèðîâàíèÿ è äåëàåò ñèñòåìó áîëåå ïîíÿòíîé äëÿ ñïåöèà-

ëèñòîâ äðóãèõ îáëàñòåé � ýêîíîìèñòîâ, ñîöèîëîãîâ è ò.ï.

Cèñòåìà SLP�IOR ðàçðàáîòàíà êàê ñèñòåìà ìîäåëèðîâàíèÿ äëÿ ñïå-

öèàëèñòîâ â îáëàñòè èññëåäîâàíèÿ îïåðàöèé. Äëÿ ðàáîòû ñ ñèñòåìîé

ïîëüçîâàòåëü äîëæåí áûòü çíàêîì ñ îñíîâàìè èññëåäîâàíèÿ îïåðàöèé,

âêëþ÷àÿ ñòîõàñòè÷åñêîå ïðîãðàììèðîâàíèå è, êðîìå òîãî, èìåòü ïðåä-

ñòàâëåíèå î ìåòîäàõ, ðåàëèçîâàíûõ â òîì èëè èíîì áëîêå ðåøåíèÿ çà-

äà÷, ÷òîáû çíàòü, íà êàêèå êëàññû çàäà÷ îíè ðàññ÷èòàíû è ãäå íàèáî-

ëåå ýôôåêòèâíû. Âûáîð êîíêðåòíîãî ïðîãðàììíîãî ìîäóëÿ çàâèñèò íå

òîëüêî îò òèïà ìîäåëè, íî è îò åå ðàçìåðíîñòè è äîñòóïíûõ ðåñóðñîâ

êîìïüþòåðà.

Ïîäðîáíûé ïåðå÷åíü ìåòîäîâ ñòîõàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ,

èñïîëüçîâàííûõ ïðè ñîçäàíèè ñèñòåìû SLP�IOR, ìîæíî íàéòè â [2];

ïîëåçíûìè îêàæóòñÿ òàêæå ðàáîòû [1, 6, 21, 22].

Â ñèñòåìàõ ìîäåëèðîâàíèÿ îáû÷íî ìîæíî âûäåëèòü ÷àñòü, îòâå÷àþ-

ùóþ çà ïîäãîòîâêó àëãåáðàè÷åñêîãî ïðåäñòàâëåíèÿ ìîäåëè è ÷àñòü, ñâÿ-

çàííóþ ñ ðåøåíèåì çàäà÷ êîíêðåòíîãî òèïà. Àâòîðû ñèñòåìû SLP�IOR

â êà÷åñòâå ñðåäñòâà àëãåáðàè÷åñêîãî ïðåäñòàâëåíèÿ ìîäåëè èñïîëüçîâà-

ëè ïàêåò GAMS 2.25 (Îáùàÿ ñèñòåìà àëãåáðàè÷åñêîãî ìîäåëèðîâàíèÿ)

[23], óäåëèâ îñíîâíîå âíèìàíèå ðàçðàáîòêå ñðåäñòâ ðåøåíèÿ ëèíåéíûõ

çàäà÷ ñòîõàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ.

Ïîäðîáíóþ èíôîðìàöèþ î ñèñòåìå ìîäåëèðîâàíèÿ SLP�IOR ìîæíî

íàéòè â [2] � [5].

Ìîäåëè SLP�IOR. Äàííàÿ âåðñèÿ ñèñòåìû SLP�IOR ïðåäíàçíà÷å-

íà äëÿ ðåøåíèÿ äâóõýòàïíûõ çàäà÷ ëèíåéíîãî ñòîõàñòè÷åñêîãî ïðîãðàì-

ìèðîâàíèÿ è çàäà÷ ñ îãðàíè÷åíèÿìè âåðîÿòíîñòíîãî õàðàêòåðà. Äâóõ-
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ýòàïíûå ìîäåëè èìåþò âèä:

min
x
fcTx+E!Q(x; !)g (1)

ïðè ñëåäóþùèõ îãðàíè÷åíèÿõ: ïåðâûé ýòàï �

Ax :R: b; (2)

x 2 [l; u]; (3)

âòîðîé ýòàï �

Q(x; !) = min qT (!)y (4)

ïðè îãðàíè÷åíèÿõ

W (!)y :R: h(!)� T (!)x; (5)

y � 0: (6)

Çäåñü :R: � ëþáîå èç ñîîòíîøåíèé �;�;=; x; y � ïåðåìåííûå çàäà÷

ïåðâîãî è âòîðîãî ýòàïà ñîîòâåòñòâåííî; E � ñèìâîë ìàòåìàòè÷åñêî-

ãî îæèäàíèÿ; q � âåêòîð öåí âòîðîãî ýòàïà (êîýôôèöèåíòû ðåêóðñèè);

c � âåêòîð öåí ïåðâîãî ýòàïà; W (!) � ìàòðèöà ðåêóðñèè; A; T (!) � ìàò-
ðèöû ïðàâûõ ÷àñòåé çàäà÷ ïåðâîãî è âòîðîãî ýòàïîâ; b � ïðàâàÿ ÷àñòü

îãðàíè÷åíèé ïåðâîãî ýòàïà; h(!) - ñëó÷àéíàÿ ïðàâàÿ ÷àñòü îãðàíè÷åíèé
âòîðîãî ýòàïà; ! 2 
 � ýëåìåíò âåðîÿòíîñòíîãî ïðîñòðàíñòâà 
.

Åñëè W (!) = W , çàäà÷à (1)�(6) â òåðìèíîëîãèè [1] íàçûâàåòñÿ çà-

äà÷åé ñ ôèêñèðîâàííîé ðåêóðñèåé. Åñëè, êðîìå òîãî, äëÿ 8z

fyjWy :R: z; y � 0g 6= ;;

çàäà÷à (1)�(6) íàçûâàåòñÿ çàäà÷åé ñ ïîëíîé ðåêóðñèåé, ò. å. îãðàíè÷å-

íèÿ (5) äîïóñòèìû äëÿ ëþáûõ x è !: Â ÷àñòíîì ñëó÷àå, êîãäà ìàòðèöà

ðåêóðñèè èìååò âèä W = (I;�I); I � åäèíè÷íàÿ ìàòðèöà, à :R: â (5)

îçíà÷àåò òîëüêî çíàê ðàâåíñòâà, çàäà÷à (1)�(6) íàçûâàåòñÿ çàäà÷åé ñ

ïðîñòîé ðåêóðñèåé.

Ìîäåëè ñ îáùèì âåðîÿòíîñòíûì îãðàíè÷åíèåì èìåþò âèä

min
x
cTx

ïðè îãðàíè÷åíèè

P (f!jTx � (�)h(!)g) � �

Ax :R: b;
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x 2 [l; u];

ãäå 0 � � � 1 � çàäàííûé óðîâåíü âåðîÿòíîñòè. Ââåäåííûå çäåñü îáîçíà-
÷åíèÿ óêàçûâàþò, ÷òî ëþáîå èç íåðàâåíñòâ �;� ìîæåò èñïîëüçîâàòüñÿ

ïîñòðî÷íî.

Ìîäåëè ñ ðàçäåëåííûìè âåðîÿòíîñòíûìè îãðàíè÷åíèÿìè èìåþò âèä

min
x
cTx

ïðè îãðàíè÷åíèÿõ

P (f!jtTi Tx � (�)hi(!)g) � �i 8i;
Ax :R: b;

x 2 [l; u];

ãäå 0 � �i � 1 � çàäàííûå óðîâíè âåðîÿòíîñòè äëÿ îòäåëüíûõ îãðàíè-

÷åíèé, à ti(!) � i-àÿ ñòðîêà ìàòðèöû T (!)8i.
Äàííàÿ âåðñèÿ ñèñòåìû SLP�IOR ñîäåðæèò ñðåäñòâà ðåøåíèÿ îïè-

ñàííûõ âûøå òèïîâ çàäà÷ ëèíåéíîãî ñòîõàñòè÷åñêîãî ïðîãðàììèðîâà-

íèÿ.

2. Ñõåìà äåêîìïîçèöèè ïî ïåðåìåííûì

è r-àëãîðèòì

Ïðè ðàçðàáîòêå ïðîãðàììíûõ ìîäóëåé äëÿ ñèñòåìû SLP�IOR áûëè èñ-

ïîëüçîâàíû ìåòîäû äåêîìïîçèöèè, îáû÷íî ïðèìåíÿåìûå äëÿ ðåøåíèÿ

çàäà÷ ëèíåéíîãî è âûïóêëîãî ïðîãðàììèðîâàíèÿ áîëüøîé ðàçìåðíî-

ñòè. Â ìàòåìàòè÷åñêîì ïðîãðàììèðîâàíèè ãëàâíûì îáðàçîì ðàññìàò-

ðèâàþòñÿ äâå ñõåìû äåêîìïîçèöèè: ïî îãðàíè÷åíèÿì è ïî ïåðåìåííûì.

Äðóãèå, áîëåå ñëîæíûå ñõåìû äåêîìïîçèöèè êàê ïðàâèëî ìîæíî èíòåð-

ïðåòèðîâàòü êàê ñóïåðïîçèöèþ ýòèõ îñíîâíûõ ñõåì.

Ïðèâåäåì, ñîãëàñíî [19] , ñõåìó äåêîìïîçèöèè ïî ïåðåìåííûì, êîòî-

ðàÿ ïðèìåíÿëàñü ïðè ñîçäàíèè ïðîãðàììíûõ ìîäóëåé ê ñèñòåìå SLP�

IOR.

1. Ðàññìîòðèì çàäà÷ó âûïóêëîãî ïðîãðàììèðîâàíèÿ, ïåðåìåííûå â

êîòîðîé ðàçáèòû íà äâà ïîäìíîæåñòâà. Òðåáóåòñÿ íàéòè

inf
x;y

f0(x; y); (7)

ïðè îãðàíè÷åíèÿõ

fi(x; y) � 0; i = 1; : : : ; n; (8)
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ãäå x è y - âåêòîðû ïåðåìåííûõ:

x = (x(1); : : : ; x(l)); y = (y(1); : : : ; y(m));

à f0 è fi; i = 1; : : : ; n; � âûïóêëûå ôóíêöèè (l + m)-ìåðíîãî âåêòîðà

z = (x; y) 2 El � Em. Çàôèêñèðóåì x = x è ðàññìîòðèì ñëåäóþùóþ

çàäà÷ó: íàéòè

inf
y
f0(x; y) (9)

ïðè îãðàíè÷åíèÿõ

fi(x; y) � 0; i = 1; : : : ; n: (10)

Çàäà÷à (9), (10) ÿâëÿåòñÿ çàäà÷åé âûïóêëîãî ïðîãðàììèðîâàíèÿ.

Äëÿ çíà÷åíèé x, äëÿ êîòîðûõ ðåøåíèå çàäà÷è (9), (10) ñóùåñòâóåò, îïðå-

äåëèì ôóíêöèþ � ñëåäóþùèì îáðàçîì:

�(x) = inf
y2D(x)

f0(x; y); (11)

ãäå D(x) � ìíîæåñòâî âñåõ y, óäîâëåòâîðÿþùèõ (10). Äîêàçàòåëüñòâî

ñëåäóþùåé òåîðåìû ìîæíî íàéòè, íàïðèìåð, â [19].

Òåîðåìà. Åñëè fi; i = 0; 1; : : : ; n � âûïóêëûå ôóíêöèè è çàäà÷à (7),

(8) èìååò îïòèìàëüíîå ðåøåíèå z� = (x�; y�), òî ôóíêöèÿ �; îïðåäå-
ëåííàÿ â (11), ÿâëÿåòñÿ âûïóêëîé (êîíå÷íî îïðåäåëåííîé íà íåêîòîðîì

âûïóêëîì ïîäìíîæåñòâå W â El). Åñëè äëÿ íåêîòîðîãî x 2 intW äëÿ

(10) âûïîëíÿåòñÿ óñëîâèå Ñëåéòåðà, òî ñóáãðàäèåíò � â òî÷êå x = x

ìîæíî âû÷èñëèòü ïî ôîðìóëå

g�(x) = gLx
u
(x; y(x)); (12)

ãäå

Lu(x; y) = f0(x; y) +

nX
i=1

uifi(x; y);

y(x) � îäíî èç îïòèìàëüíûõ çíà÷åíèé y çàäà÷è (9)�(10), u = fuig � ìíî-
æèòåëè Ëàãðàíæà äëÿ (9), (10), ïîëó÷åííûå ïî òåîðåìå Êóíà�Òàêêåðà,

à gLx
u
(x; y(x)) � ýòî ïðîåêöèÿ ñóáãðàäèåíòà ôóíêöèè Lu(z) = Lu(x; y) íà

ïîäïðîñòðàíñòâî El(x) , èìåþùåå íóëåâóþ ïðîåêöèþ íà ïîäïðîñòðàíñòâî

Em(y) (ñóáãðàäèåíò áåðåòñÿ â òî÷êå z = (x; y(x))):
Ñëåäñòâèå. Åñëè â ýòîé òåîðåìå äîïîëíèòåëüíî ïðåäïîëîæèòü, ÷òî

fi(x; y); i = 0; 1; : : : ; n; íåïðåðûâíî äèôôåðåíöèðóåìû ïî y; òî ôîðìóëó

(12) ìîæíî óïðîñòèòü:

g�(x) = gxf0(x; y(x)) +

nX
i=1

ui(x)g
x
fi
(x; y(x)); (13)
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ãäå gxfi(x; y(x)) � ïðîåêöèè ïðîèçâîëüíûõ ñóáãðàäèåíòîâ f â z = (x; y(x))

íà El(x); i = 0; 1; : : : ; n:

Ôîðìóëà (13) ïîçâîëÿåò ñòðîèòü àëãîðèòìû äëÿ ðåøåíèÿ çàäà÷ âû-

ïóêëîãî ïðîãðàììèðîâàíèÿ (â ÷àñòíîñòè, ëèíåéíîãî ïðîãðàììèðîâà-

íèÿ) ñ ïîìîùüþ äåêîìïîçèöèè ïî ïåðåìåííûì. Äî ñèõ ïîð ïðåäïîëà-

ãàëîñü, ÷òî çàäà÷ó (9), (10) ìîæíî ðåøèòü çà êîíå÷íîå ÷èñëî øàãîâ,

ïîëó÷èòü ìíîæèòåëè Ëàãðàíæà u = fuig; è âû÷èñëèòü "÷àñòíûå" ñóá-

ãðàäèåíòû gxfi ; i = 0; : : : ; n: Ýòî ïðåäïîëîæåíèå âûïîëíÿåòñÿ, íàïðèìåð,
åñëè (9), (10) � çàäà÷à ëèíåéíîãî èëè êâàäðàòè÷íîãî ïðîãðàììèðîâà-

íèÿ. Äîïîëíèòåëüíûå òðóäíîñòè âîçíèêàþò, êîãäà çàäà÷à (9), (10) íå

èìååò ðåøåíèé ïðè íåêîòîðûõ x. Îáû÷íûé ñïîñîá ïðåîäîëåòü ýòó òðóä-

íîñòü çàêëþ÷àåòñÿ â ïðèìåíåíèè øòðàôíûõ ôóíêöèé, ïðè ýòîì çàäà÷à

(7)�(8) çàìåíÿåòñÿ ñëåäóþùåé: íàéòè

min
x;y;v

f0(x; y) +M

nX
i=1

vi

ïðè îãðàíè÷åíèÿõ

fi(x; y)� vi � 0; vi � 0;

ãäå M � äîñòàòî÷íî áîëüøîå ïîëîæèòåëüíîå ÷èñëî. Çàäà÷à (9), (10)

ñâîäèòñÿ ê çàäà÷å íàõîæäåíèÿ

min
y;v

"
f0(x; y) +M

nX
i=1

vi

#
(14)

ïðè îãðàíè÷åíèÿõ

fi(x; y)� vi � 0; vi � 0; i = 1; : : : ; n: (15)

Î÷åâèäíî, ÷òî äëÿ ëþáîãî x çàäà÷à (14), (15) èìååò íåïóñòîå äîïóñòèìîå

ìíîæåñòâî, êîòîðîå óäîâëåòâîðÿåò óñëîâèþ Ñëåéòåðà.

Òàêèì îáðàçîì, ìû ìîæåì ïîëàãàòü, ÷òî çàäà÷à (7), (8) ïðèâåäåíà

ê âèäó, â êîòîðîì ôóíêöèÿ �(x) îïðåäåëåíà äëÿ âñåõ x, è ìîæíî âû-

÷èñëèòü ñóáãðàäèåíò g�(x) â ëþáîé òî÷êå x; ò. e. äëÿ ìèíèìèçàöèè �
ìîæíî èñïîëüçîâàòü ñóáãðàäèåíòíûé àëãîðèòì. Òàêèì îáðàçîì, ïîëó-

÷åíà ñõåìà ðåøåíèÿ çàäà÷è (7), (8), ãäå íà k�é èòåðàöèè âûïîëíÿþòñÿ

òàêèå øàãè:

1) äëÿ ðàíåå âû÷èñëåííîãî x = xk ðåøàåòñÿ çàäà÷à (9)�(10) è íàõî-

äÿòñÿ ìíîæèòåëè Ëàãðàíæà u(xk) = fui(xk)g;
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2) âû÷èñëÿåòñÿ âåêòîð g�(xk) ñîãëàñíî (12), èëè, åñëè ýòî âîçìîæíî,
ñîãëàñíî (13),

3) âû÷èñëÿåòñÿ xk+1 ñ ïîìîùüþ îáû÷íîãî ñóáãðàäèåíòíîãî ïðîöåññà

èëè äðóãîãî ñóáãðàäèåíòíîãî ìåòîäà (íàïðèìåð, r-aëãîðèòìà).

Îïèøåì áîëåå ïîäðîáíî âû÷èñëåíèå ñóáãðàäèåíòà â ÷àñòíîì ñëó÷àå,

êîãäà (7)�(8) ÿâëÿåòñÿ çàäà÷åé ëèíåéíîãî ïðîãðàììèðîâàíèÿ. Ïðåäïî-

ëîæèì, íóæíî íàéòè

max [(c; x) + (d; y)]

ïðè îãðàíè÷åíèÿõ

Ax +By � e; x � 0; y � 0;

ãäå x è y � âåêòîðíûå ïåðåìåííûå ðàçìåðíîñòè l è m; ñîîòâåòñòâåííî,

A � ìàòðèöà ðàçìåðà n� l, B � ìàòðèöà ðàçìåðà n�m; c; d è e � ôèêñè-
ðîâàííûå âåêòîðû ðàçìåðíîñòè l;m è n; ñîîòâåòñòâåííî. Çàôèêñèðóåì

x = x è ðàññìîòðèì çàäà÷ó: íàéòè

max
y

[(c; x) + (d; y)]

ïðè îãðàíè÷åíèÿõ

By � e�Ax; y � 0;

è äâîéñòâåííóþ åé: íàéòè

min
v
(e�Ax; v); (16)

ïðè îãðàíè÷åíèÿõ

BT v � d; (17)

v � 0; (18)

ãäå v � âåêòîð ïåðåìåííûõ ðàçìåðíîñòè n; BT � òðàíñïîíèðîâàííàÿ

ìàòðèöà B:

Ïóñòü v(x) � ðåøåíèå (16)�(18), à �j � j-ÿ ñòðîêà ìàòðèöû A (j =
1; : : : ; l):

Òîãäà j-é ýëåìåíò âåêòîðà g(x) ðàçìåðíîñòè l îïðåäåëÿåòñÿ ñëåäóþ-
ùèì îáðàçîì:

gj(x) = (��j ; v(x)) + cj ; g(x) = (g1(x); : : : ; gl(x));

ãäå cj � j-é ýëåìåíò âåêòîðà c:
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2. r-àëãîðèòì. Äëÿ ìèíèìèçàöèè ôóíêöèè �(x) â (11) òðåáóåò-

ñÿ ýôôåêòèâíûé ïî ÷èñëó âû÷èñëåíèé ôóíêöèè è åå ãðàäèåíòà ìåòîä

îïòèìèçàöèè íåãëàäêèõ ôóíêöèé. Òàêîìó òðåáîâàíèþ óäîâëåòâîðÿåò

r-àëãîðèòì [18]�[20]. Ïðèâåäåì êðàòêîå îïèñàíèå r-àëãîðèòìà, ïðèìå-

íèòåëüíî ê ðåøåíèþ çàäà÷è ìèíèìèçàöèè âûïóêëîé ôóíêöèè f(x) ,
îïðåäåëåííîé íà n-ìåðíîì ïðîñòðàíñòâå En è îáëàäàþùåé ñâîéñòâîì

f(x)! +1 ïðè kxk ! 1:

Ïðè îïèñàíèè àëãîðèòìà áóäåì èñïîëüçîâàòü îïåðàòîð R�(�) ðàñòÿ-
æåíèÿ (ñæàòèÿ) ïðîñòðàíñòâà ñ êîýôôèöèåíòîì � � 1 (0 < � < 1) â
íàïðàâëåíèè �; k�k = 1; ò.å.

R�(�)x = x+ (�� 1)(x; �)�:

Îáîçíà÷èì gf (x) ñóáãðàäèåíò ôóíêöèè f â òî÷êå x.

Ðàññìîòðèì îáùóþ ñõåìó r-àëãîðèòìà.

0-é øàã. Çàäàíû íà÷àëüíàÿ òî÷êà x0 2 En è íåâûðîæäåííàÿ ìàòðèöà
B0 ðàçìåðà n� n (íàïðèìåð, B0 = In (åäèíè÷íàÿ ìàòðèöà)).

1-é øàã. Âû÷èñëÿåì:

g0 = gf (x0); ~g0 = BT0 g0; �0 =
~g0
k~g0k ;

x1 = x0 � h0B0�0 (h0 > 0 � øàãîâûé ìíîæèòåëü ):

Çàïîìèíàåì x1; gf (x0); B0. Ïîñëå k øàãîâ èìååì: xk 2 En;
gf (xk�1) 2 En; ìàòðèöó Bk�1 ðàçìåðà n� n:

(k+1)-é øàã. Âû÷èñëÿåì:

1) gf (xk); dk = gf (xk)� gf (xk�1);

2) rk = BTk dk; �k =
rk
krkk

;

3) Bk = Bk�1R�k (�k); 0 < �k < 1;

4) xk+1 = xk � hkBkpk;

ãäå pk =
~gk
k~gkk

; ~gk = BTk gf (xk); hk > 0 � k-é øàãîâûé ìíîæèòåëü.

Çàïîìèíàåì xk+1; gf (xk); Bk. Åñëè âûïîëíåí êðèòåðèé îñòàíîâà

� ïðîöåäóðà çàâåðøàåòñÿ; â ïðîòèâíîì ñëó÷àå ïåðåõîäèì ê ñëåäó-

þùåìó øàãó.
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Êîììåíòàðèé. Ïóñòü Ak�1 � ïîëó÷èâøàÿñÿ ìàòðèöà ïðåîáðàçî-

âàíèÿ ïðîñòðàíñòâà ïîñëå k øàãîâ r-àëãîðèòìà: y = Ak�1x, èëè x =
Bk�1y, ãäå Bk�1 = A�1k�1, è 'k(y) = f(Bk�1y). Ïîñêîëüêó g'k(y) =

BTk�1gf (x), rk ÿâëÿåòñÿ ðàçíîñòüþ äâóõ ñóáãðàäèåíòîâ ôóíêöèè 'k, âçÿ-

òûõ â òî÷êàõ yk = Ak�1xk è ~yk�1 = Ak�1xk�1. Òàêèì îáðàçîì, �k �

íîðìèðîâàííîå íàïðàâëåíèå ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ ñóáãðà-

äèåíòîâ ïðåîáðàçîâàííîé ôóíêöèè 'k(y). Â ýòîì íàïðàâëåíèè ïðîèç-

âîäèòñÿ ðàñòÿæåíèå ïðåîáðàçîâàííîãî ïðîñòðàíñòâà è ïîëó÷àåòñÿ ðå-

çóëüòèðóþùàÿ ìàòðèöà Ak = R�k (�k)Ak�1. Îáðàòíàÿ ìàòðèöà Bk =
Bk�1R�k(�k); �k = 1=�k. Ðàññìîòðèì 'k+1(y) = f(Bky) è âûïîëíèì

øàã ïî ñóáãðàäèåíòó äëÿ ôóíêöèè 'k+1(y) èç ~yk = Bkxk:

yk+1 = ~yk � hk
BTk gf (xk)

kBTk gf (xk)k
:

Â èñõîäíîì ïðîñòðàíñòâå òî÷êå yk+1 ñîîòâåñòâóåò òî÷êà xk+1 = Bkyk+1;
ïîýòîìó

xk+1 = xk � hkBk
BTk gf (xk)

kBTk gf (xk)k
:

Òàêèì îáðàçîì, âû÷èñëåíû xk+1; gf (xk); Bk è ìîæíî ïåðåõîäèòü ê

ñëåäóþùåé èòåðàöèè.

Ñåìåéñòâî r-àëãîðèòìîâ èìååò äâå ïîñëåäîâàòåëüíîñòè ïàðàìåòðîâ:

f�kg1k=1 è fhkg1k=1. ×òîáû ïîëó÷èòü�õîðîøóþ� ñõîäèìîñòü ê òî÷êå îïòè-

ìóìà f(x), ïðè ìèíèìèçàöèè íåãëàäêèõ âûïóêëûõ ôóíêöèé ðåêîìåíäó-
åòñÿ èñïîëüçîâàòü ïîñòîÿííûé êîýôôèöèåíò ðàñòÿæåíèÿ ïðîñòðàíñòâà

�k = �; � 2 [2; 4]: Âûáîð çíà÷åíèé øàãîâîãî ìíîæèòåëÿ hk îïðåäåëÿåò-
ñÿ ñïåöèàëüíîé àäàïòèâíîé ïðîöåäóðîé, îáåñïå÷èâàþùåé ñðàâíèòåëüíî

íåáîëüøîå êîëè÷åñòâî âû÷èñëåíèé çíà÷åíèé ôóíêöèè ïðè îäíîìåðíîì

ñïóñêå (ñì. [18] � [20]).

3. Ïðîãðàììû äëÿ ðåøåíèÿ äâóõýòàïíûõ

çàäà÷ ñ ïðîñòîé ðåêóðñèåé

Íàïîìíèì, ÷òî â çàäà÷àõ ñ ïðîñòîé ðåêóðñèåé â ïîñòàíîâêå (1)�(6) ìàò-

ðèöà ðåêóðñèè èìååò âèäW = (I;�I); ãäå I � åäèíè÷íàÿ ìàòðèöà, à .R.
â (2) îçíà÷àåò òîëüêî çíàê ðàâåíñòâà.

Ïðåäïîëàãàåòñÿ, ÷òî ñëó÷àéíûå âåëè÷èíû â çàäà÷å ÿâëÿþòñÿ íåçàâè-

ñèìûìè è õàðàêòåðèçóþòñÿ êîíå÷íûì äèñêðåòíûì ýìïèðè÷åñêèì ðàñ-

ïðåäåëåíèåì, ïðè÷åì ñòîõàñòè÷åñêàÿ òîëüêî ïðàâàÿ ÷àñòü.
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Ðàññìàòðèâàåòñÿ äâóõýòàïíàÿ çàäà÷à còîõàñòè÷åñêîãî ïðîãðàììèðî-

âàíèÿ: íàéòè

minfF (x) + cTx+
X
w2


p(w)[q+
T
y+(x;w) + q�

T
y�(x;w)]g (19)

ïðè ñëåäóþùèõ îãðàíè÷åíèÿõ: ïåðâûé ýòàï �

f I(x) +Ax � b; (20)

l � x � u; (21)

âòîðîé ýòàï �

y+ � y� = h(w)� (f II(x) + Tx); (22)

y+; y� � 0; (23)

ãäå F (x) � íåëèíåéíàÿ âûïóêëàÿ ôóíêöèÿ ïî ïåðåìåííûì x; f I(x);
f II(x) � âåêòîðû íåëèíåéíûõ âûïóêëûõ ôóíêöèé ïî ïåðåìåííûì x äëÿ

îãðàíè÷åíèé ïåðâîãî è âòîðîãî ýòàïîâ ñîîòâåòñòâåííî; q+; q� � âåêòîðû

êîýôôèöèåíòîâ çàòðàò íà êîððåêöèþ; y+; y� � âåêòîðû êîððåêöèè; p(w)
� âåðîÿòíîñòü ñëó÷àéíîãî ñîáûòèÿ w.

Ìåòîä ðåøåíèÿ äàííîé çàäà÷è îñíîâûâàåòñÿ íà ïðèìåíåíèèè ñõåìû

äåêîìïîçèöèè ïî ïåðåìåííûì (ðàçä. 2). Äëÿ ó÷åòà îãðàíè÷åíèé ïåðâîãî

ýòàïà èñïîëüçóåòñÿ ìåòîä íåãëàäêèõ øòðàôíûõ ôóíêöèé.

Ïðåîáðàçóåì èñõîäíóþ çàäà÷ó (19)�(23) â ñëåäóþùóþ:

íàéòè

min
x;y+;y�

fF (x) + cTx+ �1maxf0; f I(x) +Ax� bg+ (24)

+�2maxf0; x� u; l� xg+
X
w2


p(w)[q+
T
y+(x;w) + q�

T
y�(x;w)]g

ïðè îãðàíè÷åíèÿõ

y+ � y� = h(w) � (f II(x) + Tx); y � 0; w 2 
:

Çäåñü �1; �2 � çíà÷åíèÿ øòðàôíûõ êîýôôèöèåíòîâ.

Ñëåäóÿ ñõåìå äåêîìïîçèöèè ïî ïåðåìåííûì çàôèêñèðóåì çíà÷åíèÿ

ïåðåìåííûõ ïåðâîãî ýòàïà x = x è ðàññìîòðèì ñëåäóþùóþ çàäà÷ó:

íàéòè

min
y+;y�

(X
w2


p(w)[q+
T
y+(x;w) + q�

T
y�(x;w)]

)
(25)
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ïðè îãðàíè÷åíèÿõ:

y+(x;w) � y�(x;w) = h(w)� (f II(x) + Tx); (26)

y+(x;w); y�(x;w) � 0; w 2 
: (27)

Ðåøåíèå çàäà÷è (25)�(27) ìîæåò áûòü ïîëó÷åíî ïóòåì ñëåäóþùèõ ïðî-

ñòûõ âû÷èñëåíèé.

Ïóñòü k � èíäåêñ îãðàíè÷åíèÿ (26). Îïðåäåëèì

�k = hk(w) � (f IIk (x) + tkx); (28)

ãäå tk � k-ÿ ñòðîêà ìàòðèöû T . Òîãäà ïåðåìåííûå êîððåêöèè îïðåäåëÿ-

þòñÿ ñîîòíîøåíèÿìè:

y+k (x;w) =

�
�k ; åñëè �k � 0;
0 ; åñëè �k < 0;

(29)

y�k (x;w) =

���k ; åñëè �k < 0;
0 ; åñëè �k � 0:

(30)

Äâîéñòâåííûå ïåðåìåííûå îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè:

uk(x;w) =

��p(w)q+k ; åñëè �k � 0;
p(w)q�k ; åñëè �k < 0:

(31)

Ââåäåì îáîçíà÷åíèÿ:

	(x; y) = F (x) + cTx+ �1maxf0; f I(x) +Ax � bg+
+�2maxf0; x� u; l � xg+
+
X
w2


p(w)[q+
T
y+(x;w) + q�

T
y�(x;w)]; (32)

 k(x; y(x); w) =

(f IIk (x) + tkx) + y+k (x;w) � y�k (x;w)� hk(w): (33)

Ñëåäóÿ ñõåìå äåêîìïîçèöèè ïî ïåðåìåííûì, îïðåäåëèì ôóíêöèþ êîîð-

äèíèðóþùåé çàäà÷è � ñëåäóþùèì îáðàçîì:

�(x) = inf
y2D(x)

	(x; y);

ãäå D(x) � ìíîæåñòâî âñåõ y, óäîâëåòâîðÿþùèõ (26)�(27).
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Ñóáãðàäèåíò ôóíêöèè � â òî÷êå x = x ìîæåò áûòü âû÷èñëåí ïî

ôîðìóëå:

g�(x) = gx	(x; y(x)) +
X
k

X
w2


(uk(x;w)g
x
 k
(x; y(x))); (34)

ãäå gxf (�) � "÷àñòíûå" ñóáãðàäèåíòû ïî x:

gx	(x; y(x)) = gF (x) + c+ �1maxf0; [gfI
m�
(x) + am� ]g+��2maxf0; ej�g;

gx k(x; y(x); w) = gfII
k

(x) + tk:

Çäåñüm� � èíäåêñ îãðàíè÷åíèÿ ïåðâîãî ýòàïà ñ ìàêñèìàëüíîé íåâÿçêîé;

am� � m�-ÿ ñòðîêà ìàòðèöû A; ej� � îðò ïðîñòðàíñòâà ïåðåìåííûõ ïåð-

âîãî ýòàïà: ej� = f0; 0; : : : ; 1; : : : ; 0g (åäèíèöà íà j�-ì ìåñòå); j� � èíäåêñ

ïåðåìåííîé ïåðâîãî ýòàïà ñ ìàêñèìàëüíîé íåâÿçêîé â îãðàíè÷åíèÿõ (21)

(çíàêè "+", "�" ñîîòâåòñòâóþò ïðàâîé èëè ëåâîé ÷àñòè íåðàâåíñòâà).
Â äàííîì ñëó÷àå äëÿ âû÷èñëåíèÿ g�(x) íå íóæíî îïðåäåëÿòü âåëè÷è-

íû y+(x); y�(x). Íåîáõîäèìî òîëüêî äëÿ êàæäîãî îãðàíè÷åíèÿ âòîðîãî
ýòàïà k íàéòè çíàêè äâîéñòâåííûõ ïåðåìåííûõ uk(x;w). Â àëãîðèòìå

ïðåäóñìîòðåíî óïîðÿäî÷åíèå ñëó÷àéíûõ ðåàëèçàöèé ïðàâîé ÷àñòè äëÿ

êàæäîãî îãðàíè÷åíèÿ âòîðîãî ýòàïà, ÷òî äàåò âîçìîæíîñòü ñóùåñòâåííî

óìåíüøèòü îáùåå âðåìÿ íàõîæäåíèÿ ðåøåíèÿ.

Àëãîðèòì ðåøåíèÿ çàäà÷è (19)�(23) ñâîäèòñÿ ê ñëåäóþùåìó:

s-ÿ èòåðàöèÿ:

1) äëÿ ïîëó÷åííûõ íà ïðåäûäóùåì øàãå çíà÷åíèé x = xs íàõîäèì

çíàêè ìíîæèòåëåé Ëàãðàíæà uk(xs; w) äëÿ êàæäîãî îãðàíè÷åíèÿ
âòîðîãî ýòàïà;

2) âû÷èñëÿåì âåêòîð g�(xs) ïî ôîðìóëå (34);

3) âû÷èñëÿåì xs+1; âûïîëíÿÿ øàã àëãîðèòìà ñóáãðàäèåíòíîãî òèïà.

Ïðîãðàììíàÿ ðåàëèçàöèÿ ýòîãî ïîäõîäà áûëà íàïèñàíà íà ÿçûêå

C++ äëÿ ñðåäû MS DOS è IBM PC/AT - ñîâìåñòèìûõ êîìïüþòåðîâ.

Â êà÷åñòâå àëãîðèòìà ðåøåíèÿ êîîðäèíèðóþùåé çàäà÷è èñïîëüçîâàëñÿ

r-àëãîðèòì [18]�[20]. Ïðîâåäåííûå ÷èñëåííûå ýêñïåðèìåíòû (ðàçä. 5)

ïîêàçàëè ïðàêòè÷åñêóþ ýôôåêòèâíîñòü ïðåäëàãàåìîãî ïîäõîäà.
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4. Ïðîãðàììíûé ìîäóëü äëÿ ðåøåíèÿ

ëèíåéíûõ äâóõýòàïíûõ çàäà÷

ñ ôèêñèðîâàííîé ìàòðèöåé W

Ðàçðàáîòàííûé ïðîãðàììíûé ìîäóëü ïðåäíàçíà÷åí äëÿ ðåøåíèÿ äâóõ-

ýòàïíûõ ëèíåéíûõ çàäà÷ ñòîõàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ ñ ôèêñè-

ðîâàííîé ìàòðèöåé W (â òåðìèíîëîãèè [1] � çàäà÷ ñ ôèêñèðîâàííîé

ðåêóðñèåé) ñ ïîìîùüþ ñõåìû äåêîìïîçèöèè, â êîòîðîé èñïîëüçóåòñÿ r-

àëãîðèòì [18]�[20].

Äàííàÿ âåðñèÿ ïðîãðàììû ïðèìåíèìà äëÿ ðåøåíèÿ äâóõýòàïíûõ çà-

äà÷ ñòîõàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ ñëåäóþùåãî êëàññà: ìàòðèöàW

ôèêñèðîâàíà; ñëó÷àéíûìè âåëè÷èíàìè ÿâëÿþòñÿ çíà÷åíèÿ ïðàâûõ ÷àñ-

òåé çàäà÷è âòîðîãî ýòàïà; ñëó÷àéíûå âåëè÷èíû èìåþò êîíå÷íîå äèñ-

êðåòíîå ðàñïðåäåëåíèå; çàäà÷è âòîðîãî ýòàïà ÿâëÿþòñÿ çàäà÷àìè ëè-

íåéíîãî ïðîãðàììèðîâàíèÿ.

Ìàòåìàòè÷åñêàÿ ìîäåëü çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

min
x
fcTx+ F (x)g

ïðè îãðàíè÷åíèÿõ: ïåðâûé ýòàï �

Ax :R: b; (35)

x � 0; (36)

ãäå

F (x) = EQ(x; !) =
X
j

pjQj(x);

âòîðîé ýòàï �

Qj(x) = min qT y

ïðè îãðàíè÷åíèÿõ

Wy :R: h(!j)� Tx; y � 0;

ãäå pj � âåðîÿòíîñòü ðåàëèçàöèè w = wj :

Èñõîäíàÿ çàäà÷à çàìåíÿåòñÿ ñëåäóþùåé:

min
z
f(z); (37)

ãäå

f(z) = f1(z) + f2(z); (38)
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f1(z) = min
x
[cTx+R+

x x
+ +R�x x

�]; (39)

Ax :R: b; (40)

Tx+ x+ � x� = z; (41)

x � 0; x+ � 0; x� � 0; (42)

f2(z) =
X
j

pj min[q
T y +R+

y y
+ +R�y y

�];

Wy + y+ � y� :R: h(!j)� z; (43)

y � 0; y+ � 0; y� � 0: (44)

Äîïîëíèòåëüíûå ïåðåìåííûå x+; x� ( ïàðà äëÿ êàæäîé ñòðîêè (41))

è äâå ïåðåìåííûõ y+; y� ââåäåíû â çàäà÷ó (37)�(44), äëÿ îáåñïå÷å-

íèÿ ñîâìåñòíîñòè îãðàíè÷åíèé (41), (42) è (43), (44). Ïðåäïîëàãàåò-

ñÿ, ÷òî èñõîäíûå îãðàíè÷åíèÿ (35), (36) ÿâëÿþòñÿ ñîâìåñòíûìè. Çíà-

÷åíèÿ øòðàôíûõ êîýôôèöèåíòîâ (ïîëîæèòåëüíûå ÷èñëà) îáîçíà÷åíû

R+
x ; R

�
x ; R

+
y ; R

�
y . Î÷åâèäíî, ÷òî åñëè îïòèìàëüíûå çíà÷åíèÿ ïåðåìåí-

íûõ x+; x�; y+; y� â ðåøåíèè ìîäèôèöèðîâàííîé çàäà÷è (37)�(44) ðàâ-

íû íóëþ, òî îíî ÿâëÿåòñÿ ðåøåíèåì èñõîäíîé çàäà÷è. Äëÿ åå ðåøå-

íèÿ èñïîëüçóåòñÿ ñõåìà äåêîìïîçèöèè ïî ïåðåìåííûì z ñ èñïîëüçî-

âàíèåì r�àëãîðèòìà. Ðåøåíèå ïîäçàäà÷ ëèíåéíîãî ïðîãðàììèðîâàíèÿ
ïî ñõåìå äåêîìïîçèöèè ïðîâîäèòñÿ ñïåöèàëèçèðîâàííûìè ïðîãðàììàìè

ñèìïëåêñ-àëãîðèòìà.

5. Ðåçóëüòàòû òåñòèðîâàíèÿ

Â äàííîì ðàçäåëå ïðèâåäåíû ðåçóëüòàòû òåñòèðîâàíèÿ ðàçðàáîòàííûõ

ïðîãðàììíûõ ìîäóëåé êàê íà òåñòîâûõ ïðèìåðàõ, èç áèáëèîòåêè òåñòî-

âûõ çàäà÷ ïàêåòà SLP�IOR, òàê è ðàññìîòðåííûõ àâòîðàìè ñòàòüè.

Òèï è ïàðàìåòðû ìîäåëåé óêàçàíû â òàáë. 1. Ñëó÷àéíûìè ÿâëÿþòñÿ

òîëüêî ïðàâûå ÷àñòè îãðàíè÷åíèé âòîðîãî ýòàïà ñ äèñêðåòíîé ôóíêöèåé

ðàñïðåäåëåíèÿ.

Ðàñ÷åòû ïðîâîäèëèñü íà ïåðñîíàëüíîì êîìïüòåðå IBM PC Pentium

200ÌÃö. Èñïîëüçîâàííûå îáîçíà÷åíèÿ: m1; m2 � ÷èñëî îãðàíè÷åíèé

ïåðâîãî è âòîðîãî ýòàïà ñîîòâåòñòâåííî; n1; n2 � ÷èñëî ïåðåìåííûõ ïåð-
âîãî ýòàïà è âòîðîãî ýòàïà ñîîòâåòñòâåííî; NRvars � ÷èñëî ñëó÷àéíèõ

ïåðåìåííûõ; NRealiz � ÷èñëî ñëó÷àéíèõ ðåàëèçàöèé (ñîñòîÿíèé).

Â òàáë. 2 ïðèâåäåíû ðåçóëüòàòû òåñòèðîâàíèÿ ìîäóëÿ Shor1 äëÿ ðå-

øåíèÿ ëèíåéíûõ äâóõýòàïíûõ çàäà÷ ñ ïðîñòîé ðåêóðñèåé.
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Ðåçóëüòàòû ñðàâíèâàëèñü ñ ðåçóëüòàòàìè ðàáîòû ñïåöèàëèçèðî-

âàííîãî ïðîãðàììíîãî ìîäóëÿ äëÿ ðåøåíèÿ ëèíåéíûõ äâóõýòàïíûõ

çàäà÷ ñ ïðîñòîé ðåêóðñèåé, âõîäÿùåãî â ñèñòåìó SLP�IOR ïîä íàçâàíè-

åì Srapprox, ðàçðàáîòàííîãî Êàëëîì è Ìàéåðîì â 1992 è îñíîâàííîãî

íà ìåòîäå, îïèñàííîì â ðàáîòå Êàëëà è Ñòîÿíà [24].

Êàê âèäíî èç òàáë. 2, âðåìÿ äîñòèæåíèÿ îïòèìàëüíîé òî÷êè äëÿ ìî-

äóëÿ Shor1 íåçíà÷èòåëüíî îòëè÷àëîñü îò âðåìåíè äëÿ ñïåöèàëèçèðîâàí-

íîãî ìîäóëÿ Srapprox, îäíàêî íà âñåõ ïðèìåðàõ îíî îêàçàëîñü áîëüøå.

Â òàáë. 3 ïðèâåäåíû ðåçóëüòàòû òåñòèðîâàíèÿ ìîäóëÿ Shor2 äëÿ ðå-

øåíèÿ ëèíåéíûõ äâóõýòàïíûõ çàäà÷ ñ ïîëíîé ðåêóðñèåé.

Ðåçóëüòàòû ñðàâíèâàëèñü ñ ðåçóëüòàòàìè ðàáîòû ïðîãðàììû

Qdecom, âõîäÿùåé â ïàêåò SLP�IOR.

Êàê âèäíî èç òàáë. 3, â ìîäåëÿõ Cep1, Pgp, Pgp2 âðåìÿ ðåøåíèÿ äëÿ

ìîäóëÿ Qdecom áûëî ìåíüøèì, ÷åì äëÿ ìîäóëÿ Shor2, íî â ïðèìåðå

Test10 áîëåå áûñòðûì îêàçàëñÿ ìîäóëü Shor2. Áîëåå òîãî, ïðîãðàììå

Qdecom âîîáùå íå óäàëîñü íàéòè âåðíîå çíà÷åíèå öåëåâîé ôóíêöèè.

Ýòîò ïðîñòîé òåñò ïðåäíàçíà÷åí äëÿ ïðîâåðêè ïðîãðàììû íà ÷èñ-

ëåííóþ óñòîé÷èâîñòü: ïåðâûé ýòàï �

min
x
EF (x; y(x; !); !); x 2 R1

ïðè îãðàíè÷åíèÿõ

0 � x � 106;

âòîðîé ýòàï �

minC+y+ + C�y� = h(!)� x

ïðè îãðàíè÷åíèÿõ

y+ � y� = h(!)� x; y+; y+ � 0:

Çäåñü C+ = 106; C� = 10�3; h(!) � äèñêðåòíàÿ ñëó÷àéíàÿ âåëè÷èíà,

hi = qi�1; q = 1� 0:001; âåðîÿòíîñòü ðåàëèçàöèè hi ðàâíà

pi = Nq�(i�1); N =
(q�1 � 1)

q�NRealiz � 1
:

Çàäà÷è Test10 è Test11 îòëè÷àþòñÿ òîëüêî êîëè÷åñòâîì ðåàëèçàöèé

(ñì. òàáë. 1).

Êâàäðàòè÷íûå ìîäåëè. Â òàáë. 4, 5 ïðèâåäåíû ðåçóëüòàòû òå-

ñòèðîâàíèÿ êâàäðàòè÷íûõ ìîäåëåé ñ ïðîñòîé ðåêóðñèåé, ïîëó÷åííûõ

ïóòåì âíåñåíèÿ â ëèíåéíûå ìîäåëè (öåëåâóþ ôóíêöèþ è îãðàíè÷åíèÿ)

êâàäðàòè÷íûõ äîáàâîê ïî ïåðåìåííûì ïåðâîãî ýòàïà â âèäå



110

Òàáëèöà 1. Õàðàêòåðèñòèêè ìîäåëåé

Ìîäåëü Òèï NRealiz m1 n1 m2 n2 NRvars

ðåêóðñèè

CEP1 Ïîëíàÿ 216 9 8 7 15 3

PGP � 3 2 4 7 12 1

PGP2 � 576 2 4 7 16 3

TEST10 � 2000 1 1 1 2 1

AIRBNDS Ïðîñòàÿ 750 4 17 5 10 5

AIRCRAF2 � 3125 4 17 5 10 5

AIRCRAF3 � 1 � 105 4 17 5 10 5

AIRCRAFT � 750 4 17 5 10 5

TEST11 � 1000 1 2 1 2 1

minf"xTx+ cTx+
X
w2


p(w)[q+
T
y+(x;w) + q�

T
y�(x;w)]g (45)

ïðè ñëåäóþùèõ îãðàíè÷åíèÿõ: ïåðâûé ýòàï �

"xTx+Ax � b; (46)

l � x � u; (47)

âòîðîé ýòàï �

y+ � y� = h(w) � ("xTx+ Tx); (48)

y+; y� � 0; (49)

ãäå " > 0.
Ðåçóëüòàòû ðàñ÷åòîâ ïðåäñòàâëåíû äëÿ ðàçëè÷íûõ çíà÷åíèé ". Ïðè

" = 1:e � 5 ðåøåíèå áûëî áëèçêèì ê ðåøåíèþ äëÿ ñîîòâåòñòâóþùåé

ëèíåéíîé ìîäåëè. Âî âñåõ ñëó÷àÿõ âðåìÿ ðåøåíèÿ êâàäðàòè÷íûõ çàäà÷

áûëî ñîïîñòàâèìî ñî âðåìåíåì ðåøåíèÿ ñîîòâåòñòâóþùèõ ëèíåéíûõ.

Çàêëþ÷åíèå

Â äàííîé ñòàòüå ïðèâåäåíû ðåçóëüòàòû ðàáîò ïî èñïîëüçîâàíèþ ìåòî-

äîâ íåäèôôåðåíöèðóåìîé îïòèìèçàöèè äëÿ ðåøåíèÿ çàäà÷ ñòîõàñòè-

÷åñêîãî ëèíåéíîãî ïðîãðàììèðîâàíèÿ, âûïîëíåííûõ â ðàìêàõ ïðîåêòà
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Òàáëèöà 2. Ðåçóëüòàòû äëÿ ìîäåëåé ñ ïðîñòîé ðåêóðñèåé

Ìîäåëü Âðåìÿ ðåøåíèÿ(ñ) Çíà÷åíèå öåëåâîé ôóíêöèè

SHOR1 SRAPPROX SHOR1 SRAPPROX

AIRBNDS 0.44 0.11 2358.285002 2358.284975

AIRCRAF2 0.44 0.11 1635.172495 1635.172413

AIRCRAF3 0.49 0.11 2193.042275 2193.042189

AIRCRAFT 0.44 0.05 1567.042237 1567.042189

TEST11 0.27 0.22 0.000418 0.000417

Òàáëèöà 3. Ðåçóëüòàòû äëÿ ìîäåëåé ñ ïîëíîé ðåêóðñèåé

Ìîäåëü Âðåìÿ ðåøåíèÿ(ñ) Çíà÷åíèå öåëåâîé ôóíêöèè

QDECOM SHOR_2 QDECOM SHOR_2

CEP1 3.57 66.76 355159.955734 355159.998172

PGP 0.159 1.65 381.853333 381.853335

PGP2 13.46 153.41 447.324345 447.324345

TEST10 6.48 3.96 499.966885 0.000687

Òàáëèöà 4. Âðåìÿ ðåøåíèÿ äëÿ êâàäðàòè÷íûõ ìîäåëåé ñ ïðîñòîé ðåêóð-

ñèåé(ñåê)

Ìîäåëü SHOR1

" = 1:e� 5 " = 1:e� 1 " = 1:0 " = 10:0
QAIRBNDS 0.6 0.6 0.44 0.44

QAIRCRAF2 0.49 0.6 0.38 0.44

QAIRCRAF3 0.55 0.6 0.44 0.49

QAIRCRAFT 0.49 0.66 0.44 0.44

Òàáëèöà 5. Çíà÷åíèå öåëåâîé ôóíêöèè ïðè îñòàíîâå äëÿ êâàäðàòè÷íûõ

ìîäåëåé ñ ïðîñòîé ðåêóðñèåé

Ìîäåëü SHOR1

" = 1:e� 5 " = 1:e� 1 " = 1:0 " = 10:0
QAIRBNDS 2358.143732 1014.954216 1187.0 4500.008

QAIRCRAF2 1635.001399 969.081108 1184.75 4489.08

QAIRCRAF3 2192.849326 1160.733464 1184.75 4489.08

QAIRCRAFT 1566.849234 923.149841 1184.75 4489.08
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"Ìåòîäû ðåøåíèÿ è àïïðîêñèìàöèè â ñòîõàñòè÷åñêîì ïðîãðàììèðîâà-

íèè".

Áûëè ðàçðàáîòàíû è âêëþ÷åíû â ñèñòåìó SLP�IOR áëîêè ðåøåíèÿ

çàäà÷ ëèíåéíîãî ñòîõàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ äâóõ òèïîâ: çàäà÷

ñ ïðîñòîé ðåêóðñèåé è çàäà÷ ñ ôèêñèðîâàííîé ðåêóðñèåé.

Òåñòèðîâàíèå ñîçäàííûõ ïðîãðàììíûõ ìîäóëåé ïîêàçàëî, ÷òî âðåìÿ

ðåøåíèÿ òåñòîâûõ çàäà÷ ñðàâíèìî ñ ðåçóëüòàòàìè äëÿ ñïåöèàëèçèðî-

âàííûõ ìîäóëåé. Cóùåñòâóþò ïðèìåðû, ãäå ïðèìåíåíèå íîâûõ áëîêîâ

ðåøåíèÿ çàäà÷ îêàçàëîñü áîëåå ýôôåêòèâíûì.

Ðàçðàáîòàííûå ïðîãðàììíûå ìîäóëè õàðàêòåðèçóþòñÿ ÷èñëåííîé

óñòîé÷èâîñòüþ. Ýòè ìîäóëè ìîæíî èñïîëüçîâàòü òàêæå ïðè ðåøåíèè

íåëèíåéíûõ çàäà÷ ñòîõàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ.

Àâòîðû áëàãîäàðÿò êîëëåã èç Èíñòèòóòà èññëåäîâàíèÿ îïåðàöèé

óíèâåðñèòåòà Öþðèõà ïðîôåññîðà Ïèòåðà Êàëëà, äîêòîðà ßíîøà Ìàé-

åðà è ïðîôåññîðà Äèòõàðäà Êëàòòå çà ïëîäîòâîðíîå ñîòðóäíè÷åñòâî è

âûðàæàþò ãëóáîêóþ ïðèçíàòåëüíîñòü Íàöèîíàëüíîìó íàó÷íîìó ôîíäó

Øâåéöàðèè, áëàãîäàðÿ êîòîðîìó òàêîå ñîòðóäíè÷åñòâî ñòàëî âîçìîæ-

íûì.
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× À Ñ Ò Ü I I

Âòîðàÿ ÷àñòü ñîäåðæèò ÷åòûðå ñòàòüè, ñâÿçàííûå ñ èñïîëüçîâàíèåì

ìåòîäîâ íåäèôôåðåíöèðóåìîé îïòèìèçàöèè ïðè ðåøåíèè ìàòðè÷íûõ,

ïîëèíîìèàëüíûõ è äèñêðåòíûõ çàäà÷ îïòèìèçàöèè.

