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GENERALIZING GRADIENT DESCENT 
USING SUBGRADIENTS
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MOTIVATION FOR NONSMOOTH OPTIMIZATION

• Main sources of nonsmooth optimization problems [1]:

▪ Mathematical programming problems of large size that have block structure

▪ Min-Max problems of the form 𝑚𝑖𝑛
𝑥∈𝐷

𝑚𝑎𝑥
𝑖∈1,…,𝑛

𝑓𝑖 𝑥

▪ Nonlinear Programming problems that are solved using nonsmooth penalty functions

▪ Optimal control problems with continuous/discrete time

▪ Discrete or Discrete-Continuous Programming problems

• Also, from the purely numerical perspective, there is no such clear distinction 

between smooth and non-smooth functions: smooth functions that have quickly-

oscilating gradients are “similar” to a nonsmooth functions in computation.
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TWO DIRECTIONS OF RESEARCH

• Research towards solving special classes of problems that require minimizing 

a non-smooth objective function, the special structure of which is pre-defined 

(like Min-Max problems);

• Research towards developing general algorithms that are able to solve a vast 

amount of different types of nonsmooth problems, without the a priori 

knowledge about their structure:

▪ Cutting hyperplanes methods;

▪ Generalized gradient descent methods.
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GRADIENT DESCENT: ATTEMPTING TO GENERALIZE

• Gradient descent method for minimization convex smooth function 𝑓 𝑥 :

𝑥𝑘+1 = 𝑥𝑘 − ℎ𝑘 ⋅ ∇𝑓 𝑥𝑘 , 𝑘 = 0,1,2, …

𝑥0 – starting point

∇𝑓 𝑥𝑘  – gradient of objective function, calculated at point 𝑥𝑘 

ℎ𝑘 – step size on iteration 𝑘 (learning rate) 

• It would be nice to take this idea as a baseline for methods that minimize 

general type of convex objective function, smooth and non-smooth alike.

• However, it is not so easy…
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GRADIENT DESCENT: ATTEMPTING TO GENERALIZE

• While trying to generalize gradient descent procedures for functions with 

discontinuous gradients, two main problems arise [1]:

▪ Defining the analog of a gradient for those points, where ordinary derivatives do not 

exist, in such a manner that it can be easily used on practice;

▪ Creating new ways to search for descent direction and step size, since ideas from smooth 

optimization will not work correctly when applied to nonsmooth functions minimization.
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DEFINING THE ANALOG OF A GRADIENT

• There is such generalization – a subgradient 𝑔𝑓 𝑥  of a function 𝑓 𝑥 ;

• However, by definition there may exist infinitely many subgradients of a 

function at some point ො𝑥, leading to definition of a subgradient set:

𝐺𝑓 ො𝑥 = 𝑔𝑓 ො𝑥 : 𝑓 𝑥 − 𝑓 ො𝑥 ≥ 𝑔𝑓 ො𝑥 , 𝑥 − ො𝑥  ∀𝑥 ∈ ℝ𝑛

• Example:

𝑓 𝑥 = 𝑥 ; 𝐺𝑓 0 = −1; 1
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DEFINING THE ANALOG OF A GRADIENT

• The notion of a subgradient is a great theoretical generalization of a 

gradient for nonsmooth functions;

• But it can not be used in practice, mainly due to its non-uniqueness: if we have 

infinitely many subgradients at some point ො𝑥, which one of them to choose as 

a descent direction for an algorithm?
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DEFINING THE ANALOG OF A GRADIENT

• Shor’s approach [1]:

▪ Restrict attention to some class of nonsmooth functions that excludes really “weird” ones 

that are hardly ever encountered in practice and define a generalization of a gradient 

for them ⇒ Shor’s almost-gradients!

▪ By definition all convex functions 𝑓 𝑥  have almost-gradients, and ∀𝑥 ∈ ℝ𝑛 such almost-

gradient is some element of a subgradient set.

• But will they be suitable as a descent direction?

