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Introduction

Economic dispatch problem (EDP) is one of the fundamental
optimization problems in power system operation, which is used to
determine the optimal combination of power outputs of all power units
to minimize the total fuel cost while satisfying various constraints over
the entire dispatch periods.
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Notations

i generator (power unit) number
t time period
n total number of generators
T total number of time periods
fi (x) fuel cost function of a generator i
f (x) total fuel cost function
Et total long demand during the time interval t
P low
i , Pup

i output limits of a generator i
ui , di ramp-up and ramp-down rate limits of a generator i
variable xi ,t power output of a generator i in a time interval t
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ED problem (EDP): mathematical model

Goal is to minimize total fuel cost:

f ∗ = f (x∗) = min

{
f (x) =

T∑
t=1

n∑
i=1

fi (xi,t)

}
(1)

subject to:

1 power balance constraints

n∑
i=1

xi,t = Et , t ∈ JT ; (2)

2 power generating limits

P low
i ≤ xi,t ≤ Pup

i , i ∈ Jn, t ∈ JT ; (3)

3 Generator’s ramp-up and ramp-down rate constraints

xi,t+1 − xi,t ≤ Ui , i ∈ NR ⊆ Jn, t ∈ JT−1; (4)

xi,t − xi,t+1 ≤ Di , i ∈ NR ⊆ Jn, t ∈ JT−1. (5)
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EDP: typology

1. Depending on type of generator’s cost functions fi (x), i ∈ Jn:

The linear EDP (LEDP): fi (x) = bix + ci , i ∈ Jn;

the quadratic EDP (QEDP): fi (x) = aix
2 + bix + ci , i ∈ Jn,

∑n
i=1 |ai | > 0;

the cubic EDP: fi (x) = aix
3 + bix + ci , i ∈ Jn,

∑n
i=1 |ai | > 0;

the EDP considering the valve-point effect1:

fi (x) = aix
2 + bix + ci +

∣∣∣di sin(ωi

(
P low
i − xi,t

))∣∣∣ , i ∈ Jn.

2. Depending on type of the total fuel cost function f (x):

convex/nonconvex EDP;

smooth/nonsmooth EDP, etc.;

3. Depending on the number of objective functions:

single objective;

multiobjective.

4. Depending on present constraints;

5. Depending on the presence of integer variables.

1ai , bi , ci are the fuel cost coefficients of a generator i ; di , ωi – coefficients of a
generator i reflecting valve-point effect
O. Pichugina, P. Stetsyuk, O. Butkevych, O. Lykhovyd Quadratic and linear ED problems ... 5 / 30



Methods to solve EDP

linear programming (LP) improved differential evolution (IDE)
mixed integer programming (MIP) quantum-inspired evolutionary algorithm
dynamic programming (DP) artificial bee colony (ABC)
Lagrangian relaxation integer coded genetic algorithm (ICGA)
Shor’s r-algorithm bacterial foraging (BF)
differential evolution (DE) imperialistic competition algorithm (ICA)
simulated annealing (SA) harmony search algorithm (HSA)
evolutionary programming (EP) particle swarm optimization (LR-PSO)
artificial immune system (AIS) straightforward (SF)
Tabu search (TS) extended priority list (EPL)
colony optimization (ACO) advanced three stage approach (ATHS)
improved particle swarm optimization
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Goals

Our problem is (Problem A):

f ∗ = f (x∗) = min
{
f (x) =

T∑
t=1

n∑
i=1

(aix
2
i,t + bixi,t + ci )

}
(6)

a ≥ 0.

subject to (2)-(5).
Problem A covers:

the LEDP if a = 0;

the convex QEPD if a ≥ 0, a 6= 0.

Main tasks:

exploration of the uniqueness of EDP-solution and dealing with multiple
EDP-solutions;

implementing Gurobi (gurobi.com) to EDP;

implementing IMPL (https://ampl.com/) to EDP.
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Gurobi

The Gurobi Optimizer is optimization solver for continuous optimization (linear pro-
gramming (LP), quadratic programming (QP), quadratically constrained programming
(QCP)) for mixed integer optimization (mixed integer linear programming (MILP),
mixed-integer quadratic programming (MIQP), and mixed-integer quadratically con-
strained programming (MIQCP)).
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AMPL

AMPL (A Mathematical Programming Language) is an algebraic
modeling language.
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Problem A investigation: QEDP

Let
ai > 0, i ∈ Jn. (7)

To the QEPD (2)-(7), we will refer to as Problem A1.