Ïåðâîé ïîìåùåíà îáçîðíàÿ ñòàòüÿ [190] ïî íåãëàäêèì ìàòðè÷íûì çà-

äà÷àì: îïðåäåëåíèå ìàêñèìàëüíîãî (ìèíèìàëüíîãî) ñîáñòâåííîãî ÷èñ-

ëà ñèììåòðè÷íîé ìàòðèöû, ñóììû (âçâåøåííîé ñóììû) k íàèáîëüøèõ

ñîáñòâåííûõ ÷èñåë ñèììåòðè÷íîé ìàòðèöû, îïòèìàëüíûõ ôóíêöèé Ëÿ-

ïóíîâà â òåîðèè óñòîé÷èâîñòè äèíàìè÷åñêèõ ñèñòåì, îïòèìàëüíûõ ïî

îáúåìó âïèñàííûõ âî ìíîãîãðàííèê è îïèñàííûõ âîêðóã ìíîãîãðàííèêà

ýëëèïñîèäîâ.

Òðè ñëåäóþùèå ñòàòüè [195, 198, 207] ñâÿçàíû ãëàâíûì îáðàçîì ñî

ñâîéñòâàìè ëàãðàíæåâûõ (äâîéñòâåííûõ) îöåíîê â íåâûïóêëûõ êâàä-

ðàòè÷íûõ ìîäåëÿõ. Òåõíèêà ëàãðàíæåâûõ îöåíîê ïîçâîëÿåò âûäåëèòü

ïîäêëàññû çàäà÷, ðàçðåøèìûõ çà ïîëèíîìèàëüíîå âðåìÿ. Â ñî÷åòàíèè

ñ ìåòîäîì âåòâåé è ãðàíèö ýòî ïîçâîëÿåò ñîçäàâàòü ýôôåêòèâíûå àëãî-

ðèòìû äëÿ ðåøåíèÿ ìíîãîýêñòðåìàëüíûõ çàäà÷.

Â ñòàòüå [195] ðàññìîòðåíû ñâîéñòâà ëàãðàíæåâèõ äâîéñòâåííûõ îöå-

íîê äëÿ ïîëèíîìèàëüíûõ çàäà÷, àëãîðèòìû íàõîæäåíèÿ ýòèõ îöåíîê íà

îñíîâå ìåòîäîâ íåãëàäêîé îïòèìèçàöèè.

Â ñòàòüå [198] îïèñàíî èñïîëüçîâàíèå ôóíêöèîíàëüíî èçáûòî÷íûõ

îãðàíè÷åíèé äëÿ óëó÷øåíèÿ ëàãðàíæåâûõ îöåíîê âî ìíîãîåêñòðåìàëü-

íûõ êâàäðàòè÷íûõ çàäà÷àõ. Ìåòîäèêà ââåäåíèÿ èçáûòî÷íûõ îãðàíè÷å-

íèé ïîêàçàíà íà ìîäåëÿõ äâóõ ýêñòðåìàëüíèõ çàäà÷ íà ãðàôàõ: çàäà÷è

íàõîæäåíèÿ ìàêñèìàëüíîãî íåçàâèñèìîãî ïîäìíîæåñòâà âåðøèí ãðàôà

è çàäà÷è î ìàêñèìàëüíîì ðàçðåçå ãðàôà.

Â àíãëîÿçû÷íîé ñòàòüå [207] äàí ïîäðîáíûé îáçîð òåõíèêè ëàãðàí-

æåâûõ îöåíîê è äàíû ïðèìåðû åå èñïîëüçîâàíèÿ êàê äëÿ çàäà÷ ïîëè-

íîìèàëüíîãî òèïà è òàê è ðÿäà ýêñòðåìàëüíûõ çàäà÷ íà ãðàôàõ.
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Çàäà÷è ìèíèìèçàöèè ìàòðè÷íûõ
ôóíêöèé è íåäèôôåðåíöèðóåìàÿ

îïòèìèçàöèÿ

Í. Ç. Øîð

Îáîçðåíèå ïðèêëàäíîé è ïðîìûøëåííîé ìàòåìàòèêè.

� Ì.: íàó÷í. èçä.-âî "ÒÂÏ", 1995. � Ò. 2. � Ñ. 113�138.

1. Ââåäåíèå

Ïóñòü Pm;n � êëàññ âåùåñòâåííûõ ïðÿìîóãîëüíûõ ìàòðèö ðàçìåðíîñòè

m� n. Ýëåìåíòû ìàòðèöû A 2 Pm;n áóäåì îáîçíà÷àòü aij , i = 1; : : : ;m,
j = 1; : : : ; n. Ðàññìîòðèì k-ìåðíûé âåêòîð ïàðàìåòðîâ u = fu1; : : : ; ukg,
ñåìåéñòâî ôóíêöèé aij , i = 1; : : : ;m, j = 1; : : : ; n è ñåìåéñòâî ìàòðè÷-

íûõ ôóíêöèé �0(A);�1(A); : : : ;�r(A); çàâèñÿùèõ îò âåêòîðà ýëåìåíòîâ
faikg ìàòðèöû A. Ïóñòü A(u) = faij(u)g, i = 1; : : : ;m, j = 1; : : : ; n.

Îïðåäåëåíèå. Ïîä çàäà÷åé îïòèìèçàöèè (ìèíèìèçàöèè) ìàòðè÷-

íûõ ôóíêöèé áóäåì ïîíèìàòü ñëåäóþùåå: íàéòè

inf
u2U

�0(A(u)); U � Rk; A 2 Pm;n (1)

ïðè îãðàíè÷åíèÿõ

��(A(u)) � 0; � = 1; : : : ; r: (2)

Ôîðìàëüíî ýòîò êëàññ çàäà÷ âåñüìà øèðîê, âåäü â ôîðìå ìàòðèöû

ìîæíî ïðåäñòàâèòü ëþáîé âåêòîð, òàê ÷òî ê âèäó (1)�(2) ìîæíî ñâåñòè

ïðîèçâîëüíóþ êîíå÷íîìåðíóþ çàäà÷ó ìàòåìàòè÷åñêîãî ïðîãðàììèðî-

âàíèÿ. Â áîëåå óçêîì ñìûñëå ìû áóäåì ïîíèìàòü ïîä çàäà÷åé ìèíèìè-

çàöèè ìàòðè÷íûõ ôóíêöèé (èëè ìàòðè÷íîé îïòèìèçàöèè) òàêèå çàäà-

÷è, êîòîðûå óäîáíî ôîðìóëèðîâàòü â òåðìèíàõ ìàòðè÷íîãî èñ÷èñëåíèÿ

(îïòèìèçàöèÿ îïðåäåëèòåëåé, ñïåêòðîâ (ñîáñòâåííûõ ÷èñåë), îáëàñòåé

ëîêàëèçàöèè êîðíåé õàðàêòåðèñòè÷åñêèõ óðàâíåíèé ïðè îãðàíè÷åíèÿõ,

êîòîðûå ëåãêî ôîðìóëèðóþòñÿ êàê óñëîâèÿ ïðèíàäëåæíîñòè îïðåäåëåí-

íîìó êëàññó ìàòðèö è ò.ï.). Òàêèå çàäà÷è â áîëüøîì ÷èñëå âîçíèêàþò

â ìàòåìàòè÷åñêîé ñòàòèñòèêå, ïëàíèðîâàíèè ýêñïåðèìåíòîâ, òåîðèè êî-

äèðîâàíèÿ, ýêñòðåìàëüíûõ çàäà÷àõ íà ãðàôàõ è â êîìáèíàòîðèêå, ïðè
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êà÷åñòâåííîì àíàëèçå ðåøåíèé, â âîïðîñàõ óñòîé÷èâîñòè, èäåíòèôèêà-

öèè ïàðàìåòðîâ ñèñòåì, îïèñûâàåìûõ äèôôåðåíöèàëüíûìè óðàâíåíèÿ-

ìè, à òàêæå â çàäà÷àõ âûáîðà îïòèìàëüíîãî óïðàâëåíèÿ è ëîêàëèçàöèè

ôàçîâûõ ñîñòîÿíèé äèíàìè÷åñêèõ ñèñòåì.

Óæå ýòîò íåïîëíûé ïåðå÷åíü ïîêàçûâàåò âàæíîñòü ðàçðàáîòêè äî-

ñòàòî÷íî îáùèõ ìåòîäîâ ìàòðè÷íîé îïòèìèçàöèè. Ñ ýòîé òåìàòèêîé

íåïîñðåäñòâåííî ñâÿçàíû ìàòðè÷íûå íåðàâåíñòâà, ïî êîòîðûì èìååò-

ñÿ îáøèðíàÿ ëèòåðàòóðà ([5], [55]).

Ìíîãèå âàæíûå õàðàêòåðèñòèêè ìàòðèö (íàïðèìåð, ñîáñòâåííûå

÷èñëà ñèììåòðè÷íûõ êâàäðàòíûõ ìàòðèö) ïðåäñòàâëÿþò ñîáîé íåãëàä-

êèå ôóíêöèè îò ýëåìåíòîâ ìàòðèö. Êàê ñëåäñòâèå ýòîãî îáñòîÿòåëü-

ñòâà, çàäà÷è ìàòðè÷íîé îïòèìèçàöèè çà÷àñòóþ îêàçûâàþòñÿ íåãëàäêè-

ìè. Â ïîñëåäíåå âðåìÿ êîëè÷åñòâî ïóáëèêàöèé ïî ìàòðè÷íîé îïòèìè-

çàöèè ðàñòåò î÷åíü áûñòðî. Èçó÷àåòñÿ ñòðóêòóðà ñóáäèôôåðåíöèàëîâ

ìàòðè÷íûõ ôóíêöèé, íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ýêñòðåìóìà,

âîïðîñû äâîéñòâåííîñòè, ïðè ýòîì èíòåíñèâíî èñïîëüçóþòñÿ ñîâðåìåí-

íûå ìåòîäû íåëèíåéíîãî è âûïóêëîãî àíàëèçà.

Â òî æå âðåìÿ àëãîðèòìè÷åñêèå è âû÷èñëèòåëüíûå àñïåêòû, çà ðåä-

êèìè èñêëþ÷åíèÿìè, ðàçðàáîòàíû ãîðàçäî ñëàáåå. Ïðè ýòîì ïðîÿâëÿåò-

ñÿ îïðåäåëåííàÿ òåíäåíöèÿ, ñâÿçàííàÿ ñ "íåäîâåðèåì" ê ýôôåêòèâíî-

ñòè, è, â îïðåäåëåííîé ìåðå, ñ íåäîîöåíêîé ìåòîäîâ íåãëàäêîé îïòèìè-

çàöèè. Íàïðèìåð, ïðåäëàãàþòñÿ ãèáðèäíûå ïðîöåäóðû, çàêëþ÷àþùèåñÿ

â ðàçðàáîòêå àëãîðèòìîâ, êîòîðûå ó÷èòûâàþò òîíêóþ ñòðóêòóðó ñóá-

äèôôåðåíöèàëà â òî÷êå ìèíèìóìà è îáëàäàþò àñèìïòîòè÷åñêè âûñîêîé

ñêîðîñòüþ ñõîäèìîñòè (ñâåðõëèíåéíîé èëè äàæå êâàäðàòè÷íîé). Îäíà-

êî õîðîøèå êà÷åñòâà ýòîãî, êàê ïðàâèëî, äîñòàòî÷íî ñëîæíîãî àëãîðèò-

ìà ôàêòè÷åñêè íà÷èíàþò ïðîÿâëÿòüñÿ ëèøü â íåáîëüøîé îêðåñòíîñòè

ìèíèìóìà, â êîòîðîé ñóáãðàäèåíò "õîðîøî" àïïðîêñèìèðóåòñÿ ýëåìåí-

òàìè ñóáäèôôåðåíöèàëà G� â òî÷êå ìèíèìóìà [12], [36]. Äëÿ ïîïàäàíèÿ

æå â ýòó îêðåñòíîñòü ðåêîìåíäóþò èñïîëüçîâàòü ïðîèçâîëüíûå ìåòîäû

íåãëàäêîé îïòèìèçàöèè, â òîì ÷èñëå ïðàêòè÷åñêè è íå î÷åíü áûñòðûå,

íàïðèìåð, ñóáãðàäèåíòíûé ìåòîä èëè ìåòîä ýëëèïñîèäîâ.

Ìû èñïîâåäóåì íåñêîëüêî èíîé ïîäõîä. Â íàñòîÿùåå âðåìÿ ðàçðà-

áîòàí ðÿä ïðàêòè÷åñêè ýôôåêòèâíûõ ìåòîäîâ íåãëàäêîé îïòèìèçàöèè,

îáëàäàþùèõ äëÿ âûïóêëûõ çàäà÷ äîñòàòî÷íî âûñîêîé ñêîðîñòüþ ñõî-

äèìîñòè ïî ôóíêöèîíàëó è íå òîëüêî â àñèìïòîòè÷åñêîì (ëîêàëüíîì)

ñìûñëå, íî è â ãëîáàëüíîì ñìûñëå. Ïðèìåðîì ìîãóò ñëóæèòü ìåòî-

äû ñóáãðàäèåíòíîãî òèïà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâëåíèè

ðàçíîñòè ïîñëåäîâàòåëüíûõ ñóáãðàäèåíòîâ (r-àëãîðèòìû). Â ïîñëåäíåå

âðåìÿ îòðàáîòàíû ìîäèôèêàöèè ýòèõ àëãîðèòìîâ, â êîòîðûõ óäàåòñÿ
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ñ ïîìîùüþ ñðàâíèòåëüíî íåñëîæíûõ âû÷èñëåíèé óòî÷íÿòü â ïðîöåññå

ñ÷åòà íèæíþþ îöåíêó ìèíèìóìà, êîíòðîëèðîâàòü òî÷íîñòü ïî ôóíê-

öèîíàëó. Ýòè ñðåäñòâà ïîçâîëÿþò ïðàêòè÷åñêè ýôôåêòèâíî ðåøàòü ñ

âûñîêîé òî÷íîñòüþ ðàçëè÷íûå âûïóêëûå çàäà÷è ìàòðè÷íîé îïòèìèçà-

öèè, íå ïðèáåãàÿ ê "ãèáðèäèçàöèè" ñî ñïåöèôè÷åñêèìè àëãîðèòìàìè,

ñõîäÿùèìèñÿ õîðîøî ëèøü ëîêàëüíî. Äëÿ òîãî, ÷òîáû ïîÿñíèòü îñíîâ-

íûå èäåè, ðàññìîòðèì âåñüìà èíòåðåñíûé êëàññ çàäà÷, èìåþùèé ìíîãî-

÷èñëåííûå ïðèëîæåíèÿ, à èìåííî, êëàññ çàäà÷ ìàêñèìèçàöèè ñóììû k

íàèáîëüøèõ ñîáñòâåííûõ ÷èñåë ñèììåòðè÷íîé (n�n)-ìàòðèöû, ýëåìåí-
òû êîòîðîé àôôèííûì îáðàçîì çàâèñÿò îò ïàðàìåòðîâ. Ïðè èçëîæåíèè

ïîñòàíîâêè è ñâîéñòâ ýòîé çàäà÷è ñóùåñòâåííî èñïîëüçóþòñÿ ðàáîòû [8],

[36], [38], [39], [40]. Ñîêðàùåííî óêàçàííûé êëàññ çàäà÷ áóäåì íàçûâàòü

MS(n; k)-çàäà÷àìè.

Äðóãîé, áîëåå ðàñïðîñòðàíåííûé, êëàññ ìàòðè÷íûõ çàäà÷ ñ îãðàíè-

÷åíèÿìè íà íåîòðèöàòåëüíóþ îïðåäåëåííîñòü áóäåò ðàññìîòðåí â �3.

2. Ñâîéñòâà MS(n; k)-çàäà÷

Çàäà÷è ýòîãî òèïà âîçíèêàþò ïðè àíàëèçå öåëîãî ðÿäà ýêñòðåìàëüíûõ

çàäà÷ íà ãðàôàõ.

1. Îöåíêà Ëîâàñà äëÿ ÷èñëà ýëåìåíòîâ ìàêñèìàëüíîãî âíóò-

ðåííå óñòîé÷èâîãî ìíîæåñòâà ãðàôà. Ïóñòü G(V;E) � íåîðèåí-

òèðîâàííûé ãðàô áåç ïåòåëü, ãäå V � ìíîæåñòâî åãî âåðøèí, V =
f1; 2; : : : ; ng, E � ffi; jgg � ìíîæåñòâî åãî ðåáåð, fi; jg � ðåáðî, ñî-

åäèíÿþùåå âåðøèíû i è j. Ìû ñ÷èòàåì, ÷òî fi; jg = fj; ig. Ïîäìíîæå-
ñòâî V � V ïîïàðíî íåñìåæíûõ âåðøèí, ò.å. òàêèõ âåðøèí, ÷òî åñëè

i1; i2 2 V , òî fi1; i2g 62 E, íàçûâàåòñÿ âíóòðåííå óñòîé÷èâûì (íåçàâè-

ñèìûì) ìíîæåñòâîì (ÂÓÌ) ãðàôà G. Ìîùíîñòü ìàêñèìàëüíîãî ÂÓÌ

â G îáîçíà÷àåòñÿ �(G) è íàçûâàåòñÿ ÷èñëîì âíóòðåííåé óñòîé÷èâîñòè

ãðàôà G.

Âåíãåðñêèé ìàòåìàòèê Ëîâàñ, èññëåäóÿ òàê íàçûâàåìóþ èíôîðìà-

öèîííóþ (ïîØåííîíó) åìêîñòü �(G) ãðàôà [56], ïðåäëîæèë ñëåäóþùóþ
îöåíêó äëÿ �(G) (îíà æå ÿâëÿåòñÿ îöåíêîé ñâåðõó äëÿ �(G)).

Ñîïîñòàâèì ãðàôó G(V;E) êëàññ ñèììåòðè÷íûõ ìàòðèö A(G) âèäà
faijgni;j=1, ó êîòîðûõ íà äèàãîíàëè ñòîÿò åäèíèöû è, êðîìå òîãî, aij = 1,
åñëè fi; jg 62 E. Îñòàëüíûå ýëåìåíòû ïðèíèìàþò ïðîèçâîëüíûå çíà÷å-

íèÿ. Ïîëîæèì aij = xij äëÿ âñåõ fi; jg 2 E è äîïóñòèì, ÷òî xij = xji.

Ìû ïîëó÷àåì ïàðàìåòðè÷åñêîå ñåìåéñòâî ñèììåòðè÷íûõ ìàòðèö A(x),
x = fxijg = fxjig äëÿ âñåõ fi; jg 2 E. Çäåñü è äàëåå ñèìâîëîì �k(M)
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áóäåì îáîçíà÷àòü k-å ñîáñòâåííîå ÷èñëî ìàòðèöû M , ãäå èíäåêñ k ñîîò-

âåòñòâóåò ðàñïîëîæåíèþ ñîáñòâåííûõ ÷èñåë â ïîðÿäêå óáûâàíèÿ ñ ó÷å-

òîì êðàòíîñòè. Â ÷àñòíîñòè, �1(M) � ìàêñèìàëüíîå ñîáñòâåííîå ÷èñëî.

Òîãäà îöåíêà Ëîâàñà �(G) (� �(G) � �(G)) âûðàæàåòñÿ ñëåäóþùèì îá-

ðàçîì [32]:

�(G) = min
x
�1(A(x)): (3)

Ìû âèäèì, ÷òî çàäà÷à (3) ïðèíàäëåæèò êëàññó çàäà÷ MS(n; 1). Èç òî-
ãî, ÷òî �1(M) = maxjjyjj=1(My; y), âûòåêàåò, ÷òî �1(A(x)) (A(x) 2 A(G))
åñòü âûïóêëàÿ ôóíêöèÿ îò x, îïðåäåëåííàÿ íà j E j-ìåðíîì åâêëèäî-

âîì ïðîñòðàíñòâå, (i; j)-êîìïîíåíòà ñóáãðàäèåíòà ýòîé ôóíêöèè â òî÷-

êå x âû÷èñëÿåòñÿ ïî ôîðìóëå gij = yiyj , fi; jg 2 E, ãäå ys åñòü s-ÿ

êîìïîíåíòà ïðîèçâîëüíîãî íîðìèðîâàííîãî âåêòîðà, ñîîòâåòñòâóþùåãî

ñîáñòâåííîìó ÷èñëó �1(A(x)). Ìû âèäèì, ÷òî åñëè â òî÷êå x ñîáñòâåí-

íîå ÷èñëî �1(A(x)) èìååò êðàòíîñòü r > 1, òî ñóáãðàäèåíò ôóíêöèè

'1(x) = �1(A(x)) â òî÷êå x îïðåäåëÿåòñÿ íåîäíîçíà÷íî, ò.å. '1(x) ìîæåò
îêàçàòüñÿ íåãëàäêîé ôóíêöèåé [54]. Îòìåòèì, ÷òî îöåíêà �(G) ìîæåò
áûòü ïîëó÷åíà êàê ðåçóëüòàò ðåøåíèÿ ðÿäà äðóãèõ çàäà÷ ìàòðè÷íîé

îïòèìèçàöèè, â êîòîðûõ èñïîëüçóåòñÿ óñëîâèå íåîòðèöàòåëüíîé îïðå-

äåëåííîñòè ñîîòâåòñòâóþùèõ ìàòðèö [22]. Îá ýòîì ðå÷ü áóäåò èäòè â

�3.

Íàðàñèìõàí è Ìàíáåð ñðàâíèòåëüíî íåäàâíî ïîëó÷èëè îáîáùåíèå

îöåíêè Ëîâàñà [35]. Ïóñòü �k(G) îáîçíà÷àåò ðàçìåð ìàêñèìàëüíîãî ïî

÷èñëó âåðøèí k-äîëüíîãî èíäóöèðîâàííîãî ïîäãðàôà ãðàôà G(V;E),
ò.å. ìàêñèìàëüíîå ÷èñëî âåðøèí, êîòîðîå ìîæíî ðàçìåñòèòü â k âíóò-

ðåííå óñòîé÷èâûõ ìíîæåñòâàõ ãðàôà G. Ñîîòâåòñòâóþùàÿ îöåíêà ñâåð-

õó �k(G) èìååò âèä:

�k(G) = min
x

kX
i=1

�i(A(x)); A(x) 2 A(G); x 2 fxijg; fi; jg 2 E: (4)

Ïðè k = 1 ýòà îöåíêà ñîâïàäàåò ñ îöåíêîé Ëîâàñà (3). Ïóñòü 'k(x) =Pk
i=1 �i(A(x)). Îêàçûâàåòñÿ, ÷òî 'k(x) ÿâëÿåòñÿ âûïóêëîé ôóíêöèåé

âåêòîðà x, íå îáÿçàòåëüíî äèôôåðåíöèðóåìîé. Ïðè ýòîì òî÷êà x ÿâëÿ-

åòñÿ òî÷êîé ðàçðûâà ãðàäèåíòà, åñëè ñðåäè ïåðâûõ ñîáñòâåííûõ ÷èñåë

ìàòðèöû A(x), óïîðÿäî÷åííûõ â ïîðÿäêå íåóáûâàíèÿ, åñòü õîòÿ áû îäíî

ñ êðàòíîñòüþ, ïðåâûøàþùåé 1. Ýòî ñëåäóåò èç âàðèàöèîííîãî îïðåäå-

ëåíèÿ, äàííîãî Ôàíü Öçû [5], [55] äëÿ ôóíêöèè  k(A) =
Pk
i=1 �i(A), ãäå

A � èç êëàññà ñèììåòðè÷íûõ âåùåñòâåííûõ ìàòðèö Sn ðàçìåðíîñòè
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n� n:

 k(A) = max
Y 2Mk

n

(
tr(AY Y T )

)
; k � n; (5)

ãäå trZ îçíà÷àåò ñëåä (ñóììó äèàãîíàëüíûõ ýëåìåíòîâ) ìàòðèöû Z,Mk
n

� êëàññ òàêèõ ïðÿìîóãîëüíûõ ìàòðèö Y ðàçìåðà n� k, ÷òî Y TY = Ik
(Ik � åäèíè÷íàÿ ìàòðèöà ðàçìåðà k � k), T � çíàê òðàíñïîíèðîâà-

íèÿ. Òàê êàê  k(A) ïðåäñòàâëÿåò ñîáîé ðåçóëüòàò ïîòî÷å÷íîé ìàêñè-

ìèçàöèè ïàðàìåòðè÷åñêîãî ñåìåéñòâà ëèíåéíûõ ôóíêöèé îò ýëåìåíòîâ

faijgni;j=1 ìàòðèöû A ïî êîìïàêòíîìó ìíîæåñòâó ïàðàìåòðîâ Y = fyijg,
i = 1; : : : ;m, j = 1; : : : ; n, òî  k(A) � âûïóêëàÿ ôóíêöèÿ ïàðàìåòðîâ

ìàòðèöû A. Îòñþäà ñëåäóåò, ÷òî  k(x) =
Pk

i=1 �i(A(x)) òàêæå ÿâëÿ-
åòñÿ âûïóêëîé ïî x , òàê êàê ýëåìåíòû A(x) âûðàæàþòñÿ àôôèííûì

îáðàçîì ÷åðåç êîîðäèíàòû x.

Çàìå÷àíèå. Êàê ñëåäñòâèå ïðåäûäóùèõ ðàññóæäåíèé, ìû ïîëó÷à-

åì ñëåäóþùåå óòâåðæäåíèå. Ïóñòü w1 � w2 � : : : � wk > 0 ñóòü êîìïî-
íåíòû âåñîâîãî âåêòîðà fw = w1; : : : ; wkg. Òîãäà ôóíêöèÿ

 wk (A) =

kX
i=1

wi�i(A)

ÿâëÿåòñÿ âûïóêëîé ôóíêöèåé ýëåìåíòîâ ìàòðèöû A. Â ñàìîì äåëå,

 wk (A) ïðåäñòàâèìà â âèäå ëèíåéíîé êîìáèíàöèè âûïóêëûõ ôóíêöèé

ñ íåîòðèöàòåëüíûìè êîýôôèöèåíòàìè:

 wk (A) = wk k(A) + (wk�1 � wk) k�1(A) + : : :+ (w1 � w2) 1(A):

Îòìåòèì, ÷òî ìàêñèìàëüíîå çíà÷åíèå â ôîðìóëå Ôàíü Öçû (5) äî-

ñòèãàåòñÿ íà òåõ ìàòðèöàõ Y �, ñòîëáöû êîòîðûõ ïðåäñòàâëÿþò ñîáîé

îðòîãîíàëüíóþ ñèñòåìó ñîáñòâåííûõ âåêòîðîâ, ñîîòâåñòâóþùèõ ìàêñè-

ìàëüíûì ñîáñòâåííûì ÷èñëàì ìàòðèöû A. Ýòî ïðîâåðÿåòñÿ íåïîñðåä-

ñòâåííî:

tr(AY �(Y �)T ) =

kX
i=1

(�i(A)y
�
i ; y

�
i ) =

kX
i=1

�i(A)

(çäåñü y�i åñòü i-é ñòîëáåö ìàòðèöû Y �).

Åñëè êðàòíîñòü k ìàêñèìàëüíûõ ñîáñòâåííûõ ÷èñåë ìàòðèöû A ðàâ-

íà 1, òî  k(A) äèôôåðåíöèðóåìà ïðè A = A è ãðàäèåíò g (A) =
f@ k=@aijgni;j=1 âû÷èñëÿåòñÿ ïî ôîðìóëå

@ k

@aij
(A) =

kX
r=1

yri y
r
j ; (6)
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ãäå yrs (s = 1, . . . , n) �êîìïîíåíòû r-ãî îðòîíîðìèðîâàííîãî ñîáñòâåí-

íîãî âåêòîðà ìàòðèöû A. Åñëè êðàòíîñòü ñîáñòâåííîãî ÷èñëà ìàòðèöû

A õîòÿ áû äëÿ îäíîãî r, r = 1; : : : ; k, ïðåâûøàåò 1, òî ñîîòâåòñòâóþùèå
ñîáñòâåííûå âåêòîðû îïðåäåëÿþòñÿ (ñ òî÷íîñòüþ äî çíàêà) íåîäíîçíà÷-

íî, ãðàäèåíò g (A) â òî÷êå A òåðïèò ðàçðûâ, íî ñóùåñòâóþò ñóáãðàäè-

åíòû, âû÷èñëÿåìûå ïî ôîðìóëå (6) äëÿ ïðîèçâîëüíûõ îðòîíîðìèðîâàí-

íûõ ïðåäñòàâèòåëåé ñîáñòâåííûõ âåêòîðîâ. Òàêèì îáðàçîì, èñïîëüçóÿ

àëãîðèòìû íàõîæäåíèÿ ñîáñòâåííûõ ÷èñåë è ñîáñòâåííûõ âåêòîðîâ ñèì-

ìåòðè÷íûõ ìàòðèö, ìû ëåãêî ìîæåì âû÷èñëèòü ñóáãðàäèåíò ôóíêöèè

 k(:) â ïðîèçâîëüíîé òî÷êå A. Ôóíêöèè âèäà 'k(x) =  k(A(x)), êàê è

ôóíêöèè âèäà 'wk (x) =  wk (A(x)), íóæíî ðàññìàòðèâàòü êàê ñëîæíûå

ôóíêöèè è ñîîòâåòñòâåííûì îáðàçîì âû÷èñëÿòü ÷àñòíûå ïðîèçâîäíûå

è ñóáãðàäèåíòû.

Îäíàêî âû÷èñëåíèå ñîáñòâåííûõ ÷èñåë è ñîáñòâåííûõ âåêòîðîâ ñèì-

ìåòðè÷íûõ (n � n)-ìàòðèö ïðè áîëüøèõ n òðåáóåò áîëüøîãî âðåìåíè.

Ìîæíî ëè îáîéòèñü áåç ñòîëü ãðîìîçäêèõ âû÷èñëåíèé?

Ëåãêî âèäåòü, ÷òî åñëè â ôîðìóëå (5) ìû çàìåíèì óñëîâèå Y 2 Mk
n

íà óñëîâèå Y Y T 2 cofZZTg, Z 2Mk
n , òî ôîðìóëà îñòàíåòñÿ âåðíîé (co

� ñèìâîë âûïóêëîãî çàìûêàíèÿ ìíîæåñòâà). Îïðåäåëèì êëàññ ìàòðèö

MC0

k;n = cofZZT : Z 2Mk
ng.

Òåïåðü ìîæíî âîñïîëüçîâàòüñÿ ñëåäóþùèì ðåçóëüòàòîì [36].

Òåîðåìà. Ñïðàâåäëèâî ñîîòíîøåíèå

MC0

k;n = fC : trC = k; 0 � �n(C) � �1(C) � 1g: (7)

Äðóãèìè ñëîâàìè, MC0

k;n � ýòî êëàññ ñèììåòðè÷íûõ (n� n) ìàòðèö,
ñïåêòð êîòîðûõ ðàñïîëîæåí íà èíòåðâàëå [0; 1], à ñóììà äèàãîíàëüíûõ
ýëåìåíòîâ ðàâíà k. Äëÿ  k(A) ïîëó÷àåì ñëåäóþùåå âûðàæåíèå:

 k(A) = max
C2M

C0
k;n

(A;C); (8)

ãäå (A;C) =
Pn
i;j=1 aijcij . Òàê êàê Ik � C, C 2 MC0

k;n, ÿâëÿåòñÿ íåîò-

ðèöàòåëüíî îïðåäåëåííîé ìàòðèöåé [47], òî cii � 1, i = 1; : : : ; n (ñâîé-

ñòâî íåîòðèöàòåëüíîé îïðåäåëåííîñòè ìàòðèöû A áóäåì çàïèñûâàòü êàê

A � 0). Îòñþäà jcij j � 1 äëÿ ëþáûõ ïàð (i; j), ò.å. ìíîæåñòâî MC0

k;n ÿâ-

ëÿåòñÿ îãðàíè÷åííûì, à, çíà÷èò, è êîìïàêòíûì. Ôóíêöèÿ  k(A(x)) �
âûïóêëàÿ ôóíêöèÿ ïàðàìåòðà, è ñòàâèòñÿ çàäà÷à åå ìèíèìèçàöèè. Èñ-

ïîëüçóÿ (8), ïîëó÷àåì

f� = min
x
 k(A(x)) = min

x
max

C2M
C0
k;n

(A(x); C) = min
x

max
C2M

C0
k;n

nX
i;j=1

aij(x)cij :
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Èç óñëîâèÿ C 2MC0

k;n ñëåäóåò, ÷òî jcij j � 1 äëÿ âñåõ (i; j) è

nX
i=1

cii = k; cii � 0; i = 1; : : : ; n: (9)

Ïóñòü C0 ïðèíàäëåæèò îòíîñèòåëüíîé âíóòðåííîñòè MC0

k;n. Áóäåì

ñòðîèòü ìàêñèìèçèðóþùóþ ïîñëåäîâàòåëüíîñòü C1; : : : ; Cp; : : : òàêèì

îáðàçîì, ÷òîáû fCpg1p=1 îñòàâàëèñü âíóòðåííèìè òî÷êàìè. Äëÿ ýòî-

ãî ìîæíî âîñïîëüçîâàòüñÿ âíóòðåííèìè øòðàôíûìè ôóíêöèÿìè

S"(C) = = "(ln detC + ln det(Ik �C)). Ýòè ôóíêöèè âîãíóòû íà ìíîæå-

ñòâå C � 0 è ïðè ïîäõîäå ê ãðàíèöå îãðàíè÷åíèé ïî ñïåêòðó (�n(C) �
0; �1(C) � 1) ñòðåìÿòñÿ ê �1. Óñëîâèå (9) ìîæíî óäîâëåòâîðèòü ïóòåì

èñêëþ÷åíèÿ cnn:

cnn = k �
n�1X
i=1

cii: (10)

Òàêèì îáðàçîì, äëÿ ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è (8) äîáàâèì

ê 'k(A(x)) øòðàôíóþ ôóíêöèþ ñ ïàðàìåòðîì " è ïîëó÷èì ñëåäóþùóþ

çàäà÷ó: íàéòè

f�" = min
x
 "k(A(x)) = min

x
max
C2K

f(A(x); C) + "(ln detC + ln det(Ik � C))g ;

ãäå

K =

(
C : jcij j � 1 äëÿ âñåõ(i; j); cnn = k �

n�1X
i=1

cii

)
: (11)

Êàê ïðàâèëî, ðàññìàòðèâàÿ êîíêðåòíóþ çàäà÷ó, ìîæíî íàéòè àïðèîð-

íûå äâóñòîðîííèå îãðàíè÷åíèÿ íà îáëàñòü âàðèàöèè ïàðàìåòðîâ xij âè-

äà

� = faij � xij � �ij äëÿ âñåõ(i; j)g: (12)

Ïóòåì ïåðåñòàíîâêè îïåðàöèé âçÿòèÿ max è min (÷òî â äàííîì ñëó-

÷àå ïðàâîìåðíî, òàê êàê ðå÷ü èäåò î ñåäëîâîé òî÷êå âûïóêëî-âîãíóòîé

ôóíêöèè [26]), ïîëó÷àåì

f�" = max
C2K

��
min
x2�

(C;A(x))

�
+ " (ln detC + ln det(Ik � C))

�
: (13)

Ïðè ôèêñèðîâàííîì C âíóòðåííÿÿ çàäà÷à ìèíèìèçàöèè ðåøàåòñÿ òðè-

âèàëüíî ïðè àôôèííîì âõîæäåíèè ïàðàìåòðîâ x â ýëåìåíòû ìàòðè-

öû A.
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2. Çàäà÷à î ðàçáèåíèè ãðàôà Ïóñòü çàäàí íåîðèåíòèðîâàííûé

ãðàô G(V;E). Ðàññìîòðèì çàäà÷ó î ðàçáèåíèè åãî âåðøèí V íà çàäàí-

íîå ÷èñëî íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâ ñ çàäàííûì îãðàíè÷åíèåì

íà ÷èñëî âåðøèí â êàæäîì ïîäìíîæåñòâå òàê, ÷òîáû ÷èñëî ðåáåð, ó

êîòîðûõ êîíöû ëåæàò â ðàçíûõ ïîäìíîæåñòâàõ, áûëî ìèíèìàëüíî. Òà-

êàÿ çàäà÷à âîçíèêàåò îñîáåííî ÷àñòî ïðè ïðîåêòèðîâàíèè ýëåêòðîííûõ

ñõåì, óñòðîéñòâ, ðàçðàáîòêå ñëîæíûõ ïðîãðàìì è ò.ï., êîãäà ïðèìåíÿ-

åòñÿ áëî÷íûé ïðèíöèï ðàçðàáîòêè èëè êîíñòðóèðîâàíèÿ.

Äîíàò è Õîôìàí [9], [10] ïðåäëîæèëè äëÿ ïðèáëèæåííîãî ðåøåíèÿ

ýòîé ñëîæíîé êîìáèíàòîðíîé çàäà÷è èñïîëüçîâàòü ñëåäóþùóþ îöåíêó:

�� = �1

2
min
x

(
kX
i=1

mi�i(A0 +D(x)) : tr(D(x)) = 0

)
;

ãäå m1 � m2 � : : : � mk � 0,
Pk
i=1mi = jV j, V =

Sk
i=1 Vi, à fVigki=1

� íåèçâåñòíûå ïîäìíîæåñòâà ðàçáèåíèÿ ìíîæåñòâà âåðøèí, jVij = mk,

i = 1; : : : ; k. Íåäèàãîíàëüíûå ýëåìåíòû ìàòðèöû A0 = fa0ijg ðàâíû 1,
åñëè âåðøèíû i è j ñâÿçàíû ðåáðîì, è 0 � â ïðîòèâîïîëîæíîì ñëó÷àå,

à a0ii îïðåäåëÿþòñÿ ïî ôîðìóëå

a0ii = �
jV jX

j=1;j 6=i

a0ij ; i = 1; : : : ; jV j:

Ïóñòü D(x) � äèàãîíàëüíàÿ ìàòðèöà, ó êîòîðîé íà i-ì äèàãîíàëüíîì

ìåñòå ñòîèò xi, ò.å. i-ÿ êîìïîíåíòà âåêòîðà fx1; : : : ; xjV jg. Ìû âèäèì, ÷òî

çàäà÷à íàõîæäåíèÿ �� îòíîñèòñÿ ê êëàññó SMw
n;k -çàäà÷. Êóëóì, Äîíàò

è Âóëô [8] ïðåäëîæèëè ñõîäÿùèéñÿ àëãîðèòì ðåøåíèÿ ýòîé çàäà÷è äëÿ

ñëó÷àÿ ðàâíûõ mi, i = 1; : : : ; k. Èõ àëãîðèòì òðåáóåò âû÷èñëåíèÿ ñîá-

ñòâåííûõ ÷èñåë è ñîáñòâåííûõ âåêòîðîâ íà êàæäîé èòåðàöèè è â ïîëíîé

ìåðå ó÷èòûâàåò ñïåöèôèêó çàäà÷è.

Çàìå÷àíèå. Ñòàòüÿ [8] çàìå÷àòåëüíà åùå òåì, ÷òî îíà áûëà îïóáëè-

êîâàíà â âûïóñêå, âïåðâûå öåëèêîì ïîñâÿùåííîì íåäèôôåðåíöèðóåìîé

îïòèìèçàöèè, â êîòîðîì íàðÿäó ñ èíòåðåñíûìè ïóáëèêàöèÿìè çàïàäíûõ

àâòîðîâ äîñòàòî÷íî ïîëíî áûëà ïðåäñòàâëåíà áèáëèîãðàôèÿ è ñîâåò-

ñêèõ ðàáîò ýòîãî íàïðàâëåíèÿ, â òî âðåìÿ ìàëîèçâåñòíûõ íà Çàïàäå.

Â ðàáîòå [36] íà îñíîâå îáîáùåíèÿ ðåçóëüòàòîâ ñòàòüè [8] ïðåäëî-

æåí óñîâåðøåíñòâîâàííûé àëãîðèòì äëÿ ðåøåíèÿ îáùåé çàäà÷è ìèíè-

ìèçàöèè âçâåøåííîé ñóììû k ìàêñèìàëüíûõ ñîáñòâåííûõ ÷èñåë òèïà

MSw(n; k), êîòîðûé ýôôåêòèâíî ðàáîòàåò, åñëè íà÷àëüíîå ïðèáëèæå-

íèå äîñòàòî÷íî áëèçêî ê òî÷êå ìèíèìóìà.
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Èòàê, ìû âèäèì, ÷òî ðàçíîîáðàçíûå ïðèêëàäíûå çàäà÷è ñâîäÿòñÿ ê

êëàññóMSw(n; k)-çàäà÷. Èñïîëüçóÿ òåîðèþ äâîéñòâåííîñòè, ýòè çàäà÷è

ìîæíî ñâåñòè ê çàäà÷å ìàêñèìèííîãî (ìèíèìàêñíîãî) òèïà, èìåþùèé

âèä (13). Èñïîëüçóÿ øòðàôíûå ôóíêöèè âèäà " ln det(�), ìîæíî ïðèáëè-
æåííî ó÷èòûâàòü îãðàíè÷åíèÿ íà ñïåêòð ìàòðèöû C. Äëÿ ïîëó÷åíèÿ

çíà÷åíèé ïðÿìûõ ïåðåìåííûõ (ïàðàìåòðîâ ìàòðè÷íîé ôóíêöèè) öåëå-

ñîîáðàçíî ââîäèòü êâàäðàòè÷íûå ñåïàðàáåëüíûå äîáàâêè âèäà Æix
2
i , ãäå

Æi > 0, à xi � ïàðàìåòðû. Ïðè ýòîì ïîëó÷àåì

f�";Æ = max
C2K

(
min
x2�

"
(C;A(x)) + " (ln detC + ln det(Ik � C)) +

X
i

Æix
2
i

#)
:

Â ýòîé ñãëàæåííîé çàäà÷å îáåñïå÷èâàåòñÿ ñóùåñòâîâàíèå åäèíñòâåííîé

ñåäëîâîé òî÷êè. Âíóòðåííÿÿ êâàäðàòè÷íàÿ çàäà÷à äëÿ x ïðè ôèêñèðî-

âàííîì C ðåøàåòñÿ òðèâèàëüíî, à äëÿ íàõîæäåíèÿ ïðèáëèæåííîãî çíà-

÷åíèÿ C� ìîæíî , êàê ïîêàçûâàþò ýêñïåðèìåíòû, ñ óñïåõîì ïðèìåíÿòü

r-àëãîðèòì. Ïîëó÷åííîé ìàòðèöå C�" ñîîòâåòñòâóåò âåêòîð ïàðàìåòðîâ

x�" . Âåëè÷èíà (C
�
" ; A(x

�
")) äàåò îöåíêó ñíèçó äëÿ  

w
k (A(x�)). Ðåøèâ äëÿ

ïîëó÷åííîãî x�" çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ äëÿ ìàòðèöû A(x�"), ìû
ìîæåì îöåíèòü òî÷íîñòü ðåøåíèÿ è, åñëè îíà íåäîñòàòî÷íà, ðàáîòàòü ñ

ìåíüøèìè ìíîæèòåëÿìè ïðè øòðàôíûõ è ñãëàæèâàþùèõ äîáàâêàõ.

3. Çàäà÷è ìèíèìèçàöèè ìàòðè÷íûõ ïàðà-

ìåòðè÷åñêèõ ôóíêöèé ñ îãðàíè÷åíèÿìè

íà íåîòðèöàòåëüíóþ îïðåäåëåííîñòü

Ðàññìîòðèì ìíîæåñòâî Sn âåùåñòâåííûõ ñèììåòðè÷íûõ ìàòðèö ðàç-

ìåðà n � n. Êàæäàÿ ìàòðèöà A = faijgni;j=1 2 Sn çàäàåòñÿ n(n + 1)=2
ñâîèìè ýëåìåíòàìè: n èç íèõ ëåæàò íà ãëàâíîé äèàãîíàëè, îñòàëüíûå

aij (i 6= j) ðàâíû aij , òàê ÷òî äîñòàòî÷íî óêàçàòü åùå n(n�1)=2 ïîïàðíî
íåñèììåòðè÷íûõ ýëåìåíòîâ. Òàêèì îáðàçîì, â Sn ìîæíî åñòåñòâåííûì

îáðàçîì ââåñòè îïåðàöèþ óìíîæåíèÿ ìàòðèöû íà âåùåñòâåííîå ÷èñëî

è îïåðàöèþ ñëîæåíèÿ, ñâîäÿùèåñÿ ê ïîýëåìåíòíîìó âûïîëíåíèþ ýòèõ

îïåðàöèé, è â ðåçóëüòàòå ïîëó÷èì âåêòîðíîå ïðîñòðàíñòâî SLn ðàçìåð-

íîñòè n(n+1)=2. Ïóñòü fy1; : : : ; yng � ïåðåìåííûå ýëåìåíòû åâêëèäîâà

ïðîñòðàíñòâà En. Êàæäîé ìàòðèöå A 2 Sn ìû ìîæåì ñîïîñòàâèòü êâàä-
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ðàòè÷íóþ ôîðìó

KA(y) = (Ay; y) =

nX
i;j=1

aijyiyj :

Ìàòðèöà A íàçûâàåòñÿ íåîòðèöàòåëüíî îïðåäåëåííîé (A � 0), åñëè
(Ax; x) � 0 äëÿ âñåõ x. Åñëè (Ax; x) > 0 äëÿ âñåõ x 6= 0, òî A íàçû-

âàåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöåé (A � 0). Âàæíîñòü ýòèõ
êëàññîâ ìàòðèö îáóñëîâëåíà òåì, ÷òî ôóíêöèÿ KA(y) ÿâëÿåòñÿ âûïóê-
ëîé (ñòðîãî âûïóêëîé) òîãäà è òîëüêî òîãäà, êîãäà A � 0 (A � 0).

Íåòðóäíî óáåäèòüñÿ, ÷òî íåîòðèöàòåëüíî (ïîëîæèòåëüíî) îïðåäå-

ëåííûå ìàòðèöû îáðàçóþò â ïðîñòðàíñòâå SLn âûïóêëûé êîíóñ K
+

n

(K+
n ), ïðè÷åì K

+

n ÿâëÿåòñÿ çàìûêàíèåì K+
n â åñòåñòâåííîé òîïîëîãèè

[54]. Êàê æå ïðîâåðèòü, ÷òî A � 0 (A � 0)? Ñóùåñòâóåò öåëûé ðÿä

êðèòåðèåâ äëÿ ðåøåíèÿ ýòîé çàäà÷è [47]:

(à) âîçìîæíîñòü ïðåäñòàâëåíèÿ KA(x) â âèäå ñóììû êâàäðàòîâ ëè-

íåéíûõ ôîðì (ñóììû êâàäðàòîâ n ëèíåéíî íåçàâèñèìûõ ôîðì);

(á) êðèòåðèé Ñèëüâåñòðà: îïðåäåëèòåëè âñåõ ãëàâíûõ ìèíîðîâ íåîò-

ðèöàòåëüíû (ïîëîæèòåëüíû), ïðè ýòîì äîñòàòî÷íî ðàññìîòðåòü

ñèñòåìó èç n âëîæåííûõ ïîñëåäîâàòåëüíî äðóã â äðóãà ìèíîðîâ;

(â) íåîòðèöàòåëüíîñòü (ïîëîæèòåëüíîñòü) ìèíèìàëüíîãî ñîáñòâåííî-

ãî ÷èñëà ìàòðèöû A: �n(A) � 0 (�n(A) > 0).

Ñ êðèòåðèÿìè (à) è (á) óäîáíî ðàáîòàòü, êîãäà ðå÷ü èäåò î ôèê-

ñèðîâàííîé ìàòðèöå. Åñëè æå ìû ðàññìàòðèâàåì ìíîæåñòâî ìàòðèö

A(x) 2 Sn, çàâèñÿùèõ îò âåêòîðíîãî ïàðàìåòðà x = fx1; : : : ; xmg, òî ñ
êðèòåðèÿìè (à) è (á) ðàáîòàòü ñëîæíî, äàæå åñëè ýëåìåíòû aij(x) ïðåä-
ñòàâëÿþò ñîáîé ëèíåéíûå ôóíêöèè îò ïàðàìåòðîâ. Êðèòåðèé Ñèëüâå-

ñòðà, íàïðèìåð, ñâîäèòñÿ òîãäà ê ñèñòåìå, âîîáùå ãîâîðÿ, íåâûïóêëûõ

íåðàâåíñòâ, íåêîòîðûì èç íèõ ìîæåò ñîîòâåòñòâîâàòü äàæå íåñâÿçíàÿ

îáëàñòü â ïðîñòðàíñòâå ïàðàìåòðîâ. Â ñëó÷àå ïàðàìåòðè÷åñêîé îïòèìè-

çàöèè ñ àôôèííûì âõîæäåíèåì ïàðàìåòðîâ â ýëåìåíòû ìàòðèöû íàè-

áîëüøèé èíòåðåñ ïðåäñòàâëÿåò êðèòåðèé (â), òàê êàê �n(A) ïðåäñòàâ-
ëÿåò ñîáîé âîãíóòóþ ôóíêöèþ îò ýëåìåíòîâ ìàòðèöû: ñîîòâåòñòâåííî,

'(x) = �n(A(x)) áóäåò âîãíóòîé ôóíêöèåé îò x, ò.å. íåðàâåíñòâî

�'(x) � 0 (14)

áóäåò âûïóêëûì.
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Ïóòåì òåõ æå ðàññóæäåíèé, êîòîðûå ìû ïðîâîäèëè â �2, ëåãêî ïîêà-

çàòü, ÷òî ôóíêöèÿ âèäà '(x), êàê ïðàâèëî, áóäåò íåãëàäêîé, ðàçðûâ

ãðàäèåíòà ìîæåò ïðîèçîéòè â òåõ òî÷êàõ x, äëÿ êîòîðûõ êðàòíîñòü

�n(A(x)) ïðåâûøàåò 1. Èç ýòîãî ñëåäóåò íå î÷åíü ïðèÿòíûé ôàêò, ÷òî

áîëüøèíñòâî çàäà÷ ïàðàìåòðè÷åñêîé ìàòðè÷íîé îïòèìèçàöèè ñ îãðà-

íè÷åíèÿìè íà íåîòðèöàòåëüíóþ îïðåäåëåííîñòü ÿâëÿþòñÿ íåãëàäêèìè,

÷òî çàòðóäíÿåò èõ ðåøåíèå êëàññè÷åñêèìè ìåòîäàìè, ïðè÷åì ýòîò ôàêò,

êàê íè óäèâèòåëüíî, áûë îáíàðóæåí ñðàâíèòåëüíî íåäàâíî. Âîò êàê

ïèøåò îá ýòîì â [18] èçâåñòíûé ìàòåìàòèê Ôëåò÷åð, îäèí èç àâòîðîâ

çíàìåíèòîãî êâàçèíüþòîíîâñêîãî ìåòîäà ÄÔÏ (Äàâèäîíà - Ôëåò÷åðà -

Ïàóýëëà) áåçóñëîâíîé ãëàäêîé îïòèìèçàöèè: "Ìîé èíòåðåñ ê çàäà÷àì

ñ ìàòðè÷íûìè îãðàíè÷åíèÿìè ïîëóîïðåäåëåííîñòè áûë èíèöèèðîâàí

íåêîòîðîå âðåìÿ òîìó íàçàä [14] èçó÷åíèåì çàäà÷è "îáðàçîâàòåëüíî-

ãî" òåñòèðîâàíèÿ: äàíà ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà S; ñêîëüêî

ìîæíî "èçâëå÷ü" èç åå äèàãîíàëè, ÷òîáû â ðåçóëüòàòå îñòàëàñü íåîòðè-

öàòåëüíî îïðåäåëåííàÿ ìàòðèöà. Ýòî ïðèâîäèò ê çàäà÷å: íàéòè

max
nX
i=1

�i; � = f�igni=1 2 Rn; (15)

ïðè îãðàíè÷åíèÿõ

S � diag� � 0; � � 0: (16)

Ïåðâûå ïîïûòêè ðåøèòü ýòó çàäà÷ó . . . (èäóò ññûëêè íà [14]�[16])

. . . áûëè íå î÷åíü óñïåøíû. . . . â íèõ îãðàíè÷åíèå íà íåîòðèöàòåëü-

íóþ îïðåäåëåííîñòü ñâîäèëîñü ê îãðàíè÷åíèþ íà ñîáñòâåííîå ÷èñëî,

è ïðèìåíÿëàñü ñòàíäàðòíàÿ ìåòîäèêà íåëèíåéíîãî ïðîãðàììèðîâàíèÿ.

Â ìî¼ì ñëó÷àå ýòî ñîîòâåòñòâîâàëî ïðåäïîëîæåíèþ, ÷òî îãðàíè÷åíèå

íà ñîáñòâåííîå ÷èñëî áóäåò ãëàäêèì â òî÷êå ðåøåíèÿ, çà èñêëþ÷åíèåì

ðåäêèõ ñëó÷àåâ. Ýòî îêàçàëîñü íåïðàâèëüíûì, â äåéñòâèòåëüíîñòè ïî-

äàâëÿþùåå áîëüøèíñòâî òàêèõ çàäà÷, õîòÿ è íå âñå, íåãëàäêè â òî÷êå

ðåøåíèÿ."

Äàëåå â ýòîé ðàáîòå óïîìèíàåòñÿ åù¼ îäíà ïîäîáíàÿ çàäà÷à (ìî-

äèôèêàöèÿ ìàòðèöû, êîòîðàÿ âîçíèêàåò â Íüþòîíî-ïîäîáíûõ ìåòîäàõ

áåçóñëîâíîé ìèíèìèçàöèè). Â ýòîì ñëó÷àå G � ñèììåòðè÷íàÿ íåîïðåäå-

ëåííàÿ ìàòðèöà. Êàê ïî âîçìîæíîñòè ìåíüøå "äîáàâèòü" ê äèàãîíàëè,

÷òîáû â ðåçóëüòàòå ïîëó÷èòü íåîòðèöàòåëüíî îïðåäåëåííóþ ìàòðèöó?