• N.B. further the term “subgradient” will actually mean “almost-gradient” 12



SEARCHING FOR DESCENT DIRECTION 

• Shor’s approach [1]:

▪ Let 𝑓 𝑥 ∈ ℝ be a convex function ∀𝑥 ∈ ℝ𝑛 , and let 𝑥∗ ∈ 𝑋∗ be an element from 

set 𝑋∗ = 𝑥∗: 𝑓 𝑥∗ = 𝑚𝑖𝑛
𝑥∈ℝ𝑛

𝑓 𝑥  

▪ By def. of subgradient at point ො𝑥:

𝑓 𝑥 − 𝑓 ො𝑥 ≥ 𝑔𝑓 ො𝑥 , 𝑥 − ො𝑥  ∀𝑥 ∈ ℝ𝑛

▪ If 𝑓 𝑥 < 𝑓 ො𝑥 , then:

−𝑔𝑓 ො𝑥 , 𝑥 − ො𝑥 > 0 ∀𝑥 ∈ ℝ𝑛

13



SEARCH FOR DESCENT DIRECTION 

• Geometric meaning of −𝑔𝑓 ො𝑥 , 𝑥 − ො𝑥 > 0   ∀𝑥 ∈ ℝ𝑛:

▪ Anti-subgradient −𝑔𝑓 ො𝑥  at point ො𝑥 forms an acute angle with any direction 𝑥 − ො𝑥 from 

point ො𝑥 to such point 𝑥 ∈ ℝ𝑛, where the value of 𝑓 ⋅  is smaller;

▪ Thus, if 𝑋∗ ≠ ∅ and ො𝑥 ∉ 𝑋∗, then moving from point ො𝑥 in the direction −𝑔𝑓 ො𝑥  with a 

small enough step will reduce the distance to 𝑋∗!

• This simple fact is the main idea behind subgradient descent methods for 

nonsmooth functions minimization!
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GENERALIZED GRADIENT DESCENT METHOD [2]

• a.k.a. subgradient descent, is a subgradient procedure for minimizing convex functions

𝑥𝑘+1 = 𝑥𝑘 − ℎ𝑘 ⋅
𝑔𝑓 𝑥𝑘

𝑔𝑓 𝑥𝑘

, 𝑘 = 0,1,2, …

𝑥0 – starting point

𝑔𝑓 𝑥𝑘 – subgradient of objective function, calculated at point 𝑥𝑘 

ℎ𝑘 – step size on iteration 𝑘

• The method looks similar to smooth gradient descent, but it works differently;

• Also, we still need to choose step sizes ℎ𝑘…
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GENERALIZED GRADIENT DESCENT METHOD

• Theorem:

Let 𝑓 𝑥  be a convex function with a bounded set 𝑋∗. Let also ℎ𝑘 𝑘=0
∞  be a 

sequence s.t. ℎ𝑘 > 0, lim
𝑘→∞

ℎ𝑘 = 0, σ𝑘=0
∞ ℎ𝑘 = +∞;

Then for ∀𝑥0 ∈ ℝ𝑛 for the sequence 𝑥𝑘 𝑘=0
∞ , obtained from subgradient 

descent method, one of the following statements holds:

▪ ∃𝑘 = 𝑘∗ 𝑠. 𝑡.  𝑥𝑘∗ ∈ 𝑋∗ 

▪ lim
𝑘→∞

𝜌𝑘 = 0, lim
𝑘→∞

𝑓 𝑥𝑘 = 𝑚𝑖𝑛
𝑥∈ℝ𝑛

𝑓 𝑥 , where 𝜌𝑘 = 𝑚𝑖𝑛
𝑥∈𝑋∗

𝑥𝑘 − 𝑥

• Are there other ways to define ℎ𝑘? Yes! (Polyak’s step, Shor’s adaptive step,...) 16



IMPROVING CONVERGENCE FOR 
RAVINE FUNCTIONS:
SHOR’S SPACE DILATION OPERATOR
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RAVINE FUNCTION

• A function of several real variables whose graph near a minimum has a 

ravine-type shape. Such functions cause difficulties in minimization problems

• Example:

𝑓 𝑥1, 𝑥2 = 𝑥1 + 5 𝑥2  

𝑥0 = 1,1 , 𝑥∗ = 0,0  

• It would be nice to help the procedure converge faster... Let’s warp the space!
18