Theorem 1.1.

If constraints (2)-(5) are consistent, then Problem A1 has a unique
solution x∗.

Remark 1.
If ∃ i ∈ Jn : ai ≯ 0, the target function is not strictly convex and
uniqueness of solution to Problem A, (6) is not guaranteed.
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Problem A investigation: LEDP

f ∗ = f (x∗) = min

{
f (x) =

T∑
t=1

n∑
i=1

(bixi,t + ci )

}
. (8)

Consider the general linear program

z∗ = h(x∗) = min
{
h(x) = cT x

}
(9)

subject to

Ax = b,

Cx ≥ d ,
(10)

where c, x ∈ Rn,A ∈ Rm×n,C = (ci )i∈Jk ∈ Rk×n, b ∈ Rm, d ∈ Rk .
Its dual is

z∗ = g(u∗, v∗) = max
{
g(u, v) = bTu + dT v

}
(11)

subject to

ATu + BT v = c

v ≥ 0.
(12)
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Problem A investigation: LEDP

Theorem 1.2.
a The linear program (9), (10) has a unique solution x∗ iff:

a matrix
[
ATC

T
]
has no linearly dependent rows, where

C = (ci )i∈I , I= {i ∈ Jk : cix
∗ = di} ;

there is no x satisfying

Ax = 0, C ′x = 0, C ′′x ≥ 0, (13)

where C ′ = (ci )i∈I ′ , I ′= {i ∈ I : vi > 0} ;

C ′′ = (ci )i∈I ′ , I ′′= {i ∈ I : vi = 0} .

a Mangasarian, O.L.: Uniqueness of solution in linear programming. Linear Algebra and its

Applications. 25, 151–162 (1979).

This means that the linear program (9),(10) has a unique solution x∗ iff

rank
[
ATC

T
]
= n

(Condition 1), and the constraints (13) are inconsistent (Condition 2) .
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Dealing with LEDP multiple solutions
LEDP is replaced by the following convex optimization problem (Problem A2.p):

q∗(p) = q(y∗, p) = min

{
q(x , p) =

T∑
t=1

N∑
i=1

|xi,t − x0i,t |p
}

subject to the standard EDP-constraints (2)-(5) and an additional constraint

T∑
t=1

N∑
i=1

(bixi,t + ci ) ≤ f ∗, (14)

where 1 ≤ p ≤ 2, {x0i,t}i,t is a target solution to the LEDP.

Theorem 1.3.

1. For 1 ≤ p ≤ 2, the Problem A2.p has a solution iff the correspondent LEDP has a
solution.
2. If 1 < p ≤ 2, the Problem A2.p has a unique solution y∗ = x∗.

Remark 2.

Problem A 2.p is intended to single out a solution other than x∗ from LEDP-multiple
solutions.
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Solving Problem A 2.p by Gurobi
Problems A 2.1 and A 2.2 are solvable by Gurobi. For instance, the objective function

in Problem A 2.2

q(x , 2) =
T∑

t=1

N∑
i=1

(xi,t − x0i,t)
2

is quadratic and additional constraints are linear.
In Problem A 2.1, the objective function is

q(x , 1) =
T∑

t=1

N∑
i=1

|xi,t − x0i,t | − piece-wise linear.

To apply Gurobi, a lifting into a higher dimensional space can be applied. For that,
each expression |xi,t − x0i,t | is replaced by zi,t ≥ 0, where −zi,t ≤ xi,t − x0i,t ≤ zi,t . As a
result, we come to a new linear program solvable by Gurobi:

q∗(1) = min

{
T∑

t=1

N∑
i=1

zi,t

}
subject to constraints (2)-(5) and

zi,t ≥ 0, −zi,t ≤ xi,t − x0i,t ≤ zi,t , i ∈ Jn, t ∈ JT .