Ïîñòàâëåííûé âîïðîñ ïðèâîäèò ê çàäà÷å òàêîãî æå òèïà, ÷òî è ïðåäû-

äóùàÿ: íàéòè

min
��0

nX
i=1

�i; � 2 Rn; G+ diag � � 0: (17)



127

Äàëåå â [18] èçó÷àåòñÿ ñòðóêòóðà ñóáãðàäèåíòîâ è øòðàôíûõ ôóíê-

öèé, ñâÿçàííûõ ñ ìàòðè÷íûìè îãðàíè÷åíèÿìè â ôîðìå íåîòðèöàòåëü-

íîé îïðåäåëåííîñòè. Ýòî, ïî-âèäèìîìó, îäíà èç ïåðâûõ ðàáîò, â êîòîðîé

ïîäðîáíî èçó÷àëèñü ñâîéñòâà ñóáäèôôåðåíöèàëîâ íåãëàäêèõ ôóíêöèé,

âîçíèêàþùèõ â ñâÿçè ñ îãðàíè÷åíèÿìè íåîòðèöàòåëüíîé îïðåäåëåííî-

ñòè, è ñòðîèëèñü ïðàêòè÷åñêè ýôôåêòèâíûå àëãîðèòìû, êîãäà âûáèðà-

åìûå ïàðàìåòðû âõîäÿò ëèøü â äèàãîíàëüíûå ýëåìåíòû ìàòðèöû (íà-

ïðèìåð, äëÿ çàäà÷è "îáðàçîâàòåëüíîãî òåñòèðîâàíèÿ").

Ýòè ìåòîäû [18] ìîæíî ðàññìàòðèâàòü êàê ìîäèôèêàöèè SQP -ìå-

òîäà (ïîñëåäîâàòåëüíîå êâàäðàòè÷íîå ïðîãðàììèðîâàíèå). Â îòëè÷èå

îò ïîäõîäà Ôëåò÷åðà íàø ïîäõîä ïîëíîñòüþ îñíîâàí íà àëãîðèòìàõ

íåãëàäêîé îïòèìèçàöèè. Ìû ñòîëêíóëèñü ñ ýêñòðåìàëüíûìè ìàòðè÷-

íûìè çàäà÷àìè, â êîòîðûõ îñíîâíûå îãðàíè÷åíèÿ ñâÿçàíû ñ íåîòðèöà-

òåëüíîé îïðåäåëåííîñòüþ, ïðè ðàññìîòðåíèè äâîéñòâåííûõ îöåíîê äëÿ

íàõîæäåíèÿ ìàêñèìàëüíîãî âçâåøåííîãî âíóòðåííå óñòîé÷èâîãî ìíî-

æåñòâà ãðàôà G(V;E) [32]. Ïîäîáíàÿ çàäà÷à óæå ðàññìàòðèâàëàñü â �2.
Ìû ïðåäëîæèì ôîðìóëèðîâêó ýòîé çàäà÷è â âèäå ýêñòðåìàëüíîé çà-

äà÷è êâàäðàòè÷íîãî òèïà. Ïóñòü V = f1; : : : ; ng. Ñîïîñòàâèì êàæäîé

âåðøèíå i 2 V ïåðåìåííóþ xi 2 f0; 1g, ïîëîæèâ xi = 1, åñëè âåðøèíà i

ïðèíàäëåæèò èñêîìîìó ÂÓÌ, è xi = 0, åñëè íå ïðèíàäëåæèò. Òîãäà ìû
ïîëó÷èì ñëåäóþùóþ çàäà÷ó íåëèíåéíîãî ïðîãðàììèðîâàíèÿ [54]: íàéòè

�w(G) = max

nX
i=1

wixi (18)

ïðè óñëîâèÿõ íåñîâìåñòèìîñòè

xixj = 0 äëÿ âñåõ fi; jg 2 E (19)

è áóëåâîñòè ïåðåìåííûõ

x2k � xk = 0 äëÿ âñåõ k 2 V; (20)

ãäå w = fw1; : : : ; wng � âåêòîð ïîëîæèòåëüíûõ "âåñîâ". Ââåäåì ìíîæè-

òåëè Ëàãðàíæà uij = uji äëÿ îãðàíè÷åíèé (19) è uk äëÿ îãðàíè÷åíèé

(20). Âåêòîð, ñîñòàâëåííûé èç óêàçàííûõ ìíîæèòåëåé, áóäåì îáîçíà-

÷àòü u. Ïîñòðîèì ôóíêöèþ Ëàãðàíæà äëÿ çàäà÷è (18)� (20):

L(x; u) =

nX
i=1

wixi �
X

fi;jg2E

uijxixj �
X
k2V

uk(x
2
k � xk):

Ïóñòü  (u) = supxL(x; u),  
� = infu  (u) ( (u) � �w(G) äëÿ âñåõ u

è  � � �w(G). Ëåãêî óáåäèòüñÿ, ÷òî  (u) � âîãíóòàÿ ôóíêöèÿ, dom  
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ñîäåðæèò âñå u, äëÿ êîòîðûõ ìàòðèöà �M(u) êâàäðàòè÷íîé ïî x ôîðìû
ôóíêöèè Ëàãðàíæà L(x; u) ÿâëÿåòñÿ îòðèöàòåëüíî îïðåäåëåííîé, ãäå

M(u) = fmijgni;j=1 è

mij

8<
:

uij ; fi; jg 2 E;
ui; i = j;

0 â îñòàëüíûõ ñëó÷àÿõ:

Ïóñòü 
+ = fu : M(u) � 0g, 
+
= fu : M(u) � 0g. Êàê ïîêàçàíî â

[54], äâîéñòâåííàÿ îöåíêà  � äëÿ �w(G) ñîâïàäàåò ñ �w(G), ãäå  
� �

îïòèìàëüíîå çíà÷åíèå ñëåäóþùåé ïàðàìåòðè÷åñêîé ìàòðè÷íîé çàäà÷è:

íàéòè

 � = inf
u
sup
x

"
nX
i=1

(wi + ui)xi � (M(u); x)

#
; M(u) � 0 (èëè u 2 
+):

(21)

Òàêèì îáðàçîì ìû ïîëó÷èì çàäà÷ó ìàòðè÷íîé îïòèìèçàöèè ñ îãðàíè-

÷åíèÿìè òèïà íåîòðèöàòåëüíîé îïðåäåëåííîñòè.

Äðóãàÿ ôîðìóëèðîâêà çàäà÷è, ñâÿçàííîé ñ îöåíêîé Ëîâàñà, òàêæå

ñîäåðæèò ïîäîáíûå îãðàíè÷åíèÿ. Ïóñòü G(V;E) � ãðàô. Ðàññìîòðèì

êëàññ B ñèììåòðè÷íûõ ìàòðèö B ñ ýëåìåíòàìè bij (i = 1; : : : ; n, j =
1; : : : ; n), äëÿ êîòîðûõ bij = 0, åñëè fi; jg 2 E, è

Pn
k=1 bkk = 1, B � 0.

Êàê ïîêàçàíî â [32], [22],

�w(G) = max
B2B

nX
i;j=1

p
wiwjbij : (22)

Çàäà÷à (22) òàêæå ÿâëÿåòñÿ çàäà÷åé âûïóêëîãî ïðîãðàììèðîâàíèÿ ñ

îãðàíè÷åíèåì â ôîðìå íåîòðèöàòåëüíîé îïðåäåëåííîñòè.

Ðàññìîòðèì åñòåñòâåííûå îáîáùåíèÿ [54].

Çàäà÷è âèäà (18)�(20) ÿâëÿþòñÿ ïðèìåðàìè çàäà÷è êâàäðàòè÷íîãî

òèïà. Èñïîëüçóÿ ôóíêöèþ Ëàãðàíæà, ìû ïîëó÷èëè äëÿ íåå äâîéñòâåí-

íóþ îöåíêó (21). Ïîäîáíàÿ îöåíêà ìîæåò áûòü ïîëó÷åíà äëÿ ïðîèçâîëü-

íîé çàäà÷è êâàäðàòè÷íîãî òèïà, èìåþùèé âèä: íàéòè

f� = infK0(x); x 2 En; (23)

Ki(x) � 0; i 2 I; (24)

Kj(x) = 0; j 2 J ; J
\
I = ;; (25)
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ãäå K0 è Ki, i 2 I, Kj , j 2 J , � êâàäðàòè÷íûå èëè ëèíåéíûå ôóíêöèè.

Ôîðìèðóåì ôóíêöèþ Ëàãðàíæà (u = fui; i 2 I; uj ; j 2 J g � âåêòîð

ìíîæèòåëåé Ëàãðàíæà)

L(x; u) = K0(x) +
X
i2I

uiKi(x) +
X
j2J

ujKj(x)

è ìàðãèíàëüãóþ ôóíêöèþ

 (u) = inf
x
L(x; u):

Åñëè dom  íå ÿâëÿåòñÿ ïóñòûì ìíîæåñòâîì è  (u) � ñîáñòâåííàÿ âû-

ïóêëàÿ ôóíêöèÿ, òî ìîæíî ïîëó÷èòü íåòðèâèàëüíóþ îöåíêó ñíèçó äëÿ

f�:

f� � '� = sup
fu:ui�0;i2Ig

 (u):

Ïóñòü ML(u) � ìàòðèöà êâàäðàòè÷íîé ôîðìû ïî x ôóíêöèè Ëàãðàí-

æà L(x; u). Çàìåòèì, ÷òî ýëåìåíòû ýòîé ìàòðèöû çàâèñÿò îò u ëèíåé-

íî, à dom  ñîäåðæèò 
+ = fu : ML(u) � 0g è íå ñîäåðæèò u, äëÿ

êîòîðûõ ML(u) èìååò îòðèöàòåëüíîå ìèíèìàëüíîå ñîáñòâåííîå ÷èñëî.

Ïóñòü 

+
= fu : ML(u) � 0g. Òîãäà îöåíêà îïðåäåëÿåòñÿ â ðåçóëüòàòå

ðåøåíèÿ ìàòðè÷íîé ýêñòðåìàëüíîé çàäà÷è:

'� = sup
fu:ui�0;i2Ig

inf
x
[(ML(u)x; x) + l(x; u)] ; u 2 


+
; (26)

ãäå l(x; u)� ýòî ëèíåéíàÿ ïî x ÷àñòü ôóíêöèè Ëàãðàíæà. (Áîëåå ïîäðîá-

íîå èçëîæåíèå òàêîãî ïîäõîäà ê çàäà÷àì êâàäðàòè÷íîãî òèïà èìååòñÿ

â ìîíîãðàôèè [54].)

Ê îïòèìèçàöèîííûì çàäà÷àì íà êëàññå íåîòðèöàòåëüíî îïðåäåëåí-

íûõ ìàòðèö ïðèâîäÿò íåêîòîðûå çàäà÷è òåîðèè óñòîé÷èâîñòè äèíàìè-

÷åñêèõ ñèñòåì. Ïîêàçàòåëÿìè ôóíêöèîíèðîâàíèÿ ñëîæíûõ îáúåêòîâ,

îïèñûâàåìûõ ñèñòåìàìè äèôôåðåíöèàëüíûõ óðàâíåíèé, ÿâëÿþòñÿ ðàç-

ëè÷íûå õàðàêòåðèñòèêè: âðåìÿ ïåðåõîäíîãî ïðîöåññà, ðàñõîæäåíèå òðà-

åêòîðèé èç-çà âîçìóùåíèé, îáëàñòü óñòîé÷èâîñòè è äèññàïàöèè è ò.ï.

Ïðÿìîé ìåòîä Ëÿïóíîâà èññëåäîâàíèÿ óñòîé÷èâîñòè òåîðåòè÷åñêè äàåò

âîçìîæíîñòü ïîëó÷àòü äîñòàòî÷íî òî÷íûå îöåíêè òàêèõ õàðàêòåðèñòèê.

Îäíàêî íå ñóùåñòâóåò îáùåãî êîíñòðóêòèâíîãî ïîäõîäà ê ïîñòðîåíèþ

ôóíêöèé Ëÿïóíîâà. Ïîýòîìó îïòèìèçàöèÿ ïî îïðåäåëåííûì êðèòåðè-

ÿì ôóíêöèé Ëÿïóíîâà ïðåäñòàâëÿåò ñóùåñòâåííûé èíòåðåñ. Íèæå ìû

áóäåì îïèðàòüñÿ íà ðåçóëüòàòû ðàáîòû [51].
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Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè

êîýôôèöèåíòàìè:
dx

dt
= Ax; x 2 Rn: (27)

Ïîñòðîèì ôóíêöèþ Ëÿïóíîâà â âèäå êâàäðàòè÷íîé ôîðìû v(x) =
= (H(x); x), ïîëíàÿ ïðîèçâîäíàÿ êîòîðîé (â ñèëó (27)) ðàâíà çàðàíåå

çàäàííîé ôóíêöèè w(x) = �(Cx; x). Ïîëîæèòåëüíî îïðåäåëåííûå ñèì-
ìåòðè÷íûå ìàòðèöû H è C ñâÿçàíû óðàâíåíèåì Ëÿïóíîâà (ñð. [47]):

ATH +HA = �C:

Ôóíêöèÿ Ëÿïóíîâà äàåò âîçìîæíîñòü ïîëó÷èòü ñëåäóþùóþ îöåíêó äëÿ

ñèñòåìû (27):

kx(x0; t)k �
s
�1(H)

�n(H)
kx0k exp

�
� �n(C)

2�1(H)
t

�
; (28)

ãäå k:k � îäíà èç íîðì â Rn, x(x0; t) � ðåøåíèå ñèñòåìû (27) ïðè x = x0
äëÿ t = 0.

Èñïîëüçóÿ îöåíêó (28), ìîæíî ïîëó÷èòü èíòåãðàëüíóþ îöåíêó

J =

Z 1

0

kx(x0; t)k dt � 2kx0k
 s

�1(H)

�n(H)

!3

(29)

íîðìû ôàçîâîé êîîðäèíàòû kx(x0; t)k.
Â ðàáîòå [51] äîêàçàíî, ÷òî íàèáîëåå òî÷íàÿ îöåíêà èíòåãðàëüíî-

ãî êðèòåðèÿ êà÷åñòâà âèäà (29) îïðåäåëÿåòñÿ ôóíêöèåé Ëÿïóíîâà, äëÿ

êîòîðîé

H� = argmin
H2G

(�1(H))
3=2p

�n(H) [�n (� (ATH +HA))]
; (30)

ãäå G � ìíîæåñòâî òàêèõ ñèììåòðè÷íûõ ïîëîæèòåëüíî îïðåäåëåííûõ

ìàòðèö H , ÷òî ìàòðèöà C = �(ATH + HA) ïîëîæèòåëüíî îïðåäåëå-

íà. Ôóíêöèÿ Ëÿïóíîâà v�(x) = (H�(x); x) íàçûâàåòñÿ îïòèìàëüíîé â

èíòåãðàëüíîì ñìûñëå.

Ôóíêöèÿ

'(H) =

�p
�1(H)

�3=2
p
�n(H) �n [� (ATH +HA)]

;
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íåïðåðûâíà, ïî÷òè äèôôåðåíöèðóåìà íà îòêðûòîì âûïóêëîì êîíóñå

G. Ïåðåéäåì îò ìèíèìèçàöèè ôóíêöèè '(H) ê ìèíèìèçàöèè ôóíêöèè

 (H) = 2 ln'(H):

 (H) = 3 ln�1(H)� ln�n(H)� 2 ln�n
��(ATH +HA)

�
:

Òàê êàê '(H) = '(�H) ïðè ïðîèçâîëüíîì ïîëîæèòåëüíîì �, òî ìîæíî

ñ÷èòàòü, ÷òî �1(H) = 1. Ïðè ýòîì óñëîâèè ïîëó÷àåì çàäà÷ó íåëèíåéíîãî

ïðîãðàììèðîâàíèÿ ñëåäóþùåãî âèäà: íàéòè

max 1(H) = max
H

�
ln�n(H) + 2 ln�n

��(ATH +HA)
��
: (31)

ïðè óñëîâèÿõ

�1(H) = 1; H � 0; C = �(ATH +HA) � 0: (32)

Ïðèâåäåì îäíî óòâåðæäåíèå èç [54], êîòîðîå áóäåò èñïîëüçîâàíî â

äàëüíåéøåì.

Ëåììà. Ïóñòü f(x) � ñîáñòâåííàÿ âîãíóòàÿ ôóíêöèÿ, x 2 Rn, '(t) �
ìîíîòîííî íåóáûâàþùàÿ âîãíóòàÿ ôóíêöèÿ, îïðåäåëåííàÿ äëÿ t > 0.
Òîãäà ñëîæíàÿ ôóíêöèÿ  (x) = '[f(x)] ÿâëÿåòñÿ ñîáñòâåííîé âîãíó-

òîé ôóíêöèåé, ïðè÷åì

dom  = dom f \ fx : f(x) > 0g (33)

ïðè óñëîâèè, ÷òî ïðàâàÿ ÷àñòü (33) íåïóñòà.

Ëåãêî ïðîâåðèòü, ÷òî ñîñòàâëÿþùèå ôóíêöèè  (H) óäîâëåòâîðÿþò
óñëîâèþ ëåììû. ÅñëèH 2 G, òî �n(H) è �n(C) ïðèíèìàþò ïîëîæèòåëü-
íûå çíà÷åíèÿ. Îòñþäà ñëåäóåò, ÷òî ôóíêöèÿ  (H) ÿâëÿåòñÿ âîãíóòîé

ïðè H 2 G.
Äàëåå, îãðàíè÷åíèå �1(H) = 1 â äàííîì ñëó÷àå ìîæíî çàìåíèòü

âûïóêëûì îãðàíè÷åíèåì �1(H) � 1 (ëåãêî óáåäèòüñÿ, ÷òî ìàêñèìóì

äîñòèãàåòñÿ íà ãðàíèöå ýòîé îáëàñòè).

Èòàê, ïîëó÷àåì çàäà÷ó âûïóêëîãî ïðîãðàììèðîâàíèÿ: íàéòè

min
�� ln�n(H)� 2 ln�n[�(ATH +HA)]

�
; (34)

�1(H) � 1; (35)

H � 0; �(ATH +HA) � 0: (36)

Åñëè äâèãàòüñÿ èç äîïóñòèìîé îáëàñòè G(H), òî ïðè ïðèáëèæåíèè

ê ãðàíèöå ýòîé îáëàñòè �n(H) è (èëè) �n(�(ATH + HA)) ñòðåìèòñÿ
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ê 0, ò.å. ìèíèìèçèðóåìàÿ ôóíêöèÿ (34) ñòðåìèòñÿ ê +1. (Ýòî çíà÷èò,

÷òî ìèíèìóì äîñòèãàåòñÿ âî âíóòðåííåé òî÷êå îáëàñòè G(H)). Óñëîâèå
�1(H) � 1 ìîæíî ó÷åñòü ïðèáëèæåííî, ââåäÿ øòðàôíóþ äîáàâêó âèäà

" ln det(Jn �H).

Ó÷èòûâàÿ âñå âûøå ñêàçàííîå, ìû ìîæåì ïðèìåíèòü äëÿ ðåøåíèÿ

çàäà÷è ïîëó÷åíèÿ îïòèìàëüíîé ôóíêöèè Ëÿïóíîâà (â èíòåãðàëüíîì

ñìûñëå) ìîäèôèêàöèþ r-àëãîðèòìà ñ êîíòðîëåì øàãîâîãî ìíîæèòåëÿ,

ïðåïÿòñòâóþùåãî âûõîäó èç îáëàñòåé ïîëîæèòåëüíîé îïðåäåëåííîñòè

ìàòðèö H è C(H) = �(ATH +HA).

Âàæíûé êëàññ çàäà÷ ìàòðè÷íîé îïòèìèçàöèè ñ îãðàíè÷åíèåì íà

ïîëîæèòåëüíóþ îïðåäåëåííîñòü ñîñòàâëÿþò çàäà÷è íàõîæäåíèÿ îïòè-

ìàëüíûõ ïî îáúåìó âïèñàííûõ è îïèñàííûõ ýëëèïñîèäîâ. Ýòè çàäà-

÷è èìåþò øèðîêèé êðóã ïðèëîæåíèé: ýëëèïñîèäàëüíûå àïïðîêñèìàöèè

êîìïàêòíûõ ìíîæåñòâ (âíåøíèå è èçíóòðè), íàïðèìåð, â òåîðèè îöå-

íèâàíèÿ îáëàñòåé äîñòèæèìîñòè óïðàâëÿåìûõ äèíàìè÷åñêèõ ñèñòåì,

çàäà÷è èäåíòèôèêàöèè ïàðàìåòðîâ, îïòèìàëüíîå ïëàíèðîâàíèå ýêñïå-

ðèìåíòîâ, àïïðîêñèìàöèÿ îáëàñòåé ëîêàëèçàöèè îïòèìàëüíûõ ïàðàìåò-

ðîâ â çàäà÷àõ ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ � âîò äàëåêî íå ïîë-

íûé ïåðå÷åíü âîçìîæíûõ ïðèëîæåíèé.

ÏóñòüWn � ìíîæåñòâî âûïóêëûõ êîìïàêòíûõ òåë n-ìåðíîãî åâêëè-

äîâà ïðîñòðàíñòâà En, ñîäåðæàùèõ âíóòðåííèå òî÷êè. Ïóñòü M 2 Wn;

O1(M) (ñîîòâåòñòâåííî O2(M))� ìíîæåñòâî îïèñàííûõ âîêðóãM (âïè-

ñàííûõ â M) ýëëèïñîèäîâ E(K; y0) âèäà fx : (K(x � y0); x � y0)) � 1g
(çäåñü K � ïîëîæèòåëüíî îïðåäåëåííàÿ ñèììåòðè÷íàÿ ìàòðèöà, y0 �

öåíòð ýëëèïñîèäà). Êàê èçâåñòíî, n-ìåðíûé îáúåì ýëëèïñîèäà E(K; y0)
âûðàæàåòñÿ ÷åðåç åãî ìàòðèöó K ñëåäóþùèì îáðàçîì:

v [E(K; y0)] = !n(detK)�1=2;

ãäå !n åñòü îáúåì n-ìåðíîé ñôåðû åäèíè÷íîãî ðàäèóñà.

Çàìåòèì, ÷òî çàäà÷è î âïèñàííûõ è îïèñàííûõ ýëëèïñîèäàõ òåñíî

ñâÿçàíû ìåæäó ñîáîé ÷åðåç òàê íàçûâàåìûå ïîëÿðíûå ïðåîáðàçîâàíèÿ

Ìèíêîâñêîãî [22], [44]: poM = fy : (x; y) � 1; 8x 2Mg.
Ïóñòü M 2Wn è 0 2 intM . Òîãäà

po(poM) =M;

po

 
m\
i=1

Mi

!
= co

 
m[
i=1

poMi

!
; Mi 2Wn; 0 2 intMi; i = 1; : : : ;m:
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Åñëè M1 � M2, òî poM1 � poM2; åñëè M � ýëëèïñîèä, òî poM �

òàêæå ýëëèïñîèä; åñëè M = E(K; 0), òî poM = E(K�1; 0) è

v(M)v(poM) = !2n:

Ñëåäîâàòåëüíî, åñëè E� � ýëëèïñîèä ìèíèìàëüíîãî îáúåìà, îïèñàí-

íûé âîêðóã M (öåíòð ýëëèïñîèäà ôèêñèðóåòñÿ êàê íà÷àëî êîîðäèíàò),

òî poE� � ýëëèïñîèä ìàêñèìàëüíîãî îáúåìà, âïèñàííûé â poM , ïðè

óñëîâèè, ÷òî öåíòð åãî îñòàåòñÿ â 0. Äæîí [44] äîêàçàë ñóùåñòâîâàíèå

è åäèíñòâåííîñòü îïòèìàëüíûõ âïèñàííûõ ýëëèïñîèäîâ, à òàêæå ñóùå-

ñòâîâàíèå äëÿ êàæäîãî M 2 Wn ãîìîòåòè÷íûõ ýëëèïñîèäîâ ñ îáùèì

öåíòðîì (âïèñàííîãî è îïèñàííîãî) ñ êîýôôèöèåíòîì ãîìîòåòèè íå ìå-

íåå 1=n (äëÿ öåíòðàëüíî ñèììåòðè÷íûõ òåë êîýôôèöèåíò ãîìîòåòèè íå
ìåíåå 1=

p
n).

Ïóñòü M � ìíîãîãðàííèê, çàäàâàåìûé êàê âûïóêëàÿ îáîëî÷êà òî-

÷åê a1; : : : ; ak, ò.å. M = cofa1; : : : ; akg. Ðàññìîòðèì çàäà÷ó ïîñòðîåíèÿ

ýëëèïñîèäà ìèíèìàëüíîãî îáúåìà, âêëþ÷àþùåãîM , ñ öåíòðîì â íà÷à-

ëå êîîðäèíàò. Ýòà çàäà÷à ýêâèâàëåíòíà ñëåäóþùåé çàäà÷å ìàòåìàòè÷å-

ñêîãî ïðîãðàììèðîâàíèÿ: íàéòè

min
K�0

(� ln detK) (37)

ïðè îãðàíè÷åíèÿõ

(Kai; ai) � 1; i = 1; : : : ; k: (38)

Êàê ïîêàçàíî â [44], ýòà çàäà÷à ñâîäèòñÿ ê çàäà÷å áåçóñëîâíîé ìèíèìè-

çàöèè íåãëàäêîé âûïóêëîé ôóíêöèè:

'(K) = � ln detK + nmaxf0; max
1�i�k

f(Kai; ai)� 1gg; K � 0: (39)

Åñëè cofM [ 0g èìååò íåïóñòóþ âíóòðåííîñòü, òî detK� > 0. Òàê êàê

ln detK ! +1 ïðè detK ! 0, òî ïðè ìîíîòîííîì äâèæåíèè ïî âíóò-

ðåííèì òî÷êàì äîïóñòèìîé îáëàñòè K � 0 öåëåâàÿ ôóíêöèÿ áóäåò èã-

ðàòü ðîëü áàðüåðà è îãðàíè÷åíèå K � 0 áóäåò àâòîìàòè÷åñêè âûïîë-

íÿòüñÿ. Ìàòðèöà K = fkijgni;j=1 èìååò n(n+1)=2 íåèçâåñòíûõ ïàðàìåò-
ðîâ. Åñëè k << n(n+1)=2, òî èìååò ñìûñë ðåøàòü äâîéñòâåííóþ çàäà÷ó

[44]:

max
u

(
ln det(AU AT ) : U = diag u;

kX
i=1

ui = n; u � 0

)
; (40)
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ãäå u = fu1; : : : ; ukg ñóòü ìíîæèòåëÿ Ëàãðàíæà, îòíîñÿùèåñÿ ê îãðàíè-
÷åíèÿì (38); A åñòü (n � k)-ìàòðèöà (n � k), ñòîëáöû êîòîðîé ñîñòîÿò

èç êîîðäèíàò òî÷åê ai, i = 1; : : : ; k:

Òàê êàê ln det(AUAT ) � âîãíóòàÿ ôóíêöèÿ îò u, òî çàäà÷à (38) ïðåä-

ñòàâëÿåò ñîáîþ çàäà÷ó âûïóêëîãî ïðîãðàììèðîâàíèÿ, äëÿ ðåøåíèÿ êî-

òîðîé ìîæíî èñïîëüçîâàòü ìåòîä íåãëàäêèõ øòðàôîâ â ñî÷åòàíèè ñ r-

àëãîðèòìîì.

Â [44] ïðåäëîæåí è îáîñíîâàí "ïðîñòîé" àëãîðèòì ðåøåíèÿ ïðÿìîé

çàäà÷è (37)�(38), îñíîâàííûé íà ñóáãðàäèåíòíîì ïðîöåññå ñ ïåðåìåííîé

ìåòðèêîé, òðåáóþùèé íà êàæäîé èòåðàöèè O(nk) àðèôìåòè÷åñêèõ îïå-
ðàöèé. Ïðè ýòîì ïîñëåäîâàòåëüíîñòü ýëëèïñîèäîâ â òðàíñôîðìèðîâàí-

íîì ïðîñòðàíñòâå ïðåäñòàâëÿåòñÿ â âèäå øàðîâ. Åñëè öåíòð îïèñàííîãî

ýëëèïñîèäà íå ôèêñèðóåòñÿ, à ÿâëÿåòñÿ ïåðåìåííûì, òî ìû ïîëó÷àåì,

íà ïåðâûé âçãëÿä, áîëåå ñëîæíóþ çàäà÷ó. Îäíàêî îíà ñâîäèòñÿ (íàïðè-

ìåð, [37] è [44] ) ê çàäà÷å ñ ôèêñèðîâàííûì öåíòðîì, íî äëÿ òî÷åê,

ïðåäñòàâëåííûõ â (n + 1)-ìåðíîì ïðîñòðàíñòâå ïóòåì ïðèñîåäèíåíèÿ

äîïîëíèòåëüíîé êîîðäèíàòû ñ ðàâíûì çíà÷åíèåì 1 äëÿ âñåõ òî÷åê.

Â ðàáîòå [37] ïðåäëîæåí ïîëèíîìèàëüíûé àëãîðèòì ðåøåíèÿ çàäà-

÷è (37)�(38) (ñëîæíîñòè O(k3:5 ln(1=")), ãäå " � îòíîñèòåëüíàÿ ïîãðåø-

íîñòü ïî ôóíêöèîíàëó), îñíîâàííûé íà ïðèìåíåíèè îäíîé èç ìîäèôèêà-

öèé ìåòîäà âíóòðåííèõ òî÷åê (èñïîëüçóåòñÿ áàðüåðíàÿ øòðàôíàÿ ôóíê-

öèÿ, ê íåé ïðèìåíÿåòñÿ êâàçèíüþòîíîâñêàÿ ïðîöåäóðà âûáîðà íàïðàâ-

ëåíèÿ ñïóñêà, à ïàðàìåòðû øòðàôíîé ôóíêöèè ñîãëàñîâàííî ïåðåñ÷è-

òûâàþòñÿ).

Åñëè M = cofa1; : : : ; akg ñîäåðæèò 0 â êà÷åñòâå âíóòðåííåé òî÷êè,

òî ïðè ïîëÿðíîì ïðåîáðàçîâàíèè poM = fy : (ai; y) � 1; i = 1; : : : ; kg
ìèíèìàëüíûé ïî îáúåìó îïèñàííûé ýëëèïñîèä ñ öåíòðîì â òî÷êå 0 ïå-
ðåõîäèò â ìàêñèìàëüíûé ïî îáúåìó âïèñàííûé â poM ýëëèïñîèä ñ öåí-

òðîì â 0. Òàêèì îáðàçîì, åñëè òåëî M 2 Wn çàäàíî â âèäå ëèíåéíûõ

íåðàâåíñòâ âèäà (ai; y) � 1, i = 1; : : : ; k, òî ïîñòðîåíèå ìàêñèìàëüíî-

ãî ïî îáúåìó âïèñàííîãî ýëëèïñîèäà ñ öåíòðîì â òî÷êå 0 ñâîäèòñÿ ê ê

çàäà÷å âèäà (39), êîòîðóþ ìû óìååì ðåøàòü.

Åñëè æå öåíòð âïèñàííîãî ýëëèïñîèäà íå ôèêñèðîâàí, òî ïîëó÷àåì

ñëåäóþùóþ çàäà÷ó íåëèíåéíîãî ïðîãðàììèðîâàíèÿ [44], [29]: íàéòè

min
Q�0

(ln detQ) (41)

ïðè îãðàíè÷åíèÿõp
(Qai; ai) + (ai; b)� 1 � 0; i = 1; : : : ; k: (42)
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Ïðè ïîäñòàíîâêå P =
p
Q, P � 0, èìååì çàäà÷ó âûïóêëîãî ïðîãðàììè-

ðîâàíèÿ: íàéòè

min
P�0

(�2 ln detP ); (43)

jPaij+ (ai; b)� 1 � 0; i = 1; : : : ; k; (44)

êîòîðóþ ìîæíî ñâåñòè ê çàäà÷å ìèíèìèçàöèè øòðàôíîé ôóíêöèè:

'(P; b) = � ln detP + nmax
n
0;max

i
fjPaij+ (ai; b)� 1g

o
:

Ïîëó÷èâ îïòèìàëüíûå çíà÷åíèÿ P � è b�, îïòèìàëüíûé âïèñàííûé

ýëëèïñîèä íàõîäèì ïî ñëåäóþùåé ôîðìóëå:

E(K�; b�:) = E
�
(P �)�2; b�

�
:

Â ðàáîòå Õà÷èÿíà è Òîääà [29] ïðåäëîæåí ïîëèíîìèàëüíûé àëãîðèòì

ïîñòðîåíèÿ îïòèìàëüíîãî âïèñàííîãî ýëëèïñîèäà ñ îòíîñèòåëüíîé ïî-

ãðåøíîñòüþ ", òðåáóþùèé

O

 
k3:5 ln

"
kR

ln(1� ")

#
ln

"
n lnR

ln(1 + ")

#!

àðèôìåòè÷åñêèõ îïåðàöèé (çäåñü R � çàðàíåå çàäàííîå ñîîòíîøåíèå

ðàäèóñîâ äâóõ åâêëèäîâûõ øàðîâ , îäèí èç êîòîðûõ îïèñàí âîêðóã ìíî-

ãîãðàííèêà, çàäàâàåìîãî ñèñòåìîé íåðàâåíñòâ, à äðóãîé â íåãî âïèñàí).

Ñóòü ìåòîäà ñîñòîèò â òîì, ÷òî íà êàæäîì áîëüøîì øàãå íåâûïóê-

ëûå íåðàâåíñòâà îòíîñèòåëüíî Q è b [40]

(Qai; ai) � (1� (b; ai))
2 (45)

çàìåíÿþòñÿ ëèíåéíûìè íåðàâåíñòâàìè âèäà

(Qai; ai) � (1� (b; ai)) (1� (c; ai)) i = 1; : : : ; k; (46)

ãäå c � íåêîòîðîå ôèêñèðîâàííîå ïðèáëèæåíèå ê b�. Ïîñëå ïîëó÷åíèÿ

ñ îïðåäåëåííîé òî÷íîñòüþ îïòèìàëüíûõ äëÿ çàäà÷è [39], [42] çíà÷åíèé

Q�(c) è b�(c), c ïåðåñ÷èòûâàåòñÿ ïî ïðîñòîé ôîðìóëå:

cíîâ =
1

2
(b�(c) + c) ;

è öèêë âû÷èñëåíèé ïîâòîðÿåòñÿ.
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Àëãîðèòì îïðåäåëåíèÿ öåíòðà îïòèìàëüíîãî ïî îáúåìó âïèñàííî-

ãî â ìíîãîãðàííèê M ýëëèïñîèäà ñëóæèò îñíîâîé îäíîãî èç íàèáîëåå

ýôôåêòèâíûõ ïî ÷èñëó èòåðàöèé ìåòîäîâ îòñå÷åíèÿ äëÿ ìèíèìèçàöèè

íåãëàäêèõ âûïóêëûõ ôóíêöèé f(x) íà âûïóêëîì ìíîãîãðàííèêå M0,

çàäàâàåìîì ñèñòåìîé ëèíåéíûõ íåðàâåíñòâ. Ýòîò ìåòîä ïðåäëîæåí â

ðàáîòå [50] ïîä íàçâàíèåì ìåòîäà âïèñàííûõ ýëëèïñîèäîâ (ÌÂÝ).

Ñóòü ýòîãî ìåòîäà ñîñòîèò â ïîñòðîåíèè ïîñëåäîâàòåëüíîñòè âëîæåí-

íûõ ìíîãîãðàííèêîâ M0 � M1 � M2 : : : � Mk : : :, ëîêàëèçóþùèõ ìèí-

ìèìóì. Êàæäûé ñëåäóþùèé ìíîãîãðàííèêMk+1 ïîëó÷àåòñÿ èç ïðåäû-

äóùåãî Mk ïóòåì îòñå÷åíèÿ ãèïåðïëîñêîñòüþ, íîðìàëüþ êîòîðîé ñëó-

æèò ñóáãðàäèåíò gf (~x
c
k), ãäå ~xck öåíòð âïèñàííîãî â Mk ýëëèïñîèäà

Ek+1 � Mk, îáúåì êîòîðîãî ìåíüøå îáúåìà îïòèìàëüíîãî âïèñàííîãî

ýëëèïñîèäà íå áîëåå, ÷åì â (1 + 
) ðàçà (
 � äîñòàòî÷íî ìàëàÿ ïîëî-

æèòåëüíàÿ âåëè÷èíà). Ýòîò ìåòîä ãàðàíòèðóåò óìåíüøåíèå "ðåêîðäíî-

ãî" îòêëîíåíèÿ çíà÷åíèÿ ôóíêöèè îò îïòèìàëüíîãî ñî ñêîðîñòüþ ãåî-

ìåòðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì q � (q0(1 + 
)=(1� 
))
1=n

, ãäå

q � 0:73 : : :. Ýòîò ìåòîä áûë îïðîáîâàí íàìè íà ðÿäå òåñòîâûõ çàäà÷,

ïðè ýòîì äëÿ ïðèáëèæåííîãî íàõîæäåíèÿ öåíòðà îïòèìàëüíîãî âïèñàí-

íîãî ýëëèïñîèäà èñïîëüçîâàëñÿ "ïðîñòîé" ñóáãðàäèåíòíûé àëãîðèòì ñ

òðàíñôîðìàöèåé ïðîñòðàíñòâà [44], ðàçðàáîòàííûé àâòîðîì ñîâìåñòíî

ñ Î.À.Áåðåçîâñêèì. Ýòîò àëãîðèòì â äàííîì ñëó÷àå èìåë äîïîëíèòåëü-

íîå ïðåèìóùåñòâî, ñîñòîÿùåå â òîì, ÷òî â òðàíñôîðìèðîâàííîì ïðî-

ñòðàíñòâå ñóáîïòèìàëüíûé ýëëèïñîèä èìåë ôîðìó n-ìåðíîãî øàðà. Ïî-

ýòîìó ïîñëå îòñå÷åíèÿ ìîæíî áûëî èñïîëüçîâàòü â êà÷åñòâå íà÷àëüíî-

ãî ïðèáëèæåíèÿ òî ïðåîáðàçîâàíèå ïðîñòðàíñòâà, êîòîðîå ïîëó÷èëîñü

íà ïðåäûäóùåì öèêëå âû÷èñëåíèé. Ýòî çíà÷èòåëüíî óìåíüøèëî âðåìÿ

ñ÷åòà. Áîëåå ïîäðîáíî ðåçóëüòàòû òåñòèðîâàíèÿ èçëîæåíû â [44].

Çàìå÷àíèå. Ñëîæíîñòü çàäà÷è îïðåäåëåíèÿ îïòèìàëüíîãî ïî îáú-

åìó îïèñàííîãî (âïèñàííîãî) ýëëèïñîèäà ñóùåñòâåííî çàâèñèò îò ñïî-

ñîáà çàäàíèÿ ìíîãîãðàííèêà. Òàê, çàäà÷à ïîñòðîåíèÿ ìèíèìàëüíîãî ïî

îáúåìó ýëëèïñîèäà, îïèñàííîãî âîêðóã ìíîãîãðàííèêà, çàäàâàåìîãî ñè-

ñòåìîé íåðàâåíñòâ, ÿâëÿåòñÿ NP -òðóäíîé, êàê è çàäà÷à îïðåäåëåíèÿ

ìàêñèìàëüíîãî ïî îáúåìó âïèñàííîãî ýëëèïñîèäà â ñëó÷àå, êîãäà ìíî-

ãîãðàííèê çàäàåòñÿ êàê âûïóêëàÿ îáîëî÷êà ñèñòåìû òî÷åê. Äàæå áîëåå

ïðîñòàÿ çàäà÷à ïîñòðîåíèÿ øàðà ìèíèìàëüíîãî ðàäèóñà, ñîäåðæàùå-

ãî ìíîãîãðàííèê, çàäàííûé ñ ïîìîùüþ ñèñòåìû ëèíåéíûõ íåðàâåíñòâ,

ÿâëÿåòñÿ NP -òðóäíîé. Òàêæå íå íàéäåí ýôôåêòèâíûé àëãîðèòì äëÿ

îïðåäåëåíèÿ ìèíèìàëüíîãî ïî îáúåìó ýëëèïñîèäà, îïèñàííîãî âîêðóã

ïåðåñå÷åíèÿ äâóõ èëè áîëåå ýëëèïñîèäîâ, è ò.ï.
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4. Âû÷èñëèòåëüíûå ýêñïåðèìåíòû

Ïðîâåäåííûé íàìè àíàëèç ïîêàçûâàåò, ÷òî áîëüøîå êîëè÷åñòâî ïðîáëåì

ìàòðè÷íîé îïòèìèçàöèè ïðèâîäèò ê íåîáõîäèìîñòè ðåøåíèÿ âûïóêëûõ

íåãëàäêèõ ýêñòðåìàëüíûõ çàäà÷. Îäíèì èç íàèáîëåå ïðàêòè÷åñêè ýô-

ôåêòèâíûõ ìåòîäîâ ðåøåíèÿ òàêîãî ðîäà çàäà÷ ÿâëÿåòñÿ ìåòîä ñóáãðà-

äèåíòíîãî òèïà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâëåíèè ðàçíîñòè

äâóõ ïîñëåäîâàòåëüíûõ ñóáãðàäèåíòîâ ( r-àëãîðèòì [53] ). Ïðèâåäåì

îáùóþ ñõåìó r-àëãîðèòìà ïðèìåíèòåëüíî ê ðåøåíèþ çàäà÷è ìèíèìèçà-

öèè âûïóêëîé ôóíêöèè f(x), îïðåäåëåííîé íà n-ìåðíîì ïðîñòðàíñòâå

En è îáëàäàþùåé ñâîéñòâîì

lim
jxj!+1

f(x) = +1:

Ïðè îïèñàíèè àëãîðèòìà áóäåì èñïîëüçîâàòü îïåðàòîð R�(�) ðàñòÿæå-
íèÿ (ñæàòèÿ) ïðîñòðàíñòâà ñ êîýôôèöèåíòîì � � 1 (0 < � < 1) â
íàïðàâëåíèè � , j�j = 1, ò.å.

R�(�)x = x+ (�� 1)(x; �)�:

Ñóáãðàäèåíò f(:) â òî÷êå x áóäåì îáîçíà÷àòü gf (x).

0-é øàã. Èìååì íà÷àëüíóþ òî÷êó x0 2 En è ìàòðèöó B0 = Jn ðàçìåð-

íîñòè n � n. Ïîñëåäóþùèå øàãè áóäóò îïðåäåëÿòüñÿ ñïîñîáàìè

âû÷èñëåíèÿ ïîñëåäîâàòåëüíîñòåé fhkg1k=1 è f�kg1k=1.

1-é øàã. Âû÷èñëÿåì

x1 = x0 � h1
gf (x0)

jgf (x0)j ;

ò.å. 1-é øàã ñîîòâåòñòâóåò øàãó ñóáãðàäèåíòíîãî ñïóñêà. Ïîñëåäó-
þùèå øàãè áóäóò ïðîèñõîäèòü ñ ó÷åòîì èçìåíåíèÿ ìåòðèêè.

Ïóñòü ïðîäåëàíî k øàãîâ, k � 1, è ìû èìååì xk , gf (xk+1) è ìàò-

ðèöó Bk ðàçìåðíîñòè n� n.

k + 1-é øàã. Âû÷èñëÿåì

f(xk); gf (xk); rk = gf (xk)� gf (xk�1);

�k =
Bkrk

jBkrkj ; Bk+1 = BkR1=�k (�k);
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xk+1 = xk � hk+1Bk+1
BTk+1gf (xk)

jBTk+1gf (xk)j
(åñëè gf (xk) = 0, òî xk �òî÷êà ìèíèìóìà, â ïðîòèâíîì ñëó÷àå

èòåðàöèè ïðîäîëæàþòñÿ âïëîòü äî ïîëó÷åíèÿ ïðèçíàêà îêîí÷àíèÿ

ïðîöåäóðû).

Êàæäûé øàã r-àëãîðèòìà ñîïðîâîæäàåòñÿ ïîëó÷åíèåì íîâîé ïîðöèè

èíôîðìàöèè ff(xk); gf (xk)g è ïðîñòûìè ìàòðè÷íî-âåêòðíûìè âû÷èñ-

ëåíèÿìè, òðåáóþùèìè O(n2) àðèôìåòè÷åñêèõ îïåðàöèé. Âûáîð øàãî-

âûõ ìíîæèòåëåé fhkg è êîýôôèöèåíòîâ ðàñòÿæåíèÿ ïðîñòðàíñòâà f�kg
ïðîèçâîäèòñÿ ñ ïîìîùüþ ñïåöèàëüíûõ ïðîöåäóð. Â íåêîòîðûõ ñëó÷àÿõ

ïðèíèìàåòñÿ �k = �, hk = skh, sk � íåêîòîðîå íàòóðàëüíîå ÷èñëî. Â

ìîíîãðàôèÿõ [48], [53], [54] îïèñàíû ìíîãî÷èñëåííûå óñïåøíûå ïðèìå-

íåíèÿ r-àëãîðèòìà ïðè ðåàëèçàöèè ñõåì äåêîìïîçèöèè, ðåøåíèè çàäà÷

âûïóêëîãî ïðîãðàììèðîâàíèÿ ñ èñïîëüçîâàíèåì íåãëàäêèõ øòðàôíûõ

ôóíêöèé, ðåøåíèÿ ìèíèìàêñíûõ çàäà÷, çàäà÷ èäåíòèôèêàöèè è ò.ï.

Â ðàáîòàõ [33], [31] îïèñàíî ñðàâíèòåëüíîå òåñòèðîâàíèå r-àëãîðèòìà

è äðóãèõ ïðîöåäóð íåãëàäêîé îïòèìèçàöèè, íåèçìåííî ïîêàçûâàþùåå

åãî âûñîêóþ íàäåæíîñòü è, êàê ïðàâèëî, óìåíüøåíèå âðåìåíè ñ÷åòà

ïðè äîñòèæåíèè îäíèõ è òåõ æå ïîêàçàòåëåé òî÷íîñòè. Ïðàêòè÷åñêè ïðè

ïðàâèëüíîì âûáîðå ïàðàìåòðîâ r-àëãîðèòì íå õóæå ïî ÷èñëó èòåðàöèé

ìåòîäà âïèñàííûõ ýëëèïñîèäîâ [50]. Â òî æå âðåìÿ îí òðåáóåò ìåíüøå

äîïîëíèòåëüíûõ âû÷èñëåíèé íà êàæäîé èòåðàöèè.

Ýòè ïðåèìóùåñòâà ïðîÿâëÿþòñÿ è ïðè èñïîëüçîâàíèè r-àëãîðèòìà

äëÿ ðåøåíèÿ âûïóêëûõ çàäà÷ ìàòðè÷íîé îïòèìèçàöèè. Îäíàêî íå íóæ-

íî çàáûâàòü î íåêîòîðûõ îñîáåííîñòÿõ ýòèõ çàäà÷, îñíîâíàÿ èç êîòîðûõ

ñîñòîèò â òîì, ÷òî ìèíèìèçèðóåìûå âûïóêëûå ôóíêöèè ÷àñòî îïðåäå-

ëåíû íå íà âñåì ïðîñòðàíñòâå, à íà íåêîòîðîì íåÿâíî îïðåäåëåííîì âû-

ïóêëîì ïîäìíîæåñòâå, ñâÿçàííîì ñ óñëîâèÿìè íåîòðèöàòåëüíîé îïðåäå-

ëåííîñòè (êàê, íàïðèìåð, ôóíêöèè âèäà � ln detA(x)). Îñíîâíûå ìî-
äèôèêàöèè r-àëãîðèòìà ñâÿçàíû ñ áîëåå îñòîðîæíûì âûáîðîì øàãî-

âîãî ìíîæèòåëÿ, ÷òîáû íå ïåðåñå÷ü ãðàíèöó íåîòðèöàòåëüíîé îïðåäå-

ëåííîñòè. Ïðîâåðêà ýòîãî ñâîéñòâà îñóùåñòâëÿëàñü, êàê ïðàâèëî, äî-

ñòàòî÷íî ýôôåêòèâíî ñ ïîìîùüþ ïðîöåäóðû òðåóãîëüíîãî ðàçëîæåíèÿ

ñèììåòðè÷íîé ìàòðèöû ïî Õîëåöêîìó [47]. Ïîäðîáíî ìîäèôèêàöèè r-

àëãîðèòìà ïðèìåíèòåëüíî ê ìàòðè÷íûì çàäà÷àì îïèñàíû â ìîíîãðà-

ôèè [54] (ãë.4). Â ýòîé æå ìîíîãðàôèè ïðèâåäåíû ðåçóëüòàòû ïðèìå-

íåíèÿ r-àëãîðèòìà äëÿ ðåøåíèÿ ðÿäà çàäà÷ ìàòðè÷íîé îïòèìèçàöèè.

Òàê, èñïîëüçóÿ ìàòåðèàëû ðàáîò Ð.Ôëåò÷åðà ([13]�[16], [18]), áûë ïðî-

âåäåí âû÷èñëèòåëüíûé ýêñïåðèìåíò ïî ðåøåíèþ çàäà÷ îáðàçîâàòåëü-
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íîãî òåñòèðîâàíèÿ âèäà (15)�(16). Èñïîëüçóÿ ñòàíäàðòíóþ âåðñèþ r-

àëãîðèòìà, óäàëîñü ðåøèòü ñ âûñîêîé òî÷íîñòüþ (6-7 òî÷íûõ çíà÷àùèõ

öèôð ïî ôóíêöèîíàëó) äâå íàèáîëåå ñëîæíûå òåñòîâûå çàäà÷è èç ðàáî-

òû [13]. Ð.Ôëåò÷åðó óäàëîñü ïîëó÷èòü ïðèåìëåìûå ðåçóëüòàòû äëÿ ýòèõ

çàäà÷, ëèøü â ìàêñèìàëüíîé ñòåïåíè ó÷èòûâàÿ èõ ñïåöèôèêó, ïðè÷åì

ïðîãðàììíîå îáåñïå÷åíèå áûëî äîâîëüíî ãðîìîçäêî è èñïîëüçîâàëî ðÿä

ýâðèñòè÷åñêèõ ïðîöåäóð.

Â [54] îïèñàíû ìíîãî÷èñëåííûå ýêñïåðèìåíòû ïî ïîëó÷åíèþ îöåíîê

Ëîâàñà â ôîðìå (18)�(20) äëÿ çàäà÷è î ìàêñèìàëüíîì âçâåøåííîì âíóò-

ðåííå óñòîé÷èâîì ìíîæåñòâå ãðàôà ñ èñïîëüçîâàíèåì ìîäèôèöèðîâàí-

íîãî r-àëãîðèòìà. Óñïåøíî ðåøåíû çàäà÷è ïîëó÷åíèÿ îöåíêè Ëîâàñà ñ

ìàòðèöàìè ðàçìåðà 70 � 70 (70 âåðøèí ãðàôà) è ÷èñëîì íåèçâåñòíûõ

ïàðàìåòðîâ 140 (÷èñëî ðåáåð ãðàôà). Äðóãèìè ìåòîäàìè çàäà÷è òàêîé

ðàçìåðíîñòè ðåøàþòñÿ ñ áîëüøèì òðóäîì.

Íèæå ìû îïèøåì åùå íå îïóáëèêîâàííûå ðåçóëüòàòû ýêñïåðèìåí-

òîâ ïî ðåøåíèþ çàäà÷ íàõîæäåíèÿ îïòèìàëüíûõ ïàðàìåòðîâ ìàòðèöû,

îáåñïå÷èâàþùèõ ìèíèìàëüíîå çíà÷åíèå ñóììû íåñêîëüêèõ íàèáîëüøèõ

ñîáñòâåííûõ ÷èñåë. Èñõîäíûå äàííûå äëÿ òåñòèðîâàíèÿ âçÿòû èç ðàáî-

òû [36]. Èññëåäîâàòåëüñêàÿ ïðîãðàììà ðàçðàáîòàíà Î. À. Áåðåçîâñêèì.

Ðàññìàòðèâàåòñÿ çàäà÷à íàõîæäåíèÿ ìèíèìóìà ñóììû m íàèáîëü-

øèõ ñîáñòâåííûõ ÷èñåë ìàòðèöû A(t) ðàçìåðíîñòè 5 � 5, âåêòîð ïàðà-
ìåòðîâ t = ft1; t2; t3; t4; t5g, ïàðàìåòðû âõîäÿò àôôèííî â A(t):

A(t) = A0 +

5X
i=1

tiAi:

Èñõîäíûå äàííûå, îïðåäåëÿþùèå ñèììåòðè÷íûå ìàòðèöû A0; A1; : : : ;

: : : ; A5 ðàçìåðà 5 � 5, êàê è ðåçóëüòàòû ðåøåíèÿ ñ ïîìîùüþ ñïåöèàëü-

íîãî ìåòîäà äëÿ m = 3, ñîäåðæàòñÿ â [36].
Â ñîîòâåòñòâèè ñ ìåòîäîì, îïèñàííûì â �2, ìû ñâåëè ýòó çàäà÷ó ê

ìàêñèìèííîé çàäà÷å íàõîæäåíèÿ ñåäëîâîé òî÷êè: íàéòè

max
fC : trC=mg

min
t

h�
A0 +

P5
i=1 tiAi; C

�
S(ln detC+

ln det(J � C)) + "
P5
i=1 t

2
i

i
;

ãäå S � øòðàôíîé ìíîæèòåëü, "� � ñãëàæèâàþùèé ìíîæèòåëü (ïî t).