SPACE DILATION – MAIN IDEA [1]

• Let’s make the following change of variables on 𝑘 -th iteration of the 

subgradient method:

𝑦 = 𝐴𝑘𝑥 ⇒ 𝑥 = 𝐵𝑘𝑦, 𝐵𝑘 = 𝐴𝑘
−1

•As we know, for the subgradient of a convex function 𝑓 𝑥  at point 𝑥𝑘, the 

following inequality holds:

𝑓 𝑥 ≥ 𝑓 𝑥𝑘 + 𝑔𝑓 𝑥𝑘 , 𝑥 − 𝑥𝑘  ∀𝑥 ∈ ℝ𝑛
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SPACE DILATION – MAIN IDEA

• Substituting 𝑥 = 𝐵𝑘𝑦, we get:

𝜑 𝑦 ≥ 𝜑 𝑦𝑘 + 𝐵𝑘
𝑇𝑔𝑓 𝑥𝑘 , 𝑦 − 𝑦𝑘  ∀𝑦 ∈ ℝ𝑛

•We see that 𝑔𝜑 𝑦𝑘 = 𝐵𝑘
𝑇𝑔𝑓 𝑥𝑘  satisfies an inequality:

𝜑 𝑦 ≥ 𝜑 𝑦𝑘 + 𝑔𝜑 𝑦𝑘 , 𝑦 − 𝑦𝑘  ∀𝑦 ∈ ℝ𝑛

thus showing us that 𝑔𝜑 𝑦𝑘  is a subgradient of the convex function

𝜑 𝑦 = 𝑓 𝐵𝑘𝑦  at point 𝑦𝑘 = 𝐴𝑘𝑥𝑘 of the transformed space of  variables 

𝑦 = 𝐴𝑘𝑥 
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SPACE DILATION – MAIN IDEA

•Now let’s apply the subgradient procedure for minimizing 𝜑 𝑦 ;

• In transformed space of variables 𝑦 = 𝐴𝑘𝑥 it will take form:

𝑦𝑘+1 = 𝑦𝑘 − ℎ𝑘
𝑔𝜑 𝑦𝑘

𝑔𝜑 𝑦𝑘
= 𝑦𝑘 − ℎ𝑘

𝐵𝑘
𝑇𝑔𝑓 𝑥𝑘

𝐵𝑘
𝑇𝑔𝑓 𝑥𝑘

 

•And in the original space 𝑥 = 𝐵𝑘𝑦 it will become:

𝑥𝑘+1 = 𝐵𝑘𝑦𝑘+1 = 𝐵𝑘𝑦𝑘 − ℎ𝑘𝐵𝑘
𝐵𝑘

𝑇𝑔𝑓 𝑥𝑘

𝐵𝑘
𝑇𝑔𝑓 𝑥𝑘

= 𝑥𝑘 − ℎ𝑘𝐵𝑘
𝐵𝑘

𝑇𝑔𝑓 𝑥𝑘

𝐵𝑘
𝑇𝑔𝑓 𝑥𝑘

 

•Now we only need to define the way for iterative updating 𝐵𝑘

• The question is – what transformation of space is useful? 21



SHOR’S SPACE DILATION OPERATOR [1]

• Let’s fix a vector 𝜉 ∈ ℝ𝑛, 𝜉 2 = 1 and number 𝛼 > 0

• Then for ∀𝑥 ∈ ℝ𝑛 we have 𝑥 = 𝛾𝜉 𝑥 ⋅ 𝜉 + 𝑑𝜉 𝑥 , where 𝜉, 𝑑𝜉 𝑥 = 0

• Space dilation operator for space ℝ𝑛 in direction 𝜉 with coefficient 𝛼 is 

defined as 𝑅𝛼 𝜉 𝑥 = 𝛼 ⋅ 𝛾𝜉 𝑥 ⋅ 𝜉 + 𝑑𝜉 𝑥  for ∀𝑥 ∈ ℝ𝑛
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SHOR’S SPACE DILATION OPERATOR

• Some properties of the operator 𝑅𝛼 𝜉 :