∗ We solve Problem A 2.2 in order to single out a single EDP-solution.
O. Pichugina, P. Stetsyuk, O. Butkevych, O. Lykhovyd Quadratic and linear ED problems ... 14 / 30



Data: Example 1. Problem A.1; Example 2. LEDP,
Problem A2.2 (a = 0, x0 = 0)

Input: n = 10, T = 24

unit ai $/MW2h bi $/MWh ci $/h P low
i MW P

up
i MW Ui MW Di MW

1 0.00043 21.6 958.2 150 470 80 80
2 0.00063 21.05 1313.6 135 460 80 80
3 0.00039 20.81 604.97 73 340 80 80
4 0.0007 23.9 471.6 60 300 50 50
5 0.00079 21.62 480.29 73 243 50 50
6 0.00056 17.87 601.75 57 160 50 50
7 0.00211 16.51 502.7 20 130 30 30
8 0.0048 23.23 639.4 47 120 30 30
9 0.10908 19.58 455.6 20 80 30 30
10 0.00951 22.54 692.4 55 55 30 30

t 1 2 3 4 5 6 7 8 9 10 11 12
Et 1036 1110 1258 1406 1480 1628 1702 1776 1924 2072 2146 2220
t 13 14 15 16 17 18 19 20 21 22 23 24
Et 2072 1924 1776 1554 1480 1628 1776 2072 1924 1628 1332 1184
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Solution: Example 1
Problem A1 solution:

t x∗1,t x∗2,t x∗3,t x∗4,t x∗5,t x∗6,t x∗7,t x∗8,t x∗9,t x∗10,t
1 150.0 135.0 206.0 60.0 73.0 160.0 130.0 47.0 20.0 55.0
2 150.0 156.8 258.2 60.0 73.0 160.0 130.0 47.0 20.0 55.0
3 150.0 236.8 326.2 60.0 73.0 160.0 130.0 47.0 20.0 55.0
4 187.7 316.8 340.0 60.0 89.5 160.0 130.0 47.0 20.0 55.0
5 183.8 396.8 340.0 60.0 87.4 160.0 130.0 47.0 20.0 55.0
6 238.7 460.0 340.0 60.0 117.3 160.0 130.0 47.0 20.0 55.0
7 286.6 460.0 340.0 60.0 143.4 160.0 130.0 47.0 20.0 55.0
8 348.1 442.3 340.0 60.0 173.6 160.0 130.0 47.0 20.0 55.0
9 428.1 460.0 340.0 60.0 223.6 160.0 130.0 47.3 20.0 55.0
10 470.0 460.0 340.0 110.0 243.0 160.0 130.0 77.3 26.7 55.0
11 470.0 460.0 340.0 160.0 243.0 160.0 130.0 106.6 21.4 55.0
12 470.0 460.0 340.0 201.5 243.0 160.0 130.0 120.0 40.5 55.0
13 439.1 460.0 340.0 151.5 226.4 160.0 130.0 90.0 20.0 55.0
14 395.1 460.0 340.0 101.5 202.4 160.0 130.0 60.0 20.0 55.0
15 332.5 460.0 340.0 60.0 171.5 160.0 130.0 47.0 20.0 55.0
16 252.5 380.0 328.0 60.0 121.5 160.0 130.0 47.0 20.0 55.0
17 230.0 345.0 340.0 60.0 93.0 160.0 130.0 47.0 20.0 55.0
18 310.0 363.0 340.0 60.0 143.0 160.0 130.0 47.0 20.0 55.0
19 390.0 381.0 340.0 60.0 193.0 160.0 130.0 47.0 20.0 55.0
20 470.0 460.0 340.0 110.0 243.0 160.0 130.0 77.0 27.0 55.0
21 390.0 460.0 340.0 66.3 223.0 160.0 130.0 79.5 20.2 55.0
22 310.0 380.0 287.0 60.0 173.0 160.0 130.0 53.0 20.0 55.0
23 230.0 300.0 207.0 60.0 123.0 160.0 130.0 47.0 20.0 55.0
24 150.0 220.0 269.0 60.0 73.0 160.0 130.0 47.0 20.0 55.0