Âíóòðåííÿÿ çàäà÷à ìèíèìèçàöèè ïî t ïðè ôèêñèðîâàííîì C ðåøàëàñü

ïðèðàâíèâàíèåì ÷àñòíûõ ïðîèçâîäíûõ ïî ti ê íóëþ. Äëÿ ðåøåíèÿ âíåø-

íåé çàäà÷è ìàêñèìèçàöèè ïî C èñïîëüçîâàëñÿ r-àëãîðèòì ñ ìîäèôèöè-

ðîâàííûì âûáîðîì øàãîâîãî ìíîæèòåëÿ.
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Òàáëèöà 1.

m S " f k t� ��

0.01 0.7067 150 -0.6126 0.7092

10�3 0.001 0.7062 150 0.6504 0.7089

0.01 0.70912 230 -0.3242 0.0294

1 10�5 0.001 0.7088 220 -0.5918 -0.6351

0.01 0.709165 240 0.5891 -1.4114

10�7 0.001 0.7089 220 f� = 0:709165
0.01 1.2058 130 -0.3108 -0.8370

10�3 0.001 1.2053 150 0.1551 0.3713

0.01 1.20843 220 -0.1456 -0.1633

2 10�5 0.001 1.20796 170 -0.0888 -0.3720

0.01 1.208471 210 0.8990 -0.4203

10�7 0.001 1.20807 210 f� = 1:208471
0.01 0.7128 180 -0.7555 0.9654

10�3 0.001 0.7126 190 0.2960 0.4024

0.0 0.7124 130 -0.0049 -0.6523

0.01 0.715326 180 -0.0369 -0.6526

3 10�5 0.001 0.715322 200 0.0527 -0.6973

0.0 0.715321 160 f� = 0:7153572
0.01 0.7153572 230

10�7 0.001 0.7153572 210

0.0 0.7153570 170

0.01 0.0183 160 -0.9105 1.2083

10�3 0.001 0.0182 180 -0.0915 0.3042

0.01 0.020297 220 0.2060 -0.7455

4 10�5 0.001 0.02028 210 0.0901 -0.7458

0.01 0.020321 220 0.0776 -0.7465

10�7 0.001 0.02031 210 f� = 0:020321
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Ðåçóëüòàòû ðàñ÷åòîâ ïðèâåäåíû â òàáëèöå 1 (çäåñü k � ÷èñëî èòåðà-

öèé r-àëãîðèòìà, îïòèìèçàöèÿ ïî C ïðîõîäèëà ïî 5�6
2
�1 = 14 ïàðàìåò-

ðàì, c55 = m�P4
i=1 cii, òàê êàê trC = m. Ïðè äîñòàòî÷íî ìàëûõ S è "

äëÿ âñåõ m (m = 1; 2; 3; 4) ïîëó÷åíî õîðîøåå ñîâïàäåíèå ïî ôóíêöèîíà-
ëó ñ îïòèìàëüíûì çíà÷åíèåì f� (6-7 çíà÷àùèõ öèôð).

Òàêèì îáðàçîì, âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïîêàçûâàþò, ÷òî ñî-

âðåìåííûå ìåòîäû íåãëàäêîé îïòèìèçàöèè ÿâëÿþòñÿ äîñòàòî÷íî óíè-

âåðñàëüíûì è ãèáêèì ñðåäñòâîì ðåøåíèÿ ìàòðè÷íûõ ýêñòðåìàëüíûõ

çàäà÷.

Îòìåòèì, ÷òî â r-àëãîðèòìå ïðåäûäóùàÿ èíôîðìàöèÿ çàïîìèíà-

åòñÿ ëèøü â ôîðìå ìàòðèöû ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà. Â íàñòîÿ-

ùåå âðåìÿ íàìè ðàçðàáîòàíû íîâûå àëãîðèòìû ñ ïðåîáðàçîâàíèåì ïðî-

ñòðàíñòâà, ó÷èòûâàþùèå ïðåäûäóùóþ èíôîðìàöèþ â ôîðìå êóñî÷íî-

ëèíåéíîé àïïðîêñèìàöèè ñíèçó ìèíèìèçèðóåìîé ôóíêöèè, êàê ýòî äå-

ëàåòñÿ â àãðåãàòíûõ "-ñóáãðàäèåíòíûõ ìåòîäàõ [30]. Ýòî ïîçâîëèò åùå

áîëåå óñêîðèòü ñõîäèìîñòü ìåòîäîâ íåãëàäêîé îïòèìèçàöèè. Êðîìå òî-

ãî, îöåíêè öåëåâîé ôóíêöèè ñíèçó ïîçâîëÿò áîëåå òî÷íî êîíòðîëèðî-

âàòü îòêëîíåíèå îò îïòèìóìà ðåêîðäíîãî çíà÷åíèÿ öåëåâîé ôóíêöèè.

Çàêëþ÷åíèå

Óæå ïîñëå ñäà÷è ñòàòüè â ïå÷àòü àâòîð ïîáûâàë íà XV Ìåæäóíàðîä-

íîì ñèìïîçèóìå ïî ìàòåìàòè÷åñêîìó ïðîãðàììèðîâàíèþ (Ýíí Àðáîð,

ÑØÀ). Òåìàòèêà, ñâÿçàííàÿ ñ ìàòðè÷íîé ïàðàìåòðè÷åñêîé îïòèìèçà-

öèåé, òàì áûëà ïðåäñòàâëåíà î÷åíü øèðîêî. Îñîáåííî ìíîãî äîêëàäîâ

áûëî ïîñâÿùåíî ïðèìåíåíèþ ìåòîäîâ âíóòðåííèõ òî÷åê äëÿ ðåøåíèÿ

ýòèõ çàäà÷. Ïîäðîáíûé îáçîð íîâûõ ðàáîò ïîòðåáîâàë áû îòäåëüíîé

áîëüøîé ñòàòüè. Çäåñü àâòîð òîëüêî õîòåë áû âûðàçèòü íàäåæäó, ÷òî

çäîðîâàÿ êîíêóðåíöèÿ ìåæäó ìåòîäàìè âíóòðåííèõ òî÷åê è ìåòîäàìè

íåãëàäêîé îïòèìèçàöèè ïðè ðåøåíèè ýêñòðåìàëüíûõ ìàòðè÷íûõ çàäà÷

áóäåò ñïîñîáñòâîâàòü ðàçâèòèþ îáîèõ ýòèõ íàïðàâëåíèé. Îáðàùàåì òàê-

æå âíèìàíèå ÷èòàòåëåé íà äâå èíòåðåñíûå ìîíîãðàôèè [57] è [58], âû-

øåäøèå ñîâñåì íåäàâíî.
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Èñïîëüçîâàíèå ìîäèôèêàöèè
r-àëãîðèòìà äëÿ íàõîæäåíèÿ

ãëîáàëüíîãî ìèíèìóìà
ïîëèíîìèàëüíûõ ôóíêöèé

Í.Ç. Øîð, Ï.È. Ñòåöþê

Êèáåðíåòèêà è ñèñòåìíûé àíàëèç. � 1997. � � 4. � Ñ. 28�49.

Îïðåäåëåíèå ãëîáàëüíîãî ìèíèìóìà ïîëèíîìà îò íåñêîëüêèõ ïåðå-

ìåííûõ � âåñüìà ñëîæíàÿ çàäà÷à óæå äëÿ ïîëèíîìîâ ÷åòâåðòîé ñòåïåíè

ïðè ÷èñëå ïåðåìåííûõ áîëåå 5. Òàê, êîëè÷åñòâî ëîêàëüíûõ ìèíèìóìîâ
äëÿ ïîëèíîìîâ ÷åòâåðòîé ñòåïåíè ìîæåò äîñòèãàòü íåñêîëüêèõ äåñÿòêîâ

óæå ïðè n = 6. Îäèí èç ñïîñîáîâ ðåøåíèÿ òàêèõ çàäà÷ ñîñòîèò â ñâå-

äåíèè èõ ê çàäà÷àì íåëèíåéíîãî ïðîãðàììèðîâàíèÿ ñ êâàäðàòè÷íûìè

öåëåâûìè ôóíêöèÿìè è êâàäðàòè÷íûìè îãðàíè÷åíèÿìè [1, 2]. Èñïîëü-

çóÿ ôóíêöèþ Ëàãðàíæà, ìîæíî ïîëó÷àòü äâîéñòâåííûå êâàäðàòè÷íûå

îöåíêè, êîòîðûå ÿâëÿþòñÿ îöåíêàìè ñíèçó äëÿ ãëîáàëüíîãî ìèíèìóìà

ïîëèíîìà. Ýòè îöåíêè ìîãóò áûòü óëó÷øåíû çà ñ÷åò ââåäåíèÿ èçáû-

òî÷íûõ îãðàíè÷åíèé [3, 4, 2]. Óïîìÿíóòûå ïðîáëåìû òåñíî ñâÿçàíû ñ

èññëåäîâàíèÿìè Ãèëüáåðòà î ïðåäñòàâëåíèè íåîòðèöàòåëüíûõ ïîëèíî-

ìîâ â âèäå ñóììû êâàäðàòîâ ïîëèíîìîâ ìåíüøèõ ñòåïåíåé [5].

Â íàñòîÿùåé ñòàòüå ðàññìîòðåíû ñâîéñòâà êâàäðàòè÷íûõ îöåíîê äëÿ

ïîëèíîìèàëüíûõ ôóíêöèé (ðàçä. 2.1), àëãîðèòìû íàõîæäåíèÿ ýòèõ îöå-

íîê, îñíîâàííûå íà ìåòîäàõ íåãëàäêîé îïòèìèçàöèè (ðàçä. 2.2). Ïðåä-

ñòàâëåíû ðåçóëüòàòû òåñòîâûõ ýêñïåðèìåíòîâ äëÿ ýêñòðåìàëüíûõ çà-

äà÷, êîòîðûå îïèñûâàþòñÿ â âèäå ìîäåëåé íåëèíåéíîãî ïðîãðàììèðî-

âàíèÿ êâàäðàòè÷íîãî òèïà è äëÿ êîòîðûõ èñïîëüçîâàíèå èçáûòî÷íûõ

êâàäðàòè÷íûõ îãðàíè÷åíèé â îïðåäåëåííûõ ñëó÷àÿõ çíà÷èòåëüíî óëó÷-

øàåò äâîéñòâåííûå îöåíêè (ðàçä. 2.3).

1. Äâîéñòâåííûå êâàäðàòè÷íûå îöåíêè

äëÿ ïîëèíîìèàëüíûõ ôóíêöèé

Ðàññìîòðèì ïîëèíîìèàëüíóþ ôóíêöèþ îò n âåùåñòâåííûõ ïåðåìåííûõ

P (y) = P (y1; : : : ; yn), y = (y1; : : : ; yn) 2 Ln, Ln � n-ìåðíîå ëèíåéíîå

ïðîñòðàíñòâî.
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Ñòàâèòñÿ çàäà÷à íàõîæäåíèÿ

P � = inf
y2Ln

P (y):

Î÷åâèäíî, ÷òîáû P � áûëî îòëè÷íî îò �1, íåîáõîäèìî ñëåäóþùåå: ñòàð-

øèå ñòåïåíè si ïîëèíîìà P (y1; : : : ; yn) ïî êàæäîé ïåðåìåííîé yi; i =
1; : : : ; n, äîëæíû áûòü ÷åòíûìè è ïðè ëþáûõ çíà÷åíèÿõ äðóãèõ ïåðå-

ìåííûõ, êîýôôèöèåíò ïðè ysii � íåîòðèöàòåëüíûì. Ïóñòü si = 2li; i =
1; : : : ; n. Îáîçíà÷èì ÷åðåç d(P ) ìàêñèìàëüíóþ òîòàëüíóþ ñòåïåíü ìî-

íîìà, âõîäÿùåãî â P , à ÷åðåç �(n; s; d(P )) (ñîîòâåòñòâåííî �(n; s; d(P )))
ìíîæåñòâî âñåõ ïîëèíîìîâ (ñîîòâåòñòâåííî îãðàíè÷åííûõ ñíèçó ïîëè-

íîìîâ) îò n ïåðåìåííûõ ñòåïåíè si; i = 1; : : : ; n ïî êàæäîé ïåðåìåííîé

i, ñ ìàêñèìàëüíîé ñòåïåíüþ ìîíîìîâ d(P ). Çäåñü s = fsigni=1.
Ïóñòü � = (�1; : : : ; �n) - íåîòðèöàòåëüíûé öåëî÷èñëåííûé âåêòîð.

Ñèìâîëîì R[�] = R[�1; : : : ; �n] îáîçíà÷èì ìîíîì âèäà

R[�](y) = y�11 ; : : : ; y�nn =

nY
i=1

y�ii ;

à ñèìâîëîì cp[�] (èëè ïðîñòî c[�]) - êîýôôèöèåíò ïðè ìîíîìå R[�] â
ïîëèíîìå P (y).

Â ðàáîòàõ [4, 6, 2] ïðåäëîæåí ñïîñîá îïðåäåëåíèÿ ãëîáàëüíîãî ìè-

íèìóìà ïîëèíîìîâ, îñíîâàííûé íà ñâåäåíèè çàäà÷è íàõîæäåíèÿ P �

ê çàäà÷å êâàäðàòè÷íîãî âèäà è íàõîæäåíèè Ëàãðàíæåâûõ äâîéñòâåí-

íûõ îöåíîê äëÿ ïîëó÷åííîé êâàäðàòè÷íîé çàäà÷è (ïðè ýòîì ðåøàþùóþ

ðîëü èãðàþò ôóíêöèîíàëüíî èçáûòî÷íûå îãðàíè÷åíèÿ).

Ïóñòü P (�) 2 �(n; s; d(P )), ïðè÷åì si = 2li; i = 1; : : : ; n. Ïóñòü òàêæå
P (y) = P (y)� P � � 0 äëÿ âñåõ y 2 Ln. Ïîïûòàåìñÿ ïðåäñòàâèòü P (y) â
âèäå ñóììû êâàäðàòîâ âåùåñòâåííûõ ïîëèíîìîâ. Åñëè ýòî âîçìîæíî, òî

ñòàðøèå ñòåïåíè ïîëèíîìîâ, âõîäÿùèõ â ýòî ïðåäñòàâëåíèå, íå äîëæíû

ïðåâûøàòü li äëÿ êàæäîé ïåðåìåííîé i (i = 1; : : : ; n), à èõ òîòàëüíàÿ

ñòåïåíü íå äîëæíà ïðåâûøàòü
d(p)

2
, ò.å. åñëè

p(y) =

NX
k=1

P 2
k (y); òî

Pk(y) 2 �(n; l; d(P )
2

); k = 1 : : : ; N ; l = (l1; : : : ; ln):

Ñâåäåíèå çàäà÷è íàõîæäåíèÿ P � ê êâàäðàòè÷íîé çàäà÷å îñíîâàíî

íà ðàçëîæåíèè êàæäîãî ìîíîìà R[�](y) 2 �(n; l; d(p)
2
) â ïðîèçâåäåíèå íå
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áîëåå äâóõ ìîíîìîâ, ïðèíàäëåæàùèõ �(n; l; d(P )
2

). Ýòî ðàçëîæåíèå ìî-
æåò áûòü íåîäíîçíà÷íûì. Ðàññìîòðèì òàê íàçûâàåìîå êàíîíè÷åñêîå

ðàçëîæåíèå.

Ïóñòü R[�](y) =
Qn
i=1 y

�i
i ; �i � 2li; i = 1; : : : n;

Pn
k=1 �k � d(P ).

Òîãäà

R[�](y) = R[�(1)](y) �R[�(2)](y); ïðè÷åì

�
(1)
i =

�
�i
2

äëÿ ÷åòíûõ i ;
�i�1
2

äëÿ íå÷åòíûõ i ;
(1)

�
(2)
i = �i � �

(1)
i :

(çíàêè +,� â ôîðìóëå ÷åðåäóþòñÿ, ÷òîáû òîòàëüíàÿ ñòåïåíü ìîíîìîâ

R[�(1)] è R[�(2)] íå ïðåâûøàëà d(P )

2
. Ðàçëîæåíèå (1) íàçîâåì êàíîíè÷å-

ñêèì.

Âûáåðåì â êà÷åñòâå íîâûõ ïåðåìåííûõ ìîíîìû R[�], ãäå � ïðèíàä-

ëåæèò ïîäìíîæåñòâó öåëî÷èñëåííûõ n-ìåðíûõ íåîòðèöàòåëüíûõ âåê-

òîðîâ òàêèõ, ÷òî R[�](�) 2 �(n; l; d(P )
2

).

Òîãäà ïîëèíîìó P (y) 2 �(n; 2l; d(P )) ñîîòâåòñòâóåò êâàäðàòè÷íàÿ

ôîðìà

P (y) �
X
�2A

cP [�]R[�
(1)]R[�(2)];

ãäå R[�(1)]; R[�(2)] ïîëó÷àþòñÿ èç êàíîíè÷åñêîãî ðàçëîæåíèÿ R[�](�),
ìíîæåñòâî A ñîñòîèò èç âåêòîðîâ � òàêèõ, ÷òî ìîíîìû R[�] âõîäÿò
ñ íåíóëåâûìè êîýôôèöèåíòàìè â P (y).

Ïåðåìåííûå R(�) ñâÿçàíû ìåæäó ñîáîé ñèñòåìîé (Q) ñëåäóþùèõ
êâàäðàòè÷íûõ ñîîòíîøåíèé:

K�(�) = K�(3);�(4)(�) = R[�(1)] �R[�(2)]�R[�(3)] �R[�(4)] = 0: (2)

Çäåñü �(1); �(2) ñîîòâåòñòâóþò êàíîíè÷åñêîìó ðàçëîæåíèþ R[�] =
R[�(1) +�(2)]; �(3); �(4) óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì: �(3)+

�(4) = �; (�(3) � �(4) ëåêñèêîãðàôè÷åñêè;R[�(3)]; R[�(4)] 2 �(n; l; d(P )
2

);
� 2 M(n; 2l; d(P )), ãäå M(n; 2l; d(P )) ìíîæåñòâî íåîòðèöàòåëüíûõ n-

ìåðíûõ âåêòîðîâ òàêèõ, ÷òî R[�](y) 2 �(n; 2l; d(P )). Ñîâîêóïíîñòü âñå-
âîçìîæíûõ äîïóñòèìûõ ñîîòíîøåíèé âèäà (2) îáîçíà÷èì Q[n; 2l; d(P )],
ìíîæåñòâî äîïóñòèìûõ èíäåêñîâ � ïåðåìåííûõ fR(�)g îáîçíà÷èì
M [n; l; d(P )

2
], êâàäðàòè÷íûé ïîëèíîì îò ïåðåìåííûõ R[�], ñòîÿùèé â ëå-

âîé ÷àñòè òîæäåñòâà (2), îáîçíà÷èì K�(3);�(4)(�) (çäåñü � � âåêòîð ïåðå-
ìåííûõ fR(�)g

�2M [n;l;
d(P )

2
]
.
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Ïóñòü P (y) =
P
�2A cp[�] �R[�(1)](y) �R[�(2)](y), ãäå R[�(1)](y) �R[�(2)](y)

- êàíîíè÷åñêîå ðàçëîæåíèå R[�](y). Òàê êàê ñîîòíîøåíèÿ (2) ÿâëÿþòñÿ
òîæäåñòâåííûìè äëÿ y 2 Ln, òî

P (y) =
X
�2A

cp[�] �R[�(1)](y) � R[�(2)](y) +
X

(�(3);�(4))2Q[n;2l;d(P )]

�[�(3); �(4)]K�(3);�(4) [�](y) (3)

ïðè ïðîèçâîëüíûõ ìíîæèòåëÿõ �[�(3); �(4)] äëÿ âñåõ y 2 Ln.
Çàäà÷å íàõîæäåíèÿ P � = infy2Ln P (y) ìîæíî ñîïîñòàâèòü ýêâèâà-

ëåíòíóþ â îïðåäåëåííîì ñìûñëå çàäà÷ó êâàäðàòè÷íîãî òèïà: íàéòè

infK0(�) = inf
X
�2A

cP [�]R[�
(1)](y) �R[�(2)] (4)

ïðè îãðàíè÷åíèÿõ

K�(3);�(4)(�) = 0 äëÿ âñåõ (�(3); �(4)) 2 Q(n; 2l; d(P )): (5)

Ðàññìîòðèì õàðàêòåðíûå ïðèìåðû.

1. n = 1; 2l = 6 (l = 3); d(P ) = 6. Ðå÷ü èäåò î íàõîæäåíèè

ãëîáàëüíîãî ìèíèìóìà ïîëèíîìà 6-é ñòåïåíè îò îäíîé ïåðåìåííîé:

P (y1) = c[6]y61 + c[5]y51 + c[4]y41 + � � � =
6X
i=1

c[i]yi1:

Ìîíîìû yi1 áóäåì îáîçíà÷àòü R[i](y1) (i = 0; 1; : : : ; 6). Â ñîîòâåòñòâèè

ñ îáùåé êîíñòðóêöèåé ââåäåì íîâûå ïåðåìåííûå: R[0]; R[1]; R[2]; R[3].
Ïîëó÷èì ñëåäóþùèå êàíîíè÷åñêèå ðàçëîæåíèÿ:

R[6] = (R[3])2; R[5] = R[3] � R[2]; R[4] = (R[2])2;

R[3] = R[2] � R[1]; R[2] = (R[1])2; R[1] = R[1] �R[0] = R[1]:

Ââåäåì îáîçíà÷åíèÿ: xi = R[i]; i = 1; 2; 3. Òîãäà çàäà÷à íàõîæäåíèÿ
inf P (y1) ñâîäèòñÿ ê çàäà÷å êâàäðàòè÷íîãî òèïà îò òðåõ ïåðåìåííûõ:

íàéòè

minK0(x) = min(c[6]x23+

+c[5]x3x2 + c[4]x22 + c[3]x2x1 + c[2]x21 + c[1]x1 + c[0]) (6)
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ïðè îãðàíè÷åíèÿõ

K1(x) = x21 � x2 = 0; (7)

K2(x) = x2x1 � x3 = 0; (8)

K3(x) = x22 � x3x1 = 0: (9)

Î÷åâèäíî, ÷òî çàäà÷à íàõîæäåíèÿ minP (y1) ýêâèâàëåíòíà â îáû÷íîì

ñìûñëå çàäà÷å ìèíèìèçàöèè K0(x) ïðè îãðàíè÷åíèÿõ (7), (8). Îãðàíè-

÷åíèå (9) ÿâëÿåòñÿ èçáûòî÷íûì, íî îíî îêàçûâàåòñÿ öåëåñîîáðàçíûì

äëÿ óëó÷øåíèÿ äâîéñòâåííûõ îöåíîê êâàäðàòè÷íîé çàäà÷è.

Ôóíêöèè Ki(x); i = 1; 2; 3 ïðè ïîäñòàíîâêàõ x2 = y21; x3 = y31 ; x1 =
y1 òîæäåñòâåííî ðàâíû íóëþ äëÿ ïðîèçâîëüíîãî y1. Ïîýòîìó L(x; �) =

K0(x) +
P3
i=1 �iKi(x) ïîñëå óêàçàííûõ ïîäñòàíîâîê ïðåîáðàçóåòñÿ â

P1(y) ïðè ïðîèçâîëüíûõ �i; i = 1; 2; 3. Ñ äðóãîé ñòîðîíû, L(x; �) ìî-
æåì ðàññìàòðèâàòü êàê ôóíêöèþ Ëàãðàíæà çàäà÷è íåëèíåéíîãî ïðî-

ãðàììèðîâàíèÿ êâàäðàòè÷íîãî òèïà (6)�(9). Ýòîé çàäà÷å ñîîòâåòñòâóþò

ìàðãèíàëüíàÿ ôóíêöèÿ

 (�) = inf
x
L(x; �)

è äâîéñòâåííàÿ îöåíêà

 � = sup
�2dom  

 (�)

(åñëè dom  = ;, òî áóäåì ñ÷èòàòü, ÷òî  � = �1). Åñëè  � > �1, òî

ìû ïîëó÷àåì íåòðèâèàëüíóþ îöåíêó ñíèçó äëÿ P �:

 � � P �:

Îêàçûâàåòñÿ, äëÿ íàøåãî ïðèìåðà ïðè c[6] > 0;  � = P � äëÿ ëþáîãî

ïîëèíîìà øåñòîé ñòåïåíè [3].

Ðàññìîòðèì îáùèé ñëó÷àé (4), (5). Âûðàæåíèå

L(�; �) = K0(�) +
X

(�(3);�(4))2Q[n;2l;d(P )]

�[�(3); �(4)]K�(3);�(4)(�)

ìîæíî ðàññìàòðèâàòü êàê ôóíêöèþ Ëàãðàíæà íåëèíåéíîé çàäà÷è êâàä-

ðàòè÷íîãî ïðîãðàììèðîâàíèÿ (4), (5).

Ìàðãèíàëüíàÿ ôóíêöèÿ  (�) = inf� L(�; �) ëèáî èìååò ïóñòóþ îá-

ëàñòü îïðåäåëåíèÿ, ëèáî ÿâëÿåòñÿ âîãíóòîé, ïðè ýòîì dom � âûïóêëîå

ìíîæåñòâî.
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Ïóñòü  � = sup
�2dom  

 (�) (åñëè dom  = ;, ñ÷èòàåì, ÷òî  � =

�1). Î÷åâèäíî, ÷òî  (�) � P � äëÿ ëþáîãî � 2 dom , ïîýòîìó  � � P �.

Áîëüøîé èíòåðåñ ïðåäñòàâëÿþò óñëîâèÿ, ïðè êîòîðûõ  � = P �. Êàê

îêàçàëîñü, ýòîò âîïðîñ òåñíî ñâÿçàí ñ ðàííèìè ðàáîòàìè çíàìåíèòî-

ãî Äàâèäà Ãèëüáåðòà ïî ïðåäñòàâëåíèþ íåîòðèöàòåëüíûõ ïîëèíîìîâ â

âèäå ñóììû êâàäðàòîâ âåùåñòâåííûõ ïîëèíîìîâ [7] è ïîñëåäóþùèìè

èññëåäîâàíèÿìè ïî 17-îé ïðîáëåìå Ãèëüáåðòà î ïðåäñòàâëåíèè íåîòðè-

öàòåëüíûõ ðàöèîíàëüíûõ ôóíêöèé â âèäå ñóììû êâàäðàòîâ ðàöèîíàëü-

íûõ âåùåñòâåííûõ ôóíêöèé [8, 9, 5].

Â [4] äîêàçàíà ñëåäóþùàÿ òåîðåìà (ñì. òàêæå [2, 10]).

Òåîðåìà 1. Ïóñòü P (y) 2 �(n; s; d(P )) è infy2Ln P (y) = P � > �1.

Òîãäà äâîéñòâåííàÿ Ëàãðàíæåâà îöåíêà  �, ïîëó÷åííàÿ äëÿ ñîîòâåò-

ñòâóþùåé çàäà÷è êâàäðàòè÷íîãî òèïà (4), (5) ðàâíà P � òîãäà è òîëü-

êî òîãäà, êîãäà íåîòðèöàòåëüíûé ïîëèíîì P (y) = P (y)�P � ïðåäñòà-
âèì â âèäå ñóììû êâàäðàòîâ âåùåñòâåííûõ ïîëèíîìîâ, ïðèíàäëåæà-

ùèõ êëàññó �(n; l; d(P )
2

).

Ä.Ãèëüáåðò ðàññìàòðèâàë îäíîðîäíûå ïîëèíîìèàëüíûå ôîðìû ñòå-

ïåíè 2l îò n ïåðåìåííûõ è ïîñòàâèë âîïðîñ, äëÿ êàêèõ êîìáèíàöèé l è

n ëþáîé îäíîðîäíûé íåîòðèöàòåëüíûé ïîëèíîì ñòåïåíè 2l îò n ïåðå-

ìåííûõ ðàçëîæèì â ñóììó êâàäðàòîâ âåùåñòâåííûõ ïîëèíîìèàëüíûõ

ôîðì ñòåïåíè l. Îí âûäåëèë 3 ñëó÷àÿ, äâà èç êîòîðûõ ïî÷òè òðèâèàëü-

íû.

1. n = 2; l - ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî (êëàññ H(2; 2l), ò.å.
îäíîðîäíûå ôîðìû îò äâóõ ïåðåìåííûõ ÷åòíîé ñòåïåíè 2l). Ýòîò êëàññ
ïîëèíîìîâ ïî ñâîèì ñâîéñòâàì ïîäîáåí íåîäíîðîäíûì ïîëèíîìàì îò

îäíîé ïåðåìåííîé ñòåïåíè 2l. Ëåãêî ïîêàçàòü, ÷òî ëþáîé íåîòðèöàòåëü-
íûé ïîëèíîì èç êëàññà H(2; 2l) ìîæåò áûòü ïðåäñòàâëåí â âèäå ñóììû
êâàäðàòîâ íå áîëåå äâóõ âåùåñòâåííûõ ïîëèíîìîâ.

2. n � ïðîèçâîëüíî, l = 1 (êëàññ H(n; 2), ò.å. êëàññ êâàäðàòè÷íûõ
ôîðì îò n ïåðåìåííûõ). Èçâåñòíî, ÷òî ëþáóþ íåîòðèöàòåëüíî îïðåäå-

ëåííóþ ôîðìó îò n ïåðåìåííûõ ìîæíî ïðåäñòàâèòü â âèäå ñóììû íå

áîëåå n êâàäðàòîâ ëèíåéíûõ ôîðì.

3. Îäíîðîäíûå ïîëèíîìû îò òðåõ ïåðåìåííûõ ÷åòâåðòîé ñòåïåíè

(êëàññ H(3; 4)). Ãèëüáåðò ïîêàçàë, ÷òî íåîòðèöàòåëüíûå ïîëèíîìû èç

êëàññà H(3; 4) ìîãóò áûòü ïðåäñòàâëåíû â âèäå ñóììû íå áîëåå òðåõ

êâàäðàòîâ êâàäðàòè÷íûõ ôîðì. Äîêàçàòåëüñòâî ýòîãî ôàêòà, äàííîå

Ãèëüáåðòîì, äîâîëüíî ñëîæíî. Ïðèâåäåì ïðåäëîæåííûé íàìè âàðèàíò

äîêàçàòåëüñòâà îñëàáëåííîé òåîðåìû Ãèëüáåðòà.
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Òåîðåìà 2. Ëþáîé íåîòðèöàòåëüíûé ïîëèíîì èç êëàññà H(3; 4) ïðåä-
ñòàâèì â âèäå ñóììû êâàäðàòîâ êâàäðàòè÷íûõ ôîðì.

Äîêàçàòåëüñòâî. Ñîâîêóïíîñòü ïîëèíîìîâ H(3; 4) ìîæíî ðàñ-

ñìàòðèâàòü êàê 15-ìåðíîå ëèíåéíîå ïðîñòðàíñòâî, ïîñêîëüêó ïîëèíîì

òàêîãî âèäà ñîäåðæèò 15 ïàðàìåòðîâ-êîýôôèöèåíòîâ. Ëþáîé ýëåìåíò

H(3; 4) ìîæåò áûòü çàïèñàí â ñëåäóþùåì âèäå:

P (x) = P (x1; x2; x3) =

a400x
4
1 + a040x

4
2 + a004x

4
3 + a310x

3
1x2 + a301x

3
1x3 +

a130x1x
3
2 + a103x1x

3
3 + a031x

3
2x3 + a013x2x

3
3 + a220x

2
1x

2
2 +

a202x
2
1x

2
3 + a022x

2
2x

2
3 + a211x

2
1x2x3 +

a121x1x
2
2x3 + a112x1x2x

2
3: (10)

Íàçîâåì íåîòðèöàòåëüíûé ïîëèíîì èç H(3; 4) 3-íóëåâûì, åñëè ñóùå-

ñòâóþò òðè ëèíåéíî íåçàâèñèâûõ âåêòîðà �1; �2; �3 òàêèå, ÷òî P (�) =
0; i = 1; 2; 3. Ïåðåéäåì ê íîâîé ñèñòåìå êîîðäèíàò, â êîòîðîé �1; �2; �3
ÿâëÿþòñÿ îñÿìè êîîðäèíàò. Îáîçíà÷èì y = (y1; y2; y3) êîîðäèíàòû òî÷åê

â íîâîé ñèñòåìå êîîðäèíàò, ïðè÷åì x ñâÿçàí ñ y ëèíåéíûìè ñîîòíîøå-

íèÿìè:

x1 = (l1; y); x2 = (l2; y); x3 = (l3; y);

ò.å. x = Ay, ãäå A - íåâûðîæäåííûé ëèíåéíûé îïåðàòîð. Ïîñëå ïîäñòà-

íîâêè x = Ay â P (x) ìû ïîëó÷èì ïîëèíîì P (y) = P (Ay).
ßñíî, ÷òî ïîëèíîì P (y) òàêæå ïðèíàäëåæèò êëàññó H(3; 4) è íåîò-

ðèöàòåëåí. Îáîçíà÷èì åãî êîýôôèöèåíòû ïðè ìîíîìàõ xi1x
j
2x
k
3 â âèäå

aijk (i; j; k 2 f0; 1; 2; 3; 4g; i+ j + k = 4).
Ïîñêîëüêó P (1; 0; 0) = P (0; 1; 0) = P (0; 0; 1) = 0, òî a400 = a040 =

a004 = 0. Äàëåå, ñ ó÷åòîì óñëîâèÿ íåîòðèöàòåëüíîñòè P , ïîëó÷àåì, ÷òî

a310, à òàêæå âñå êîýôôèöèåíòû âèäà aijk , ãäå i; j; k - âñåâîçìîæíûå

ïåðåñòàíîâêè èíäåêñîâ 3, 1, 0, ðàâíû íóëþ. Òàêèì îáðàçîì, P (y) èìååò
âèä:

P (y) = a220y
2
1y

2
2+a202y

2
1y

2
3+a022y

2
2y

2
3+a211y

2
1y2y3+a121y1y

2
2y3+a112y1y2y

2
3 :

Âûïîëíèì ñëåäóþùèå ïîäñòàíîâêè:

z1 = y1y2; z2 = y1y3; z3 = y2y3:

Òîãäà P (y) = a220z
2
3+a202z

2
2+a022z

2
3+a211z1z2+a121z1z3+a112z2z3 =

K(z); ãäå K(z) � êâàäðàòè÷íàÿ ôîðìà îò ïåðåìåííûõ z = (z1; z2; z3).
Ëåãêî äîêàçûâàåòñÿ ñëåäóþùàÿ ëåììà.
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Ëåììà 1. Ïîëèíîì P (y) ïðèíèìàåò íåîòðèöàòåëüíûå çíà÷åíèÿ äëÿ

ëþáîãî y 2 L3 òîëüêî â òîì ñëó÷àå, êîãäà ñîîòâåòñòâóþùàÿ êâàäðà-

òè÷íàÿ ôîðìà K(z) ÿâëÿåòñÿ íåîòðèöàòåëüíî îïðåäåëåííîé.

Òåîðåìà 3. Ëþáîé íåîòðèöàòåëüíûé 3-íóëåâîé ïîëèíîì P (y), ïðè-
íàäëåæàùèé H(3; 4), ïðåäñòàâèì â âèäå ñóììû íå áîëåå òðåõ ïîëèíî-

ìîâ.

Äîêàçàòåëüñòâî. Èç ëåììû 1 ñëåäóåò, ÷òî åñëè P (y) � 3-íóëåâîé,
è P (y) � 0 äëÿ âñåõ y, òî ñîîòâåòñòâóþùàÿ êâàäðàòè÷íàÿ ôîðìà K(z)
ÿâëÿåòñÿ íåîòðèöàòåëüíî îïðåäåëåííîé, à çíà÷èò, îíà ïðåäñòàâèìà â

âèäå ñóììû êâàäðàòîâ íå áîëåå òðåõ ëèíåéíûõ ôîðì. Ïðè ïîäñòàíîâêå â

K(z) ïîëèíîìîâ îò y âìåñòî ïåðåìåííûõ zi ïîëèíîì P (y) âûðàæàåòñÿ â
âèäå ñóììû íå áîëåå òðåõ êâàäðàòîâ êâàäðàòè÷íûõ ôîðì âèäà a1x1x2+
a2x1x3 + a3x2x3.

Òåîðåìà äîêàçàíà.

Ëåììà 2. Ïóñòü P (y) 2 H(3; 4), íåîòðèöàòåëåí, íî íå ÿâëÿåòñÿ 3-

íóëåâûì è ðàçìåðíîñòü ëèíåéíîé îáîëî÷êè âåêòîðîâ fy : P (y) = 0g
ðàâíà k, ãäå k < 3. Òîãäà åãî ìîæíî ïðåäñòàâèòü â âèäå P (y) = P (y)+
(�; y)4; � 2 L3; ïðè÷åì ëèíåéíàÿ îáîëî÷êà ìíîæåñòâà fy : P (y) = 0g
èìååò ðàçìåðíîñòü áîëüøå k.

Äîêàçàòåëüñòâî. Ïóñòü YP [0] = fy : P (y) = 0g è ðàçìåðíîñòü

LinYP (0) = k < 3 (Lin - ñèìâîë ëèíåéíîé îáîëî÷êè). Òîãäà ñóùåñòâóåò

âåêòîð � 6= 0 òàêîé , ÷òî (�; y) = 0 äëÿ âñåõ y 2 LinYP (0).
Ðàññìîòðèì ïàðàìåòðè÷åñêîå ìíîæåñòâî ïîëèíîìîâ âèäà:

Pt(y) = P (y)� t(�; y)4:

ßñíî, ÷òî Pt(y) = P (y) äëÿ y 2 LinYP (0). Î÷åâèäíî, ÷òî ñóùåñòâóþò

t > 0, è y 2 LinYP [0] òàêèå, ÷òî Pt(y) � 0 äëÿ âñåõ y è P (y). Îáîçíà÷èì
Pt(y) êàê P (y). Òàê êàê YP (0) � YP (0)[y; y 62 LinYP (0), òî ðàçìåðíîñòü
LinYP (0) áîëüøå èëè ðàâíà (k + 1).

Ëåììà äîêàçàíà.

Òàêèì îáðàçîì, ëþáîé íåîòðèöàòåëüíûé ïîëèíîì èç H(3; 4) ìîæåò
áûòü ïðåäñòàâëåí â âèäå ñóììû 3-íóëåâîãî ïîëèíîìà è íåñêîëüêèõ ïî-

ëèíîìîâ, ïðåäñòàâëÿþùèõ ÷åòâåðòûå ñòåïåíè ëèíåéíûõ ôóíêöèé.

Èç òåîðåìû 3 è ëåììû 2 íåïîñðåäñòâåííî ñëåäóåò, ÷òî ëþáîé íåîò-

ðèöàòåëüíûé îäíîðîäíûé ïîëèíîì P (x) îò òð¼õ ïåðåìåííûõ ñòåïåíè

÷åòûðå ïðåäñòàâèì â âèäå ñóììû êâàäðàòîâ êâàäðàòè÷íûõ ôîðì.

Òåîðåìà 2 äîêàçàíà.
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2. Àëãîðèòì íàõîæäåíèÿ äâîéñòâåííîé

îöåíêè çàäà÷è êâàäðàòè÷íîãî òèïà

Ðàññìîòðèì çàäà÷ó êâàäðàòè÷íîãî òèïà: íàéòè

infK0(x); x 2 Ln (11)

ïðè îãðàíè÷åíèÿõ

Ki(x) = 0; i = 1; : : : ;m; (12)

ãäå K�(x) � êâàäðàòè÷íûå èëè ëèíåéíûå ôóíêöèè, � = 0; 1; : : : ;m.
Ïóñòü L(x; u) = K0(x) +

Pm
i=1 uiKi(x) � ôóíêöèÿ Ëàãðàíæà çàäà÷è

(11), (12), êîòîðóþ ìîæíî çàïèñàòü â ñëåäóþùåì âèäå:

L(x; u) = (Q(u)x; x) + (l(u); x) + c(u);

ãäå (Q(u)x; x) � êâàäðàòè÷íàÿ ïî x ÷àñòü ôóíêöèè Ëàãðàíæà, (l(u); x) �
ëèíåéíàÿ ïî x ôóíêöèÿ, c(u) îò x íå çàâèñèò. Ïóñòü  (u) = infx L(x; u).
 (u) � âîãíóòàÿ ôóíêöèÿ, íå îáÿçàòåëüíî ñîáñòâåííàÿ. Åñëè dom  6=
;; u 2 dom òîëüêî â òîì ñëó÷àå, åñëèQ(u) íåîòðèöàòåëüíî îïðåäåëåíà
ïî x è ñèñòåìà ëèíåéíûõ óðàâíåíèé

2Q(u)x+ l(u) = 0 (13)

ðàçðåøèìà ïî x.

Ïóñòü 
 = fu : Q(u) � 0g; 
 = fu : Q(u) � 0g: (Çäåñü ñèìâîë � 0 (�
0) îçíà÷àåò ïîëîæèòåëüíóþ (íåîòðèöàòåëüíóþ) îïðåäåëåííîñòü).

Åñëè 
 6= ;, òî dom  � 
. Ôóíêöèÿ  (u) íåïðåðûâíî äèôôåðåíöè-
ðóåìà íà 
 è åå ãðàäèåíò âûðàæàåòñÿ ôîðìóëîé:

g (u) = fKi(x(u))gmi=1;

ãäå x(u) � ðåøåíèå ñèñòåìû (13). Äâîéñòâåííîé îöåíêîé çàäà÷è (11),

(12) íàçûâàåòñÿ

 � = sup
u2dom  

 (u):

Åñëè max
u2dom  

 (u) äîñòèãàåòñÿ íà u� 2 
, òî g (u
�) = 0, ò.å.

Ki(x(u
�)) = 0; i = 1; : : : ;m: Â ýòîì ñëó÷àå x(u�) ÿâëÿåòñÿ äîïóñòèìîé

è îïòèìàëüíîé òî÷êîé è K0(x(u
�)) =  �.

Äëÿ íàõîæäåíèÿ  � íóæíî ñêîíñòðóèðîâàòü àëãîðèòìû, äàþùèå

âîçìîæíîñòü ðåøàòü ñëåäóþùèå ïîäçàäà÷è:
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a) ïðîâåðÿòü, ÿâëÿåòñÿ ëè îáëàñòü 
 íå ïóñòîé, è åñëè 
 íå ïóñòà,

íàõîäèòü òî÷êó u 2 
;
b) äîñòàòî÷íî ýôôåêòèâíî ìàêñèìèçèðîâàòü  (u) íà 
;
c) ïîñëå êàæäîé èòåðàöèè àëãîðèòìà îòñëåæèâàòü âûõîä òåêóùåé

òî÷êè çà ïðåäåëû 
, è åñëè ýòî ïðîèçîøëî, òî àëãîðèòì äîëæåí ñíîâà

íàéòè äîïóñòèìóþ òî÷êó â 
.
Ïåðâàÿ ïîäçàäà÷à ñâîäèòñÿ ê íàõîæäåíèþ �� = maxu �n[Q(u)], ãäå

�n(A) îçíà÷àåò ìèíèìàëüíîå ñîáñòâåííîå ÷èñëî ñèììåòðè÷íîé ìàòðè-

öû A ðàçìåðíîñòè n � n. Åñëè �� � 0, òî 
 ïóñòî. Åñëè â ïðîöåññå

ìàêñèìèçàöèè �n[Q(u)] ïîëó÷åíî u òàêîå, ÷òî �n[Q(u] > 0, òî òî÷êà

u 2 
. Ïîñêîëüêó �n[Q(u)] ÿâëÿåòñÿ âîãíóòîé íåãëàäêîé ôóíêöèåé îò

u, òî äëÿ åå ìàêñèìèçàöèè ìîæíî ïðèìåíÿòü ìåòîä ñóáãðàäèåíòíîãî

òèïà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâëåíèè ðàçíîñòè äâóõ ïîñëå-

äîâàòåëüíûõ ãðàäèåíòîâ (òàê íàçûâàåìûé r-àëãîðèòì [11, 12]), êîòîðûé

ïðàêòè÷åñêè ÿâëÿåòñÿ îäíèì èç íàèáîëåå ýôôåêòèâíûõ ìåòîäîâ íåãëàä-

êîé îïòèìèçàöèè.

Ýòîò ìåòîä ìîæíî ïðèìåíÿòü äëÿ ðåøåíèÿ ïîäçàäà÷ b è c. Ïðè èõ

ðåøåíèè ïðîâåðêà âûõîäà òåêóùåé òî÷êè u çà ïðåäåëû 
 îñóùåñòâëÿ-

åòñÿ ïóòåì ðàçëîæåíèÿ ìàòðèöû Q(u) ïî Õîëåöêîìó. Åñëè u 62 
, òî
âêëþ÷àåòñÿ âåòâü àëãîðèòìà, ðåøàþùàÿ ïåðâóþ ïîäçàäà÷ó. Â ñëó÷àå,

åñëè  (u) èìååò åäèíñòâåííóþ òî÷êó ìàêñèìóìà u� 2 
, òî ïîñëå îïðå-
äåëåííîãî ÷èñëà èòåðàöèé r-àëãîðèòìà, êîãäà äëèíû øàãîâ ñòàíîâÿòñÿ

äîñòàòî÷íî ìàëûìè, òî÷êè ìàêñèìèçèðóþùåé ïîñëåäîâàòåëüíîñòè íå

âûõîäÿò îáëàñòè 
.
Îñëîæíåíèÿ âîçíèêàþò òîãäà, êîãäà òî÷êà ìàêñèìóìà ôóíêöèè  (u)

ëèáî îïðåäåëÿåòñÿ íåîäíîçíà÷íî, ëèáî íàõîäèòñÿ íà ãðàíèöå îáëàñòè 
.
Ïåðâûé ñëó÷àé òèïè÷åí äëÿ êâàäðàòè÷íûõ çàäà÷, êîãäà ââîäÿòñÿ èçáû-

òî÷íûå îãðàíè÷åíèÿ, ñ öåëüþ óëó÷øåíèÿ äâîéñòâåííûõ îöåíîê. Âòîðîé

ñëó÷àé âñòðå÷àåòñÿ äîâîëüíî ÷àñòî, íàïðèìåð, â çàäà÷àõ, ãäå äâîéñòâåí-

íàÿ îöåíêà íå ñîâïàäàåò ñ îïòèìàëüíûì çíà÷åíèåì çàäà÷è (11), (12), à

òàêæå, êîãäà îïòèìàëüíàÿ òî÷êà çàäà÷è (11), (12) íå åäèíñòâåííàÿ.

Ïóñòü â êâàäðàòè÷íîé çàäà÷å íåîáõîäèìî íàéòè

infK0(x); x 2 Ln (14)

ïðè îãðàíè÷åíèÿõ

Ki(x) = 0; i = 1; : : : ;m; (15)

ãäå ÷àñòü îãðàíè÷åíèé èçáûòî÷íà. Áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì

ñ÷èòàòü, ÷òî ïåðâûå k îãðàíè÷åíèé, k < m, ÿâëÿþòñÿ "îñíîâíûìè", à

îãðàíè÷åíèÿ ñ èíäåêñàìè i = k+1; : : : ;m � èçáûòî÷íûìè, ò.å. Ki(x) = 0,
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i 2 fk + 1; : : : ;mg âî âñåõ òî÷êàõ x, óäîâëåòâîðÿþùèõ óñëîâèþ

Ks(x) = 0; s = 1; : : : ; k:

Ðàññìîòðèì "óêîðî÷åííóþ" ôóíêöèþ Ëàãðàíæà L(k)(x; u(k)) =

K0(x) +
Pk
i=1 u

(k)
i Ki(x): Ïðåäïîëîæèì, ÷òî çàäà÷à (11), (12) èìååò îï-

òèìàëüíóþ òî÷êó x�, êîòîðàÿ ÿâëÿåòñÿ ñòàöèîíàðíîé ïî x òî÷êîé ôóíê-

öèè L(k) ïðè u(k) = (u(k))�. Òîãäà ïðè ïðîèçâîëüíûõ ìíîæèòåëÿõ

uk+1; : : : ; um ñóùåñòâóþò òàêèå u1; u2; : : : ; uk, ÷òî òî÷êà x� áóäåò ñòà-

öèîíàðíîé òî÷êîé ôóíêöèè Ëàãðàíæà "ïîëíîé" çàäà÷è (14), (15) ïðè

çíà÷åíèÿõ ìíîæèòåëåé u = fu1; u2; : : : ; uk; uk+1; : : : ; umg, ò.å. ñîâîêóï-
íîñòü îïòèìàëüíûõ ìíîæèòåëåé Ëàãðàíæà çàäà÷è (14), (15) îáðàçó-

åò (m � k) - ìåðíîå ëèíåéíîå ìíîãîîáðàçèå, ïðîõîäÿùåå ÷åðåç òî÷êó

u = f(u(k)i )�i=1;:::;k;

(m�k) ðàçz }| {
0; : : : ; 0 g: Îáîçíà÷èì åãî ñèìâîëîì M�[m� k](x�).

Ðàññìîòðèì M�

[x

�] = M�[m � k](x�) \ 
. Åñëè M�

[x

�] 6= ;, òî ïðè
ëþáîì u 2M�


[x
�] ðåøåíèå x(u) çàäà÷è minx L(x; u) äàñò åäèíñòâåííóþ

îïòèìàëüíóþ òî÷êó çàäà÷è (11), (12). Åñëè ðåøåíèå çàäà÷è (14), (15) íå

åäèíñòâåííî, òî M�

[x

�] = ;, è  � = supu  (u) ìîæåò äîñòèãàòüñÿ ëèøü
íà ãðàíèöå ìíîæåñòâà 
, ïðè ýòîì íå îáÿçàòåëüíî, ÷òîáû îöåíêà  �

ñîâïàäàëà ñ îïòèìàëüíûì çíà÷åíèåì êâàäðàòè÷íîé çàäà÷è (14), (15).

Ïóñòü îïòèìàëüíîå çíà÷åíèå âåêòîðà äâîéñòâåííûõ ïåðåìåííûõ u�

íàõîäèòñÿ íà ãðàíèöå îáëàñòè 
, ò.å. u� 2 dom  n
. Òîãäà ïðè ïðèáëè-
æåíèè u ê u�, u 2 
, ðåøåíèå ñèñòåìû (13) ñòàíîâèòñÿ âñå ìåíåå óñòîé-

÷èâûì. Äëÿ ðåãóëÿðèçàöèè ðåøåíèÿ ìîæíî èñïîëüçîâàòü �-âîçìóùåíèÿ

äèàãîíàëüíûõ ýëåìåíòîâ ìàòðèö Q(u), ðàññìàòðèâàÿ ~Q�(u) = Q(u)+�I ,
ãäå � > 0, I - åäèíè÷íàÿ ìàòðèöà.

Äðóãîé ñïîñîá ïðåîäîëåíèÿ ýòîé íåóñòîé÷èâîñòè ñîñòîèò â ñëåäóþ-

ùåì. Ðàññìîòðèì ôóíêöèþ:

~ (u) =

�
 (u); u 2 
;
�n[Q(u)]; ïðè �n[Q(u)] � 0:

(16)

è áóäåì ïðèìåíÿòü âàðèàíò r-àëãîðèòìà ñ àäàïòèâíîé ðåãóëèðîâêîé øà-

ãîâîãî ìíîæèòåëÿ, èñïîëüçóÿ â êà÷åñòâå ñóáãðàäèåíòà íà êàæäîì øà-

ãå ñóáãðàäèåíò îò ôóíêöèè ~ (u) â ñîîòâåòñòâóþùåé òî÷êå. Òàêîé ñïî-

ñîá ìîæíî ðàññìàòðèâàòü êàê ìîäèôèêàöèþ r(�)-àëãîðèòìà. Îí äàåò

âîçìîæíîñòü ïàðàëëåëüíîãî ðåøåíèÿ ðàññìîòðåííûõ âûøå ïîäçàäà÷ a,

b è c è, êðîìå òîãî, ïîçâîëÿåò èçáåæàòü îñëîæíåíèé, ñâÿçàííûõ êàê

ñ íåîäíîçíà÷íîñòüþ u�, òàê è ñ ïðèíàäëåæíîñòüþ u� ãðàíèöå 
. Ïî-
äðîáíîå îïèñàíèå èññëåäîâàòåëüñêîé ïðîãðàììû è ðåçóëüòàòîâ âû÷èñ-



158

ëèòåëüíûõ ýêñïåðèìåíòîâ ïðè íàõîæäåíèè (c ïîìîùüþ ìîäèôèêàöèè

r(�)-àëãîðèòìà) u� äëÿ êâàäðàòè÷íûõ çàäà÷ äàíî íèæå.

3. Îïèñàíèå âû÷èñëèòåëüíûõ

ýêñïåðèìåíòîâ íàõîæäåíèÿ äâîéñòâåííûõ

îöåíîê äëÿ çàäà÷ êâàäðàòè÷íîãî òèïà

Îïèñàíèå r(�)-àëãîðèòìà Ïîñêîëüêó íà îñíîâå ìåòîäà ñóáãðàäèåíò-
íîãî òèïà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâëåíèè ðàçíîñòè äâóõ

ïîñëåäîâàòåëüíûõ ñóáãðàäèåíòîâ ìîæíî ïîñòðîèòü ñåìåéñòâî àëãîðèò-

ìîâ, èñïîëüçóÿ ðàçëè÷íûå ñïîñîáû ðåãóëèðîâêè øàãîâîãî ìíîæèòåëÿ è

êîýôôèöèåíòà ðàñòÿæåíèÿ ïðîñòðàíñòâà, íóæíî óòî÷íèòü, êàêîé èìåí-

íî ìîäèôèêàöèåé àëãîðèòìà ìû ïîëüçîâàëèñü ïðè âûïîëíåíèè ÷èñëåí-

íûõ ýêñïåðèìåíòîâ. Ýòî òàê íàçûâàåìûé r(�)-àëãîðèòì ñ ïîñòîÿííûì

êîýôôèöèåíòîì ðàñòÿæåíèÿ ïðîñòðàíñòâà � è àäàïòèâíûì ñïîñîáîì

ðåãóëèðîâêè øàãîâîãî ìíîæèòåëÿ [2, 12], ðàçðàáîòàííûé â Èíñòèòóòå

êèáåðíåòèêè ÍÀÍ Óêðàèíû è õîðîøî çàðåêîìåíäîâàâøèé ñåáÿ â ïðàê-

òè÷åñêèõ ðàñ÷åòàõ.