▪ Linear, symmetric; 

▪ Matrix form: 𝑅𝛼 𝜉 = 𝐼 + 𝛼 − 1 𝜉𝜉𝑇;

▪ 𝑅𝛼𝛽 𝜉 = 𝑅𝛼 𝜉 𝑅𝛽 𝜉 ;

▪ 𝑅𝛼 𝜉 𝑅1

𝛼

𝜉 = 𝐼;

▪ 𝑅0 𝜉 is a projection operator on 𝜉 ⊥ 

• So, which direction 𝜉 we need to choose?
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ELLIPSOID METHOD FOR CONVEX FUNCTIONS [3]

• Obtained using space dilation in direction of a subgradient and a certain 

choice of dilation coefficient and step size: 

𝑥𝑘+1 = 𝑥𝑘 − ℎ𝑘𝐵𝑘𝜉𝑘 ,   𝜉𝑘 =
𝐵𝑘

𝑇𝑔𝑓 𝑥𝑘

𝐵𝑘
𝑇𝑔𝑓 𝑥𝑘

,   ℎ𝑘 =
1

𝑛+1
𝑟𝑘 ,   𝑘 = 0,1, …

𝐵𝑘+1 = 𝐵𝑘𝑅𝛽𝑘
𝜉𝑘 ,   𝛽𝑘 =

𝑛−1

𝑛+1
,   𝑟𝑘+1 =

𝑛

𝑛2−1
𝑟𝑘

𝑥0 – starting point;

𝑟0 > 0 – radius of initial localizing ball, 𝑥0 − 𝑥∗ ≤ 𝑟0;

𝐵0 = 𝐼𝑛 – initial inverse space transformation matrix
24



ELLIPSOID METHOD FOR CONVEX FUNCTIONS

• Theorem:

Let 𝑥𝑘 𝑘=0
∞  be the sequence of points generated by ellipsoid method for 

convex function. Then, the ratio of volumes of the localizing ellipsoids ℰ𝑘 and 

ℰ𝑘+1 obtained on iterations 𝑘 and 𝑘 + 1 does not depend on 𝑘 and equals

𝑞𝑛 =
𝑣𝑜𝑙 ℰ𝑘+1

𝑣𝑜𝑙 ℰ𝑘
=

𝑛

𝑛+1

𝑛

𝑛2−1

𝑛−1
< 𝑒

1

2 𝑛+1 < 1. 

Moreover, 𝑥∗ ∈ ℰ𝑘 for ∀𝑘 = 0,1, … , 𝑘∗

25



ELLIPSOID METHOD FOR CONVEX FUNCTIONS

• Interesting facts:

▪ The ellipsoid method was independently created by Nemirovski and Yudin [4] using 

completely different approach, while Shor came up with it as a type of subgradient 

descent method with space dilation

▪ The ellipsoid method was used by Khachiyan [5] to construct and justify first polynomial 

algorithm for Linear Programming problems with rational coefficients, thus disproving their 

NP-hardness!

• However, you may find papers arguing that ellipsoid method is useless in 

practice and doesn’t work even for functions of 2-5 variables. Why is that?

▪ This algorithm has two forms: 𝐵-form that is computationally stable (mentioned above), 

and 𝐻-form, which is not. And many people have been using the wrong one for decades!
26



SHOR’S 𝑅-ALGORITHM [6]

• Obtained using space dilation in direction of a difference of two subsequent 

subgradients: 

𝑥𝑘+1 = 𝑥𝑘 − ℎ𝑘𝐵𝑘𝜉𝑘 ,   𝐵𝑘+1 = 𝐵𝑘𝑅𝛽𝑘
𝜂𝑘 , 𝑘 = 0,1, …

𝜉𝑘 =
𝐵𝑘

𝑇𝑔𝑓 𝑥𝑘

𝐵𝑘
𝑇𝑔𝑓 𝑥𝑘

,   ℎ𝑘 ≥ ℎ𝑘
∗ = 𝑎𝑟𝑔𝑚𝑖𝑛

ℎ≥0
𝑓 𝑥𝑘 − ℎ𝐵𝑘𝜉𝑘

𝜂𝑘 =
𝐵𝑘

𝑇𝑟𝑘

𝐵𝑘
𝑇𝑟𝑘

,   𝑟𝑘 = 𝑔𝑓 𝑥𝑘+1 − 𝑔𝑓 𝑥𝑘 ,   𝛽𝑘 =
1

𝛼
< 1

• A very powerful tool that allows to solve many hard optimization problems

• However, its convergence is theoretically proved only for some special cases
27