The minimum total fuel cost f ∗ = 1002055.51
Elapsed time τ = 0.030812 sec
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Solution: Example 2
LEDP solution:

t x∗1,t x∗2,t x∗3,t x∗4,t x∗5,t x∗6,t x∗7,t x∗8,t x∗9,t x∗10,t
1 150 135 146 60 73 160 130 47 80 55
2 150 151 204 60 73 160 130 47 80 55
3 150 231 272 60 73 160 130 47 80 55
4 150 311 340 60 73 160 130 47 80 55
5 150 385 340 60 73 160 130 47 80 55
6 223 460 340 60 73 160 130 47 80 55
7 277 460 340 60 93 160 130 47 80 55
8 319 442 340 60 143 160 130 47 80 55
9 399 460 340 60 193 160 130 47 80 55
10 470 460 340 62 243 160 130 72 80 55
11 470 460 340 112 243 160 130 96 80 55
12 470 460 340 162 243 160 130 120 80 55
13 452 460 340 112 193 160 130 90 80 55
14 404 460 340 62 173 160 130 60 80 55
15 324 457 340 60 123 160 130 47 80 55
16 244 377 328 60 73 160 130 47 80 55
17 230 297 331 60 90 160 130 47 80 55
18 310 306 340 60 140 160 130 47 80 55
19 390 380 284 60 190 160 130 47 80 55
20 470 460 340 60 240 160 130 77 80 55
21 390 460 340 60 190 160 130 59 80 55
22 310 380 266 60 140 160 130 47 80 55
23 230 300 186 60 90 160 130 47 74 55
24 150 220 209 60 73 160 130 47 80 55

The minimum total fuel cost f ∗ = 990172.63
Elapsed time τ = 0.048868 sec
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Data: Example 3. LEDP, Problem A2.2 (x0 = 0)

Input: n = 40, T = 24

unit ai $/MW2h bi $/MWh ci $/h P low
i MW P

up
i MW Ui MW Di MW

1 0,0069 6,73 94,705 36 114 80 120
2 0,0069 6,73 94,705 36 114 80 120
3 0,02028 7,07 309,54 60 120 130 130
4 0,00942 8,18 369,54 80 190 130 130
5 0,0114 5,35 369,03 47 97 80 120
6 0,01142 8,05 148,89 68 140 80 120
7 0,01142 8,03 222,33 110 300 80 120
8 0,00357 6,99 287,71 135 300 65 100
... ... ... ... ... ... ... ...
39 0,0161 3,33 307,45 25 110 60 100
40 0,00313 7,97 647,83 242 550 60 100

t 1 2 3 4 5 6 7 8 ... 12
Et 9000 9200 9600 10000 10400 10800 11000 11200 ... 11600
t 13 14 15 16 17 18 19 20 ... 24
Et 11500 11400 11200 11200 11400 11980 12000 12200 ... 9000
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Solution: Example 3 LEDP

LEDP solution x∗:

The minimum total fuel cost f ∗ = 2533410.3
Elapsed time τ = 0.107098 sec

The x∗-squared norm q∗(2) = 103051228.0
Condition 2 violatesO. Pichugina, P. Stetsyuk, O. Butkevych, O. Lykhovyd Quadratic and linear ED problems ... 19 / 30



Solution: Example 3 Problem A2.2

Problem A2.2 solution y∗:

The y∗-squared norm q∗ = 103001307.668
The minimum total fuel cost f ∗ = 2533410.3

Elapsed time τ = 0.258795 sec
x∗ 6= y∗, q∗ < q∗(2)
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Example 1: AMPL implementation - Block 1. Model
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Example 1: AMPL implementation - Block 2. Data
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Example 1: AMPL implementtion - Block 3. Command file
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Conclusion

ED-problems in the form of convex quadratic and linear optimization
programs are studied;
Two classes of the problems having a unique solution are singled out;
For the case of multiple EDP-solutions, a way to choose a single one
is proposed;
The problems are implemented in AMPL modeling language;
The results of computational experiments using the Gurobi solver on
the NEOS server of three EDP test examples for 10 and 40
generators and a daily hourly electrical load are presented. For two of
them, the existence of the unique solution is justified, and for one of
them, the presence of multiple solutions is confirmed.
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Thank you!
Questions?
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