Ïðè îïèñàíèè âû÷èñëèòåëüíîé ñõåìû r(�)-àëãîðèòìà ïðèìåíèòåëü-
íî ê ðåøåíèþ çàäà÷è ìèíèìèçàöèè âûïóêëîé ôóíêöèè f(x), îïðåäå-
ëåííîé íà n-ìåðíîì ïðîñòðàíñòâå En è îáëàäàþùåé ñâîéñòâîì

lim
jxj!+1

f(x)! +1;

áóäåì èñïîëüçîâàòü îïåðàòîð R�(�) ðàñòÿæåíèÿ (ñæàòèÿ) ïðîñòðàíñòâà
ñ êîýôôèöèåíòîì � � 1 (0 < � < 1) â íàïðàâëåíèè � 2 En, k�k = 1. Â
ìàòðè÷íîé ôîðìå îí ïðåäñòàâèì ôîðìóëîé:

R�(�) = In + (�� 1)��T ;

ãäå In � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè n � n. Cóáãðàäèåíò ôóíê-

öèè f(x) â òî÷êå xk áóäåì îáîçíà÷àòü gf (xk), à ïîëó÷åííóþ ñ ïîìîùüþ

r(�)-àëãîðèòìà ïðèáëèæåííóþ òî÷êó ìèíèìóìà f(x) ïðè âûïîëíåíèè

óñëîâèÿ îñòàíîâà îáîçíà÷èì x�r .

Ïðè êîììåíòèðîâàíèè îñíîâíûõ îïåðàöèé â âû÷èñëèòåëüíîé ñõå-

ìå r(�)-àëãîðèòìà (êîììåíòàðèè âûäåëåíû ñêîáêàìè) áóäåì èñïîëü-

çîâàòü ñëåäóþùèå îáîçíà÷åíèÿ: X � èñõîäíîå ïðîñòðàíñòâî ïåðåìåí-

íûõ (àðãóìåíòîâ) ôóíêöèè f(x); A � íåîñîáåííàÿ ìàòðèöà ðàçìåðíîñòè
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n � n, çàäàþùàÿ íåâûðîæäåííûé ëèíåéíûé îïåðàòîð A, êîòîðûé äåé-

ñòâóåò èç En â En; B � ìàòðèöà îáðàòíîãî ïðåîáðàçîâàíèÿ ïðîñòðàí-

ñòâà (B=A�1); Y � ïðåîáðàçîâàííîå ëèíåéíûì îïåðàòîðîì A ïðîñòðàí-

ñòâî ïåðåìåííûõ (àðãóìåíòîâ) ôóíêöèè '(y) = f(By); g'(yk) � cóá-

ãðàäèåíò ôóíêöèè '(y) â òî÷êå yk, êîòîðûé âû÷èñëÿåòñÿ ïî ôîðìóëå

g'(y) = BT gf (xk).

r(�)-àëãîðèòì èñïîëüçóåò: êîýôôèöèåíò ðàñòÿæåíèÿ ïðîñòðàíñòâà

� (� > 1); ïàðàìåòðû àäàïòèâíîé ðåãóëèðîâêè øàãîâîãî ìíîæèòåëÿ

(â äàííîì ñëó÷àå â íàïðàâëåíèè íîðìèðîâàííîãî ñóáãðàäèåíòà â ïðå-

îáðàçîâàííîì ïðîñòðàíñòâå ïåðåìåííûõ) h0, q1, nh, q2 ( h0 � âåëè÷èíà

íà÷àëüíîãî øàãà, q1 � êîýôôèöèåíò óìåíüøåíèÿ øàãà (q1 < 1), åñëè
óñëîâèå ñïóñêà ïî íàïðàâëåíèþ âûïîëíÿåòñÿ çà îäèí øàã, q2 � êîýôôè-

öèåíò óâåëè÷åíèÿ øàãà (q2 > 1), ÷èñëî nh çàäàåò ÷èñëî øàãîâ îäíîìåð-
íîãî ñïóñêà, ïîñëå êîòîðûõ øàãîâûé ìíîæèòåëü áóäåò óâåëè÷èâàòüñÿ â

q2 ðàç (nh > 1)); ïàðàìåòðû "x è "g, çàäàþùèå óñëîâèÿ îñòàíîâà àëãî-

ðèòìà ("x çàäàåò îñòàíîâ ïî îòêëîíåíèþ àðãóìåíòà; îñòàíîâ àëãîðèòìà

â òî÷êå xk+1 ïðîèñõîäèò, åñëè âûïîëíåíî óñëîâèå kxk+1 � xkk � "x; "g
çàäàåò îñòàíîâ ïî íîðìå ñóáãðàäèåíòà; îñòàíîâ àëãîðèòìà â òî÷êå xk+1
ïðîèñõîäèò, åñëè âûïîëíåíî óñëîâèå kgf (xk+1)k � "g).

Âû÷èñëèòåëüíàÿ ñõåìà r(�)-àëãîðèòìà ïðèíèìàåò ñëåäóþùèé âèä.

Â íà÷àëå ïðîöåññà èìååì íà÷àëüíóþ òî÷êó x0 2 En, ïàðàìåòðû �,

h0, q1, nh, q2, "x, "g. Âû÷èñëèì f(x0) è gf (x0). Åñëè kgf (x0)k � "g , òî

x�r = x0 è îñòàíîâ. Â ïðîòèâíîì ñëó÷àå ïîëàãàåì B0 = In (ìàòðèöà

ðàçìåðíîñòè n� n), ~g0 = gf (x0), g0 = gf (x0).

Ïóñòü â ðåçóëüòàòå âû÷èñëåíèé íà k-é èòåðàöèè ïðîöåññà ïîëó÷å-

íû âåëè÷èíû xk, hk, ~gk, gk = gf (xk) è ìàòðèöà Bk ðàçìåðíîñòè n � n.

(Çäåñü hk � òåêóùåå çíà÷åíèå øàãîâîãî ìíîæèòåëÿ â íàïðàâëåíèè íîð-

ìèðîâàííîãî ñóáãðàäèåíòà â ïðåîáðàçîâàííîì ïðîñòðàíñòâå ïåðåìåí-

íûõ Yk = AkX = B�1
k X . Âåêòîð ~gk èñïîëüçóåòñÿ äëÿ îáîçíà÷åíèÿ ñóá-

ãðàäèåíòà íà ïðåäûäóùåé èòåðàöèè ìåòîäà, ò.å. ñóáãðàäèåíòà ôóíêöèè

'k(y) = f(Bky) â òî÷êå yk�1 = B�1
k xk�1. Èñêëþ÷åíèåì ÿâëÿåòñÿ èòåðà-

öèÿ ïðè k = 0, ãäå ~g0 ñîâïàäàåò ñ ñóáãðàäèåíòîì f(x) â òî÷êå x0. Ýòî
ñäåëàíî äëÿ óäîáñòâà ïðè ïðîãðàììèðîâàíèè ìåòîäà (ñì. ï. 1.3.)). Òîãäà

ïåðåõîä ê (k+1)-é èòåðàöèè ïðîöåññà ñîñòîèò èç ñëåäóþùèõ îïåðàöèé.

1. Ïîäãîòîâêà ê îïåðàöèè ðàñòÿæåíèÿ ïðîñòðàíñòâà

Âû÷èñëÿåì ñëåäóþùèå âåëè÷èíû.

1.1. g�k = BTk gk (ñîîòâåòñòâóåò g'k(yk), ãäå yk = Akxk, ò.å. cóáãðàäè-

åíòó ôóíêöèè 'k(y) = f(Bky) â òî÷êå yk = Akxk = B�1
k xk ïðåîáðàçî-

âàííîãî ïðîñòðàíñòâà àðãóìåíòîâ Yk = AkX = B�1
k X).

1.2. rk = g�k � ~gk (ñîîòâåòñòâóåò âåêòîðó ðàçíîñòè äâóõ ïîñëåäî-
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âàòåëüíûõ ñóáãðàäèåíòîâ â ïðåîáðàçîâàííîì ïðîñòðàíñòâå àðãóìåíòîâ

Yk = AkX , ò.å. rk = g'k(yk)� g'k(yk�1) = BTk (gf (xk)� gf (xk�1)).

Øàã 1.3. �k =

8<
:

0; åñëè krkk � "0;

rk
krkk

; åñëè krkk > "0:
(íîðìèðîâêà âåêòîðà rk äëÿ

âûïîëíåíèÿ î÷åðåäíîé îïåðàöèè ðàñòÿæåíèÿ ïðîñòðàíñòâà â íàïðàâëå-

íèè ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ ñóáãðàäèåíòîâ).

Â ï. 1.3 "0 � òî÷íîñòü ïðåäñòàâëåíèÿ íóëÿ äëÿ ÝÂÌ. Ïðè íàõîæäå-

íèè x�r ñ òî÷íîñòüþ "x = 10�6 ëèáî "g = 10�10 äîñòàòî÷íî ïîëîæèòü

"0 = 10�20. Îòìåòèì, ÷òî R�(�k) = In ïðè �k = 0, ò.å. ðàñòÿæåíèå ïðî-
ñòðàíñòâà íå áóäåò âûïîëíÿòüñÿ. Ýòî âñåãäà èìååò ìåñòî íà èòåðàöèè

ìåòîäà ïðè k = 0, ïîñêîëüêó ~g0 = gf (x0). Êðîìå òîãî, �k = 0 ìîæåò

èìåòü ìåñòî íà "ïðåäåëüíûõ" øàãàõ ìåòîäà ïðè âûáîðå ëèáî áîëüøî-

ãî çíà÷åíèÿ �, ëèáî ñëèøêîì ìàëûõ çíà÷åíèé "x ("x � 10�10) è "g
("g � 10�10). Îäíàêî òàêàÿ ñèòóàöèÿ èìååò "âûðîæäåííûé" õàðàêòåð,

òàê êàê ïîëó÷åíèå x�r ñ äîñòàòî÷íî âûñîêîé òî÷íîñòüþ (� 10�6) îáåñïå-
÷èâàåò âûáîð ïàðàìåòðîâ "x = 10�6, "g = 10�6 è � 2 [2; 3]. Òåì íå ìåíåå,

åñëè çíà÷åíèå x�r äîëæíî áûòü áîëåå òî÷íûì, òî â ýòîì ñëó÷àå ìîæíî

ïðîâîäèòü ïðîöåäóðó "âîññòàíîâëåíèÿ" ïðîöåññà, ïîëîæèâ Bk+1 = In è

óñòàíîâèâ âåëè÷èíó øàãà hk+1 ïîðÿäêà kxk � xk�1k.
2. Îïåðàöèÿ ðàñòÿæåíèÿ ïðîñòðàíñòâà

Âû÷èñëÿåì ñëåäóþùèå âåëè÷èíû

2.1. Bk+1 = Bk + (� � 1)(Bk�k)�
T
k , ãäå � = 1

�
(ïåðåñ÷åò ìàòðèöû îá-

ðàòíîãî ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà ïðè ïåðåõîäå â î÷åðåäíîå ïðåîá-

ðàçîâàííîå ïðîñòðàíñòâî àðãóìåíòîâ, êîòîðûé ñëåäóåò èç ñîîòíîøåíèÿ

Bk+1 = (R�(�k)Ak)
�1 = BkR�(�k) = Bk(In + (� � 1)�k�

T
k ).

2.2. ~gk+1 = g�k + (� � 1)(g�k; �k)�
T
k (ïåðåñ÷åò òåêóùåãî ñóáãðàäèåí-

òà ïðè ïåðåõîäå â î÷åðåäíîå ïðåîáðàçîâàííîå ïðîñòðàíñòâî àðãóìåí-

òîâ, êîòîðûé ñëåäóåò èç ñîîòíîøåíèÿ ~gk+1 = g'k+1
(yk) = BTk+1gf (xk) =

R�(�k)B
T
k gf (xk) = R�(�k)g

�
k = (In + (� � 1)�k�

T
k )g

�
k.

3. Ïðîöåäóðà îäíîìåðíîãî ñïóñêà ïî íàïðàâëåíèþ

3.1. Âû÷èñëÿåì pk+1 = Bk+1
~gk+1

k~gk+1k
(íàïðàâëåíèå ñïóñêà, ñîîòâåò-

ñòâóþùåå íàïðàâëåíèþ íîðìèðîâàííîãî ñóáãðàäèåíòà â ïðåîáðàçîâàí-

íîì ïðîñòðàíñòâå àðãóìåíòîâ Yk+1 = Ak+1X = B�1
k+1X).

3.2. Îñóùåñòâëÿåì ñïóñê ïî íàïðàâëåíèþ -pk+1 ñ àäàïòèâíîé ðåãó-

ëèðîâêîé øàãà.

Ïîëîæèì z0 = xk, l = 0, ~h0 = hk. Âû÷èñëÿåì

zl+1 = zl � ~hlpk+1;
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(çäåñü ~hl = hkq
] l

n
h

[

2 è ]:[ � öåëàÿ ÷àñòü ðàöèîíàëüíîãî ÷èñëà) äî òåõ ïîð,
ïîêà íå âûïîëíèòñÿ îäíî èç ñëåäóþùèõ óñëîâèé:

3.2.1. (pk+1; gf (zl+1)) � 0 (çàäàåò óñëîâèå ñïóñêà ïî íàïðàâëåíèþ, åãî
âûïîëíåíèå îáåñïå÷èâàåòñÿ â ñèëó ïðåäïîëîæåíèÿ lim

jxj!+1
f(x)! +1).

3.2.2. kgf (zl+1)k � "g, òîãäà x
�
r = zl+1 è îñòàíîâ (çàäàåò îñòàíîâ ïî

íîðìå ñóáãðàäèåíòà è â îñíîâíîì èìååò ìåñòî äëÿ ãëàäêèõ ôóíêöèé).

Åñëè óñëîâèå ñïóñêà (ï.3.2.1) âûïîëíèëîñü íà ïåðâîì øàãå, ò.å. ïðè

l = 0, òî ïîëàãàåì ~h0 = q1hk (óìåíüøåíèå øàãîâîãî ìíîæèòåëÿ, êîòîðîå

èñïîëüçóåòñÿ, êàê ïðàâèëî, ïðè ìèíèìèçàöèè ãëàäêèõ ôóíêöèé).

4. Ïåðåõîä ê î÷åðåäíîìó øàãó

4.1. Ïîëàãàåì xk+1 = zl+1, gk+1 = gf (zl+1) è hk+1 = ~hl.

4.2. Åñëè kxk+1 � xkk � "x, òî x
�
r = xk+1 è îñòàíîâ (ïî îòêëîíåíèþ

àðãóìåíòà). Â ïðîòèâíîì ñëó÷àå ïåðåõîäèì (k + 1)-é èòåðàöèè ïðîöåñ-

ñà ñ íîâûìè çíà÷åíèÿìè âåëè÷èí xk+1, hk+1, ~gk+1, gk+1 = gf (xk+1) è
ìàòðèöû Bk+1.

Äëÿ B-ôîðìû r(�)-àëãîðèòìà (ò.å. èñïîëüçóþùåãî êîððåêöèþ ìàò-

ðèöû îáðàòíîãî ïðåîáðàçîâàíèÿ B) ïðèâåäåííàÿ âû÷èñëèòåëüíàÿ ñõå-

ìà ÿâëÿåòñÿ íàèáîëåå ýêîíîìíîé ïî ÷èñëó àðèôìåòè÷åñêèõ îïåðàöèé.

Èìåííî îíà ëåæèò â îñíîâå ïðàêòè÷åñêè èñïîëüçóåìîé ïðîãðàììíîé

ðåàëèçàöèè r(�)-àëãîðèòìà [13] è òðåáóåò íà îäíîé èòåðàöèè âñåãî òðè

îïåðàöèè óìíîæåíèÿ ìàòðèöû íà âåêòîð (3n2 àðèôìåòè÷åñêèõ îïåðà-

öèé óìíîæåíèÿ è ñòîëüêî æå îïåðàöèé ñëîæåíèÿ) è îäíó îïåðàöèþ

îäíîðàíãîâîé êîððåêöèè ìàòðèöû Bk+1 (n
2 àðèôìåòè÷åñêèõ îïåðàöèé

óìíîæåíèÿ è ñòîëüêî æå îïåðàöèé ñëîæåíèÿ). Ðåàëèçàöèÿ B-ôîðìû

r(�)-àëãîðèòìà â ðàìêàõ îáùåé ñõåìû r-àëãîðèòìîâ, îïèñàííîé â ðà-

áîòå [14], ïîòðåáîâàëà áû îäíó äîïîëíèòåëüíóþ îïåðàöèþ óìíîæåíèÿ

ìàòðèöû íà âåêòîð, à òðóäîåìêîñòü îäíîé èòåðàöèè ñîñòàâèëà áû 5n2

àðèôìåòè÷åñêèõ îïåðàöèé óìíîæåíèÿ âìåñòî 4n2 äëÿ ïðèâåäåííîé âû-
÷èñëèòåëüíîé ñõåìû r(�)-àëãîðèòìà.

Âû÷èñëèòåëüíàÿ ýôôåêòèâíîñòü r(�)-àëãîðèòìà çàâèñèò îò êîýô-

ôèöèåíòà ðàñòÿæåíèÿ ïðîñòðàíñòâà è ïàðàìåòðîâ àäàïòèâíîé ðåãóëè-

ðîâêè øàãîâîãî ìíîæèòåëÿ (ïîäðîáíûå ðåêîìåíäàöèè äàíû â [2], ñ. 45�

47). Ñóòü âûáîðà ïàðàìåòðîâ ñîñòîèò â òîì, ÷òîáû àäàïòèâíûé ñïîñîá

ðåãóëèðîâêè øàãîâîãî ìíîæèòåëÿ ïîçâîëÿë óâåëè÷èâàòü òî÷íîñòü ïî-

èñêà ìèíèìóìà ôóíêöèè ïî íàïðàâëåíèþ â ïðîöåññå ñ÷åòà è ïðè ýòîì

÷èñëî øàãîâ ïî íàïðàâëåíèþ íå äîëæíî áûòü áîëüøèì. Ïðè ìèíèìè-

çàöèè íåãëàäêèõ ôóíêöèé ýòî îáåñïå÷èâàåò ñëåäóþùèé âûáîð ïàðàìåò-

ðîâ: � = 2 � 3, h0 = 1:0, q1 = 1:0, q2 = 1:1 � 1:2, nh = 2 � 3. Åñëè
èçâåñòíà àïðèîðíàÿ îöåíêà ðàññòîÿíèÿ îò íà÷àëüíîé òî÷êè x0 äî òî÷-
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êè ìèíèìóìà x�, òî íà÷àëüíûé øàã h0 öåëåñîîáðàçíî âûáèðàòü ïîðÿäêà

kx0�x�k. Ïðè ìèíèìèçàöèè ãëàäêèõ ôóíêöèé ðåêîìåíäóåìûå ïàðàìåò-
ðû òàêèå æå, çà èñêëþ÷åíèåì q1 (q1 = 0:8� 0:95). Ýòî îáóñëîâëåíî òåì,
÷òî äîïîëíèòåëüíîå èçìåëü÷åíèå øàãà ñïîñîáñòâóåò óâåëè÷åíèþ òî÷íî-

ñòè ïîèñêà ìèíèìóìà ôóíêöèè ïî íàïðàâëåíèþ, ÷òî ïðè ìèíèìèçàöèè

ãëàäêèõ ôóíêöèé îáåñïå÷èâàåò áîëåå áûñòðóþ ñêîðîñòü ñõîäèìîñòè.

Ïðè òàêîì âûáîðå ïàðàìåòðîâ r(�)-àëãîðèòì, êàê ïðàâèëî, äàåò ñëå-
äóþùèå ðåçóëüòàòû: ÷èñëî ñïóñêîâ ïî íàïðàâëåíèþ ðåäêî ïðåâîñõîäèò

äâà, çà n èòåðàöèé òî÷íîñòü ïî ôóíêöèîíàëó óëó÷øàåòñÿ â òðè-ïÿòü

ðàç. Âûáèðàÿ â êà÷åñòâå êðèòåðèåâ îñòàíîâà "x; "g � 10�6 � 10�5 ïðè
ìèíèìèçàöèè âûïóêëîé ôóíêöèè, äàæå ñóùåñòâåííî îâðàæíîé ñòðóê-

òóðû, ìîæíî îáåñïå÷èòü íàõîæäåíèå x�r ñî çíà÷åíèåì öåëåâîé ôóíêöèè,

äîñòàòî÷íî áëèçêèì ê îïòèìàëüíîìó ( [f(x�r) � f(x�)]=[jf(x�)j + 1] �
10�6�10�5 � äëÿ íåãëàäêèõ è [f(x�r)�f(x�)]=[jf(x�)j+1] � 10�12�10�10
� äëÿ ãëàäêèõ ôóíêöèé). Ýòî ïîäòâåðæäàåòñÿ ðåçóëüòàòàìè ìíîãî÷èñ-

ëåííûõ òåñòîâûõ è ðåàëüíûõ ðàñ÷åòîâ.

Çàìå÷àíèå. Ñëåäóåò îòìåòèòü, ÷òî â ðÿäå ðàáîò èñïîëüçîâàëèñü

äðóãèå ïðîãðàììíûå ðåàëèçàöèè r-àëãîðèòìîâ, ñóùåñòâåííî îòëè÷íûå

îò îïèñàííîãî âûøå r(�)-àëãîðèòìà. Íàïðèìåð, â ðàáîòå [15] ïðèìå-

íÿëàñü ðåãóëèðîâêà øàãîâîãî ìíîæèòåëÿ ïî ôîðìóëå ãåîìåòðè÷åñêîé

ïðîãðåññèè (tk = t0q
k; q < 1), ÷òî â îáùåì ñëó÷àå ìîæåò ïðèâåñòè ê ïðå-

äåëüíîé òî÷êå, êîòîðàÿ íå îáÿçàòåëüíî îêàæåòñÿ òî÷êîé ìèíèìóìà ïðè

âûáðàííûõ çíà÷åíèÿõ t0 è q. Òåñòèðóåìûé â [16] "âàðèàíò r-àëãîðèòìà"

îòëè÷àåòñÿ îò r(�)-àëãîðèòìà êàê ðåãóëèðîâêîé øàãîâîãî ìíîæèòåëÿ,

òàê è âûáîðîì íàïðàâëåíèÿ ðàñòÿæåíèÿ ïðîñòðàíñòâà. Èñïîëüçóåìûé

â [16] ñïîñîá ðåãóëèðîâêè ñèëüíî èçìåëü÷àåò øàãîâûé ìíîæèòåëü, ÷òî

ñïîñîáñòâóåò óâåëè÷åíèþ ÷èñëà øàãîâ îäíîìåðíîãî ñïóñêà â íàïðàâëå-

íèè óáûâàíèÿ ôóíêöèè è îòðèöàòåëüíî ñêàçûâàåòñÿ íà îáùåì êîëè÷å-

ñòâå âû÷èñëåíèé f(x) è gf (x)). Êàê ïðàâèëî, äëÿ r(�)-àëãîðèòìà õà-

ðàêòåðíà áîëåå óñòîé÷èâàÿ è áûñòðàÿ ñõîäèìîñòü, ÷åì äëÿ âàðèàíòîâ

r-àëãîðèòìîâ èç [15, 16].

Òåñòîâûå ýêñïåðèìåíòû. Èñïîëüçîâàíèå ìîäèôèêàöèè r(�)-àë-
ãîðèòìà ïðèìåíèòåëüíî ê íàõîæäåíèþ äâîéñòâåííûõ îöåíîê â çàäà÷àõ

êâàäðàòè÷íîãî òèïà (14), (15) áóäåò ïîäðàçóìåâàòü ïîäñòàíîâêó âìåñòî

âûïóêëîé ôóíêöèè f(x) ôóíêöèè � ~ (u), îïðåäåëåííîé ñîãëàñíî (16).

Ñóïåðãðàäèåíò âîãíóòîé ôóíêöèè ~ (u) âû÷èñëÿåòñÿ

supergradu
~ (u) =

�
gradu (u); u 2 
;
supergradu�n[Q(u)]; �n[Q(u)] � 0:

(17)
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Çäåñü

gradu (u) = Ki(x(u)); (18)

ãäå x(u) � ðåøåíèå ñèñòåìû óðàâíåíèé (13), è

gradu�n[Q(u)] =

nX
i;j

@2Kl(x)

@xi@xj
�i�j ; l = 1; : : : ;m; (19)

ãäå � � ïðîèçâîëüíûé íîðìèðîâàííûé ñîáñòâåííûé âåêòîð, îòíîñÿùèéñÿ

ê ìèíèìàëüíîìó ñîáñòâåííîìó ÷èñëó ìàòðèöû Q(u) (�n[Q(u)]).
Öåëü òåñòîâûõ ýêñïåðèìåíòîâ � èçó÷åíèå ýôôåêòèâíîñòè ýòîé ìîäè-

ôèêàöèè r(�)-àëãîðèòìà ïðè íàõîæäåíèè äâîéñòâåííûõ îöåíîê â çàäà-
÷àõ êâàäðàòè÷íîãî òèïà (14), (15). Îñíîâíûå èññëåäóåìûå õàðàêòåðè-

ñòèêè: iter � ÷èñëî èòåðàöèé ìîäèôèêàöèè r(�)-àëãîðèòìà; n ~ � îáùåå

÷èñëî âû÷èñëåíèé ñóïåðãðàäèåíòà ~ (u) ïî ôîðìóëå (17); n� � ÷èñëî âû-
÷èñëåíèé ñóïåðãðàäèåíòà ~ (u), ñâÿçàííûõ ñ åãî âû÷èñëåíèåì ïî ôîð-

ìóëå (19), õàðàêòåðèçóþùèå çàòðàòû ìîäèôèêàöèè r(�)-àëãîðèòìà íà
âîçâðàò â îáëàñòü ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû Q(u).

Ïðè âû÷èñëåíèè ñóïåðãðàäèåíòà ~ (u) èñïîëüçîâàíû ñëåäóþùèå

ôîðòðàíîâñêèå ïîäïðîãðàììû:

äëÿ ðåøåíèÿ ñèñòåìû óðàâíåíèé (13) ñ ñèìåòðè÷íîé ïîëîæèòåëü-

íî îïðåäåëåííîé ìàòðèöåé Q(u) � ïîäïðîãðàììû DPPFA (ðåàëèçóåò

ôàêòîðèçàöèþ ìàòðèöû Q(u), åñëè îíà ïîëîæèòåëüíî îïðåäåëåíà, è â

ñëó÷àå, åñëè Q(u) íå ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé, ñèãíàëè-

çèðóåò îá ýòîì) è DPPSL (îïðåäåëÿåò ðåøåíèå ñèñòåìû, èñïîëüçóÿ

ôàêòîðèçîâàííóþ ïðîãðàììîé DPPFA ìàòðèöó Q(u)) èç [17];
äëÿ íàõîæäåíèÿ ìèíèìàëüíîãî ñîáñòâåííîãî ÷èñëà �n[Q(u)] ìàòðè-

öû Q(u) è ñîîòâåòñòâóþùåãî ýòîìó ÷èñëó ñîáñòâåííîãî âåêòîðà � ïðè-

ìåíåíà ïîäïðîãðàììà EIGEN èç [18].

Ïåðâàÿ ñåðèÿ ýêñïåðèìåíòîâ câÿçàíà ñ òåñòîâûìè çàäà÷àìè êâàäðà-

òè÷íîãî òèïà, êîòîðûå âîçíèêàþò ïðè ïîïûòêå ïðåäñòàâëåíèÿ íåîòðè-

öàòåëüíîé ïîëèíîìèàëüíîé ôóíêöèè P (x)�P � â âèäå ñóììû êâàäðàòîâ,

à òàêæå ïðè íàõîæäåíèè åå ãëîáàëüíîãî ìèíèìóìà. Òåñòîâûå çàäà÷è

ôîðìèðîâàëàñü ñëåäóþùèì îáðàçîì.

Êàê îòìå÷àëîñü â ðàçä. 1, ëþáîé íåîòðèöàòåëüíûé îäíîðîäíûé ïî-

ëèíîì P (x1; x2; x3) îò òðåõ ïåðåìåííûõ ÷åòâåðòîé ñòåïåíè ïðåäñòàâèì â

âèäå ñóììû êâàäðàòîâ. Ïóñòü P (x1; x2; x3) 2 H(3; 4). Ðàññìîòðèì ôóíê-

öèþ f

�
x1

x3
;
x2

x3

�
=
P (x1; x2; x3)

x43
. Ñäåëàâ ïîäñòàíîâêó:

x1

x3
= y1;

x2

x3
= y2,

ïîëó÷èì íåîäíîðîäíûé ïîëèíîì ÷åòâåðòîé ñòåïåíè îò äâóõ ïåðåìåííûõ

P (y1; y2). Åñëè ïîëèíîì P (x1; x2; x3) íåîòðèöàòåëåí, òî â ñèëó òåîðåìû
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Ãèëüáåðòà îí ïðåäñòàâèì â âèäå ñóììû êâàäðàòîâ, à çíà÷èò, è ïðî-

èçâîäíûé îò íåãî ïîëèíîì P (y1; y2) òàêæå ïðåäñòàâèì â âèäå ñóììû

êâàäðàòîâ ïîëèíîìîâ. Îòñþäà ñëåäóåò, ÷òî ëþáîé îãðàíè÷åííûé ñíèçó

ïîëèíîì ÷åòâåðòîé ñòåïåíè îò äâóõ ïåðåìåííûõ P (y1; y2) ìîæåò áûòü
ïðåäñòàâèì â âèäå:

P (y1; y2) =
X
i2I

Q2
i (y1; y2) + P �;

ãäå Qi(y1; y2) � ïîëèíîìû, ñòåïåíü êîòîðûõ íå ïðåâûøàåò äâóõ, P � =
inf
y2L2

P (y1; y2).

Äëÿ òåñòîâûõ ýêñïåðèìåíòîâ ðàññìàòðèâàëèñü äâà òèïà ïîëèíîìîâ:

P
(y1; y2) = (y1 + 1)4 � 
y21y
2
2 + (y1 + 2)4;

Pa1;a2(y1; y2) = a1y
4
1 � 2y31 + y21 + a2y

4
2 � 2y32 + y22

ñ ïàðàìåòðàìè 
 (
 2 [0; 2]) è a1, a2 (a1; a2 2 [1 � "; 1 + "]), ãäå " > 0 �
âîçìóùàþùèé ïàðàìåòð.

Äëÿ óêàçàííûõ ïîëèíîìîâ çàäà÷à íàõîæäåíèÿ ãëîáàëüíîãî ìèíèìó-

ìà câîäèëàñü ê çàäà÷å ìèíèìèçàöèè êâàäðàòè÷íîé ôóíêöèè îò ïÿòè

ïåðåìåííûõ: x1 = y1, x2 = y2, x3 = y21 , x4 = y22 , x5 = y1y2 ïðè ñëåäóþ-

ùèõ îãðàíè÷åíèÿõ:

x21 � x3 = 0; x22 � x4 = 0; x1x2 � x5 = 0;

x25 � x3x4 = 0; x3x2 � x1x5 = 0; x4x1 � x2x5 = 0:

Ôóíêöèÿ Ëàãðàíæà ýòèõ êâàäðàòè÷íûõ çàäà÷ èìååò âèä

L(x; u) = K0(x) + u1(x
2
1 � x3) + u2(x

2
2 � x4) + u3(x1x2 � x5) +

+u4(x
2
5 � x3x4) + u5(x3x2 � x1x5) + u6(x4x1 � x2x5);

ãäå K0(x) = 6x21+4x1x3+24x22+8x2x4+x
2
3�
x3x4+x24+4x1+32x2+17

äëÿ ïîëèíîìà P
(y1; y2) è K0(x) = x21� 2x1x3+ a1x
2
3+x

2
2� 2x2x4+ a2x

2
4

äëÿ ïîëèíîìà Pa1;a2(y1; y2).
Ïðè íàõîæäåíèè äâîéñòâåííûõ îöåíîê êâàäðàòè÷íûõ çàäà÷, ñîîò-

âåòñòâóþùèõ ïîëèíîìàì P
(y1; y2) è Pa1;a2(y1; y2), ïðèìåíÿëàñü ìîäè-

ôèêàöèÿ r(�)-àëãîðèòìà ñî ñëåäóþùèìè ïàðàìåòðàìè: � = 2, h0 = 1:0,
q1 = 1:0, nh = 3, q2 = 1:1. Â êà÷åñòâå íà÷àëüíîé ñòàðòîâîé òî÷êè âûáè-

ðàëàñü u0 = (1; 1; 1; 1; 1; 1). Ðàáîòà àëãîðèòìà ïðåêðàùàëàñü ïðè âûïîë-
íåíèè îäíîãî èç óñëîâèé îñòàíîâà: "x = 10�5 ëèáî "g = 10�5.



165

Ðåçóëüòàòû âû÷èñëåíèé äëÿ P
(y1; y2) ïðè çíà÷åíèÿõ ïàðàìåòðà 
 2
[0; 1:9] ïðèâåäåíû â òàáë. 1. Çäåñü â äîïîëíåíèå ê âûøåïðèíÿòûì îáî-

çíà÷åíèÿì iter, n ~ è n� èñïîëüçîâàíû ñëåäóþùèå:  �r � ýêñòðåìàëü-

íîå çíà÷åíèå  (u) â òî÷êå u�r , êîòîðàÿ ïîëó÷åíà ìîäèôèêàöèåé r(�)-
àëãîðèòìà (ñ òî÷íîñòüþ äî êðèòåðèÿ îñòàíîâà); y�1 , y

�
2 � ñîîòâåòñòâóþ-

ùèå u�r îïòèìàëüíûå çíà÷åíèÿ êîìïîíåíò x1(u
�
r) è x2(u

�
r) âåêòîðà ðå-

øåíèé ñèñòåìû óðàâíåíèé (13) ïðè u = u�r ; �n[Q(u
�
r)] � çíà÷åíèå ìèíè-

ìàëüíîãî ñîáñòâåííîãî ÷èñëà ìàòðèöû Q(u) â òî÷êå u�r ; "
�
1 � ïîêàçàòåëü

òî÷íîñòè, ñ êîòîðîé âûïîëíåíû íåîáõîäèìûå óñëîâèÿ ýêñòðåìóìà äëÿ

ïîëèíîìà P (y1; y2) (â äàííîì ñëó÷àå äëÿ P
(y1; y2)) â òî÷êå y
� = (y�1 ; y

�
2).

Òî÷íîñòü "�1 âû÷èñëÿëàñü ïî ôîðìóëå:

"�1 = max

�����@P (y1; y2)@y1
(y�1 ; y

�
2)

���� ;
����@P (y1; y2)@y2

(y�1 ; y
�
2)

����
�
: (20)

Êàê âèäíî èç òàáë. 1., ìîäèôèêàöèÿ r(�)-àëãîðèòìà ðàáîòàåò óñòîé-
÷èâî è íàõîäèò ãëîáàëüíûé ìèíèìóì ñ âûñîêîé òî÷íîñòüþ. Ïðè ýòîì

äëÿ âñåõ òåñòîâûõ çàäà÷ îñòàíîâ àëãîðèòìà ïðîèñõîäèë ïî êðèòåðèþ

íîðìû ñóáãðàäèåíòà (ñóïåðãðàäèåíòà), ïîñêîëüêó u�
 ïðè 
 2 [0; 1:9] íà-
õîäèòñÿ âíóòðè îáëàñòè 
, î ÷åì ñâèäåòåëüñòâóåò ñòîëáåö �n[Q(u

�
r)]. Â

ñèëó ýòîãî îáåñïå÷èâàåòñÿ äîñòàòî÷íî ðàâíîìåðíàÿ òî÷íîñòü (� 10�6)
âûïîëíåíèÿ íåîáõîäèìûõ óñëîâèé ýêñòðåìóìà äëÿ ïîëèíîìà P
(y1; y2)
â òî÷êå y� = (y�1 ; y

�
2) (ñì. ñòîëáåö "

�
1).

Ñëåäóåò îòìåòèòü ïîâåäåíèå àëãîðèòìà âáëèçè êðèòè÷åñêîãî çíà÷å-

íèÿ ïàðàìåòðà 
 = 2. Ïðè 
 ! 2 (
 < 2) u�
 ïðèáëèæàåòñÿ ê ãðàíèöå

îáëàñòè 
. Ðåçóëüòàòû âû÷èñëåíèé ïîêàçàíû â òàáë. 2. Çäåñü ïî îòíîøå-

íèþ ê òàáë. 1. ñäåëàíû èçìåíåíèÿ, êîòîðûå îáóñëîâëåíû áîëüøèìè çíà-

÷åíèÿìè ìîäóëåé y�1 è y
�
2 . Ãðàôà "

�
1 çàìåíåíà íà "

�
2 = max

n
"�1
jy�1 j

3 ;
"�1
jy�2 j

3

o
�

îòíîñèòåëüíóþ òî÷íîñòü äî maxfjy�1 j3; jy�2 j3g âûïîëíåíèÿ íåîáõîäèìûõ

óñëîâèé ýêñòðåìóìà ïîëèíîìà P
(y1; y2) â òî÷êå y� = (y�1 ; y
�
2), ãäå "

�
1

âû÷èñëÿåòñÿ ïî ôîðìóëå (20). Àíàëîãè÷íî êîëîíêà y�2 çàìåíåíà íà êî-

ëîíêó ðàçíîñòè y�2 è y
�
1 . Îòìåòèì, ÷òî ïðè ïðèáëèæåíèè 
 ê äâóì êîëè-

÷åñòâî èòåðàöèé, â êîòîðûõ ñóïåðãðàäèåíò ~ (u) âû÷èñëÿåòñÿ ïî ôîð-

ìóëå (19), óâåëè÷èâàåòñÿ. Ýòî îçíà÷àåò (ñì. ñòîëáåö �n[Q(u
�
r)]), ÷òî u

�



ïðè ïðèáëèæàåòñÿ ê ãðàíèöå îáëàñòè 
. Ïðè 
 = 2 âñå èòåðàöèè ñâÿçà-
íû ñ âû÷èñëåíèåì ñóïåðãðàäèåíòà ~ (u) ïî ôîðìóëå (19). Íåñìîòðÿ íà

"âûðîæäåííûé" â âû÷èñëèòåëüíîì îòíîøåíèè õàðàêòåð òåñòîâûõ çàäà÷

( � ! �1 ïðè 
 ! 2) ìîäèôèêàöèÿ r(�)-àëãîðèòìà ÿâëÿåòñÿ äîâîëüíî
óñòîé÷èâîé (äëÿ âñåõ òåñòîâûõ çàäà÷ èç òàáë. 2. ñðàáàòûâàë êðèòåðèé

îñòàíîâà ïî îòêëîíåíèþ àðãóìåíòà).
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Ýêñïåðèìåíòû äëÿ ïåðâîãî ñåìåéñòâà P
(y1; y2) îòðàæàþò ïîâåäå-

íèå ìîäèôèêàöèè r(�)-àëãîðèòìà â ñëó÷àå åäèíñòâåííîãî ãëîáàëüíîãî
ìèíèìóìà. Âòîðîé æå ïîëèíîì Pa1;a2(y1; y2) ïðè a1 = a2 = 1 èìååò

÷åòûðå ãëîáàëüíûõ ìèíèìóìà: (0; 0), (0; 1), (1; 0), (1; 1). Ïîýòîìó îïòè-
ìàëüíîå çíà÷åíèå ìíîæèòåëåé Ëàãðàíæà u� êâàäðàòè÷íîé çàäà÷è íàõî-

äèòñÿ íà ãðàíèöå îáëàñòè 
. Ýòî âûçûâàåò íåóñòîé÷èâîñòü àëãîðèòìà
ïðè ïîäõîäå ê u�. Äëÿ âûäåëåíèÿ ðàçëè÷íûõ ãëîáàëüíûõ ìèíèìóìîâ

áóäåì ââîäèòü ìàëûå "-âîçìóùåíèÿ â ïàðàìåòðû çàäà÷è a1 è a2.

Ðåçóëüòàòû ðàáîòû ìîäèôèêàöèè r(�)-àëãîðèòìà ïî "âûäåëåíèþ"

ðàçëè÷íûõ ãëîáàëüíûõ ìèíèìóìîâ c âîçìóùåííûìè ïàðàìåòðàìè a1 è

a2 ïðè ðàçíûõ " = f0:1; 0:01; 0:001g ïðåäñòàâëåíû â òàáë. 3. Çäåñü âñå

îáîçíà÷åíèÿ òàêèå æå, êàê è â òàáë. 1. Êàê âèäèì, "âûäåëåíèå" ãëîáàëü-

íûõ ìèíèìóìîâ ïðîèñõîäèò óñòîé÷èâî, íåîáõîäèìûå óñëîâèÿ ýêñòðåìó-

ìà äëÿ ïîëèíîìà Pa1;a2(y1; y2) ïðè a1; a2 = 1� " â â òî÷êå y� = (y�1 ; y
�
2)

âûïîëíÿþòñÿ ñ äîñòàòî÷íîé òî÷íîñòüþ (ñì. çíà÷åíèÿ "�1). Â òî æå âðå-

ìÿ èìååòñÿ íåêîòîðûé çàïàñ ïî "ðàññòîÿíèþ" îò u� äî ãðàíèöû îáëàñòè


 (ñì. çíà÷åíèÿ �n[Q(u
�
r)]), â ðåçóëüòàòå êîëè÷åñòâî âû÷èñëåíèé ñóïåð-

ãðàäèåíòà ~ (u) ïî ôîðìóëå (19) îêàçàëîñü ñðàâíèòåëüíî íåáîëüøèì ïî

îòíîøåíèþ ê îáùåìó ÷èñëó âû÷èñëåíèé ñóïåðãðàäèåíòà ~ (u).
Âòîðàÿ ñåðèÿ ýêñïåðèìåíòîâ ñâÿçàíà ñ çàäà÷åé íàõîæäåíèÿ ìàêñè-

ìàëüíîãî íåçàâèñèìîãî ìíîæåñòâà âåðøèí ãðàôà G = (V;E). Ýòà çàäà-
÷à ñâîäèòñÿ ê çàäà÷å êâàäðàòè÷íîãî òèïà:

�(G) = max

nX
j=1

xj (21)

ïðè îãðàíè÷åíèÿõ:

xixj = 0; (i; j) 2 E; (22)

x2k � xk = 0; k = 1; : : : ; n (23)

(çäåñü V = f1; : : : ; ng � ìíîæåñòâî âåðøèí ãðàôà, E � ìíîæåñòâî åãî

ðåáåð).

Ðàññìîòðèì äâà ñïîñîáà íàõîæäåíèÿ îïòèìàëüíûõ îöåíîê �(G) â
çàäà÷å (21)�(23). Ïåðâûé ñïîñîá èçëîæåí â ðàçä. 2. Äëÿ íåãî ìû ïðîâå-

ðèì ðàáîòó ìîäèôèêàöèè r(�)-àëãîðèòìà ïðè íàõîæäåíèè äâîéñòâåí-

íûõ îöåíîê  � â çàäà÷àõ (21)�(23) äëÿ äâóõ òèïîâ ãðàôîâ:

� Gn1 � öèêëè÷åñêèé ãðàô ñ ÷èñëîì âåðøèí n è âåñîâûìè êîýôôè-

öèåíòàìè ðåáåð, ðàâíûìè åäèíèöå. Îïòèìàëüíîå çíà÷åíèå  � äëÿ çà-

äà÷è (21)�(23), ñîîòâåòñòâóþùåé ãðàôó Gn1 , ðàâíî n=2, åñëè n � ÷åò-

íîå, è
ncos(�=n)

1 + cos(�=n)
, åñëè n � íå÷åòíîå. Ó÷èòûâàÿ, ÷òî äëÿ ãðàôà Gn1
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ñóùåñòâóåò ãðóïïà àâòîìîðôèçìîâ, îáåñïå÷èâàþùàÿ îòîáðàæåíèå ìíî-

æåñòâà âåðøèí íà ñåáÿ, ïðè êîòîðîì ñîõðàíÿþòñÿ ðåáðà ãðàôà, íàõî-

æäåíèå îöåíêè  � äëÿ çàäà÷è (21)�(23), ñîîòâåòñòâóþùåé ãðàôó Gn1 ,

ñâîäèòñÿ ê ìàêñèìèçàöèè  (u) îò äâóõ ïåðåìåííûõ, ñîîòâåòñòâóþùèõ

ãðóïïå îãðàíè÷åíèé (23) è ãðóïïå îãðàíè÷åíèé (22).

� Gn1+ � äîïîëíèòåëüíûé ê Gn1 ãðàô ñ åäèíè÷íûìè âåñîâûìè êîýô-

ôèöèåíòàìè ðåáåð. Äëÿ çàäà÷è (21)�(23), ñîîòâåòñòâóþùåé ãðàôó Gn1+,

 � = 2, åñëè n � ÷åòíîå, è  � =
1+ cos(�=n)

cos(�=n)
, åñëè n � íå÷åòíîå. Àíàëî-

ãè÷íî, êàê è äëÿ Gn1 , íàõîæäåíèå îöåíêè  
� äëÿ çàäà÷è (21)�(23), ñîîò-

âåòñòâóþùåé ãðàôóGn1+, ñâîäèòñÿ ê ìàêñèìèçàöèè  (u) îò
�
n
2

�
ïåðåìåí-

íûõ (çäåñü ]:[ � öåëàÿ ÷àñòü ðàöèîíàëüíîãî ÷èñëà). Ïåðâàÿ ïåðåìåííàÿ
ñîîòâåòñòâóåò ãðóïïå îãðàíè÷åíèé (23), âòîðàÿ � ãðóïïå îãðàíè÷åíèé

(22), ó êîòîðûõ ðàññòîÿíèå ìåæäó âåðøèíàìè âäîëü öèêëà ðàâíî äâóì,

äëÿ òðåòüåé ðàññòîÿíèå ðàâíî òðåì è òàê äàëåå, äëÿ
�
n
2

�
-îé ïåðåìåííîé

ðàññòîÿíèå ðàâíî
�
n
2

�
.

Âû÷èñëèòåëüíûå çàòðàòû ìîäèôèêàöèè r(�)-àëãîðèòìà (â òåðìèíàõ
÷èñëà èòåðàöèé, îáùåãî êîëè÷åñòâà âû÷èñëåíèé ñóïåðãðàäèåíòà ~ (u) è
êîëè÷åñòâà âû÷èñëåíèé ñóïåðãðàäèåíòà ~ (u) ïî ôîðìóëå (19)) ïðè ðå-

øåíèè çàäà÷ (21)�(23), ñîîòâåòñòâóþùèõ ãðàôàì Gn1 è Gn1+, ïðè ðàç-

ëè÷íûõ çíà÷åíèÿõ n ïðèâåäåíû â òàáë. 4. Çäåñü  � �  �r � ðàçíîñòü

ìåæäó èçâåñòíûì îïòèìàëüíûì çíà÷åíèåì  (u) è çíà÷åíèåì  (u), ïî-
ëó÷åííûì ìîäèôèêàöèåé r(�)-àëãîðèòìà ñ òî÷íîñòüþ äî óñëîâèÿ îñòà-

íîâà. Ïàðàìåòðû äëÿ ìîäèôèêàöèè r(�)-àëãîðèòìà òàêèå æå, êàê è â

ïåðâîé ñåðèè ýêñïåðèìåíòîâ, ò.å. � = 2, h0 = 1:0, q1 = 1:0, nh = 3,
q2 = 1:1, "x = 10�5, "g = 10�5. Â êà÷åñòâå íà÷àëüíîé ñòàðòîâîé òî÷-

êè èñïîëüçîâàëèñü: u0 = (1; 1) � äëÿ çàäà÷, ñîîòâåòñòâóþùèõ Gn1 , è

u0 = (1;

]n�2
2 [ ðàçz }| {
1; : : : ; 1 ) � äëÿ çàäà÷, ñîîòâåòñòâóþùèõ Gn1+. Èç òàáë. 4. âèäíî,

÷òî äëÿ âñåõ òåñòîâûõ çàäà÷ ìîäèôèêàöèÿ r(�)-àëãîðèòìà ãàðàíòèðóåò
íàõîæäåíèå  �r ñ äîñòàòî÷íî õîðîøåé òî÷íîñòüþ.

Âòîðîé ñïîñîá íàõîæäåíèÿ îïòèìàëüíûõ îöåíîê �(G) â çàäà-

÷àõ (21)�(23) ñîñòîèò â ñâåäåíèè èõ ê çàäà÷àì ìèíèìèçàöèè âûïóêëîé

ôóíêöèè íà êëàññå ñèììåòðè÷íûõ ìàòðèö. Â êà÷åñòâå âåðõíåé îöåíêè

äëÿ �(G) ìîæíî âçÿòü [19]

��1 (G) = min
y
�1(A(y)); (24)

ãäå �1(A) � ìàêñèìàëüíîå ñîáñòâåííîå ÷èñëî ìàòðèöû A, A(y) - êëàññ
ñèììåòðè÷íûõ ìàòðèö, ó êîòîðûõ (i; j)-é ýëåìåíò ïðèíèìàåò ïðîèçâîëü-
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Òàáë. 4. Òåñòû äëÿ ãðàôîâ Gn1 è Gn1+.

öèêëè÷åñêèé ãðàô Gn1 äîïîëíèòåëüíûé ãðàô Gn1+
n  � �  �r iter(n ~ ; n�)  � �  �r iter(n ~ ; n�)

5 1:51 � 10�10 51(83,31) 1:51 � 10�10 51(83,31)

6 2:13 � 10�10 52(88,33) 8:99 � 10�8 64(93,40)

7 3:37 � 10�10 50(75,30) 3:87 � 10�9 79(119,53)

8 3:74 � 10�10 50(89,33) 9:49 � 10�8 90(122,56)

9 9:75 � 10�11 51(79,30) 2:46 � 10�9 116(177,77)

10 3:41 � 10�9 46(76,29) 2:73 � 10�7 111(149,71)

15 6:42 � 10�6 30(54,20) 4:03 � 10�7 177(255,116)

16 1:88 � 10�9 50(86,31) 1:95 � 10�7 202(261,133)

19 8:04 � 10�7 38(63,24) 3:42 � 10�6 216(311,151)

20 1:04 � 10�9 51(82,30) 1:31 � 10�6 257(347,173)

íîå çíà÷åíèå yij ïðè (i; j) 2 E è ðàâåí åäèíèöå ïðè (i; j) 62 E.
Îöåíêó (24) ìîæíî óëó÷øèòü, åñëè èñïîëüçîâàòü èçáûòî÷íûå îãðà-

íè÷åíèÿ. Ïóñòü ê îãðàíè÷åíèÿì (22), (23) äîáàâëåíû èçáûòî÷íûå îãðà-

íè÷åíèÿ

xixj � 0; (i; j) 62 E; i 6= j:

Íîâîé ïîñòàíîâêå çàäà÷è ñîîòâåòñòâóåò áîëåå òî÷íàÿ, ÷åì (24), îöåíêà:

��2 (G) = min
z
�1(A(z)); (25)

ãäå A(z) - êëàññ ñèììåòðè÷íûõ ìàòðèö, ó êîòîðûõ (i; j)-é ýëåìåíò ïðè-
íèìàåò ïðîèçâîëüíîå çíà÷åíèå zij ïðè (i; j) 2 E, zij � 1 ïðè (i; j) 62 E è

ðàâåí åäèíèöå ïðè i = j.

Ïðè ðåøåíèè çàäà÷ (24) è (25) ìîæíî ïðèìåíÿòü r(�)-àëãîðèòì. Äëÿ
òåñòîâ ðàññìîòðèì çàäà÷ó, ñâÿçàííóþ ñ ãðàôîìG64

2 , â êîòîðîì âåðøèíû

ñîîòâåòñòâóþò áèíàðíûì êîäîâûì ñëîâàì äëèíû øåñòü è ðåáðàìè ñî-

åäèíåíû êîäîâûå ñëîâà, ìåæäó êîòîðûìè ðàññòîÿíèå ïî Õåìììèíãó íå

ïðåâûøàåò òðåõ. Ó÷èòûâàÿ, ÷òî äëÿ ãðàôà G64
2 ñóùåñòâóåò ãðóïïà àâòî-

ìîðôèçìîâ, îáåñïå÷èâàþùàÿ îòîáðàæåíèå ìíîæåñòâà âåðøèí íà ñåáÿ,

ïðè êîòîðîì ñîõðàíÿþòñÿ ðåáðà ãðàôà, íàõîæäåíèå ïåðâîé îöåíêè ñâî-

äèòñÿ ê ìèíèìèçàöèè âûïóêëîé ôóíêöèè (24) îò òðåõ ïåðåìåííûõ, íà

êëàññå ñèììåòðè÷íûõ ìàòðèö ðàçìåðà 64�64. Ïåðâàÿ ïåðåìåííàÿ ñîîò-
âåòñòâóåò ðåáðàì, ñâÿçûâàþùèì êîäîâûå ñëîâà, ðàññòîÿíèå ïî Õåìèíãó

ìåæäó êîòîðûìè ðàâíî åäèíèöå, âòîðàÿ � ñ ðàññòîÿíèåì äâà, òðåòüÿ � ñ

ðàññòîÿíèåì òðè. Îïòèìàëüíîå çíà÷åíèå îöåíêè ��1 (G
64
2 ) = 16=3. Íàõî-
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Òàáë. 5. Íàõîæäåíèå îöåíîê äëÿ ãðàôà G64
2 .

Îöåíêà �2(G
64
2 ) (��2 (G

64
2 )=4) Îöåíêà �1(G

64
2 ) (��1 (G

64
2 ) = 16=3)

iter f(xiter) N� iter f(xiter) N�
0 64.00000 0(0) 0 64.00000 0(0)

5 7.609600 14(14) 5 6.914880 14(14)

10 8.147414 0(0) 10 5.937764 0(0)

15 4.777998 0(0) 15 5.403329 0(0)

20 4.197216 19(19) 20 5.336638 20(19)

25 4.085952 19(19) 25 5.333766 21(19)

30 4.038819 19(19) 29 5.333389 21(19)

35 4.014916 19(19) � � �

40 4.011060 34(14) � � �

45 4.003007 50(14) � � �

50 4.001437 51(19) � � �

55 4.000639 51(34) � � �

60 4.000307 51(15) � � �

61 4.000280 51(29) � � �

æäåíèå áîëåå òî÷íîé îöåíêè, ñîãëàñíî (25), (çäåñü ��2 (G
64
2 ) = 4) ñâîäèòñÿ

ê ìèíèìèçàöèè âûïóêëîé ôóíêöèè îò øåñòè ïåðåìåííûõ.

Èçìåíåíèå çíà÷åíèé ôóíêöèîíàëà ïî èòåðàöèÿì r(�)-àëãîðèòìà ïðè
íàõîæäåíèè îöåíîê (24) è (25) äëÿ ãðàôàG64

2 ïðèâåäåíî â òàáë. 5. Ïàðà-

ìåòðû è êðèòåðèè îñòàíîâà r(�)-àëãîðèòìà âûáèðàëèñü ñëåäóþùèìè:

� = 2, h0 = 1:0, q1 = 0:95, nh = 3, q2 = 1:1, "x = 10�5, "g = 10�5.
Â êà÷åñòâå íà÷àëüíûõ ñòàðòîâûõ òî÷åê èñïîëüçîâàëèñü y0 = (0; 0; 0) è
z0 = (0; 0; 0; 0; 0; 0). Êàê âèäíî èç òàáëèöû, r(�)-àëãîðèòì ãàðàíòèðóåò

äîâîëüíî õîðîøóþ òî÷íîñòü ðåøåíèÿ çàäà÷ ïî ôóíêöèîíàëó çà ñðàâ-

íèòåëüíî íåáîëüøîå ÷èñëî âû÷èñëåíèé ôóíêöèè è ñóáãðàäèåíòà. Ïî

èòåðàöèÿì r(�)-àëãîðèòìà â òàáë. 5. ïðèâåäåíî (â ñòîëáöå N�) ÷èñëî

ñîáñòâåííûõ çíà÷åíèé ìàòðèöû ðàçìåðîì 64�64, êîòîðûå îòëè÷àþòñÿ
îò ìàêñèìàëüíîãî íå áîëåå, ÷åì íà 0.01 è â ñêîáêàõ íå áîëåå ÷åì íà

0.0001. Ýòîò ïîêàçàòåëü õàðàêòåðèçóåò ñòåïåíü îâðàæíîñòè ìèíèìèçè-

ðóåìîé ôóíêöèè è, êàê âèäíî èç òàáëèöû, îí äîâîëüíî âûñîê êàê äëÿ

ïåðâîé, òàê è äëÿ âòîðîé èç çàäà÷. Ïîýòîìó ðàáîòó r(�)-àëãîðèòìà ìîæ-
íî ñ÷èòàòü äîñòàòî÷íî ýôôåêòèâíîé.

Îáùèå çàìå÷àíèÿ. Ïðèâåäåííûå âûøå ðåçóëüòàòû òåñòîâûõ ýêñ-

ïåðèìåíòîâ ïðåäñòàâëÿþò ëèøü íåçíà÷èòåëüíóþ ÷àñòü èç òåõ, êîòîðûå

áûëè ïðîäåëàíû äëÿ r(�)-àëãîðèòìà è åãî ìîäèôèêàöèè ïðèìåíèòåëü-
íî ê çàäà÷àì ìàòðè÷íîé îïòèìèçàöèè. Ðÿä ýêñïåðèìåíòîâ ïðîäåëàí è
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äëÿ ìàòðè÷íûõ çàäà÷, ê êîòîðûì ñâîäÿòñÿ òàêèå çàäà÷è íà ãðàôàõ, êàê

íàõîæäåíèå ìàêñèìàëüíîãî âçâåøåííîãî íåçàâèñèìîãî ìíîæåñòâà âåð-

øèí ãðàôà, íàõîæäåíèå ìàêñèìàëüíîãî ðàçðåçà ãðàôà (â ÷àñòíîñòè, äëÿ

òåñòîâûõ ïðèìåðîâ èç [20]). Ó÷èòûâàëèñü è òàêèå âîïðîñû, êàê óñòîé-

÷èâîñòü ìåòîäîâ â çàâèñèìîñòè îò âûáîðà ïàðàìåòðîâ è îò âûáîðà íà-

÷àëüíîé ñòàðòîâîé òî÷êè. Â öåëîì ïðîâåäåííûå òåñòîâûå ýêñïåðèìåíòû

ñâèäåòåëüñòâóþò î äîâîëüíî óñòîé÷èâîé ðàáîòå ìåòîäîâ íåãëàäêîé îï-

òèìèçàöèè â ìàòðè÷íûõ íåãëàäêèõ çàäà÷àõ.

Îòìåòèì, ÷òî âû÷èñëèòåëüíûé îïûò ðåøåíèÿ çàäà÷ êâàäðàòè÷íîãî

òèïà (14), (15) ïî ìåòîäèêå, èçëîæåííîé â ðàçä. 2, ïîçâîëèë îáíàðóæèòü

è íåêîòîðûå ïðîáëåìû, ñâÿçàííûå ñ ìîäèôèêàöèåé r(�)-àëãîðèòìà.
Òàê, åñëè íà÷àëüíàÿ òî÷êà âûáðàíà äàëåêî îò ãðàíèöû îáëàñòè 
, íà
ïåðâûõ èòåðàöèÿõ ìåòîäà èìåþò ìåñòî áîëüøèå çàòðàòû ïî êîëè÷åñòâó

âû÷èñëåíèé ñóïåðãðàäèåíòà ~ (u) ïî ôîðìóëå (19). Ýòî ñâÿçàíî ñ íåêî-
òîðûì "ðàññîãëàñîâàíèåì" àäàïòèâíîãî ñïîñîáà ðåãóëèðîâêè øàãîâîãî

ìíîæèòåëÿ, ò.å. â íà÷àëå ïðîöåññà, êîãäà äëèíà øàãà âåëèêà, ñïóñê ïî

íàïðàâëåíèþ ìîæåò âûâîäèòü äàëåêî çà ïðåäåëû îáëàñòè 
. Äëÿ òî-

ãî, ÷òîáû øàã óìåíüøèëñÿ çà ñ÷åò îïåðàöèè ðàñòÿæåíèÿ ïðîñòðàíñòâà,

òðåáóåòñÿ âûïîëíèòü äîñòàòî÷íîå ÷èñëî èòåðàöèé. Ïîäîáíûé ýôôåêò

íàáëþäàåòñÿ è â ñëó÷àå, êîãäà u� íàõîäèòñÿ íà ãðàíèöå ìíîæåñòâà 
.
Çäåñü "ðàññîãëàñîâàíèå" øàãà câÿçàíî ñ òåì, ÷òî íîðìà ñóïåðãðàäèåí-

òà ~ (u) ïðè âû÷èñëåíèè ïî ôîðìóëå (18) ìîæåò ñòðåìèòüñÿ ê íóëþ, à

ïðè âû÷èñëåíèè ïî ôîðìóëå (19) íå ñòðåìèòñÿ ê íóëþ. Â òî æå âðåìÿ

âåëè÷èíà øàãà hk îäèíàêîâà äëÿ îáåèõ íàïðàâëåíèé, ÷òî ïðèâîäèò ê

íåðàâíîìåðíûì ñäâèãàì ïî ýòèì íàïðàâëåíèÿì è ïðåïÿòñòâóåò îñòàíî-

âó ïî íîðìå îòêëîíåíèÿ "x.

Îäèí èç âîçìîæíûõ âàðèàíò èñêëþ÷åíèÿ òàêîãî "ðàññîãëàñîâàíèÿ"

øàãà ñîñòîèò â ñîçäàíèè "êîìáèíèðîâàííûõ" àëãîðèòìîâ ñ ðàñòÿæåíè-

åì ïðîñòðàíñòâà, ãäå ñïóñê ïî íàïðàâëåíèþ îñóùåñòâëÿåòñÿ ñ ïîìîùüþ

àäàïòèâíîãî ñïîñîáà ðåãóëèðîâêè øàãà, åñëè ñóïåðãðàäèåíò ~ (u) âû-
÷èñëÿåòñÿ ïî ôîðìóëå (18), è ñ ïîìîùüþ êëàññè÷åñêîé ôåéåðîâñêîé

ðåãóëèðîâêè øàãîâîãî ìíîæèòåëÿ â ïðåîáðàçîâàííîì ïðîñòðàíñòâå àð-

ãóìåíòîâ, åñëè ñóïåðãðàäèåíò ~ (u) âû÷èñëÿåòñÿ ïî ôîðìóëå (19). Äëÿ
âòîðîãî ñëó÷àÿ ìîæíî ïðèìåíÿòü îïåðàöèþ ðàñòÿæåíèÿ ïðîñòðàíñòâà

â íàïðàâëåíèè ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ ñóïåðãðàäèåíòîâ, âû-

÷èñëåííûõ ñîãëàñíî êëàññè÷åñêîìó ôåéåðîâñêîìó øàãó. Ïðè ïîñòðîå-

íèè "êîìáèíèðîâàííûõ" àëãîðèòìîâ íàðÿäó ñ îïåðàòîðîì ðàñòÿæåíèÿ

ïðîñòðàíñòâà ìîæíî èñïîëüçîâàòü è îäíîðàíãîâûå îïåðàòîðû èç [21],

êîòîðûå îáåñïå÷èâàþò ïðåîáðàçîâàíèå ïî òèïó r-àëãîðèòìîâ è ïîçâî-

ëÿþò ïðîâîäèòü âíåøíþþ àïïðîêñèìàöèþ ìíîæåñòâà ýêñòðåìóìîâ ìî-



174

íîòîííî óìåíüøàþùèìèñÿ ïî îáúåìó ýëëèïñîèäàìè. Ðàçðàáîòêà "êîì-

áèíèðîâàííûõ" àëãîðèòìîâ öåëåñîîáðàçíà ïî òîé ïðè÷èíå, ÷òî êàê è

ìîäèôèêàöèÿ r(�)-àëãîðèòìà, òàêèå ìåòîäû ïîçâîëÿþò ïðè ðåøåíèè

îáùåé çàäà÷è âûïóêëîãî ïðîãðàììèðîâàíèÿ èçáåæàòü ââåäåíèÿ íåãëàä-

êèõ øòðàôîâ.
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Ðîëü èçáûòî÷íûõ îãðàíè÷åíèé

â óëó÷øåíèè äâîéñòâåííûõ îöåíîê

äëÿ ïîëèíîìèàëüíûõ
îïòèìèçàöèîííûõ çàäà÷

Í. Ç. Øîð

Êèáåðíåòèêà è ñèñòåìíûé àíàëèç. � 1998. � � 4. � Ñ. 106�121.

Ïðè ðåøåíèè çàäà÷ íåëèíåéíîãî ïðîãðàììèðîâàíèÿ ñ ïîëèíîìèàëü-

íûìè öåëåâûìè ôóíêöèÿìè è îãðàíè÷åíèÿìè (ê ýòîìó êëàññó îòíîñÿòñÿ

òàêæå ïîëèíîìèàëüíûå áóëåâû çàäà÷è) âîçíèêàåò âîçìîæíîñòü ïóòåì

ââåäåíèÿ íîâûõ ïåðåìåííûõ è îãðàíè÷åíèé ïîíèçèòü ñòåïåíü ïîëèíî-

ìèàëüíûõ ôóíêöèé, âõîäÿùèõ â óñëîâèÿ ïðåîáðàçîâàííîé çàäà÷è, äî

âòîðîé ñòåïåíè. Ïîýòîìó äîñòàòî÷íî ðàññìîòðåòü çàäà÷è ìèíèìèçàöèè

êâàäðàòè÷íîãî òèïà:

íàéòè

q� = inf
x2En

Q0(x) (1)

ïðè îãðàíè÷åíèÿõ

Qi(x) = 0; i 2 I = f1; : : : ; Ng; (2)

ãäå Q�(x) � êâàäðàòè÷íûå (ëèíåéíûå) ôóíêöèè,

Q�(x) = (K�x; x) + (b� ; x) + c� ;

ãäå K� � ñèììåòðè÷íûå ìàòðèöû n�n, b� 2 En, c� � ÷èñëà, � 2 f0
S
Ig.

Îöåíêè ñíèçó äëÿ q� ìîãóò áûòü ïîëó÷åíû ïóòåì ëàãðàíæåâîé ðå-

ëàêñàöèè. Ïóñòü u = (u1; : : : ; uN ) 2 RN � âåêòîð ìíîæèòåëåé Ëàãðàíæà

çàäà÷è (1), (2). Ðàññìîòðèì ôóíêöèþ Ëàãðàíæà

L(x; u) = Q0(x) +

NX
i=1

uiQi(x)

è ôóíêöèþ

 (u) = inf
x
L(x; u) = inf

x
[(K(u)x; x) + (b(u); x) + c(u)];
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ãäå

K(u) = K0(x) +

NX
i=1

uiKi(x);

b(u) = b0 +

NX
i=1

uibi;

c(u) = c0 +

NX
i=1

uici:

Ïóñòü 
+ = fu : �n(K(u)) > 0g; 
� � ìíîæåñòâî u, äëÿ êîòîðûõ

K(u) èìååò îòðèöàòåëüíûå ñîáñòâåííûå ÷èñëà; 
0 � ìíîæåñòâî u, ó êî-

òîðûõ �n[K(u)] = 0. (Çäåñü �1(K) � �2(K) � : : : � �n(K) � ñîáñòâåííûå
÷èñëà ñèììåòðè÷íîé ìàòðèöû K ðàçìåðà n � n, óïîðÿäî÷åííûå â ïî-

ðÿäêå óáûâàíèÿ).

Îáëàñòü îïðåäåëåíèÿ ôóíêöèè  (u) (èëè dom  ) ñîñòîèò èç 
+ è

ïîäìíîæåñòâà òî÷åê u 2 
0, äëÿ êîòîðûõ ðàçðåøèìà ñèñòåìà óðàâíåíèé

2K(u)x+ b(u) = 0: (3)

Äëÿ îñòàëüíûõ òî÷åê  (u) = �1.

Åñëè dom  6= ;, òî ñóùåñòâóåò íåòðèâèàëüíàÿ îöåíêà ñíèçó äëÿ q�

'� = sup
u2dom  

 (u)

(óñëîâèå '� = +1 îçíà÷àåò, ÷òî ñèñòåìà (2) íåñîâìåñòíà).

Åñëè '� äîñòèãàåòñÿ íà u� 2 
+, òî

'� =  (u�) = q� = Q0

�
x(u�)

�
;

ãäå x(u�) � ðåøåíèå ñèñòåìû (3) ïðè u = u�. Â ïðîòèâíîì ñëó÷àå '�

äîñòèãàåòñÿ íà ãðàíèöå îáëàñòè 
+, ïðè ýòîì ìîæåò ñóùåñòâîâàòü ïî-

ëîæèòåëüíûé "ðàçðûâ" ("gap")

4� = q� � '� > 0:

Îäèí èç ñïîñîáîâ óìåíüøåíèÿ ýòîãî ðàçðûâà ñâÿçàí ñ ââåäåíèåì

ôóíêöèîíàëüíî èçáûòî÷íûõ îãðàíè÷åíèé (ïðè ýòîì ìîæåò óâåëè÷èòü-

ñÿ è ìíîæåñòâî ïåðåìåííûõ). Ôóíêöèîíàëüíî-èçáûòî÷íûìè îãðàíè÷å-

íèÿìè íàçîâåì îãðàíè÷åíèÿ, äîáàâëåíèå êîòîðûõ îñòàâëÿåò ìíîæåñòâî
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îïòèìàëüíûõ ðåøåíèé ïåðâîíà÷àëüíîé çàäà÷è íåèçìåííûì. Îäíàêî èõ

ââåäåíèå ìåíÿåò ôóíêöèþ Ëàãðàíæà, ÷òî ìîæåò â íåêîòîðûõ ñëó÷àÿõ

óìåíüøèòü ðàçðûâ ìåæäó îïòèìàëüíûì çíà÷åíèåì q� öåëåâîé ôóíê-

öèè è ëàãðàíæåâîé (äâîéñòâåííîé) îöåíêîé '�. Òàêîé ñïîñîá óëó÷øåíèÿ

äâîéñòâåííûõ îöåíîê áûë èññëåäîâàí â [1], [2], [3].

Ðàññìîòðèì íåñêîëüêî ìíîãîýêñòðåìàëüíûõ êâàäðàòè÷íûõ è áóëå-

âûõ êîìáèíàòîðíûõ çàäà÷, íà êîòîðûõ òàêîé ïîäõîä ïðîÿâëÿåòñÿ îñî-

áåííî ÿðêî.

1. Çàäà÷à î ìàêñèìàëüíîì âçâåøåííîì

íåçàâèñèìîì ìíîæåñòâå âåðøèí ãðàôà

Ïóñòü çàäàí íåîðèåíòèðîâàííûé ãðàô G(V;E) ñ ìíîæåñòâîì âåðøèí

V = f1; 2; : : : ; ng è ìíîæåñòâîì ðåáåð E; (i; j) îáîçíà÷àåò ðåáðî ñ âåð-
øèíàìè i è j (i 6= j) . Ïîäìíîæåñòâî âåðøèí I � V íàçûâàåòñÿ íåçà-

âèñèìûì, åñëè âñå âåðøèíû èç I ïîïàðíî íå ñîåäèíåíû ðåáðàìè. Ïîä-

ìíîæåñòâî K � V íàçûâàåòñÿ êëèêîé, åñëè ëþáûå ïàðû (i; j) (i 6= j),
i; j 2 K, ÿâëÿþòñÿ ðåáðàìè.

Ãðàô G(V;E) íàçûâàåòñÿ äîïîëíèòåëüíûì ê ãðàôó G, åñëè (i; j) 2 E
òîãäà è òîëüêî òîãäà, êîãäà (i; j) 62 E (i 6= j). ßñíî, ÷òî íåçàâèñèìîå

ïîäìíîæåñòâî âåðøèí ãðàôà G ÿâëÿåòñÿ êëèêîé äëÿ äîïîëíèòåëüíîãî

ãðàôà G.

Ïóñòü êàæäîé âåðøèíå k 2 V ñîïîñòàâëåí âåñ wk > 0, I � V �

ïðîèçâîëüíîå íåçàâèñèìîå ïîäìíîæåñòâî ãðàôà. Ââåäåì áóëåâûå ïåðå-

ìåííûå xk äëÿ âñåõ k 2 V :

xk =
n

1; åñëè k 2 I;
0; åñëè k 62 I; x = fx1; : : : ; xng:

Òîãäà çàäà÷à î ìàêñèìàëüíîì âçâåøåííîì íåçàâèñèìîì ïîäìíîæå-

ñòâå âåðøèí ãðàôà G = (V;E) ìîæåò áûòü ñôîðìóëèðîâàíà êàê çàäà÷à
ëèíåéíîãî áóëåâà ïðîãðàììèðîâàíèÿ ñëåäóþùèì îáðàçîì: íàéòè

�w(G) = max
x

nX
k=1

wkxk; x 2 f0; 1gn (4)

ïðè îãðàíè÷åíèÿõ

xi + xj � 1 8(i; j) 2 E; (5)

0 � xk � 1 8k 2 V: (6)
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Îáîçíà÷èì MI(G) âûïóêëóþ îáîëî÷êó áóëåâûõ âåêòîðîâ x, óäîâëå-

òâîðÿþùèõ îãðàíè÷åíèÿì (5); M � ìíîãîãðàííèê äîïóñòèìûõ âåêòî-

ðîâ, óäîâëåòâîðÿþùèõ ñèñòåìå îãðàíè÷åíèé (5), (6). Ìîæíî äîêàçàòü,

÷òî MI(G) =M òîãäà è òîëüêî òîãäà, êîãäà ãðàô G ÿâëÿåòñÿ äâóäîëü-

íûì. Â ýòîì ñëó÷àå ïîèñê �w(G) ñâîäèòñÿ ïðè ëþáîì w > 0 ê çàäà÷å

ëèíåéíîãî ïðîãðàììèðîâàíèÿ.

Ñ êàæäûì íå÷åòíûì öèêëîì C2k+1 ãðàôà G ìîæíî ñâÿçàòü îãðàíè-

÷åíèå X
i2C2k+1

xi � k (k � íàòóðàëüíîå ÷èñëî): (7)

Ïóñòü Z2k+1 � ìíîæåñòâî íå÷åòíûõ öèêëîâ äëèíû 2k + 1, ÿâëÿþ-
ùèõñÿ ïîäãðàôàìè ãðàôà G. Ãðàô íàçûâåòñÿ t-ãðàôîì, åñëè äëÿ íåãî

ìíîãîãðàííèê MI(G) ñîâïàäàåò ñ ìíîãîãðàííèêîì, çàäàâàåìûì ëèíåé-

íûìè îãðàíè÷åíèÿìè (5), (6) è ñëåäóþùèìè îãðàíè÷åíèÿìè:

X
i2C

xi � k äëÿ âñåõ C 2 Z2k+1; k = 1; 2; : : : ; (n� 1)=2: (8)

Äëÿ t -ãðàôîâ ñóùåñòâóåò ïîëèíîìèàëüíûé àëãîðèòì îïðåäåëåíèÿ

îïòèìàëüíîãî âçâåøåííîãî íåçàâèñèìîãî ïîäìíîæåñòâà X�
w(G) ïðè öå-

ëî÷èñëåííûõ w, îñíîâàííûé íà ìåòîäå ýëëèïñîèäîâ, ïðè ýòîì èñïîëüçó-

åòñÿ ïîëèíîìèàëüíûé àëãîðèòì îïðåäåëåíèÿ ìèíèìàëüíîãî íå÷åòíîãî

öèêëà ïðè çàäàííûõ x äëÿ ïðîâåðêè îãðàíè÷åíèé (8) [4].

Çàäà÷ó ëèíåéíîãî ïðîãðàììèðîâàíèÿ ñ öåëåâîé ôóíêöèåé (4) è îãðà-

íè÷åíèÿìè (5), (6), (8) ìîæíî ñâåñòè ê çàäà÷å ìèíèìèçàöèè âûïóêëîé

íåãëàäêîé ôóíêöèè, èñïîëüçóÿ ìåòîä íåãëàäêèõ øòðàôíûõ ôóíêöèé

â ôîðìå ôóíêöèè ìàêñèìóìà íåâÿçîê â îãðàíè÷åíèÿõ, ïðè ýòîì àëãî-

ðèòì íàõîæäåíèÿ ìèíèìàëüíîãî íå÷åòíîãî öèêëà ìîæåò áûòü èñïîëü-

çîâàí äëÿ íàõîæäåíèÿ ìàêñèìàëüíîé íåâÿçêè â îãðàíè÷åíèÿõ âèäà (8).

Ìèíèìèçàöèÿ øòðàôíîé ôóíêöèè ìîæåò áûòü ïðîèçâåäåíà ñ èñïîëü-

çîâàíèåì r-àëãîðèòìà.

Çàäà÷à î ìàêñèìàëüíîì âçâåøåííîì íåçàâèñèìîì ìíîæåñòâå ìîæåò

áûòü ïðåäñòàâëåíà òàêæå â âèäå ñëåäóþùåé ïîëèíîìèàëüíîé çàäà÷è

êâàäðàòè÷íîãî òèïà: íàéòè

�w(G) = max

nX
i=1

wixi (9)

ïðè îãðàíè÷åíèÿõ

xixj = 0 8(i; j) 2 E; (10)
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x2k � xk = 0 8k 2 V: (11)

Ë. Ëîâàñ ïðåäëîæèë ðÿä ñîâïàäàþùèõ ïî âåëè÷èíå îöåíîê ñâåð-

õó äëÿ �w(G) [5]. Ýòè îöåíêè ÿâëÿþòñÿ ðåçóëüòàòîì ðåøåíèÿ îïðåäå-

ëåííûõ çàäà÷ ìàòðè÷íîé îïòèìèçàöèè. Ðàññìîòðèì íåêîòîðûå èç ýòèõ

îöåíîê. Ïóñòü x = fxijg(i;j)2E . Ýëåìåíòû aij(x) ñèììåòðè÷íîé ìàòðèöû
A(x) ðàçìåðà n� n ñòðîÿòñÿ ñëåäóþùèì îáðàçîì:

aij(x) =

(
xij äëÿ (i; j) 2 E;p
wiwj â îñòàëüíûx ñëó÷àÿx;

�1(A) îçíà÷àåò ìàêñèìàëüíîå ñîáñòâåííîå ÷èñëî ìàòðèöû A. Ïåðâàÿ

îöåíêà Ëîâàñà ñòðîèòñÿ ïî ôîðìóëå

�(1)w (G) = min
x
�1
�
A(x)

� � �w(G):

Ñëåäóþùàÿ â îïðåäåëåííîì ñìûñëå äâîéñòâåííàÿ ê ïðåäûäóùåé çà-

äà÷à òàêæå ñëóæèò äëÿ ïîëó÷åíèÿ îöåíêè Ëîâàñà: ðàññìàòðèâàåòñÿ

êëàññ íåîòðèöàòåëüíî îïðåäåëåííûõ ñèììåòðè÷íûõ ìàòðèö B(y) ðàç-
ìåðà n� n ñ ýëåìåíòàìè

bij =

(
0 äëÿ (i; j) 2 E;
yij äëÿ îñòàëüíûx ïàð (i; j):

Òðåáóåòñÿ íàéòè

�(2)w (G) = max
y

X
(i;j)

p
wiwjbij(y)

ïðè îãðàíè÷åíèÿõ

B(y) � 0;

nX
i=1

bii(y) � 1:

Â ðàáîòàõ [5, 6] ïîêàçàíî, ÷òî �
(1)
w (G) = �

(2)
w (G).

Êàê èçâåñòíî, äëÿ ëþáîãî ãðàôà G �(G) � w(G), ãäå w(G)� ìèíè-
ìàëüíîå ÷èñëî êëèê, êîòîðûìè ìîæíî ïîêðûòü ãðàô. Ãðàô íàçûâàåòñÿ

ñîâåðøåííûì, åñëè äëÿ ãðàôà G è ëþáîãî åãî èíäóöèðîâàííîãî ïîäãðà-

ôà G0 ÷èñëà �(G) è w(G0) ñîâïàäàþò.
Ïóñòü q � ïðîèçâîëüíàÿ êëèêà ãðàôà G, Q � ìíîæåñòâî âñåõ êëèê.

Çàïèøåì íàáîð òàê íàçûâàåìûõ êëèêîâûõ îãðàíè÷åíèé äëÿ çàäà÷è (4)�

(6) X
i2q

xi � 1 äëÿ âcåx q 2 Q: (12)
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Äîêàçàíî [4], ÷òî ãðàô G ÿâëÿåòñÿ ñîâåðøåííûì òîãäà è òîëüêî òî-

ãäà, êîãäàMI(G) îïðåäåëÿåòñÿ îãðàíè÷åíèÿìè (5) è (12); ïðè ýòîì îöåí-

êà Ëîâàñà áóäåò òî÷íîé è ñîâïàäåò ñ îöåíêîé ëèíåéíîãî ïðîãðàììèðî-

âàíèÿ, ò.å. ñ îïòèìàëüíûì çíà÷åíèåì çàäà÷è (4)�(6) äëÿ ëþáîãî w � 0.
Îòìåòèì, ÷òî çàäà÷à ïîëó÷åíèÿ îöåíîê Ëîâàñà ÿâëÿåòñÿ ïîëèíîìèàëü-

íî ðàçðåøèìîé. Àëãîðèòì, ïîëèíîìèàëüíûé ïî âðåìåíè, èñïîëüçóþùèé

ìîäåëü ïîëó÷åíèÿ �(2)(G), áûë ïðåäëîæåí â ñòàòüå [7].
Êàê ïîêàçàíî â [1] (ñì. òàêæå [3]), äâîéñòâåííàÿ ëàãðàíæåâàÿ îöåíêà

äëÿ çàäà÷è (9)�(11) ñîâïàäàåò ïî âåëè÷èíå ñ îöåíêîé Ëîâàñà.

Åñëè äîáàâèòü ê îãðàíè÷åíèÿì âèäà (10), (11) òðèâèàëüíûå èçáû-

òî÷íûå îãðàíè÷åíèÿ âèäà xixj � 0 äëÿ âñåx (i; j) 62 E; i 6= j, òî

ëàãðàíæåâàÿ äâîéñòâåííàÿ îöåíêà äëÿ ìîäèôèöèðîâàííîé çàäà÷è ìî-

æåò îêàçàòüñÿ ñóùåñòâåííî ëó÷øå, ÷åì '�. Ì.Ð.Áåñò ðàññìîòðåë ñëå-

äóþùèé ãðàô G(V;E): ìíîæåñòâî âåðøèí V � ýòî áóëåâû øåñòèìåð-

íûå òî÷êè f0; 1g6, è äâå âåðøèíû ñ÷èòàþòñÿ ñìåæíûìè, åñëè ðàññòî-

ÿíèå Õýììèíãà ìåæäó íèìè íå áîëüøå òðåõ. Ìàêñèìàëüíûå íåçàâèñè-

ìûå ïîäìíîæåñòâà âåðøèí ñîäåðæàò ïî ÷åòûðå âåðøèíû (íàïðèìåð,

(000000),(110000),(001100),(000011)). Äâîéñòâåííàÿ îöåíêà, èñïîëüçóþ-

ùàÿ îãðàíè÷åíèÿ âèäà (10), (11), ðàâíà 16/3, äîáàâëåíèå îãðàíè÷åíèé

âèäà xixj � 0 äëÿ âñåx (i; j) 62 E; i 6= j, ïðèâîäèò ê îöåíêå 4 [6].

Äëÿ ëþáîãî k 2 V è (i; j) 2 E ñïðàâåäëèâû êâàäðàòè÷íûå îãðàíè÷å-

íèÿ

xk(xi + xj) � xk :

Ñ öåëüþ óëó÷øåíèÿ äâîéñòâåííûx îöåíîê ìîæíî ðàññìàòðèâàòü ðàñ-

øèðåííîå ìíîæåñòâî îãðàíè÷åíèé äëÿ çàäà÷è î ìàêñèìàëüíîì âçâåøåí-

íîì íåçàâèñèìîì ìíîæåñòâå ãðàôà G(V;E), ñîáðàâ, íàïðèìåð, âñå ðàíåå
âûïèñàííûå êâàäðàòè÷íûå îãðàíè÷åíèÿ, ïðè ýòîì ïîëó÷àåòñÿ ñëåäóþ-

ùàÿ ìîäåëü: íàéòè

max
nX
i=1

wixi (13)

nðè îãðàíè÷åíèÿx

xixj = 0; (i; j) 2 E; (14)

xixj � 0; (i; j) 62 E; (15)

x2k � xk = 0; k = 1; : : : ; n; (16)

xk(xi + xj) � xk; k = 1; : : : ; n; (i; j) 2 E: (17)

Îòìåòèì, ÷òî îãðàíè÷åíèÿ (15), (17) ÿâëÿþòñÿ èçáûòî÷íûìè, ïðè-

÷åì îãðàíè÷åíèÿ äëÿ íå÷åòíûõ öèêëîâ âèäà (7) ÿâëÿþòñÿ ñëåäñòâèÿìè

îãðàíè÷åíèé (17).
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Mû ìîæåì îáðàçîâàòü ðàñøèðåííóþ ôóíêöèþ Ëàãðàíæà Lp(x; u),
ñîïîñòàâëÿÿ îãðàíè÷åíèÿì (14), (16) è âñåì èëè ÷àñòè îãðàíè÷åíèé (15),

(17) ìíîæèòåëè Ëàãðàíæà, è ïîëó÷èòü, èñïîëüçóÿ ìåòîäû âûïóêëîé

íåãëàäêîé îïòèìèçàöèè (íàïðèìåð, r-àëãîðèòì) îöåíêó

'� = inf
fu2uäîï; u2dom  g

 (u);

ãäå  (u) = sup
x
Lp(x; u): Ñîîòâåòñòâóþùèå âû÷èñëèòåëüíûå ýêñïåðèìåí-

òû îïèñàíû â [8].

2. Çàäà÷à î ìàêñèìàëüíîì ðàçðåçå ãðàôà

Çàäà÷à î ìàêñèìàëüíîì ðàçðåçå ãðàôà G = (V;E) çàêëþ÷àåòñÿ â ðàç-

áèåíèè ìíîæåñòâà åãî âåðøèíû V íà äâà íåïóñòûõ è íåïåðåñåêàþùèõñÿ

ïîäìíîæåñòâà V1 è V2, V1 [ V2 = V òàêèì îáðàçîì, ÷òîáû âåñ ðàçðåçà

(ò.å. ñîâîêóïíîñòè ðåáåð, êîíöû êîòîðûõ ëåæàò â ðàçíûõ ïîäìíîæå-

ñòâàõ) áûë ìàêñèìàëåí. Âåñ ðàçðåçà îïðåäåëÿåòñÿ êàê ñóììà âåñîâ åãî

ðåáåð. Âåñ êàæäîãî ðåáðà e 2 E ÿâëÿåòñÿ ïðîèçâîëüíûì âåùåñòâåííûì

÷èñëîì qe.

Ïóñòü jV j = n è f1; 2; : : : ; ng � íîìåðà âåðøèí; ðåáðî e, ñîåäèíÿþùåå
âåðøèíû i è j, îáîçíà÷èì (i; j) èëè (j; i), i; j 2 V .

Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî ãðàôG ÿâëÿåòñÿ ïîë-

íûì, òàê êàê ðåáðàì äîïîëíèòåëüíîãî ãðàôà G ìîæíî ïðèäàòü íóëåâîé

âåñ. Ñîïîñòàâèì êàæäîé âåðøèíå k, k 2 f1; 2; : : : ; ng, ïåðåìåííóþ xk.

Äëÿ çàäàííîãî ðàçáèåíèÿ V1 [ V2 = V áóäåì ñ÷èòàòü, ÷òî

xk =
n +1; åñëè k 2 V1;
�1; åñëè k 2 V2:

Â ýòèõ îáîçíà÷åíèÿõ çàäà÷à î ìàêñèìàëüíîì ðàçðåçå ìîæåò áûòü çà-

ïèñàíà êàê çàäà÷à íåëèíåéíîãî ïðîãðàììèðîâàíèÿ êâàäðàòè÷íîãî òèïà:

íàéòè max f(x), ãäå

f(x) =
1

8

X
(i;j)

qij(xi � xj)
2 (18)

ïðè îãðàíè÷åíèÿõ

x2k = 1 8k 2 V: (19)

Ñ ó÷åòîì (19)

f(x) =
1

4

�X
(i;j)

qij �
X
(i;j)

qijxixj
�
: (20)
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Òàêèì îáðàçîì, ìàêñèìèçàöèÿ f(x) ñâîäèòñÿ ê íàõîæäåíèþ ìèíè-

ìóìà f1(x), ãäå

f1(x) =
X
(i;j)

qijxixj

ïðè îãðàíè÷åíèÿõ (19).

Ïóñòü min f1(x) = f�1 . Äëÿ ïîëó÷åíèÿ íèæíèõ îöåíîê äëÿ f
�
1 ïðèìå-

íèì ìåòîä ìíîæèòåëåé Ëàãðàíæà. Ïóñòü u = fukgnk=1� âåêòîð ìíîæè-

òåëåé Ëàãðàíæà, ñîîòâåòñòâóþùèé ñèñòåìå îãðàíè÷åíèé (19). Ñîñòàâèì

ôóíêöèþ Ëàãðàíæà

L1(x; u) = f1(x) +

nX
k=1

uk(x
2
k � 1):

Ïóñòü Q = fqijgni;j=1 � ñèììåòðè÷íàÿ ìàòðèöà ñ íóëåâîé äèàãîíàëüþ.

Òîãäà

L1(x; u) = ((Q+ diag(u))x; x) �
nX
k=1

uk �
�
Q(u)x; x

�� nX
k=1

uk;

ãäå Q(u) = Q+ diag(u):
Äâîéñòâåííàÿ îöåíêà äëÿ f�1 íàõîäèòñÿ êàê

f1(x) = sup
u

inf
x
L1(x; u):

Ëåãêî âèäåòü, ÷òî

inf
x
L1(x; u) =

n �
nP
k=1

uk äëÿ íåîòðèöàòåëüíî îïðåäåëåííûõ Q(u);

�1 â îñòàëüíûõ ñëó÷àÿõ:

Îòñþäà

�f1 = min

nX
k=1

uk ïðè îãðàíè÷åíèè �n
�
Q(u)

� � 0; (21)

ãäå �n(A) îçíà÷àåò ìèíèìàëüíîå ñîáñòâåííîå ÷èñëî ñèììåòðè÷íîé ìàò-
ðèöû A ðàçìåðíîñòè n�n. Äëÿ ðåøåíèÿ çàäà÷è (21) ìîæíî ïðèìåíèòü
ìåòîä íåãëàäêèõ øòðàôíûõ ôóíêöèé, ñâîäÿ åå ê çàäà÷å áåçóñëîâíîé

ìèíèìèçàöèè: íàéòè

�(N) = min
u

� nX
k=1

uk �N minf0; �n(A(u))g
�
;
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ãäå N � øòðàôíîé êîýôôèöèåíò. Äîêàçàíî, ÷òî ïðè N � n ñïðàâåäëèâî

�(N) = �f1 [9].
Ïîñëå ïîëó÷åíèÿ -f1 âåðõíÿÿ îöåíêà f äëÿ ìàêñèìàëüíîãî ðàçðåçà

ïîëó÷àåòñÿ èç (20) ïî ôîðìóëå

f =
1

4

�X
(i;j)

qij � f1
�
:

Äðóãîé ñïîñîá ïîëó÷åíèÿ îöåíîê äëÿ çàäà÷è î ìàêñèìàëüíîì ðàçðå-

çå ñâÿçàí ñ èñïîëüçîâàíèåì ðåáåðíûõ ïåðåìåííûõ.

Äëÿ êàæäîãî ðåáðà (i; j) 2 E ââåäåì áóëåâóþ ïåðåìåííóþ yij , êî-

òîðàÿ ïðèíèìàåò çíà÷åíèå åäèíèöû, åñëè (i; j) ïðèíàäëåæèò ðàçðåçó,

è íóëþ â ïðîòèâíîì ñëó÷àå. Êàæäîìó ðàçáèåíèþ ìíîæåñòâà âåðøèí

V = V1
S
V2 ìíîæåñòâî ðåáåð, ñîîòâåòñòâóþùèõ ðàçðåçó, îáðàçóåò äâó-

äîëüíûé ÷àñòè÷íûé ïîäãðàô ãðàôà G. Òàêèì îáðàçîì, ìíîæåñòâó ðàç-

ðåçîâ ìîæíî ñîïîñòàâèòü â ïðîñòðàíñòâåRE ñîâîêóïíîñòü èíöèäåíòíûõ

ðàçðåçàì áóëåâûõ âåêòîðîâ yfR�g ( � � èíäåêñ ðàçðåçà), ò.å.

y(R�) =
�
y�ij
	
(i;j)2E

; y�ij =
n

1; åñëè (i; j) 2 R�;
0; åñëè (i; j) 62 R�:

Îòìåòèì, ÷òî êîîðäèíàòû (i; j) è (j; i) îòîæäåñòâëÿþòñÿ. ÏóñòüMG
R

� âûïóêëàÿ îáîëî÷êà âåêòîðîâ y(R�). Òîãäà çàäà÷à î ìàêñèìàëüíîì

ðàçðåçå ýêâèâàëåíòíà íàõîæäåíèþ

mcQ(G) = max
y2MG

R

X
(i;j)2E

qijyij : (22)

Âûïóêëûé ìíîãîãðàííèê MG
R ñ áóëåâûìè âåðøèíàìè äëÿ íåòðèâè-

àëüíûõ çàäà÷ î ìàêñèìàëüíîì ðàçðåçå óñòðîåí î÷åíü ñëîæíî. Îäíàêî,

èìååòñÿ ïîäìíîæåñòâî åãî ãðàíåé, êîòîðîå îïèñûâàåòñÿ ñðàâíèòåëüíî

ïðîñòî. Ïóñòü F � E � íåêîòîðîå ïîäìíîæåñòâî ðåáåð, jF j � ÷èñëî ðå-
áåð â F ; C � E � ïðîèçâîëüíàÿ öèêëè÷åñêàÿ öåïü (öèêë) èç ðåáåð,

q(M) =
P

(i;j)2M

qij ; M � ïðîèçâîëüíîå ïîäìíîæåñòâî ðåáåð. Ëåãêî ïî-

êàçàòü, ÷òî äëÿ ëþáîãî ðàçðåçà R, öèêëà C è íå÷åòíîãî ïîäìíîæåñòâà

F � C âûïîëíÿåòñÿ íåðàâåíñòâîX
(i;j)2F

yij �
X

(i;j)2(CnF )

yij � jF j � 1: (23)

Ñèñòåìà îãðàíè÷åíèé âèäà (23) îïðåäåëÿåò â RE íåêîòîðûé âûïóê-

ëûé ìíîãîãðàííèê, êîòîðûé ñîäåðæèò MG
R , íî â íåêîòîðûõ ñëó÷àÿõ,
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íàïðèìåð äëÿ òàê íàçûâàåìûõ ñëàáî äâóäîëüíûõ ãðàôîâ, ñîâïàäàåò ñ

MG
R .

Îïðåäåëåíèå. ÃðàôG = (V;E) íàçûâàåòñÿ ñëàáî äâóäîëüíûì, åñëè
ñèñòåìà îãðàíè÷åíèé X

(i;j)2C

yij = jCj � 1;

ãäå C � ìíîæåñòâî ïðîèçâîëüíûõ íå÷åòíûõ öèêëîâ, çàäàåò â ïðîñòðàí-

ñòâå RE ìíîãîãðàííèê, ñîâïàäàþùèé ñ MG
R . Ýòà ñèñòåìà íåðàâåíñòâ

ñîîòâåòñòâóåò ñëó÷àþ C � F â (23), ò.å. íåðàâåíñòâà (23) âûïèñûâàþòñÿ

äëÿ êàæäîãî íå÷åòíîãî öèêëà ãðàôà G.

Çàäà÷à î íàõîæäåíèè ìàêñèìàëüíîãî ðàçðåçà ãðàôà ïîñëå çàìåíû

óñëîâèÿ áóëåâîñòè ïåðåìåííûõ yij íà äâóõñòîðîííèå îãðàíè÷åíèÿ íà

ïåðåìåííûå

0 � yij � 1 8 (i; j) 2 E (24)

ìîæåò áûòü ðåëàêñèðîâàíà ê çàäà÷å ëèíåéíîãî ïðîãðàììèðîâàíèÿ ñ öå-

ëåâîé ôóíêöèåé (22) è îãðàíè÷åíèÿìè âèäà (23) è (24). Îòìåòèì, ÷òî

êàê ïîêàçàíî â [10], ìíîæåñòâî ðåøåíèé òàêîé çàäà÷è ëèíåéíîãî ïðî-

ãðàììèðîâàíèÿ ñîâïàäàåò ñ ìíîæåñòâîì ðåøåíèé çàäà÷è î ìàêñèìàëü-

íîì ðàçðåçå òîãäà è òîëüêî òîãäà, êîãäà G íå èìååò ïîäãðàôîâ, ñòÿãè-

âàåìûõ ê K5 (ñì. òàêæå [11]).

Â îáùåì ñëó÷àå äàæå äëÿ íåáîëüøèõ çàäà÷ êîëè÷åñòâî îãðàíè÷å-

íèé âèäà (23) ÷ðåçâû÷àéíî âåëèêî. Îäíàêî äëÿ ïðîâåðêè âûïîëíèìîñòè

îãðàíè÷åíèé âèäà (23) äëÿ çàäàííûõ fyijg, óäîâëåòâîðÿþùèõ óñëîâèÿì
(24), ìîæíî ñôîðìóëèðîâàòü ñïåöèàëüíóþ çàäà÷ó î êðàò÷àéøåì ïóòè

äëÿ íåêîòîðîãî ãðàôà G(G; y), êîòîðûé ëåãêî ïîëó÷àåòñÿ èç ãðàôà G

ñëåäóþùèì îáðàçîì ([4], ñòð. 250).

Ïîñòðîèì íîâûé ãðàô H = (V 0 [ V 00; E0 [ E00 [ E000), ñîñòîÿùèé
èç äâóõ ðàçäåëåííûõ êîïèé ãðàôà G: G0 = (V 0; E0), G00 = (V 00; E00) è
äîïîëíèòåëüíîãî ìíîæåñòâà ðåáåð E000, êîòîðîå ñîäåðæèò äëÿ êàæäî-

ãî (i; j) 2 E äâà ðåáðà: i0; j00 è i00; j0. Âåñ ðåáåð (i0; j0) 2 E0 è (i00; j00)0

ïðèíèìàåòñÿ ðàâíûì yij , à âåñ ðåáåð i0; j00 è i00; j0 ðàâåí 1 � yij . Äëÿ

êàæäîé âåðøèíû i 2 V âû÷èñëÿåòñÿ êðàò÷àéøèé ïóòü â ãðàôå H èç

âåðøèíû i0 2 V 0 ê âåðøèíå i00 2 V 00, ïðè ýòîì äëèíû ðåáåð áåðóò-

ñÿ â ñîîòâåòñòâèè ñ óêàçàííûì âûøå ïðàâèëîì. Òàêîé ïóòü ñîäåðæèò

íå÷åòíîå ÷èñëî ðåáåð â E000 è ñîîòâåòñòâóåò çàìêíóòîìó ïóòè (öèêëó) â

G. ßñíî, ÷òî åñëè êðàò÷àéøèé èç ýòèõ ïóòåé èìååò äëèíó ïî êðàéíåé

ìåðå 1, òî y óäîâëåòâîðÿåò óñëîâèÿì (24), â ïðîòèâíîì ñëó÷àå ñóùå-

ñòâóþò öèêë C è ìíîæåñòâî F � C ñ íå÷åòíûì jF j, äëÿ êîòîðîãî y
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íå óäîâëåòâîðÿåò ñîîòâåòñòâóþùåìó íåðàâåíñòâó. Â ýòîì ñëó÷àå ãðà-

äèåíò ê òàêîìó íåðàâåíñòâó ìîæåò áûòü èñïîëüçîâàí äëÿ ïîñòðîåíèÿ

îòñåêàþùåé ãèïåðïëîñêîñòè â ìåòîäàõ îòñå÷åíèÿ (íàïðèìåð, â ìåòîäå

ýëëèïñîèäîâ èëè â ìåòîäå âïèñàííûõ ýëëèïñîèäîâ) ëèáî äëÿ ïîñòðîå-

íèÿ íàïðàâëåíèÿ äâèæåíèÿ â ìåòîäàõ ñóáãðàäèåíòíîãî òèïà (íàïðèìåð,

â r-àëãîðèòìå).

Ðåáåðíûå ïåðåìåííûå yij (i; j) 2 E ëåãêî âûðàæàþòñÿ ÷åðåç âåð-

øèííûå ïåðåìåííûå xk, k 2 V :

yij =
1� xixj

2
: (25)

Äåéñòâèòåëüíî, åñëè (i; j) ïðèíàäëåæèò ðàçðåçó, òî xixj = �1 è yij = 1.
Åñëè (i; j) íå ïðèíàäëåæèò ðàçðåçó, òî xixj = 1 è yij = 0.

Ïóñòü ìíîæåñòâî ðåáåð F � C, ãäå C � íåêîòîðûé öèêë è jF j íå÷åò-
íî. Èñïîëüçóÿ ñîîòíîøåíèÿ (25), çàïèøåì îãðàíè÷åíèÿ (23) ÷åðåç âåð-

øèííûå ïåðåìåííûå

X
(i;j)2F

1� xixj

2
�

X
(i;j)2CnF

1� xixj

2
� jF j � 1;

1

2
jF j � 1

2
(jCj � jF j)� jF j+ 1 � 1

2

� X
(i;j)2F

xixj �
X

(i;j)2CnF

xixj
�

èëè X
(i;j)2F

xixj �
X

(i;j)2CnF

xixj � 2� jCj: (26)

Òàêèì îáðàçîì, â âåðøèííûõ ïåðåìåííûõ x = fxkgnk=1 ( xk 2 f1;�1g
ïðè âñåõ k) äëÿ ëþáîãî íå÷åòíîãî ìíîæåñòâà F , âõîäÿùåãî â öèêë C,

ñïðàâåäëèâî íåðàâåíñòâî (26).

Âûøå îïèñàí àëãîðèòì ïðîâåðêè îãðàíè÷åíèé (23), çàäàííûõ â ðå-

áåðíûõ ïåðåìåííûõ, ýêâèâàëåíòíûõ îãðàíè÷åíèÿì (26). Ñîïîñòàâèì

êàæäîìó îãðàíè÷åíèþ âèäà (26) äâîéñòâåííûå ïåðåìåííûå u(F;C) è
ðàññìîòðèì íîâóþ çàäà÷ó ïîëó÷åíèÿ îöåíêè ñâåðõó äëÿ mcQ(G). Íàé-
òè

max f(x) = max
1

8

X
(i;j)2E

(xi � xj)
2qij (27)

ïðè îãðàíè÷åíèÿõ

x2k � 1 = 0 8k 2 V ; (28)
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X
(i;j)2C

xixj � 2
X

(i;j)2F

xixj + (2� jCj) � 0 (29)

äëÿ ïðîèçâîëüíîãî öèêëà C è ïðîèçâîëüíîãî ìíîæåñòâà ðåáåð F , F �
C, jF j íå÷åòíî.

Â çàäà÷ó (27)�(29) íå îáÿçàòåëüíî âêëþ÷àòü âñå îãðàíè÷åíèÿ âèäà

(29); òàêèõ îãðàíè÷åíèé ìîæåò áûòü äîñòàòî÷íî ìíîãî äàæå äëÿ ñðàâ-

íèòåëüíî íåáîëüøèõ ãðàôîâ. Îáîçíà÷èì ÷åðåç ~M ïîäìíîæåñòâî îãðà-

íè÷åíèé âèäà (29), ó÷èòûâàåìûõ íà òåêóùåé ñòàäèè ðåøåíèÿ çàäà÷è.

Ïðèñîåäèíÿÿ ê îãðàíè÷åíèÿì (28) ôóíêöèîíàëüíî èçáûòî÷íûå îãðàíè-

÷åíèÿ âèäà (29), ìîæíî ñóùåñòâåííî óëó÷øèòü äâîéñòâåííûå îöåíêè,

ñôîðìóëèðîâàâ ýêâèâàëåíòíóþ çàäà÷ó â íîâîé ôîðìå.

Ðàññìîòðèì ôóíêöèþ Ëàíðàíæà�(x; u) çàäà÷è (27)�(29). Ïóñòü âåê-
òîð ìíîæèòåëåé Ëàãðàíæà

u =
�fukgnk=1; fu(F;C)gfF;Cg2 ~M):

Òîãäà

�(x; u) = f(x) +
Pn
k=1 uk(x

2
k � 1) +

P
[F;C]2 ~M u[F;C]�

�
0
@ X

(i;j)2C

xixj + xjxi

2
� 2

X
(i;j)2F

xixj + xjxi

2
+ (2� jCj)

1
A

(íåðàâåíñòâà âèäà (29) ìû ðàññìîòðèì â ñèììåòðè÷íîé ôîðìå îòíîñè-

òåëüíî ïàð èíäåêñîâ (i; j) è (j; i)).
Ïóñòü K(u) � ìàòðèöà êâàäðàòè÷íîé ïî x ôîðìû ôóíêöèè Ëàãðàí-

æà �(x; u) ïðè ôèêñèðîâàííîì u. Òîãäà �(x; u) ìîæíî çàïèñàòü â âèäå

�(x; u) =
�
K(u)x; x

�� � nX
k=1

uk +
X

[F;C]2M

u[F;C](2� jCj)�:
Ïðè ëþáîì u =

�fukgnk=1; �
u[F;C] � 0

	
[F;C]2 ~M

�
ôóíêöèÿ '(u) =

sup
x

�(x; u) äàåò îöåíêó ñâåðõó äëÿ mcQ(G). Åñëè K(u) íå ÿâëÿåòñÿ îò-

ðèöàòåëüíî ïîëóîïðåäåëåííîé, òî '(u) = +1, è â ðåçóëüòàòå ïîëó÷èì

òðèâèàëüíóþ îöåíêó. Ïîýòîìó ìû äîëæíû âûäåëèòü îáëàñòü çíà÷åíèé

u, óäîâëåòâîðÿþùèõ K(u) � 0, íà êîòîðîé ôóíêöèÿ ' îïðåäåëåíà. Ïðè

ýòîì sup
x

�(x; u) äîñòèãàåòñÿ â òî÷êå x = 0 è

'(u) = �
nX
k=1

uk �
X

[F;C]2 ~M

u[F;C](2� jCj):
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Òàêèì îáðàçîì, çàäà÷à íàõîæäåíèÿ îöåíêè Ëàãðàíæà  � äëÿ

mcQ(G) ñâîäèòñÿ ê ìèíèìèçàöèè '(u): min'(u) ïðè îãðàíè÷åíèÿõ:

�1
�
K(u)

� � 0 è u[F;C] � 0 äëÿ âñåõ öèêëîâ C è F � C, jF j íå÷åòíî.
Àëãîðèòì îòñå÷åíèÿ [10] äàåò âîçìîæíîñòü èñïîëüçîâàòü ìåòîä ýë-

ëèïñîèäîâ è ïîñòðîèòü ïîëèíîìèàëüíûé àëãîðèòì ðåøåíèÿ çàäà÷è ëè-

íåéíîãî ïðîãðàììèðîâàíèÿ ñ öåëåâîé ôóíêöèåé (22) è îãðàíè÷åíèÿìè

(23), (24), â ÷àñòíîñòè, ðåøèòü çàäà÷ó î ìàêñèìàëüíîì ðàçðåçå â ñëó÷àå

ãðàôîâ, íå ñòÿãèâàåìûõ ê K5, çà ïîëèíîìèàëüíîå âðåìÿ. Äëÿ ïëîñêèõ

ãðàôîâ ïîëèíîìèàëüíûå àëãîðèòìû, èñïîëüçóþùèå àëãîðèòì ïàðîñî-

÷åòàíèé, áûëè ïðåäëîæåíû â ðàáîòàõ [12, 13]; äëÿ ãðàôîâ, íå ñòÿãèâàå-

ìûõ ê K5, â [14] ïðåäëîæåí êîìáèíàòîðíûé ïîëèíîìèàëüíûé àëãîðèòì,

îñíîâàííûé íà èäåÿõ äåêîìïîçèöèè. Óïðîùåííàÿ âåðñèÿ ìåòîäà îòñå-

÷åíèÿ èñïîëüçîâàíà â [15] äëÿ ïîñòðîåíèÿ ïîëèíîìèàëüíîãî àëãîðèòìà

äëÿ ñëó÷àÿ ñëàáî äâóäîëüíûõ ãðàôîâ. Îòìåòèì, ÷òî ýòîò êëàññ ñîäåð-

æèò ãðàôû, íå ñòÿãèâàåìûå ê K5 [16, 17].

Ðåëàêñàöèÿ çàäà÷ î ìàêñèìàëüíîì ðàçðåçå ê çàäà÷àì ëèíåéíîãî ïðî-

ãðàììèðîâàíèÿ ñ îãðàíè÷åíèÿìè âèäà (23), êàê ïîêàçàíî â [18], äàåò

õîðîøèå ðåçóëüòàòû ïðè ðåøåíèè ïðèêëàäíûõ çàäà÷ çíà÷èòåëüíîé ðàç-

ìåðíîñòè èç îáëàñòè ôèçèêè è ïðîåêòèðîâàíèÿ ýëåêòðîííûõ ñõåì.

Çàäà÷à ëèíåéíîãî ïðîãðàììèðîâàíèÿ ñ öåëåâîé ôóíêöèåé (22) è

îãðàíè÷åíèÿìè (23),(24) ìîæåò èìåòü áîëüøîå êîëè÷åñòâî îãðàíè÷å-

íèé äàæå äëÿ íåáîëüøèõ çíà÷åíèé n, ÷èñëî ïåðåìåííûõ ðàâíî jEj è
íå ïðåâûøàåò

n(n�1)
2

. Â ðÿäå ðàáîò îïèñàíî óñïåøíîå èñïîëüçîâàíèå

ïðè ðåøåíèè òàêèõ çàäà÷ ñèìïëåêñ-ìåòîäà ñ ãåíåðàöèåé ñòðîê (23) äëÿ

ïîëó÷åíèÿ îöåíîê ñâåðõó äëÿ öåëåâîé ôóíêöèè ìàêñèìàëüíîãî ðàçðåçà

ãðàôà è íàõîæäåíèÿ áëèçêîãî ê îïòèìàëüíîìó ìàêñèìàëüíîãî ðàçðå-

çà (ñì., íàïðèìåð, [19]). Ñõåìó ãåíåðàöèè ñòðîê-îãðàíè÷åíèé âèäà (23)

ìîæíî òàêæå èñïîëüçîâàòü â ñî÷åòàíèè ñ r-àëãîðèòìîì äëÿ ìèíèìèçà-

öèè íåãëàäêîé øòðàôíîé ôóíêöèè âèäà

SN (y) = �(q; y) +
+N max

�
0;max

i
f�yi; yi � 1g; max

[F;C]2M

�X
k2F

yk �
X

k2CnF

yk � jF j+ 1
�	
;

ãäå N �äîñòàòî÷íî áîëüøîé øòðàôíîé ìíîæèòåëü, ïðè ýòîì îïðåäåëå-

íèå

'(y) = max
[F;C]2M

�X
k2F

yk �
X

k2CnF

yk � jF j+ 1
�

ïðîâîäèòñÿ ñ ïîìîùüþ îïèñàííîé âûøå ïðîöåäóðû íàõîæäåíèÿ êðàò-

÷àéøèõ ïóòåé.
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Óêàçàííûé ñïîñîá íàõîæäåíèÿ îöåíîê â çàäà÷å î ìàêñèìàëüíîì ðàç-

ðåçå ãðàôà áûë ïðîâåðåí äëÿ òåñòîâûõ ïðèìåðîâ èç [9] è äëÿ ãðàôà â

ôîðìå èêîñàýäðà, âåñîâûå êîýôôèöèåíòû ðåáåð êîòîðîãî ïðèâåäåíû â

òàáë. 1.

Ðàññìîòðèì îáùóþ ñõåìó àëãîðèòìà ðåøåíèÿ äâîéñòâåííîé çàäà÷è

ê çàäà÷å (27)�(29) ñ èñïîëüçîâàíèåì r-àëãîðèòìà. Ïóñòü íà î÷åðåäíîì

øàãå ìû èìååì ìíîæåñòâîM îãðàíè÷åíèé âèäà (29) è âåêòîð x âåðøèí-

íûõ ïåðåìåííûõ; ïî ôîðìóëàì (25) íàõîäèì ñîîòâåòñòâóþùèå çíà÷åíèÿ

ðåáåðíûõ ïåðåìåííûõ y = fyijg(i;j)2E . Èñïîëüçóÿ àëãîðèòì êðàò÷àé-

øèõ ïóòåé, ïðîâåðèì, óäîâëåòâîðÿåò ëè y âñåì îãðàíè÷åíèÿì âèäà (23).

Ïðè ïîëîæèòåëüíîì îòâåòå ïåðåõîäèì ê î÷åðåäíîìó øàãó r-àëãîðèòìà,

íå ïðèìåíÿÿ ôóíêöèè Ëàãðàíæà. Â ïðîòèâíîì ñëó÷àå íàõîäèì îãðà-

íè÷åíèå âèäà (23) ñ ìàêñèìàëüíîé íåâÿçêîé è ñòðîèì ñîîòâåòñòâóþùåå

êâàäðàòè÷íîå îãðàíè÷åíèå âèäà (26) â âåðøèííûõ ïåðåìåííûõ, äîáàâ-

ëÿåì åãî ê ñèñòåìå îãðàíè÷åíèé âèäà (29), ïðè ýòîì ïîÿâëÿåòñÿ íîâûé

ìíîæèòåëü Ëàãðàíæà �u[F;C]. Ïðèñâîèì åìó çíà÷åíèå 0 è ïåðåéäåì ê

î÷åðåäíîìó øàãó r-àëãîðèòìà â ïðîñòðàíñòâå äâîéñòâåííûõ ïåðåìåí-

íûõ.

Äëÿ ðÿäà ãðàôîâ áûëè ïðîâåäåíû âû÷èñëèòåëüíûå ýêñïåðèìåíòû.

Â òàáë. 2 ïðèâåäåíû ðåçóëüòàòû ýêñïåðèìåíòîâ äëÿ ãðàôà â âèäå èêî-

ñàýäðà, êîòîðûé ñîäåðæèò 12 âåðøèí è 30 ðåáåð (âåñà åãî ðåáåð ñì. â

òàáë. 1). Òåñòîâûé ýêñïåðèìåíò äëÿ ýòîãî ãðàôà ñîñòîèò â ñëåäóþùåì.

Ñíà÷àëà íàõîäèòñÿ äâîéñòâåííàÿ îöåíêà ñâåðõó äëÿ çàäà÷è (18)�(19),

êîòîðàÿ ðàâíà 665,53. Äàëåå ïî ýâðèñòè÷åñêîìó àëãîðèòìó èç [9] ïîëó-

÷åíî äîïóñòèìîå ðåøåíèå ñ îöåíêîé 642, ïðè ýòîì áûë íàéäåí ñëåäóþ-

ùèé ðàçðåç: V1 = f1; 2; 9; 10; 11; 12g, V2 = f3; 4; 5; 6; 7; 8g. Çàòåì ïîñëåäî-

âàòåëüíî äîáàâëÿëèñü íåðàâåíñòâà âèäà (29) ïðè F = C è jCj = 3. Â
òàáë. 2 â ñòðîêå i; j; k ïðåäñòàâëåíû íîìåðà âåðøèí òðåóãîëüíûõ öèê-

ëîâ. Ðàññìîòðåíû ðåçóëüòàòû ðàñ÷åòîâ, êîãäà äîáàâëÿåòñÿ îäèí öèêë,

äâà öèêëà è òàê äàëåå äî äåñÿòè öèêëîâ. Ïîñêîëüêó âñå îãðàíè÷åíèÿ

âèäà (29) ÿâëÿþòñÿ èçáûòî÷íûìè ïî îòíîøåíèþ ê ìîäåëè (18)�(19), òî

ñëåäóåò îæèäàòü óìåíüøåíèÿ äâîéñòâåííîé îöåíêè, êîòîðàÿ ïðåäñòàâ-

ëåíà â ãðàôå '� òàáëèöû 2. Äåéñòâèòåëüíî, îöåíêà ïðè äåñÿòè öèêëàõ

îòëè÷àåòñÿ îò äîñòèãíóòîãî ðåêîðäà ìåíüøå, ÷åì íà åäèíèöó, ÷òî äî-

êàçûâàåò îïòèìàëüíîñòü ïîëó÷åííîãî äîïóñòèìîãî ðåøåíèÿ. Ýêñïåðè-

ìåíò ïîêàçàë ýôôåêòèâíîñòü èñïîëüçîâàíèÿ èçáûòî÷íûõ îãðàíè÷åíèé

äëÿ óëó÷øåíèÿ äâîéñòâåííûõ îöåíîê.
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Òàáëèöà 1.
íîìåð i j wij íîìåð i j wij íîìåð i j wij
ðåáðà ðåáðà ðåáðà

1 1 2 20.0 11 3 9 18.0 21 7 8 18.0

2 1 3 30.0 12 3 10 15.0 22 7 9 27.0

3 1 4 40.0 13 4 5 32.0 23 7 10 36.0

4 1 5 50.0 14 4 10 24.0 24 7 11 45.0

5 1 6 60.0 15 4 11 20.0 25 7 12 54.0

6 2 3 16.0 16 5 6 40.0 26 8 9 14.0

7 2 6 48.0 17 5 11 30.0 27 8 12 42.0

8 2 8 12.0 18 5 12 25.0 28 9 10 21.0

9 2 9 10.0 19 6 8 30.0 29 10 11 28.0

10 3 4 24.0 20 6 12 36.0 30 11 12 35.0

Òàáëèöà 2.
íîìåð i; j; k '� íîìåð i; j; k '�

öèêëà öèêëà

1 6,8,12 665.53 6 5,6,12 647.06

2 1,5,6 661.94 7 2,6,8 646.72

3 1,4,5 657.13 8 5,11,12 646.41

4 7,11,12 652.82 9 7,8,12 645.14

5 7,9,10 650.66 10 7,10,11 642.90



191

3. Îöåíêè äëÿ ãëîáàëüíîãî ìèíèìóìà

ïîëèíîìèàëüíûx ôóíêöèé

ßðêèì ïðèìåðîì, ãäå áîëüøóþ ðîëü â óëó÷øåíèè äâîéñòâåííûx îöå-

íîê èãðàþò èçáûòî÷íûå îãðàíè÷åíèÿ, ñëóæèò çàäà÷à íàxîæäåíèÿ ãëî-

áàëüíîãî ìèíèìóìà ïîëèíîìèàëüíîé ôóíêöèè îò îäíîé èëè íåñêîëüêèx

ïåðåìåííûx. Ðàññìîòðèì ñíà÷àëà ñëó÷àé ïîëèíîìà ñòåïåíè n = 2k îò

îäíîé ïåðåìåííîé x1

P (x1) = x2k1 +

2kX
i=1

aix
2k�i
1 :

Bâåäåì íîâûå ïåðåìåííûå x2; : : : ; xk, ãäå xi+1 = x1xi, i = 1; : : : ; k� 1. B
íîâûx ïåðåìåííûx x = fxigki=1 ïîëèíîì P (x1) ìîæåò áûòü ïðåäñòàâëåí
(íåîäíîçíà÷íî) êàê êâàäðàòè÷íàÿ ôóíêöèÿ

P (x1) � K0(x) = x2k +

kX
r=1

a2k�rr xkxk�r +

2kX
r=k+1

a2k�rr x2k�r :

Tàêèì îáðàçîì, çàäà÷à íàxîæäåíèÿ P � = min
x1

P (x1) ñâåëàñü ê íàxî-

æäåíèþ ìèíèìàëüíîãî çíà÷åíèÿ çàäà÷è êâàäðàòè÷íîãî òèïà

minK0(x) ïðè îãðàíè÷åíèÿx x1xi � xi+1 = 0; i = 1; : : : ; k � 1: (30)

Ïóñòü L0(x; u) = K0(x) +
k�1P
i=1

ui(x1xi � xi+1) � ôóíêöèÿ Ëàãðàíæà

çàäà÷è è  0(u) = inf
x
L0(x; u).

Bî ìíîãèx ñëó÷àÿx dom  0 = ; è, êàçàëîñü áû, ëàãðàíæåâà ðåëàê-
ñàöèÿ â äàííîì ñëó÷àå íå ïðèìåíèìà. Îäíàêî, åñëè ââåñòè èçáûòî÷íûå

îãðàíè÷åíèÿ âèäà

xd � xd�rxr � 0 8r : 1 � r � d

2
ïðè d � k; (31)

xkxd�k � xd�rxr 8r : r � d

2
ïðè k < d � 2k � 1; (32)

òî, ïîñòðîèâ ñîîòâåòñòâóþùóþ ôóíêöèþ Ëàãðàíæà L(x; u) ( u � ðàñ-

øèðåííûé âåêòîð ìíîæèòåëåé Ëàãðàíæà, êîìïîíåíòû êîòîðîãî ñîîò-

âåòñòâóþò êàê ïåðâîíà÷àëüíûì îãðàíè÷åíèÿì (30), òàê è èçáûòî÷íûì
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îãðàíè÷åíèÿì (31),(32)), ïîëó÷èì, ÷òî îáëàñòü îïðåäåëåíèÿ  (u) íå ïó-
ñòà è

'� = sup
u2dom  

 (u) = P �;

ò.å. äâîéñòâåííàÿ îöåíêà ÿâëÿåòñÿ òî÷íîé [20, 21].

Bo ìíîãîìåðíîì ñëó÷àå îñíîâíîé ðåçóëüòàò ôîðìóëèðóåòñÿ áîëåå

ñëîæíî.

Ïóñòü y = fy1; : : : ; yng � n-ìåðíûé âåêòîð. Bâåäåì îáîçíà÷åíèå äëÿ

îäíî÷ëåíà y�11 y�22 : : : y�nn = R[�](y); ãäå � = f�1; : : : ; �ng � öåëî÷èñëåí-
íûé n-ìåðíûé âåêòîð, �i � 0, i = 1; : : : ; n, R[�] � ñîîòâåòñòâóþùàÿ

îäíî÷ëåííàÿ ôóíêöèÿ.

Ëþáîé âåùåñòâåííûé ìíîãî÷ëåí P (y1; : : : ; yn) îò n ïåðåìåííûx ìîæ-
íî ïðåäñòàâèòü â âèäå

P (y) = P (y1; : : : ; yn) =
X

�2A(P )

c�R[�](y);

ãäå A(P ) � ìíîæåñòâî îäíî÷ëåíîâ R[�]y, âxîäÿùèx â ïîëèíîì P (y) ñ
íåíóëåâûìè êîýôôèöèåíòàìè c�.

Ïóñòü Mk � ìíîæåñòâî ìíîãî÷ëåíîâ òîòàëüíîé ñòåïåíè, íå ïðåâû-

øàþùåé k. Äëÿ ÷åòíîãî k = 2s êàæäûé îäíî÷ëåí ïðåäñòàâèì â âèäå

ïðîèçâåäåíèÿ äâóõ îäíî÷ëåíîâ òîòàëüíîé ñòåïåíè, íå ïðåâûøàþùåé s.

Ïóñòü òàêæåM [k] = f� :
nP
i=1

�i � kg; �i � öåëûå íåîòðèöàòåëüíûå ÷èñëà.
Òîãäà ëþáîé âåêòîð � 2M [2s] ìîæåò áûòü ïðåäñòàâëåí, âîîáùå ãîâîðÿ,
íåîäíîçíà÷íî, â âèäå

� = �(1) + �(2); �(1); �(2) 2M [s]: (33)

Ïðåäñòàâëåíèÿ âèäà (33) íàçîâåì äîïóñòèìûìè. Äëÿ êàæäîãî � 2M [2s]
âûäåëèì îäíî èç äîïóñòèìûõ ïðåäñòàâëåíèé è íàçîâåì åãî êàíîíè÷å-

ñêèì:

� = �(1)(�) + (�� �(1)(�));

ãäå �(1)(�) � ïåðâàÿ ÷àñòü êàíîíè÷åñêîãî ðàçëîæåíèÿ âåêòîðà �.
Ðàññìîòðèì ñèñòåìó òîæäåñòâåííûõ ñîîòíîøåíèé âèäà:

4(�; �(1)) = R[�(1)(�)] �R[�� �(1)(�)]�R[�(1)] �R[�� �(1)] = 0; (34)

êîòîðûå âûïèñàíû äëÿ âñåõ � 2M [2s] è äëÿ âñåõ �(1) � �, �(1) 2M [s],
�(1) 6= �(1)(�).
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Íàçîâåì äîïóñòèìûì êâàäðàòè÷íûì ïðåäñòàâëåíèåì ïîëèíîìà

P (y) =
P

�2A(P )

c�R[�](y) òîòàëüíîé ñòåïåíè, íå ïðåâûøàþùåé 2s, êâàä-

ðàòè÷íóþ ôóíêöèþ âèäà

KP [R] =
X

�2A(P )

(
X
i

c(i)� R[�(i)] �R[�� �(i)]);

ãäå R[�(i)] �R[�� �(i)] � äîïóñòèìûå ðàçëîæåíèÿ îäíî÷ëåíà R[�], 8� 2
A(P ),

P
i2I(�)

c
(i)
� = c�, I(�) � ìíîæåñòâî äîïóñòèìûõ ðàçëîæåíèé R(�).

Ëåãêî äîêàçûâàåòñÿ ñëåäóþùàÿ ëåììà.

Ëåììà. Ïóñòü KP (R)� ïðîèçâîëüíîå êâàäðàòè÷íîå ïðåäñòàâëåíèå

ïîëèíîìà P (y) òîòàëüíîé ñòåïåíè, íå ïðåâûøàþùåé 2s. Òîãäà ñóùå-

ñòâóåò âåêòîð u = fu(�; �(1))g ìíîæèòåëåé u(�; �(1)) òàêîé, ÷òî

KP (R) = K
(0)
P (R) +

X
(�;�(1))

u(�; �(1))4 (�; �(1)); (35)

ãäå K0
P (R) �êàíîíè÷åñêîå êâàäðàòè÷íîå ïðåäñòàâëåíèå P .

Ïóñòü inf
y
P (y) = P � > 1. Òîãäà P (y) = P (y) � P � � 0 äëÿ âñåõ y.

Ðàññìîòðèì êâàäðàòè÷íóþ çàäà÷ó:

íàéòè infK
(0)
P (R) ïðè îãðàíè÷åíèÿõ âèäà (34): (36)

Âûðàæåíèå âèäà (35) ìîæíî ðàññìàòðèâàòü êàê ôóíêöèþ Ëàãðàíæà

çàäà÷è (36), ïðè ýòîì âåêòîð u èãðàåò ðîëü âåêòîðà ìíîæèòåëåé Ëà-

ãðàíæà. Îòìåòèì, ÷òî áîëüøàÿ ÷àñòü îãðàíè÷åíèé (34) ÿâëÿåòñÿ ôóíê-

öèîíàëüíî èçáûòî÷íîé.

Ðàññìîòðèì ôóíêöèþ Ëàãðàíæà L(R; u) çàäà÷è (36). Ïóñòü  (u) =
inf
R
L(R; u). Åñëè dom 6= ;, òî  (u) � ñîáñòâåííàÿ âîãíóòàÿ ôóíêöèÿ îò

u. Ðàññìîòðèì  � = sup
u
 (u).

Äîêàçàíà ñëåäóþùàÿ îñíîâíàÿ òåîðåìà.

Òåîðåìà. Îöåíêà  � = P � òîãäà è òîëüêî òîãäà, êîãäà íåîòðèöà-

òåëüíûé ïîëèíîì P (y) ìîæåò áûòü ïðåäñòàâèì â âèäå ñóììû êâàäðà-

òîâ âåùåñòâåííûõ ïîëèíîìîâ òîòàëüíîé ñòåïåíè, íå ïðåâûøàþùåé s

[20, 21, 8].

Â ðàáîòå [22] äëÿ íàõîæäåíèÿ  � ïðèìåíåíà ìîäèôèêàöèÿ r-àëãî-

ðèòìà è ïðîâåäåíû âû÷èñëèòåëüíûå ýêñïåðèìåíòû, ïîäòâåðæäàþùèå

ýôôåêòèâíîñòü òàêîé ìåòîäèêè.
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Çàìåòèì, ÷òî ïðîáëåìîé ðàçëîæåíèÿ íåîòðèöàòåëüíûõ ïîëèíîìîâ

÷åòíîé ñòåïåíè â ñóììó êâàäðàòîâ äðóãèõ âåùåñòâåííûõ ïîëèíîìîâ çà-

íèìàëñÿ åùå Ä.Ãèëüáåðò [23]. Áëèçêàÿ ïðîáëåìà ïðåäñòàâëåíèÿ íåîòðè-

öàòåëüíûõ ðàöèîíàëüíûõ ôóíêöèé â âèäå ñóììû êâàäðàòîâ ðàöèîíàëü-

íûõ ôóíêöèé (17-ÿ ïðîáëåìà Ãèëüáåðòà) áûëà ïîëîæèòåëüíî ðåøåíà â

ðàáîòå Ý.Àðòèíà [24]. Íàø ïîäõîä äàåò âîçìîæíîñòü ïîëó÷èòü ðàçëîæå-

íèå P (y) â ñóììó êâàäðàòîâ, åñëè îíî ñóùåñòâóåò. Àâòîðó íåèçâåñòíû

äðóãèå àëãîðèòìû, îñóùåñòâëÿþùèå óêàçàííîå ðàçëîæåíèå.

Â çàêëþ÷åíèå îòìåòèì, ÷òî ïðîáëåìà ïîëó÷åíèÿ óëó÷øåííûõ îöå-

íîê â íåâûïóêëûõ çàäà÷àõ êâàäðàòè÷íîãî òèïà íàõîäèòñÿ â öåíòðå âíè-

ìàíèÿ ñïåöèàëèñòîâ â îáëàñòè äèñêðåòíîãî è íåëèíåéíîãî ïðîãðàììè-

ðîâàíèÿ. Îïðåäåëåíèå òàêèõ îöåíîê ñâÿçàíî ñ áûñòðî ðàçâèâàþùåéñÿ

îáëàñòüþ ìàòðè÷íîé îïòèìèçàöèè - ïîëóîïðåäåëåííûì ïðîãðàììèðîâà-

íèåì (semide�nite programming). Äëÿ ÷èñëåííîãî ðåøåíèÿ ñîîòâåòñòâó-

þùèõ çàäà÷ â áîëüøèíñòâå ðàáîò ïðåäëàãàåòñÿ èñïîëüçîâàòü ìåòîäû

âíóòðåííèõ òî÷åê [25]�[29]. Â îòëè÷èå îò òàêîãî ïîäõîäà ìû ðàññìàò-

ðèâàåì âîïðîñû ïîëó÷åíèÿ îöåíîê äëÿ íåâûïóêëûõ êâàäðàòè÷íûõ çà-

äà÷ â ðàìêàõ òåîðèè äâîéñòâåííûõ (ëàãðàíæåâûõ) îöåíîê. Âû÷èñëåíèå

ýòèõ îöåíîê ïðèâîäèò ê íåîáõîäèìîñòè ðåøåíèÿ íåãëàäêèõ âûïóêëûõ

îïòèìèçàöèîííûõ ìàòðè÷íûõ çàäà÷ ñïåöèàëüíîãî âèäà ñ îãðàíè÷åíèÿ-

ìè íà âåëè÷èíó ìàêñèìàëüíûõ (ìèíèìàëüíûõ) ñîáñòâåííûõ ÷èñåë. Ñî-

îòâåòñòâóþùèå çàäà÷è ðåêîìåíäóåì ðåøàòü ñ ïîìîùüþ ýôôåêòèâíûõ

àëãîðèòìîâ ñóáãðàäèåíòíîãî òèïà ñ ïðåîáðàçîâàíèåì ïðîñòðàíñòâà àð-

ãóìåíòîâ. Êàê ïîêàçàëè ÷èñëåííûå ýêñïåðèìåíòû, ïðåäëîæåííûé íàìè

ïîäõîä âïîëíå êîíêóðåíòíîñïîñîáåí ïî ñðàâíåíèþ ñ äðóãèìè ìåòîäàìè

ïîëó÷åíèÿ îöåíîê â êâàäðàòè÷íûõ çàäà÷àõ. Äëÿ óëó÷øåíèÿ äâîéñòâåí-

íûõ îöåíîê ìîæíî óñïåøíî ïðèìåíÿòü ìîäåëè ñ ðàñøèðåííûì ìíîæå-

ñòâîì îãðàíè÷åíèé, ÷àñòü êîòîðûõ ÿâëÿåòñÿ ôóíêöèîíàëüíî èçáûòî÷-

íûìè.
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Lagrangian bounds in multiextremal
polynomial and discrete optimization

problems

Naum Z. Shor and Petro I. Stetsyuk

Journal of Global Optimization. { 2002. { 23. { P. 1{41.

Many polynomial and discrete optimization problems can be reduced to
multiextremal quadratic type models of nonlinear programming. For solving
these problems one may use Lagrangian bounds in combination with branch
and bounds techniques. The Lagrangian bounds may be improved for some
important examples by adding in a model so-called super
uous quadratic
constraints which modify Lagrangian bounds.

Problems of �nding Lagrangian bounds as a rule can be reduced to min-
imization of nonsmooth convex functions and may be succesively solved by
modern methods of nondi�erentiable optimization. This approach is illus-
trated by examples of solving polynomial-type problems and some discrete
optimization problems on graphs.

1. Lagrangian bounds,

nondi�erentiable optimization

and nonsmooth matrix functions

Consider the problem of nonlinear programming in general form: to �nd

f� = inf
x2X�En

f0(x); subject to fi(x) = 0; i = 1; : : : ;m; (1)

where En is n-dimensional Euclidean space, X is a closed set in this space,
f0; f1; : : : ; fm are continuous functions, de�ned on En. We set f� = +1,
if the problem (1) has no feasible solution. Let us form the usual Lagrange
function:

L(x; u) = f0(x) +

mX
i=1

uifi(x);

where u = (u1; : : : ; um) is a vector of Lagrange multipliers.
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For each u 2 Rm we obtain the local problem: to �nd

 (u) = inf
x2X

L(x; u): (2)

Function  (u) is a concave function with respect to u as a result of mini-
mization of the family of linear in u functions Lx(u) = L(x; u):

Let  (u) has a nonempty domain of full dimension m and x(u) is a
solution of local problem (2). It is easy to verify that  (u) � f� for an
arbitrary u 2 dom . The supergradient of  in the point u can be calculated
by formula:

g (u) = ffi(x(u))gmi=1 2 Rm: (3)

If the set of vectors generated by (3) is not single, then u is the point of
nondi�erentiability of function  .

We try to �nd the best lower bound for f� in this class of Lagrangian
estimates and obtain the coordinating problem: to �nd

 � = sup
u2Rm

 (u):

Note that the problem of �nding the best Lagrangian bounds  � is one of
the main sources of generating the nonsmooth optimization models.

Many combinatorial optimization problems can be formulated as
Boolean LP problems, and the corresponding dual bounds may be ob-
tained by LP relaxations of such models. But in some cases the nonlinear
quadratic-type formulation of a combinatorial problem is more convenient
and may give more exact dual bounds. In these cases, as a rule, the prob-
lem of obtaining dual bounds may be reduced to the convex programming
problems with nonsmooth matrix function (or to the equivalent problems
of semide�nite programming).

Now there exist many methods of nondi�erentiable optimization, for
example, simple subgradient method, "-subgradient methods, methods with
space transformation. One of the most practically e�ective modern methods
is the algorithm with space dilation in the direction of di�erence of two
successive subgradients (so-called r-algorithms).

This method was proposed by N.Z. Shor in 1970 [32] for acceleration
of convergence of subgradient methods. A family of r-algorithms contains
di�erent realizations of subgradient-type methods with space dilations in
the direction of di�erence of two successive subgradients. Below we give
general scheme of r-algorithm.

Denote by R�(�) the linear operator of space dilation in the direction �,
k�k = 1, with coeÆcient �; � � 0, specifying for each x 2 En the vector
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y 2 En due to the formula:

y = R�(�)y = x+ (�� 1)(x; �)�:

Let f(x) be a minimized convex function denoted on En, x0 2 En be a
given point. Denote by gf (x) a subgradient of function f in the point x.
The general scheme of r-algorithm is following:

The �rst step:

x1 = x0 � h0
gf (x0)

kgf (x0)k ;

where h0 is the step multiplier such, that (gf (x0); gf (x1)) � 0. Fix gf (x0),
gf (x1), B0 = In (n�n identity matrix). After k steps we have x1; x2; : : : ; xk
and �x xk; gf (xk�1) and n� n matrix Bk.

(k + 1)-st step.

Calculate:

(a) gf (xk);

(b) rk = gf (xk)� gf (xk�1);

(c) �k =
Bk�1rk

kBk�1rk�1k
;

(d) Bk = Bk�1R�k(�k); 0 < �k < 1;

(e) xk+1 = xk � hkBk
BT

k
gf (xk)

kBT

k
gf (xk)k

:

If the stopping criteria is not ful�lled, �x xk+1; gf (xk�1), Bk and go to the
next step.

Comments. After k steps of r-algorithm let Ak�1 be the resulting ma-
trix of space transformation: y = Ak�1x, or x = Bk�1y, where Bk�1 =
A�1k�1, and 'k(y) = f(Bk�1y). Since g'k(y) = BTk�1gf (x), rk is the di�er-
ence of two subgradients of function 'k taken in the points yk = Ak�1xk
and ~yk�1 = Ak�1xk�1. So �k is the normalized direction of the di�erence of
two successive subgradients of transformed function 'k(y). In this direction
we make a current dilation of transformed space and obtain resulting matrix
Ak = R�k(�k)Ak�1. The inverse matrix Bk = Bk�1R�k(�k); �k = 1=�k.
Consider 'k+1(y) = f(Bky), and use subgradient step for function 'k+1(y)
from ~yk = Bkxk:

yk+1 = ~yk � hk
BTk gf (xk)

kBTk gf (xk)k
:
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In original space the point xk+1 = Bkyk+1 corresponds to the point xk+1,
and we obtain

xk+1 = xk � hkBk
BTk gf (xk)

kBTk gf (xk)k
:

Thus we calculate xk+1; gf (xk); Bk, and are ready to make the next itera-
tion.

The family of r-algorithms has two sequences of parameters: f�kg1k=1
and fhkg1k=1. Naturally, we must think about rational choice of these se-
quences to obtain "good" convergence to the optimal point of f(x).

For minimization of nonsmooth convex functions de�ned on En we re-
comend to use the following speci�cations of r-algorithm:

The space dilation coeÆcients �k equal to �, where � 2 [2; 4]. To deter-
mine a step multiplier hk we use adaptive technique of step lengt regulation

(see [35]) determined by parameters: h
(0)
0 (initial step-length), integer num-

ber m > 1, and coeÆcients q1 < 1 and q2 > 1 for decreasing (increasing)
of step-multiplier. After k iterations of r-algorithm we obtain step con-
stant h0k. On (k + 1)-st iteration we choose the direction of descent due
to r-algorithm and move in this direction with a step multiplier h0k until
the condition of stopping the search along the direction is ful�lled or the
number of steps would be equal to m. In the last case we continue descent
along the same direction with a new step constant h1k = q2h

0
k. If after m

steps the condition of interrupting of search direction is not ful�lled, we set
h2k = q2h

1
k and so on.

We suppose that limkxk!+1 f(x) = +1, so after �nite number of steps
the stopping condition for directional search will be ful�lled.

The details of such way of regulating step-multiplier one may �nd in
Section 3 of [33].

The results of testing of r-algorithms show that if the errors of rounding
are not essential, the objective function values as a rule may be majored by
a geometrical progression of the form Cq

k

n , where k is the number of current
step and q = 1

2
. So, as a rule the convergence of r-algorithm approximately

2n times faster than of well known ellipsoid methods.

The most typical examples of nonsmooth functions are maximal and
minimal eigenvalues of symmetric matrices and sums of k largest eigenvalues
(for example, see [23]).

Let �n be the class of real n�n symmetric matrices. Any matrix A 2 �n
has n real eigenvalues (with account of their multiplicity) and a pair of
eigenvectors associated with two di�erent eigenvalues are orthogonal. Let
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A 2 �n; A = faijgni;j=1;
�1(A) � �2(A) � � � � � �n(A)

be the eigenvalues of A, ordered in nonincreasingly.
A symmetric real matrix is called positive de�nite (semide�nite)

if �n(A) > 0 (�n(A) � 0). We shall write A � 0 (A � 0), if A 2 �n and A
is positive de�nite (semide�nite).

The Rayleigh{Ritz formula is known for maximal eigenvalue �1(A):

�1(A) = max
kyk=1

(Ay; y) = max
kyk=1

nX
i;j=1

aijyiyj ; (4)

where y = (y1; : : : ; yn) 2 En. �1(A) is a convex function de�ned on �n
since formula (4) gives representation of this function as a maximum of a
family of linear functions in entries faijgni;j=1.

Denote by Y �(A) a set of normalized vectors y, which get maximum in
(4), i.e. �1(A) = (Ay�; y�) for all y� 2 Y �(A). From (4), one may obtain
the subgradient set G�1(A) of function �1(�) in the point A:

G�1(A) = conv
n
[y2Y �(A)yy

T
o
:

The calculation of subgradient g�1(A) 2 G�1(A) may be reduced to �nding
an arbitrary y�(A) 2 Y �(A) and applying the next formula:

g�1(A) =
�
y�(A)[y�(A)]T

	
:

(Note that yyT ; y 2 En, is the symmetric matrix of rank 1 with entries
fyiyjgni;j=1). If �1(A) has multiplicity 1, then g�1(A) is unique and function
�1(A) is di�erentiable at the point A. When multiplicity of �1(A) is more
than 1, the function �1(A) is nondi�erentiable in A.

Now we introduce a very interesting class of convex matrix functions
de�ned on symmetric matrices A 2 �n, namely, the sums of the k largest
eigenvalues:

Sn;k(A) =

kX
r=1

�r(A); 1 � k � n:

Famous mathematician Fan Ky gave in 1949 variational description of
Sn;k(A) that is a far going generalization of Rayleigh-Ritz formula (4). Let
Mk
n be the class of rectangular n � k matrices Y , the columns yi; i =

1; : : : ; k; k � n form an orthonormal system of n-dimensional vectors, i.e.
Y TY = Ik (Ik is k � k identity matrix).
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Theorem 1 (Fan Ky [17]).

Sn;k(A) = max
Y 2Mk

n

ftr(AY Y T )g; 8A 2 �n: (5)

The maximum in formula (5) is reached at orthonormal system of eigen-
vectors y�1 ; : : : ; y

�
k corresponding to eigenvalues �1(A); : : : ; �k(A). Indeed,

Ay�i = �i(A)y
�
i ; i = 1; : : : ; k;

tr(AY Y T ) = (A; Y Y T ) =
Pk
i=1(�i(A)y

�
i ; y

�
i ) =

=
Pk
i=1 �i(A) = Sn;k(A):

When k = 1, formula (5) is reduced to the expression (4).
Consider the class of n� n matrices

Ckn = convfY Y T : Y 2Mk
ng:

Theorem 2. Ckn coincides with the class of all positive semide�nite matrices

C with �1(C) � 1 and with trace, equal to k [17].

Due to this theorem, we obtain a new variational formula for Sn;k(A):

Sn;k(A) = max
C2Ck

n

(A;C); (6)

where (A;C) =
Pn
i;j=1 aijcij (A = faijgni;j=1; C = fcijgni;j=1).

Formulas (5) and (6) give us the representation of the function Sn;k(A) as
a pointwise maximum function on in�nite family of linear (in matrix variable
A 2 �n) functions. So, Sn;k(A) is a convex function for any n; k � n. The
structure of subgradient set GSn;k(A) is determined by (6):

GSn;k(A) = fC� 2 Ckn : Sn;k(A) = (A;C�)g
For almost all A, C� is unique and gives us the gradient gSn;k(A) of Sn;k in
the point A.

The most strict way for obtaining a subgradient gSn;k(A) is the following:

(i) solve the eigenvalue problem for matrix A and �nd the eigenvalues
�1(A); : : : ; �k(A) and the corresponding orthonormal system of eigen-
vectors Yj(A) = fyji gni=1; j = 1; : : : ; k;

(ii) construct the n� k matrix Y = fyji gj=1;:::;ki=1;:::;n ;

(iii) set gSn;k(A) = Y Y T .
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In general, when not all k largest eigenvalues of A have multiplicity 1,
the subgradient gSn;k is not unique, because the system of eigenvectors

fYi(A)gki=1 is determined nonuniquely in this case. But if one is interested
in calculating any subgradient from GSn;k (A) one can use the procedure
described above for arbitrary orthonormal system Y (A) of eigenvectors as-
sociated with the k largest eigenvalues �1(A) � �2(A) � � � � � �k(A).

Let A be a diagonal matrix and a11 � a22 � : : : � akk � : : : �
ann; 1�k�n. Consider two cases:
(I) akk > a(k+1)(k+1). In this case in formula:

Sn;k(A) = max
C2Ck

n

(A;C) = (A;C�):

C� is determined uniquely (C� is a diagonal matrix with cii = 1 for
i � k and cii = 0 for i > k). The subgradient of the function Sn;k
in the point A; gSn;k(A) is equal to C�, and the function Sn;k is
di�erentiable at A;

(II) akk = a(k+1)(k+1). In this case the subgradient set GSn;k(A) contains
more than one extremal point. For example, if aii = akk for all i; k�
s � i � k + p (s � 0; p � 1), then an arbitrary diagonal matrix A
with properties:

(1) aii = 1 for i < k � s;

(2) aii = 0 for i > k + p;

(3) the set of values faiig; k � s � i � k + p contains exactly s ones
and p zeroes;

is an extreme point of GSn;k(A). So, in the case (II) the function Sn;k
is nondi�erentiable at A.

In general, if for a symmetric matrix A; �k(A) > �k+1(A) then Sn;k is
di�erentiable at A; otherwise (i.e. �k(A) = �k+1(A)) the function Sn;k is
nondi�erentiable at A.

In many applications we meet with a weighted sum of k largest eigen-
values:

Sn;k(A;w) =

kX
i=1

wi�i(A), where w = (w1; : : : ; wk) � 0:

Lemma 1. If w1 � w2 � � � � � wk, then Sn;k(A;w) is a convex function

de�ned on �n.
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The weighted sum of the largest eigenvalues Sn;k(A;w) can be repre-
sented also by the variational formula similar to formula (5):

Sn;k(A;w) = max
Z2Mk

n
(w)
ftr(AZZT )g;

where Mk
n(w) is the class of rectangular n � k matrices Z, the columns

Zi forming an orthogonal system of n-dimensional vectors, and kZik2 =
wi; i = 1; : : : ; k; w1 � w2 � � � � � wk.

Due to expression (5) of Theorem 1 the subgradient set for the function
Sn;k(�) at point X is given by the following expression:

GSn;k(X) = conv(

kX
i=1

yiy
T
i );

where yi; i = 1; : : : ; k, form an arbitrary orthonormal system of vectors, as-
sociated with eigenvalues �1(X); : : : ; �k(X). If multiplicity of all eigenvalues

�1(X); : : : ; �k(X) is equal to one, then the matrix
Pk
i=1 yiy

T
i is determined

uniquely and coincides with gradient Sn;k(X) at point X .
Functions �m(X); 1 < m < n are quasi-di�erentiable functions (in

the sence of Demjanov and Rubinov [11]). They may be considered as a
di�erence of two convex functions

�m(X) = Sn;m�1(X)� Sn;m(X):

If w = fw1; : : : ; wng � 0 and wk � wk+1 for k = 1; : : : ; n� 1, then subgra-
dient set of convex function Swn (X) =

Pn
i=1 wi�i(X) can be represented by

the following expression:

GSw
n
(X) = convf

nX
i=1

wiyiy
T
i g;

where fyigni=1 is any orthonormal system of eigenvectors of matrix X (each
yi is associated with �i(X)). If all eigenvectors yi(X) with wi > 0 have
multiplicity 1, then Swn is di�erentiable at X .

2. Quadratic-type minimization problems,

Lagrangian lower bounds and super
uous

constraints

Consider now the problems of �nding Lagragian lower bounds for quadratic-
type optimization models:
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Find Q� = inf
x2En

Q0(x) subject to Qi(x) = 0; i = 1; : : : ;m; (7)

where Q�(x), � = 0; : : : ;m are quadratic or linear functions, determined
on n-dimensional Euclidean space En. If the problem (7) has no feasible
solution, we set Q� = +1. Using usual Lagrange function L(x; u), u =
fu1; : : : ; umg, one can obtain Lagrangian lower bounds for such problems
by �nding  � = sup (u), where  (u) = inf

x2En

L(x; u). If dom is nonempty,

then  (u) is a proper concave function. In opposite case we obtain a trivial
bound  � = �1.

Consider the problem of �nding dual (Lagrangian) estimates for quad-
ratic-type problems of the form (7) in more detail. Let quadratic functions
Q�(x), � = 0; : : : ;m, have the following description:

Q�(x) = (K�x; x) + (c� ; x) + d� ;

where K� are symmetric quadratic n � n matrices, c� are n-dimensional
vectors, d� are numbers. So, (K�x; x) is a quadratic part of Q�(x) and
(c� ; x) is a linear part of Q�(x), � = 0; : : : ;m.

Usual Lagrange function L(x; u) can be represented as

L(x; u) = Q0(x) +

mX
i=1

uiQi(x) = (K(u)x; x) + (c(u); x) + d(u);

where

K(u) = K0 +
mX
i=1

uiKi;

c(u) = c0 +

mX
i=1

uici;

d(u) = d0 +

mX
i=1

uidi;

(here u = fu1; : : : ; umg is m-dimensional vector of Lagrange multipliers).
Consider  (u) = inf

x
L(x; u). If K(u) is a positive de�nite matrix then

 (u) = L(x(u); u), where x(u) is a solution of linear system of equations

2K(u)x+ c(u) = 0;
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i.e.

x = �1

2

�
K(u)

��1
c(u):

If the minimal eigenvalue of K(u) �n

�
K(u)

�
< 0, then  (u) = �1.

In the case �n

�
K(u)

�
= 0 matrix K(u) is positive semide�nite but

singular. Let s1; : : : ; sn be the orthonormal basis in En, corresponding to
eigenvectors ordered in decreasing order of their eigenvalues (with taking in
account their multiplicity). Then c(u) can be represented in the form:

c(u) =

n�rX
i=1

�i(u)si +

rX
i=n�r

�i(u)s;

where r is the multiplicity of the minimal eigenvalue equal to zero. If all
�k(u) = 0 for n�r+1 � k � n, then x(u) exists, i.e. u 2 dom . Otherwise
 (u) = �1.

Let dom  be non-empty. Then  is a proper concave function as a
result of minimization with respect to x of functions

 u(x) = Q0(x) +

mX
i=1

uiQi(x);

which are linear by u for all x.
For each u 2 dom  (u) � Q� (Q� is an optimal value of initial problem

(7)).
Let u 2 Em and K(u) � 0. Then Q(u) is an interior point of dom  .

Denote by 
+ the set

fu 2 Em = K(u) � 0g:

Boundary 
 of 
+ consists of u for which K(u) has the minimal eigen-
value equal to zero. It is easy to prove that all u 2 
 are limit points of the
set 
+. So if 
+ is nonempty then dom  is closed in Em.

Let  � = sup
u2Em

 (u) and there exists a point u� such that  � =  (u�).

If u� 2 
+ then g (u
�) = Qi(x

�) = 0, i = 1; : : : ;m. In this case  � = Q�.
Otherwise, when x� 2 
, it may be a positive defect of duality:

� = Q� �  � > 0:
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For many interesting problems we may improve the dual bounds by using
the so-called functionally super
uous constraints in the form of quadratic
equations (inequalties) which do not change the optimal value of initial
polynomial problem but lead to modi�cation of Lagrange function of cor-
responding quadratic problem. This modi�cation may give substantial in-
creasing of new Lagrangian bound for a modi�ed quadratic type problem
in comparison with  � for the old one.

Note that if we add to initial problem (7) new quadratic super
uous
constraints Qm+1(x) = 0; : : : ; Qm+r(x) = 0, r � 1 and form a longer vector

of Lagrange multipliers U =

�
fug; um+1; : : : ; um+r

�
then for the problem:

Q� = inf
x2En

Q0(x) subject to Qi(x) = 0; i = 1; : : : ;m;m+ 1; : : : ;m+ r

the corresponding Lagrange function will be

L1(x; U) = Q0(x) +

m+rX
i=1

uiQi(x) = L(x; u) +

m+rX
i=m+1

uiQi(x):

So

L(x; u) = L1

 
x; (fug; 0; : : : ; 0)

!
;

 1(U) = inf
x
L1(x; U) � inf L(x; u) =  (u);

and

 �1 = sup 1(U) �  �:

We shall demonstrate the possible improving of dual bounds by introducing
super
uous constraints on a simple example.

Example. Let P6(x1) be a sixth-degree polynomial of one variable x1:

p6(x1) = x61 + a5x
5
1 + a4x

4
1 + a3x

3
1 + a2x

2
1 + a1x1 + a0:

The problem is to �nd value p� of (global) minimum of p6(x1). One may
transform this problem in a quadratic-type problem by introducing new
variables x2 = x21; x3 = x1x2.

Consider a vector of variables x = fx1; x2; x3g and obtain the equivalent
problem:
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to minimize

Q0(x) = x23 + a5x2x3 + a4x3x1 + a3x3 + a2x2 + a1x1 + a0 (8)

subject to constraints:

Q1(x) = x21 � x2 = 0; (9)

Q2(x) = x1x2 � x3 = 0: (10)

The Lagrange function L(x; u) of this problem has the following form
(u = fu1; u2g is a vector of Lagrange multipliers):

L(x; u) = Q0(x) + u1Q1(x) + u2Q2(x):

Consider the matrix K(u) which de�nes the quadratic part of L(x; u).

K(u) =

0
@ u1

u2
2

a4
2

u2
2

0 a5
2

a4
2

a5
2

1

1
A :

One may see that if a5 6= 0, for all u = fu1; u2g, K(u) cannot be positive
semide�nite, and we obtain a trivial lower bound  � = �1. So, it seems
an attempt to use dual quadratic bounds for our example failed. But if we
add to our model a super
uous constraint

Q3(x) = x22 � x1x3 = 0 (11)

and modify respectively the Lagrange function, we radically change the
situation.

New Lagrange function L1 has 3 Lagrange multipliers

u(1) = fu1; u2; u3g
and

L1(x; u
(1)) = L(x; u) + u3(x

2
2 � x1x3)

and K(u) changes for

K1(u
(1)) =

0
@ u1

u2
2

a4�u3
2

u2
2

u3
a5
2

a4�u3
2

a5
2

1

1
A :

It is easy to show that if we choose u3 >
a25
4

and u1 large enough to

make det
�
K1(u

(1))
�
> 0, the matrix K1(u

(1)) becomes positive de�nite so

the function  1(u
(1)) = inf

x
L1(x; u

(1)) has nonempty domain, and we obtain

nontrivial Lagrangian bound  �1 . Moreover, we show later that this bound
is exact, i.e.  �1 = p�6.
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3. Quadratic-type problems for �nding

global minimum of polynomials

Consider a more general problem.
Let P2m(x1) be a polynomial of one variable x1 of even degree 2m with

the eldest coeÆcient 1:

P2m(x1) = x2m1 +

2mX
i=1

a2m�i x
2m�i
1 :

Introduce variables xr = xr1, r = 1; : : : ;m, and represent all monomials xk1 ,
k = 1; : : : ; 2m, as a product of no more than two monomials xr1, 0 < r � m.
We call these representations as feasible. For some k such representations
may be nonunique. So we use so-called "standard" representation:

xk1 =

�
xk for k � m;

xk�mxm for m � k � 2m:
(12)

By using (12) we obtain the "standard" representation of polynomial
P2m(x1) as a quadratic function in variables xr, r = 1; : : : ;m:

P2m(x1) = K0(x1; : : : ; xm) = x2m +

m�1X
k=1

a2m�kxm�kxm +

2mX
k=m

a2m�kx2m�k:

(13)
Consider all possible nonstandard representations of monomials xk1 , 1 <

k � 2m. One may obtain the full system of quadratic-type equalities in the
form:

�ks = xk � xsxk�s = 0; 1 � s � k

2
; 2 � k � m: (14)

�kt = xk�mxm � xtxk�t = 0; t � k � t < m; 2m� 2 > k > m: (15)

For example, if m = 3, we obtain the constraints x2 � x21 = 0; x3 = x1x2;
x1x3 � x22 = 0.

Thus, we have reduced the problem of �nding a global minimum
value P �2m of polynomial P2m(x1) to quadratic-type problem: minimize
K0(x1; : : : ; xm) subject to constraints of the form (14), (15). It is easy to
determine that the number of basic equations necessary to convert the initial
problem of �nding P �2m in equivalent quadratic-type problem is (m� 1):

xk = x1xk�1; 2 � k � m:
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The other constraints from (14), (15) are super
uous. The number of all

constraints from (14), (15) equals to m(m�1)
2

.
Consider the Lagrange function for the quadratic-type problem (13),

(14), (15). Denote by uks the Lagrange multipliers corresponding to equa-
tions �ks = 0 in (14) and by ukt to the equations �kt = 0, from (15). Let
us form the usual Lagrange function L2m(xm; um) for the quadratic-type
problem (13), (14) and (15), where xm denotes the vector (x1; : : : ; xm),
um denotes the vector of Lagrange multipliers corresponding to constraints
from (13), (14). Let formulate the main Theorem.

Theorem 3. The best Lagrangian bound  �m = sup
um

 (um), where  (um) =

inf
xm

Lm(xm; um) is equal to P
�
2m, i.e. this bound is exact.

To prove this fact we use following Lemma.

Lemma 2. The nonnegative polynomial

P 2m(x1) = P2m(x1)� P �2m

can be represented as a sum of squares of real polynomials of degrees not

exceeding m.

Proof. All complex roots of equation P 2m(x1) = 0, if they exist, form
pairs of the form a�+ib� and a��ib�, here a� and b� are real numbers. The
real roots �r, r = 1; : : : ; k; must have the even multiplicity 2Ær otherwise
P 2m(x1) cannot be positive.

Let

f1(x1) =
Y
�

[x1 � (a� + ib�)] = R(x1) + iQ(x1);

f2(x1) =
Y
�

[x1 + (a� � ib�)] = R(x1)� iQ(x1);

where R and Q are real polynomials.
Then

P 2m(x1) = f1(x1)f2(x1)

"Y
r

(x1 � �r)
2Ær

#
=

=

"
R2(x1) +Q2(x1)

#"Y
r

(x1 � �r)
Ær

#2
:
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So the nonnegative polynomial P 2m(x1) can be represented as a sum of
squares of real polynomials of degree not exceeding m. The proof is over.

Instead of monomials xi = xi1, i = 1; : : : ;m, consider another system of
basic polynomial functions which corresponds to moving of origin of x1 by
constant h:

zi = (x1 + h)i; i = 1; : : : ;m; z0 = 1:

We want to expose xr1, i = 1; : : : ; 2m, as quadratic (or linear) functions of
z1; : : : ; zm. Let us use induction in r. For r = 2

x21 = (x1 + h)2 � 2h(x1 + h) + h2 = z2 � 2hz1;

Denote by Qk(z1; : : : ; zm) the representations of x
k
1 (k = 1; : : : ; 2m� 1) as

a quadratic function of variables x1; : : : ; xm. Then

Qk+1(x1; : : : ; xm) = x1Qk(z1; : : : ; zm) = z1Qk(z1; : : : ; zm)�hQk(z1; : : : ; zm):
One may generate the full system of quadratic equalities for monomials zri ,
2 � r � 2m, similar to (14), (15):

zk � zrzk�r = 0 for k � m; r � k

2
; (16)

zk�mzm � zrzk�r = 0 for m < k � 2m; r � k

2
; k � r 6= m: (17)

When we use the recurrent formula (16) some monomials after multiplica-
tion by z1 may possess nonstandard form and we must add the equalities of
the form (16) or (17) with corresponding multipliers to obtain the expres-

sions for x
(k)
1 , k = 1; : : : ; 2m, as a quadratic function of variables z1; : : : ; zm

in standard form.
If we substitute these expressions for xk1 in polynomial P2m(x1) given in

standard form we obtain quadratic function K
(h)
0 (z1; : : : ; zm) represented

the polynomial P2m(x1 + h).

Thus K
(h)
0 (z1; : : : ; zm) coincides with Lagrange function L (z1; : : : ; zm;

Uh(P2m)
�
, where Uh(P2m) is the vector of Lagrange multipliers for equal-

ities (16) and (17), dependent on moving h and coeÆcients of initial poly-
nomial P2m(x1) to be minimized. From previous discussion one may obtain
the following Lemma.

Lemma 3. For an arbirtaty �xed moving h and a polynomial P2m(x1) there
exists a vector of Lagrange multipliers Uh(P2m) such that

L1
�
x1; : : : ; xm; U � Uh(P2m)

�
= L (x1; : : : ; xm; U)) ;
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where L1 is Lagrange function for quadratic representation of polynomial

P2m(x1 + h).

Corollary 1. The best Lagrangian quadratic bounds  �(h) for polynomial
P2m(x1 + h) is equal to  �.

We say that a polynomial P2m(xi) possesses E-property if the best La-
grangian quadratic bound of it  � = min

x1
P2m(xi) = P �2m. It is obvious.

Lemma 4. If the polynomial P2m(x1) of degree 2m with the eldest co-

eÆcient 1 possesses E-property then for arbirtaty h 2 R the polynomial

P2m(x1 + h) also possesses E-property.

Let the point x�1 2 En be a point of global minimum of polynomial
P2m(x1) and P2m(x

�
1) = P �2m. Consider the polynomial P2m(x1) =

= P2m(x1�x�)�P �2m. The nonnegative polynomial P 2m(x1) has its global
minimum value 0 in the point x1 = 0. By Lemma 2 polynomial P 2m(x1)
can be decomposed into a sum of squares of real polynomials of degree not
exceeding m.

P 2m(x1) =

NX
i=1

h
P (i)
m

i2
: (18)

Since P 2m(0) = 0, each of polynomials P
(i)
m (x1) has no constant part.

Let L
�
(x1; : : : ; xm; U) be the Lagrange function for quadratic represen-

tation of P 2m(x1). Set U = 0. Then L
�
(x1; : : : ; xm; 0) = P 2m(x1) and

can be decomposed into a sum of squares (see (18)). Each of polynomi-

als P
(i)
m can be represented as a linear form in variables x1; : : : ; xm, so

min
x
L
�
(x1; : : : ; xm; 0) = L

�
(0; 0; : : : ; 0; 0) = 0, the best Lagrangian quadra-

tic bound is exact.
From Lemma 4 we obtain that the Lagrangian quadratic bound for initial

problem: to �nd a global minimum for polynomial P2m(x1) is also exact.
The proof of Theorem 3 is over.

For polynomials of several variables the situation is more complicated.
Further we shall give a review of main results in the theory of dual quadratic
bounds (with using of super
uous constraints) for polynomials of several
variables.

Let Rn be n-dimensional linear space of real vectors x = (x1; : : : ; xn),
P (x) = P (x1; : : : ; xn) be a polynomial real function de�ned on Rn. Con-
sider the problem of �nding

f� = inf
z2Rn

P (x1; : : : ; xn):
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We will be interested in nontrivial case where f� > �1, i.e. P (x) is
bounded from below. Such polynomials will be called BB-polynomials. It
is clear that if P (x) belongs to BB-class, then for any i, 1 � i � n, the
highest degrees Si of variables xi must be even. Note that the problem of
the BB-property is in general similar by its computational complexity to
the problem of �nding f�.

Let Si = 2li, i = 1; : : : ; n, and P (x) be recorded in a standard form as a
sum of monomials with some real nonzero coeÆcients. For compact record
of monomials we use a vector of degree � = (�1; : : : ; �n) with nonnegative
integer entries and symbols R[�] of the corresponding monomials.

R[�] = x�11 ; : : : ; x�nn ; �i � Si; i = 1; : : : ; n:

So

P (x) =
X
�

c�R[�] in new variables, 0 � �i � 2li; i = 1; : : : ; n: (19)

Let all monomials of polynomial P (x) = P (x1; : : : ; xn) have maximal
degree on variable xi equal 2li (i = 1; : : : ; n). Consider \feasible" monomials
R[�] =

Qn
i=1 x

�i
i , where �i � li, i = 1; : : : ; n.

For each monomial R[�] choose the \standard" representation of mono-
mial R[�] as a product of two feasible monomials:

R[�] = R[�1(�)] �R[�� �1(�)];

�1(�); (� � �1(�)) � 0:

Moreover, an integer vector

�1(�) � �� �1(�) � 0;

or
�1(�) � �

2
:

Consider for each monomial R[�]; �i � 2li; i = 1; : : : ; n the full set of
quadratic-type equalities in feasible R-variables of the form:

R[�1(�)] � R[�� �1(�)]�R[�] �R[�� �] = 0; (20)

where � runs all possible values of integer feasible vectors, not equal �1(�),
such that

� � �� � � 0, so � � �

2
:
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We obtain the \full" set of constraints if we record the equations of the type
(20) for all � = (�1; : : : ; �n); �i � 2li; i = 1; : : : ; n.

Using the full family of equalities of the type (20) one can get all possible
representations of polynomial P (x1; : : : ; xn) as quadratic function in feasible
R-variables:

P (x1; : : : ; xn) = L(R; u) =
P
� c�R[�1(�)] �R[�� �1(�)]+

+
P
�;� u��(R[�1(�)] � R[�� �1(�)]�R[�] �R[�� �]);

(21)

where u�� are arbitrary multipliers in the left part of equalities (20) with
corresponding f�; �g; c� are coeÆcients in usual representation P (x) in (19).

On the other hand, we can consider L(R; u) as a Lagrange function of
quadratic-type problem in feasible variables R(�):

to minimize

P (x1; : : : ; xn) =
X
�

c�

nY
i=1

x�ii =
X
�

c�(R[�1(�)] � R[�� �1(�)])

subject to the full set of constraints of the form (20), u = fu��g are Lagrange
multipliers.

Our aim is to �nd conditions when

 � = sup
u

"
inf
R
L(R; u)

#
= P � = min

x
P (x):

These conditions are formulated in

Main Theorem. Let polynomial function in n variables P (x) reaches
the global minimum at point x� and P (x�) = P �.

Then a dual quadratic bound  � = P � if and only if the nonnegative

polynomial P (x) = P (x) � P � can be represented as a sum of squares of

polynomials, which have only feasible monomials.

Proof of the Main Theorem. We say that a polynomial P (x),
min
x2En

P (x) = P (x�) = P �, posesses E-property if Lagrangian quadratic

bound is exact i.e.  � = P �. To prove the Main Theorem we use the next

Lemma. If polynomial P (x); x 2 En posesses E-property then for ar-

bitrary a 2 En the polynomial Pa(x) = P (x+ a) also posesses this property

(see [33]).

Due to the previous Lemma one can suppose without loss of generality
that optimal point is x� = 0.
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Let BB-polynomial P (x)�P � is represented as a sum of squares of real
polynomials Ri(x), i = 1; : : : ; k, i.e.

P (x) =
kX
i=1

[Ri(x)]
2:

Replace each monomial M�i contained in polynomial Ri(x) by the cor-
responding feasible variable R[�(i)]. The output of [Ri(x)]

2 for each i can

be represented as a sum of monomials of the form C
(i)
s C

(t)
t R[�(it)]R[�(is)].

After summing the similar terms, one obtains for each possible R[�] the
corresponding coeÆcient

C� =
X
i

X
(s;t)

C(i)
s C

(i)
t ;

where pairs (s; t) are such that �(i;s) + �(i;t) = �.
Choose Lagrange multipliers in expression for L(R; u) (21) equal to zero.

Then the value of corresponding Lagrange function L(x; u) coincides with
the objective function. Since the objective function minus P � is a sum
of squares, the corresponding representation of a quadratic part in R[�]
variables is positive semide�nite, so u = 0 belongs to dom  . x�(0) is a
solution of linear system of equations in variables R[�]:

Qi[R] = 0; i = 1; : : : ;m:

The optimal value of the function P (x) equals to zero, i.e. P (0). So,
due to the Lemma, P (x) can be represented as a sum of squares of real
polynomials. P (x) posesses E-property.

Continue the proof of the Main Theorem. Let polynomial P (x) posesses
E-property and min

x2En

P (x) = P (x�) = P �. This polynomial P (x) = P (x)�
P � takes its minimum at the same point x� and P (x�) = 0. Since P (x)
posesses E-property there exists u� such that for the corresponding quadra-
tic-type problems in variables R[�] Lagrange function L(R; u), when u = u�

is positive-semide�nite in R-variables, so it can be represented as a sum of
squares of linear functions in feasible R-variables

L(R; u�) =
kX
i=1

flu�i [R]g2:

Instead of each term of such de�ned linear functions in R[�] variables one
can substitute corresponding possible feasible monomials in x variables. So
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we obtain the representation P (x) in the form

P (x) =
kX
i=1

(
[
nX
i=1

cijMij(x)]
2

)
;

where fcijgki=1 are vectors of coeÆcients of linear functions lu
�

i , i = 1; : : : ; k,
Mij(x) are corresponding monomials. So P (x) can be represented as a sum
of squares of real polynomials.

The Main Theorem is proved.
A great mathematician D.Hilbert [21] considered the problem of repre-

sentation of nonnegative polynomial forms as a sum of squares polynomials
more than hundred years ago. He proved that if dimension n = 1 or 2, ar-
birtrary nonnegative forms (homogenious polynomials) can be represented
as a sum of squares. If n = 3 and the number of variables � 3, also the
corresponding nonnegative forms can be represented as a sum of squares.
But if n = 3 and degree 2m � 4 there exist nonnegative polynomial forms
which cannot be represented as a sum of squares. Our approach gives a
possibility not only to determine whether a given nonnegative polynomial
can be decomposed in a sum of squares, but to �nd such decomposition if it
exists using the described above algorithm of �nding Langrangian quadratic
bounds with use of full set of super
uous constraints.

4. Quadratic-type models and upper bounds

for the problems of �nding the maximum

weighted independent set in graphs

Let an undirecred graph G(V;E) be given: V = f1; : : : ; ng is the set of
vertices, E is the set of edges; (i; j) 2 E is the edge with end points i and
j belonging to V , (i; j) and (j; i) are equivalent symbols. The subset I � V

is called independent (stable) if there is no pair i and j such that i; j 2 I

and (i; j) 2 E, i 6= j.
A subset K � V is called a clique if for all pairs (i; j) 2 K, (i; j) 2 E,

i 6= j.
Denote by AG = faijgni;j=1 the adjacency matrix of G(V;E):

aij = 1; if (i; j) 2 E; aij = 0; if (i; j) 62 E:
The complement graph to G(V;E) is G(V;E) with the same vertex set

and

E = f(i; j); i 6= j=(i; j) 2 E; if (i; j) 62 Eg:
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The graph G(V;E) may be vertex weighted if for every i 2 V the weight
wi � 0 is given.

Let w = fwigi2V . For a subset S � V we de�ne W (S) (weight of S) as

W (S) =
X
i2S

wi:

We call

G(S) = G(S;E \ S � S)

the subgraph ofG(V;E) induced by S. The maximum weight clique problem
is to �nd a clique of maximum weight.

The maximum (weight) independent (stable) set problem is to �nd an
independent set of maximum cardinality (of maximum weight). The size
of a maximum independent set is the stability number of G, denoted by
�(G). The maximum weight independent set is denoted by �w(G). It is
easy to see that S is the clique of G if and only if S is an independent set
of complement graph G. So, any result obtained for one of the mentioned
problems can be reformulated for another problem. Both of these problems
are NP -complete for the class of arbirtrary graphs. But for some speci�c
classes of graphs the polynomial-time algorithms were constructed.

The weighted maximum stable set problem in graphs can be formulated
as the following 0{1 problem: to �nd

�w(G) = max(w; x); x = fx1; : : : ; xng; (22)

xi + xj � 1 for all (i; j) 2 E; (23)

xk 2 f0; 1g for all k 2 V: (24)

We introduce the stable set polytope

STAB(G) := convfxS 2 RV jS � V is a stable set g
de�ned as the convex hull of the incidence vectors of all stable sets of vertices
of G. �w(G) is equal to the maximum value of linear function (w; x) on
convex polytope STAB(G). Of course, it is very useful to represent the
STAB(G) by a system of linear inequalities. Unfortunately, in general case,
it is a very hard problem. Therefore we consider some particular cases.

The linear relaxation of the problem (22){(24) is to �nd:

�1(G; V ) = max(w; x); (25)

xi + xj � 1;8(i; j) 2 E; (26)
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0 � xk � 1; k = 1; : : : ; n: (27)

Theorem [20]. The inequalities (26), (27) give full description of STAB(G)

if and only if G is bipartite. Hence, for bipartite graphs the problem (22){

(24) can be solved in polynomial time, as LP problem, if weights are rational.

The minimal graphs for which inequalities (26), (27) are not suÆcient to
describe STAB(G) are the odd circuits. In fact, if G(V;E) is an odd circuit
then jV j = 2m+1, and the point xi =

1
2
; i 2 V satis�es the inequalities (26),

(27) but does not belong to STAB(G). So we can propose a new class of
linear inequalities valid for STAB(G), so-called odd circuit constraints,

X
i2V (C)

xi � jV (C)j � 1

2
for each odd circuit C; (28)

where V (C) is the set of vertices that lie in the circuit C.
Let us call the graph t-perfect if (26), (27) and (28) are enough to de-

scribe STAB(G).
In general case we do not know whether the problem of checking the

t-perfectness is in NP or in P. Despite this fact a maximum weight stable
set in a t-perfect graph can be found in polynomial time by using a slight
modi�cation of the ellipsoid method (see [20], p.276). This problem is re-
duced to the LP-problem (25){(27), (28) with possibly exponentially many
odd circuits constraints (28). But for obtaining cutting plane in the ellip-
soid method it is enough to have one constraint of type (28) that is not
satis�ed for a given x. The search of such constraint is equivalent to �nding
the shortest weight odd circuit. For the last problem there exist polynomial
time algorithms ([20], p.236).

A partition of V into stable sets (cliques, respectively) is called a col-
oring (clique covering, respectively) of G. The coloring number (respec-
tively, clique covering number) is the smallest number of stable sets in a
coloring (respectively, cliques in a clique covering) of G, and is denoted by
�(G) (respectively, �(G)). It is clear that

�(G) = �(G):

Each stable set in G has no more than one representative in each clique,
hence, we have the inequality:

�(G) � �(G):

Similary we obtain
!(G) � �(G);
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where !(G) is a clique number of graph G. Berge called a graph G perfect

if the equality
!(G0) = �(G0)

holds for every induced subgraph G0 of G. The �rst Berge conjecture about
perfect graphs was the following [5], [6]: The complement of a perfect graph

is also perfect. This was proved by well known Hungarian mathematician
Lov�asz in 1972 [25]. In 1962 Berge also proposed the Strong Perfect

Graph Conjecture. The graph is perfect if and only if it or its comple-

ment, does not contain an odd circuit of length at least �ve as an induced

subgraph. This conjecture is still unsolved.
In [24] L. L�ovasz proposed and proved some interesting upper bounds

for �(G), which are exact for the class of perfect graphs. Similar results one
may �nd in [26], [31]. Further these results were generalized for a weighted
problem of �nding �w(G) (see [20], chapter 9.3).

Below we shall formulate two general extremal matrix problems studied
while �nding upper bounds �w(G) for the weighted independent set problem
(see [20], x9.3).

I. Let G = fV;Eg be a graph, jV j = n, w = fwigni=1 be a vector of
vertex weights. Consider F , the class of symmetric matrices n � n S(y) =
fsij(y)gni;j=1 dependent of parameter vector y = fy1; : : : ; yng, which have
following properties for arbirtrary y 2 Rn:
(a) sij(y) = 0, if (i; j) 2 E;
(b) the matrices S(y) 2 F are positive semide�nite;

(c)
nP
i=1

sii(y) = 1.

The problem of �nding Lagrangian bound �w(G) was reduced to the
following extremal problem: to �nd

max
fy:S(y)2Fg

nX
i;j=1

p
wiwj si(y) sj(y):

II. The other upper bounds equal to the �rst one has the form:

#w(G) = min
A2�n

�max[A+W ]; (29)

where �n is the class of symmetric n � n matrices, A = faijg, aii = 0 for
all i 2 V , aij = 0 for all i; j nonadjacent in G, W = fpwi � wj ; i; j 2 V g,
�max(�) denotes the maximal eigenvalue.
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Since �max(X) is a nondi�erentiable convex function of entries X , the
problem (29) is a typical problem of nondi�erentiable optimization and may
be solved particularly by r-algorithm. In the case when all weights are 1,
the problem (29) is reduced to minimization of maximal eigenvalue on some
set of matrices with variable entries. The upper bounds (I) and (II) for
�w(G) were obtained by speci�c technique of coding theory, namely, by
orthonormal representation of graphs (see [24], [20]).

These investigations were stimulated by works of C. Shannon, founder
of classical information theory (see [30]). In this paper C. Shannon give
the notion of information capacity of graph, which is connected with the
problem of speed of trasferring long messages, in which some symbols can
be mixed. He proposed a linear upper bound for information capacity of
graph:

�(G) = max

nX
i=1

xi; (30)

X
i2S

xi � 1; for an arbitrary clique S 2 G; (31)

0 � xk � 1; k = 1; : : : ; n: (32)

(Here G(V;E) is a graph, V is a set of symbols and E is a set of edges,
corresponding to mixed symbols.) For perfect graph such estimate is exact
and coincides with L�ovasz �w(G) bounds.

We can obtain the same bounds using quadratic-type formulation of the
problem of �nding maximal weighted stable set in graph G and calculating
corresponding Lagrangian bounds.

Namely, let the graph G = (V;E), jV j = n, w = fwigni=1 (the vector of
weights) be given. Consider the quadratic-type problem:

to �nd

�w(G) = max
nX
i=1

wixi (33)

subject to constraints:

x2k � xk = 0;8k = 1; : : : ; n (boolean property) (34)

xixj = 0;8(i; j) 2 E: (35)

Let u = (fukgnk=1; fuijgi;j 2 E) be a vector of Lagrange multipliers. Con-
sider the optimal Lagrangian bound

�w(G) = inf
u
sup
x
L(x; u):
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In our case the function  (u) = supL(x; u) has nonempty domain. As
proved in [33], �w(G) has the same value, as L�ovasz's bounds.

These bounds are exact for arbitrary weights if G is a perfect graph. For
nonperfect graphs one can �nd such weights, that corresponding bounds are
not exact.

Thus, using a natural quadratic-type formulation of the problem of �nd-
ing maximal weight stable number in a graph and applying to this problem
standard technique of �nding Lagrangian bounds we get the same results
as obtained by using \speci�c" approach of orthonormal representation of
graphs.

Consider dual quadratic Lagrangian bounds �w(G) for �w(G). We want
to improve such bounds. For this aim one may use super
uous quadratic
inequalities in the problem formulation, for example

xi xj � 0 for all (some) nonadjacent pairs (i; j) (36)

or
xk(xi + xj) � xk; for any k and (i; j) 2 E; (i; j; k) 2 V: (37)

The corresponding modi�cation of Lagrange functions may lead some-
times to more precise dual bound for �w(G) without essential complication
of calculations. So, if we add to the constraints (34), (35) the constraints of
the form (36), (37) we then take into attention not only clique constraints
(31) but also the odd circuit constraints (28).

Even if we use only one trivial family of super
ous inequalities (36) we
can considerably improve the dual upper bounds for �w(G) in some cases.
The corresponding Lagrange function L1(x; �) can be constructed as follows:

L1(x; �) =

nX
i=1

wixi +
X

(i;j)2E

�ijxixj +

nX
k=1

�k(x
2
k � xk)�

X
(i;j)2E

�
(1)
ij xixj ;

where � = ff�kgnk=1; f�ijgi;j2E ; f�(1)ij gi;j2E .
Let

'1(�) = sup
x
L1(x; �); '�1(G) = inf

�2
+
'1(�)

(here 
+ is the domain of function '1 in �).
There are some graphs G for which the upper bound '�1 for �(G) is

much better than �(G). For example, let vertices of graph G6 = (V;E)
correspond to the integer numbers from 0 to 63, written in binary codes
of length 6, and two vertices v1; v2 are joined by edge if Hamming dis-
tance d(v1; v2) is no more than 3. It is easy to show that �(G6) = 4 (see
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[26]) ( for instance the maximum stable set is : fv1 = (000000); v2 =
(111100); v3 = (110011); v4 = (001111)g. It was calculated, that �(G6) =
16
3
, but '�1(G6) = 4. It is a bright example of the fact that adding of su-

per
uous constraints to nonconvex problem may considerably improve the
dual (Lagrange) bound.

The number of constraints (36) is large, but we may use the fact, that
in optimal solution the di�ererent dual variables, corresponding to pairs
(i; j), which have the same Hamming distance, are equal. Due to this fact
in our example the number of dual variables for the constraints (36) can be
reduced to 6 variables. The results of numerical experiments one may �nd
in [33], p.259, [36].

5. Using of the Fan Ky theorem

for obtaining dual bounds

in some problems of graph theory

The Lovasz's estimate �w(G) may be obtained also in the following way. Let
G = (V;E) be a simple undirected graph without loops, V = f1; : : : ; ng.
Denote by x(S) = fxi(S)gni=1 the indicator vector of the subset S � V . Let
W = fpwiwjgi;j2V be a n� n- matrix, u = fuijgi;j2E ;

AG(u) = fuij ; (i; j) 2 E; 0; otherwiseg

be a subclass of symmetric n � n matrices. For arbitrary S � V consider
an n-dimensional vector

w(S) =

8<
:

p
wiqP
j2S wj

; i 2 S; 0; otherwise
9=
; :

Note that kw(S)k = 1, and for arbitrary u and a stable set S

(W +AG(u)w(S); w(S)) = (Ww(S); w(S)) =

P
i;j2S wiwjP
k2S wk

=
X
i2S

wi: (38)

Let �G(u) be the maximal eigenvalue of M(u) = W + AG(u). From (38)
one can obtain:

�w(u) = �1[W+AG(u)] = max
fz:kzk=1g

(M(u)z; z) � (M(u)w(S); w(S)) =
X
i2S

wi
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for arbitrary u and a stable set S. So, �w(u) is an upper bound for the
maximum weight of stable sets for every u.

Thus, �w(G) = minu �1(W +AG(u)) � �w(G) is a well known estimate
of Lovasz.

In a similar way one can obtain the upper bound for �(k)(G), where
�(k)(G) is the size of the largest induced k-partite subgraph of G = (V;E),
i.e. the maximum number of nodes, that can be covered by k subsets of V
so that no edge has both ends in any subset.

Let S1; S2; : : : ; Sk be k pairwise nonintersecting stable subsets of V .

Introduce the family of n-dimensional vectors fYrgkr=1; Yr = (y
(1)
r ; : : : ; y

(n)
r ),

y(i)r =

(
1p
jSij

; i 2 Sr; r = 1; : : : ; k;

0 ; otherwise

Vectors Yr; r = 1; : : : ; k, form an orthonormal system. Denote by Y (k) the
n� k matrix with columns Yr; r = 1; : : : ; k.

Let AG(u); u = fuijg(i;j)2E , be the parametric family of symmetric
n� n matrices with entries aij(u)

aij =

�
uij ; if (i; j) 2 E;
1 ; otherwise.

It is easy to verify that for arbitrary u, tr
�
A(u)Y (k)[Y (k)](t)

�
=
Pk
r=1 jSrj.

Due to Fan Ky Theorem (Theorem 1), maxY 2Mn;k
tr[A(u)Y Y (t)], where

Mn;k is the class of matrices n� k with orthonormal system of k columns,
is equal to the sum of k largest eigenvalues of symmetric matrix A(u).

So,

Sn;k(A(u)) =

kX
r=1

�r[A(u)] �
X
r=1

jSrj

for arbitrary u and any k-partite induced subgraph of G with stable sets
S1; : : : ; Sk. Thus,

�(k)(G) = min
u
Sn;k(A(u)) � �(k)(G): (39)

Calculation of �(k)(G) is the problem of nonsmooth convex optimization and
can be solved by subgradient-type methods, particularly, by r-algorithm.
Procedure of �nding of a subgradient is describe in section 1. of this article.

The upper bound (39) for �(k)(G) was �rst derived by Narasimhan and
Manber in [27]. When k = 1, one obtains the Lovasz's estimate �(G) for
the stable number �(G).
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Calculation of �(k)(G) is reduced to the minimization of jEj-dimensional
convex nonsmooth function of matrix parameters u, which enter into matrix
aÆnely.

If �(k)(G) = jV j = n, it means that graph G = (V;E) has a true vertex
colouring in k colours. So if �(k)(G) < n the graph G cannot be coloured
by k colours. Thus, we can use the upper bound �(k)(G) for studying some
of the colouring problems.

The problem of minimizing weighted sums of the k largest eigenvalues
of a parametric family of symmetric matrices has many combinatorial ap-
plications. The best known of them is the graph partitioning problem. The
problem is to divide n nodes of a given graph G(V;E) into k disjoint sub-
sets with given cardinalities m1 � : : : � mk in a way to minimize the total
number of edges connecting di�erent subsets. The problem is NP-hard and
therefore we have no hope to get a computationally \good" algorithm for
its precise solution in general case. But Donath and Ho�man proposed in
[13], [14] an e�ective lower bound for this problem that gives us possibility
to obtain good enough approximate solutions or test the accuracy of the
solution that can be received by other relatively simple heuristic methods.

Let Skn(x) =
Pk
i=1 �i(A(x)) be a sum of k largest eigenvalues of matrix

A(x).We know that Skn(x) is a convex function in x. In the case of graph
partitioning problem the variables x are contained only in diagonal elements
of A(x). The lower bound for the partitioning problem given in [13], [14] is:

��(A;m) = �1

2
s�; (40)

where s� is the solution of the following problem: minimize

Skn(x;m) =

kX
i=1

mi�i(A0 +D(x)) (41)

subject to the constraint trD(x) = 0;

where the nondiagonal elements a0ij of the symmetric matrix A0 are equal
to one, if the i-th and j-th nodes are connected, and zero-otherwise; the
diagonal elements are de�ned by

a0ii = �
nX

j=1;j 6=i

(a0ij); i = 1; : : : ; n;

D(x) is a diagonal matrix with elements

dii = xi; i = 1; : : : ; n;

nX
i=1

xi = 0:
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Note that m1 � m2 � : : : � mk, therefore due to Lemma 1 the problem
(41) is the problem of convex programming.

The problem (41) is a special case of minimization of the weighted sum
of largest eigenvalues of parametric family of matrices (see Section 1.).

One can give a more general formulation of the graph partitioning prob-
lem (GPP) by introducing nonnegative weights of edges. As earlier we have

a set of integers m1 � m2 � : : : � mk with
Pk
j=1mj = n. Denote by m the

k-vector made up of mj-s.
LetG = (V;E) be a complete graph with jV j = n and each edge (i; j); i <

j has weight wij � 0. We want to part a set of vertices V into k subsets
such that the j-th subset has a prescribed cardinality mj ; and that sum
of the weights of those edges whose endpoints are in di�erent subsets is
minimized. Let us denote this minimum value by �m(G). Let W = faijg
be a matrix with aij = wij ; i < j, and aii = 0; i = 1; : : : ; n.

Donath and Ho�man [13] also proved the following inequality

�m(G) � UWm (G) = �1

2
min
x

kX
j=1

mj�j(W + diag(x))

subject to constraint
nX
i=1

xi = �
X

(i;j)2E

wij :

We can use subgradient-type methods for calculating the lower bounds for
�m(G).

The �rst practically eÆcient algorithm for obtaining the lower bounds
for graph partitioning problems using the minimization of Skn(x;m) (see
(41)) was proposed in [9] by Cullum et al. for equal mi; i = 1; : : : ; k. They
noticed that the problem (41) is a problem of nondi�erentiable optimization
and, moreover as a rule, the optimum point is the point of nondi�erentia-
bility of minimized function. Their method is based on idea of smoothing
the function Skn(x;m) by using information not only about the k largest
eigenvalues and corresponding eigenvectors, but also the information about
other eigenvalues and eigenvectors, if they are slightly di�erent from k-th
eigenvalue.

We used for this purpose one of the modi�cations of the subgradient-type
method with space dilation in the direction of di�erence of two successive
subgradients (r-algorithm) and obtained good results in test experiments
(see [33]). The technique for calculation of subgradients is described in the
section 1 of this article.
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When n is even, k = 2, and m1 = m2 = n
2
, the graph partitioning

problem can be reduced to the so-called graph bisection problem that can
be considered as max-cut problem with one additional constraint.

6. Lagrangian bounds for the maximum cut

problem

One of the most bright examples of using quadratic super
uous constraints
for improving dual bounds in quadratic-type problems is connected with
the max-cut problem.

Let G(V;E) be an ordinary graph with the vertex set V = f1; : : : ; ng and
the edge set E = f(i; j) = (j; i)g, where (i; j) is the edge, linking vertices
(i; j). The weight function W is given by symmetric n� n matrix

W =

(
0 for (i; j) 62 E;
wij for (i; j) 2 E:

Let the vertex set be divided into two nonempty nonintersecting parts
V1 and V2: V = V1

S
V2. We say that the edge (i; j) belongs to the cut

R(V1; V2) if this edge have its ends in di�erent subsets of subdivision V =
V1
S
V2. We must �nd such partition V = V1

S
V2 that the sum of weights

of all edges, belonging to the corresponding cut, is maximal.
The max-cut problem is NP-complete, it is proved [37] that it preserves

this property even for class of graphs with degrees of vertices not exceeding
3. But for the subclass of the so-called weakly bipartite graphs the max-cut
problem with positive weights of edges can be solved by polynomial-time
algorithm.

Let G = (V;E) be a graph and F � E be an edge subset. The vector
yF 2 RE with yFe = 1 if e 2 F and yFe = 0 if e 62 F is called the incidence
vector of F . The polytope PB(G) := convfyF 2 RE j(V; F ) is a bipartite
subgraph of Gg is called the bipartite subgraph polytope of G. It is
clear that for positive edge weights W (e); e 2 E, every optimum basic
solution of the linear program

max(W; y); y 2 PB(G);
corresponds to a cut.

Consider the trivial inequalities:

0 � ye � 1: (42)
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The inequalities (42) determine PB(G) completely if and only if G is bipar-
tite. Consider any odd cycle C in a graph G. It is obvious that full edge set
of C cannot belong to a cut. So, one can formulate for an incidence vector
y of a cut the following odd cut inequalities:

y(C) :=
X
e2C

ye � jCj � 1; C is an odd cycle in G: (43)

De�nition 1. A graph G(V;E) that has the property: PB(G) = fy 2 RE jy
satis�es all inequalities (42) and (43) g is called weakly bipartite.

In [20] (see chapter 9.3) the polynomial time algorithm is given for check-
ing the feasibility of the vector fylgl2E; 0 � yl � 1 for weakly bipartite
graphs. This algorithm gives also the odd cycle for which constraint (43) is
not ful�lled, if such cycle exists.

Thus, one may use the ellipsoid method for �nding a maximal cut for
weakly bipartite graph with positive weights (see [20]). But this algorithm is
not good for practical calculations, because it is very complex and converges
slowly. Therefore we consider below quadratic-type formulation of max-cut
problem.

Let xk 2 f�1; 1g be a binary variable corresponding to the vertex k

(k 2 f1; 2; : : : ; ng),

xk =

(
�1; if xk 2 V1;
+1; if xk 2 V2:

Without loss of generality one can assume that the graph G(V;E) is full.
In this case the value of cut may be represented in terms of binary variables
as a quadratic function:

f(x;W ) =
1

8

X
(i;j);i 6=j

wij(xi � xj)
2 =

1

4
(
X
(i;j)

wij �
X
(i;j)

wijxixj):

Since max f(x;W ) subject to constraints x2k � 1 = 0; k = 1; : : : ; n,
equal to 1=4

P
(i;j)

wij �min
x

P
(i;j)

wijxixj subject to the same constraints, the

max-cut problem can be reduced to the quadratic-type problem:

to �nd

S(W ) = min
x

nX
i;j=1

wijxixj (44)
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subject to constraints

x2k � 1 = 0; k = 1; : : : ; n: (45)

Denote by R�(W ) the optimal value of the max-cut. Due to (44), (45)

R�(W ) =
1

4

0
@X

(i;j)

wij � S(W )

1
A : (46)

Let u = fu1; : : : ; ung be the vector of Lagrange multipliers corresponding
to equalities (45). Then Lagrange function L(x; u) of reduced problem (44)-
(45) has the form

L(x; u) = (W (u)x; x)�
nX
k=1

uk;

where

W (u) =W + diag u;

(diag u is a diagonal matrix with the components dii = ui; i = 1; : : : ; n).
Let �min(A) denotes the minimal eigenvalue of matrix A.

The quadratic part of L(x; u) is a gomogeneous quadratic in x function,
so

inf
x
L(x; u) =

( �1; if �min(W (u)) < 0;

�
nP
k=1

uk; if W (u) � 0; i.e. �min(W (u)) � 0:

Consider

'� = min
nX
k=1

uk; W (u) � 0:

By using an exact nonsmooth penalty function (see [7], Chapter 4), the
problem of �nding '� is reduced to an unconstrained optimization of non-
di�erentiable function

f(u; s) =
nX
k=1

uk + s

"
��min(W (u)

#
; (47)

where

��min =

(
0; if �min � 0;
�min; if �min � 0;
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s is a penalty multiplier. One can prove, that if s � n, the problem of
minimization of f(u; s) is equivalent to the problem (47).

One can solve problem (47) by using r-algorithm. After obtaining an
optimal value of (47) S(W ) we can obtain the upper bound for the optimal
cut value, using (46).

The alternative approaches for �nding upper bounds of the max-cut
problems are represented in [14],[2], [10]. In articles [1],[22] the bounds
similar to ours are obtained by using another technique. In [16] it is shown
how to describe the max-cut problem in terms of semide�nite programming.

Consider a weighted graph G = (V;E) with even number of vertices:
jV j = n = 2s. The bisection problem for G can be formulated as follows:

maximize f(y) =
1

4
(
X

(i;j)2E

wij �
X
i;j2E

wijyiyj) (48)

subject to constraints:

y2i � 1 = 0; 8i 2 V = f1; : : : ; ng; (49)

nX
i=1

yi = 0 (50)

(for feasible solution y the number of yi having value 1 must be equal to
number yi having value -1). One may propose several ways for obtaining
upper bounds for the problem (48){(50):

(i) use an estimate of the type (40), (41) with m1 = m2 = s;

(ii) due to (50), yn =
Pn�1

i=1 yi. Set ~y = fy1; : : : ; yn�1g.
Consider the problem in variables ~y which is equivalent to the problem
(48){(50):

maximize f(~y) =
1

4
(
X

(i;j)2E

wij �
X
i;j2E

[wijyiyj�
n�1X
i=1

win(yiyn+ynyi)]

(51)
subject to constraints:

y2i � 1 = 0; 8i 2 f1; : : : ; n� 1g; (52)

(

n�1X
i=1

yi)
2 � 1 = 0: (53)
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One can construct Lagrange function for the problem (51){(53) in the
form:

L(~y; u) = �f(~y) +
n�1X
i=1

ui(y
2
i � 1) + un[(

n�1X
i=1

yi)
2 � 1]

and consider a marginal function

 (u) = inf
~y
L(~y; u):

 (u) is convex function, and dom  � 

+
, where 
 + (
+) = fu 2

Rn : L(~y; u) is convex (strictly convex) function in ~y for �xed ug.
Since L(~y; u) has no linear in ~y terms

 (u) = �1

4
W +

nX
i=1

ui; if u 2 dom  ;

where W =
Pn
i;j=1 wij .

Let Q(u) be a matrix of the quadratic part of L(x; u). Let  � =
sup

u2dom  
 (u)

 � = sup
u2
+

 (u) = fsup (u) : Q(u) � 0g:

Thus the upper dual bound '� for the maximum bisection problem
(48){(50) can be calculated by solving the following problem:

�nd  � = min[

nX
i=1

ui +
1

4
w] (54)

subject to constraint:
�n[Q(u)] � 0: (55)

The convex programming problem (54), (55) can be solved by appli-
cation of r-algorithm for nonsmooth penalty function

'p(u) =
1

4
w +

nX
i=1

ui + s�+n [Q(u)];

where

�+n (u) =

�
�n(u); if �n(u) < 0;
0; if �n(u) � 0;

s > 0 is a penalty multiplier;
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(iii) the bisection problem (48){(50) can be approximately reduced by use
of quadratic-type penalty s(

P
ui)

2 for constraint (50) to usual max-
cut problem with other weights:

wcij = wij + s;

where s is a penalty multiplier.

The max-cut problem may be formulated also as the problem of linear
programming in edge Boolean variables y = fyijgni;j=1;i6=j , yij 2 f0; 1g(yij =
1, if (i; j) belongs to the cut R(V1; V2), and 0 in the opposite case) (see [3],
[4], [19]).

Let M(G) be the convex hull of all feasible solutions of the max-cut
problem in edge variables fyijg. So, one may reformulate the max-cut
problem as a linear programming problem: to �nd

l�(G;W ) = max
y2M(G)

X
(i;j)

wijyij :

Edge variables yij and vertex binary variables are linked by simple for-
mula:

yij =
1� xixj

2
for all yij ; i 6= j: (56)

In a large graph the set M(G) has tremendous number of faces. But for
special graphs all its faces can be described in compact form. For example, if
graph is planar, for each triangle fi; j; kg, one may write down the inequality

yij + yjk + yik � 2: (57)

Barahona and co-workers [3, 4] generalized the algorithm for planar
graphs on the family of graphs not contractible to graph K5 (5- clique).

Denote by y(N) the sum
P

(i;j)2N

yij , where N is a set of edges. Using this

notation we can record more general family of inequalities of the following
form:

y(F )� y(C n F ) � jF j � 1 for all circuits

C of G and subsets F � C with jF j odd: (58)

These inequalities are valid for M(G).
Barahona and co-workers [3], [4] have shown that the solution set of

(58) is equal to M(G) if and only if G has no subgraphs contractible to K5
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(K5 is 5-clique). There is a simple algorithm (see [20], x8.3, p.235-236) for
verifying validation of system (58) for given y (0 � yij � 1 for all (i; j)).

We construct a new graph H = (V 0
S
V 00; E0

S
E00
S
E000), consisting of

disjoint copies G0(V 0; E0) and G00(V 00; E00) of G and an additional edge set
E000 that contains the edges u0v00; u00v0 for each uv 2 E . The edges u0v0 2 E0
and u00v00 2 E00 get the weight yuv0 while the edges u0v00 and u00v0 2 E000 get
the weight 1� yuv . For each node u 2 V we calculate a shortest path (with
respect to weights just de�ned). Such a path contains an odd number of
edges of E000 and corresponds to a closed walk in G, containing u. Clearly, if
the shortest of these [u0; u00]-paths has the length equal at least one, then y
satis�es (58), otherwise there exists a cycle C and a set F � C, jF j odd, such
that y violates the corresponding inequality. Such linear in y inequalities
can be converted by substitution (56) in quadratic inequalities in binary
variables x which may be added to the set of obtained earlier inequalities
in x as super
uous constraints. So we described one of the possible ways
to generate the super
uous inequalities for model (44). Further adding of
super
uous constraints as a rule essentially improves dual quadratic upper
bounds for the max-cut problem. In combination with heuristic methods of
constructing feasible cuts such approach allows to obtain an exact solution
for graphs with integer weight matrix which subgraphs are not contractible
to K5 ([3], [20]). A more detailed description of corresponding algorithm
one can �nd in [33], x8.1.

Thus, in the case of weakly bipartite graphs the max-cut problem with
positive weights of edges reduces to LP problem but the number of inequal-
ities of the type (42) may increase as exponential function of the size of
a graph. To overcome this diÆculty for obtaining a polynomial time al-
gorithm of solving the max-cut problem in the mentioned above case one
can use the ellipsoid method. Certain steps of this method need to solve
the problem of �nding the odd cycle of minimum weight for checking the
feasibility of the inequalities (42). The search of such a cycle can be reduced
to at most n applications of the algorithm of �nding the shortest even path
in a weighted graph (see [20], chapter 8.4).

The quadratic dual bound for the max-cut problem in the case of weakly
bipartite graphs is not always exact, but if all weights are nonnegative, the
following estimate is proven.

Theorem 4. Let G be a weakly bipartite graph with non-negative weights.

Then

'(G) � 5
p
5(1 +

p
5)

32
mc(G):
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In [18, 15] there was proposed a way of generating "good" feasible
solutions for the max-cut problem using the eigenvectors associated with
�n(W + diag(u)) where u is an approximation of u�. Let s(u) = fsi(u)gni=1
be an eigenvector associated with �n(W + diag(u)): Write its entries in a
nonincreasing order:

si1(u) � si2(u) � : : : � sin(u):

For di�erent k; 1 � k � n; construct the partition of V :

V = S(k) [ (V nS(k));

where S(k) = fi1; : : : ; ikg; and �nd maxk c(S(k)) = c(S(k)), where c(S(k))
is the value of cut corresponding to two subdivisions: S(k) and V nS(k).
Choose a feasible vector y(s(u)) corresponding to this partition:

y(s(u)) =

�
1; for i 2 S(k);

�1; for i 2 V nS(k):

In many cases y(s(u)) is a good approximation of the optimal solution.
So, in the process of minimization of SN (u) by r-algorithm one may use
u(k) at each step k not only for obtaining an upper bound for f(y�) =
mc(G), but also for obtaining a feasible integral solution y(u(k)) in the
described above way. One can use the record value of the objective function
for generated feasible solutions as lower bound for mc(G). The results of
numerical experiments are presented in [34].

7. The computational results

(1) We describe the results of test calculations for �nding global minimum
value of some multiextremal polynomial functions of one variable. For be-
ginning, consider the family of 6-th degree polynomials of the form:

P6(x) = x6 � 2tx4 + (t2 � ")x2 = x2((x2 � t)2 � "); (59)

where t and " are parameters of this family.
It is easy to see that if t > 0, " > 0, t2 � " > 0, polynomials (59) have

two global minima:

x�1 =

s
2t

3
+

p
t2 + 3"

3
; x�2 = �

s
2t

3
+

p
t2 + 3"

3
:
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t "  �2 P � u�1 u�2 u�3
1.00 1.0000 -1.185185 -1.185185 1.7778 .0000 2.6667
1.00 .1000 -.102387 -.102387 1.0956 .0000 2.0935
1.00 .0100 -.010025 -.010025 1.0100 .0000 2.0099
1.00 .0010 -.001000 -.001000 1.0010 .0000 2.0010
1.00 .0001 -.000100 -.000100 1.0001 .0000 2.0001
1.00 .0000 .000000 .000000 1.0000 .0000 2.0000
.50 1.0000 -.758076 -.758076 .8728 .0000 1.8685
.50 .1000 -.054288 -.054288 .3370 .0000 1.1611
.50 .0100 -.005049 -.005049 .2598 .0000 1.0194
.50 .0010 -.000500 -.000500 .2510 .0000 1.0020
.50 .0001 -.000050 -.000050 .2501 .0000 1.0002
.50 .0000 .000000 .000000 .2500 .0000 1.0000
.25 1.0000 -.562500 -.562500 .5625 .0000 1.5000
.25 .1000 -.031676 -.031676 .1350 .0000 .7347
.25 .0100 -.002593 -.002593 .0718 .0000 .5361
.25 .0010 -.000251 -.000251 .0635 .0000 .5040
.25 .0001 -.000025 -.000025 .0626 .0000 .5004
.25 .0000 .000000 .000000 .0625 .0000 .5000

Table 1. Results of experiments for P6(x)

If " = 0, polynomials (59) has three global minima: x�1, x
�
2 and 0.

The results are given in Table 1. Here x�2 is an approximation of optimal
dual bounds obtained for the quadratic-type problems (8) { (11), which
correspond to the global minimum of polynomial P6(x); P

� is an exact value
of global minimum of polynomial P6(x); u

�
1, u

�
2, u

�
3 are obtained values of

Lagrange multipliers for constraints (9) { (11).
Table 1 shows that in all test experiments  �2 is equal to global minimum

of polynomial P6(x) with good precission. Optimal values of dual variables
u�1, u

�
2, u

�
3 lie at the border of positive de�nite region of matrix

K(u) = K(u1; u2; u3) =

0
@ u1 u2=2 �u3=2

u2=2 u3 � 2t 0
�u3=2 0 1

1
A :

Taking into account that u�2 = 0,

K(u�1; 0; u
�
3) =

0
@ u�1 0 �u�3=2

0 u�3 � 2t 0
�u�3=2 0 1

1
A
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the eigenvalues of K(u�1; 0; u
�
3) will be following

�1 = u�3 � 2t; �2;3 =
(u�1 + 1)�

p
(u�1 � 1)2 + (u�3)

2

2
:

For " > 0 the polynomials P6(x) have two global minima and eigenvalues
of matrices K(u�1; 0; u

�
3) satisfy the condition �1 > 0, �2 > 0 and �3 = 0. If

" = 0, P6(x) has three global minima, and �2 > 0, �1 = �3 = 0.
Discribed results show that the method is stable also in the case, when

solution is at the border of the set of positive de�niteness of the matrix
K(u).

Some examples of �nding Lagrangian bounds were solved for polynomi-
als of degree greater than 6. For polynomial of eight degree

P8(x) = x8 � 76=3x6 + 222x4 � 756x2;

which has two global minimum poins: x�1 =
p
3 and x�2 = �p3, P8(x�1) =

P8(x
�
2) = �873:, the following results were obtained: the precision 10�6 was

reached in 66 iterations of r-algorithms; the precision 10�10 was reached in
98 iterations. For the polynomial

P8(x) = x8 � 8x7 + 112x5 � 158x4 � 392x3 + 840x2

having one global minimum point: x�1 = 5, P8(x
�
1) = �11125, the following

results were obtained: for precision 10�11 the 105 iterations were needed.
Some experiments for Legandre and Chebyshev polynomials were made.
The Legandre polynomials were generated by recurrent formula:

Pn+1(x) =
2n+ 1

n+ 1
xPn(x) � n

n+ 1
Pn�1(x); P0(x) = 1; P1(x) = x

the Chebyshev polynomials were generated by formula:

Tn+1(x) = 2xTn(x) � Tn�1(x); T0(x) = 1; T1(x) = x:

The results are given for even degrees 2m = 4; 6; 8; 10; 12 and 14 in the
table 2. Here iter { the number of iterations and nf { the number of cal-
culations of function and subgradients in r-algorithm procedure, necessary
for obtaining the de�ned precision "x = 1:E � 6. In columns 4 and 7 the
deviations of Lagrangian bounds from global minimums are given.

(2) For the max-cut problem some numerical experiments were accom-
plished. For planar graph in the form of icosahedron (12 vertices and 30
edges) we use the edge weights from Table 3. At �rst we obtain dual
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Chebyshev polynomials Legandre polynomials
2m iter nf  �r � P � iter nf  �r � T �

4 21 31 .47684E-06 21 31 .44740E-06
6 35 71 .17072E-04 47 95 .72306E-08
8 70 129 .52532E-04 95 189 .11723E-09
10 124 268 .83521E-04 144 257 .15465E-10
12 183 377 .83487E-03 432 793 .43077E-13
14 234 458 .88431E-03 505 921 .34885E-12

Table 2. Results for polynomials Chebyshev and Legandre polynomials

No. i j wij No. i j wij No. i j wij
edge edge edge
1 1 2 20.0 11 3 9 18.0 21 7 8 18.0
2 1 3 30.0 12 3 10 15.0 22 7 9 27.0
3 1 4 40.0 13 4 5 32.0 23 7 10 36.0
4 1 5 50.0 14 4 10 24.0 24 7 11 45.0
5 1 6 60.0 15 4 11 20.0 25 7 12 54.0
6 2 3 16.0 16 5 6 40.0 26 8 9 14.0
7 2 6 48.0 17 5 11 30.0 27 8 12 42.0
8 2 8 12.0 18 5 12 25.0 28 9 10 21.0
9 2 9 10.0 19 6 8 30.0 29 10 11 28.0
10 3 4 24.0 20 6 12 36.0 30 11 12 35.0

Table 3. Edge weights for "icosahedron"

quadratic upper bound 668. Further by heuristic algorithm [18] which
use optimal dual variables we obtain a feasible solution with cut value 642
(V1 = f1; 2; 9; 10; 11; 12g; (V2 = f3; 4; 5; 6; 7; 8g). For obtaining optimal cut
we generate successively the triangle constraints (57). In the table 4 the
vertices of triangle cycles are represented. After adding ten super
uous
constraints in the form of triangles constraints, which were converted by
substitution (56) in quadratic inequalities, we found the upper bound '�

such that '� � 642 < 1. Thus, the found feasible solution gives the optimal
cut. Note, that our result corresponds to theorem 4:

(668� 642)=642 = 26=642 = 23=321 � 0:0405 � 4%:

(3) Optimal bisection of graphs (BiSection). BiSection problem for
graph G(V;E) is formulated for even jV j and corresponds to MaxCut prob-
lem under condition: the number of vertices in subsets V1 and V2 are equal.
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No. i; j; k '� No. i; j; k '�

cycle cycle
1 6,8,12 665.53 6 5,6,12 647.06
2 1,5,6 661.94 7 2,6,8 646.72
3 1,4,5 657.13 8 5,11,12 646.41
4 7,11,12 652.82 9 7,8,12 645.14
5 7,9,10 650.66 10 7,10,11 642.90

Table 4. Adding of triangle cycles for "icosahedron"

We obtain the quadratic-type problem (44){(45), with a new constraint

nX
i=1

xi = 0; (60)

or it quadratic analoque:  
nX
i=1

xi

!2

= 0: (61)

One may �nd the upper Lagrangian for BiSection in di�erent ways:
(a) using (60) for excluding xn; (b) using Lagrange multiplier un+1 for
account (61); (c) using penalty nonsmooth function with parameter s, where
s >

P
(i;j)2E

jwij j. Algorithm for solving "BiSection" by scheme (c) is similar

to scheme of �nding dual bounds for max-cut (see Section 6.). The di�erence
is that instead of matrixW (u) we use the matrix ~W (u) = sJn+W (u), where
Jn is the n� n matrix with all entries equal to 1.

The results of experiments are given in Table 6. For test problems we use
the Petersen graph (10 vertices and 15 edges) with enumeration of vertices
as in [34]. The values of edge weights for nine examples P1; : : : ; P9 are given
in Table 5.

We use the following parameters of r-algorithm: � = 2, h0 = 1:0, q1 =
0:9, nh = 3, q2 = 1:1. We use u0 = f1; 1; 1; 1; 1; 0; 0; 0; 0; 0g as a starting
point. r-algorithm stops if at the k-th iteration kuk � uk�1k � "u = 10�3

or 'up�'lo < 1. Here 'up is an upper bound obtained at the current step,
'lo is the value of cut obtained by heuristic procedure of �nding "good"
feasible cut (see Section 6.). This cut is shown in Table 6 by representation
V1 [ V2.

From Table 6 we see, that for 5 examples we obtain exact values of
the problems after rounding of bounds, and the number of iterations was
relatively small.
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wij
(i; j) P1 P2 P3 P4 P5 P6 P7 P8 P9
(1,2) 1 5 2 5 1 5 2 5 1
(1,5) 1 1 3 6 8 2 7 2 3
(1,10) 1 3 4 3 1 2 2 2 3
(2,3) 1 2 7 2 3 1 3 6 8
(2,9) 1 2 6 2 5 5 1 5 9
(3,4) 1 3 1 6 7 3 4 3 1
(3,8) 1 4 3 4 2 1 2 1 2
(4,5) 1 1 2 1 2 2 6 2 5
(4,7) 1 1 5 1 3 4 3 4 2
(5,6) 1 5 1 5 9 3 1 6 7
(6,8) 1 5 5 5 4 1 5 1 3
(6,9) 1 3 1 3 1 5 5 5 4
(7,9) 1 2 2 2 3 3 1 3 1
(7,10) 1 1 2 1 8 1 2 1 8
(8,10) 1 1 1 1 1 1 1 1 1

Table 5. Edge weights for Petersen graph

Test iter 'up 'lo V1 V2
P1 41 12.50045 11.0 1,2,5,7,8 3,4,6,9,10
P2 7 34.91024 34.0 2,3,6,7,10 1,4,5,8,9
P3 2 40.84215 40.0 2,5,7,8,10 1,3,4,6,9
P4 44 41.63351 40.0 1,3,6,7,10 2,4,5,8,9
P5 35 52.52589 51.0 1,2,4,6,7 3,5,8,9,10
P6 32 34.14082 33.0 1,4,5,8,9 2,3,6,7,10
P7 17 39.99753 39.0 1,2,4,8,9 3,5,6,7,10
P8 11 40.99564 40.0 2,4,6,8,10 1,3,5,7,9
P9 7 52.92904 52.0 1,2,4,6,7 3,5,8,9,10

Table 6. BiSection for Petersen graph
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Conclusion

As we have shown in this article the �nding of Lagrangian bounds in polyno-
mial multiextremal and Boolean extremal models can be reduced in many
cases to the problems of nondi�erentiable optimization with speci�c con-
straints in the form of semide�nitness of some parametric families of sym-
metric matrices. These problems can be formulated also in the form of
semide�nite programming (SDP) (see [29] ) and solved by corresponding
algorithms (for example, by interior point method [12]).

Since 1970, we solved by r-algorithms many hundreds of sophisticated
tests and applied problems using r-algorithms. The results of Nemirovsky-
Yudin on information complexity of convex programming algorithms [28]
show that in general case one must makeO(n log 1

�
) measurments of function

and subgradients in current points to guarantee the relative accuracy � on
minimized function value and discrepancy in constraints.

The results of testing of r-algorithms show that if the errors of rounding
are not essential, the objective function values as a rule may be majored by
a geometrical progression of the form Cq

k

n , where k is the number of current
step and q = 1

2
. So, as a rule the convergence of r-algorithm approximately

2n times faster than of well known ellipsoid methods.

Our numerical experiments showed that application of nondi�erentiable
optimization models for obtaining Lagrangian bounds for multiextremal and
combinatorial problems have some advantages in comparison with SDP

methods: (a) the possibility to take in account speci�c structure of the
problem and the use of decomposition schemes, if the problem has quasi-
block structure; (b) simple ways for exchanging models in the case of adding
new quadratic costraints; (c) possibility to use exact nonsmooth penalty
functions; (d) rather fast rate of convergence and simplicity of r-algorithms.

In [8] the long history of �nding good algorithms for solving some ex-
tremal mechanical problems posed by Lagrange in 1773 is described. Now
these problems were reduced to nonsmooth optimization problems of max-
imization of the least eigenvalue of a self-adjoint fourth-order di�erential
operator.

Only after more than 200 years good algorithms for solving such prob-
lems have been found and implemented. New algorithms were built on
the base of last developments of convex analysis and study the di�erential
properties of nonsmooth functions, particularly, of extremal eigenvalues of
di�erential operators. Note, that similar problems arise when we want to
�nd Lagrangian bounds for the combinatorial problem. As we have shown,
the r-algorithms solve such problems successfully.
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We want to emphasize that methods of nondi�erentiable optimization
must become necessary part of the courses of applied mathematics for math-
ematical and technical education.
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