APPLICATION IN SUPERVISED LEARNING: 
REGRESSION
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QUICK OVERVIEW: REGRESSION [7]

• Let 𝑥1
𝑗

, … , 𝑥𝑑
𝑗

, 𝑦 𝑗 ∈ ℝ𝑑+1: 𝑗 = 1, 𝑛  be a dataset of size 𝑛, where for 

every measurement 𝑗 = 1, 𝑛 observed values 𝑦 𝑗  are somehow dependent on 

values of 𝑑 factors 𝑥1
𝑗

, … , 𝑥𝑑
𝑗

.

• The regression problem is to use available data to build a model that:

▪ Describes dependencies between observed values 𝑦 𝑗  and factors 𝑥𝑖
𝑗

 good enough;

▪ Is suitable for predicting values 𝑦 corresponding to new, “unseen” factors 𝑥𝑖;
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QUICK OVERVIEW: REGRESSION

• In the easiest case we assume that such dependence is linear on parameters 

of the model 𝑤, i.e.:

𝑦 = 𝑓 𝑥1, … , 𝑥𝑑 = σ𝑘=1
𝑚 𝑤𝑘𝜓𝑘 𝑥1, … , 𝑥𝑑  

where 𝜓𝑘, 𝑘 = 1, 𝑚 are some basis functions

• To find suitable parameter values 𝑤, i.e. construct a model that is good 

enough at approximating dependencies between 𝑦 and 𝑥 based on available 

data, we have to:

▪ Pick basis functions (plain factors, polynomials, exponents, etc.);

▪ Minimize observation errors 𝜀 𝑗 = 𝑦 𝑗 − ො𝑦 𝑗 = 𝑦 𝑗 − 𝑓 𝑥1
𝑗

, … , 𝑥𝑑
𝑗

, 𝑗 = 1, 𝑛;
30



QUICK OVERVIEW: LEAST SQUARES [7]

• The most popular way to solve linear regression problems:

▪ Is statistically derived from assumptions that factors are independent and errors follow a 

Normal distribution 𝑁 0, 𝜎2𝐼𝑛  using maximum likelihood principle;

▪ An exact solution can be obtained using orthogonal projections in Hilbert space and such 

solution has great properties by Gauss-Markov theorem;

• Most of the time regression problems are treated from a functional 

approximation perspective, solving convex smooth optimization problem:

𝑚𝑖𝑛
𝑤∈ℝ𝑚

σ𝑗=1
𝑛 𝜀 𝑗 2

= 𝑚𝑖𝑛
𝑤∈ℝ𝑚

σ𝑗=1
𝑛 𝑦 𝑗 − ො𝑦 𝑗 2

 

• It became a “state-of-the-art” approach, but many troubles usually appear 

applying it in practice
31



REGRESSION IN PRACTICE – DATA WITH OUTLIERS

• A “childish” example:

▪ One-dimensional, six points

▪ Red line – Least Squares estimation 

and its predicted ො𝑦 values

▪ Blue line – correct estimation

𝑥 0 1 2 3 4 5

𝑦 0 1 2 3 4 0

32



PROBLEMS AND SOLUTIONS [7]

• Most problems in practice arise when:

▪ We work with datasets of small size (e.g. medicine applications);

▪ We work with datasets with many outliers or dependent features;

• One popular way out is regularization:

▪ Ridge: 𝑚𝑖𝑛
𝑤∈ℝ𝑚

σ𝑗=1
𝑛 𝑦 𝑗 − ො𝑦 𝑗 2

+ 𝜆 σ𝑘=1
𝑚 𝑤𝑘

2 

▪ Lasso: 𝑚𝑖𝑛
𝑤∈ℝ𝑚

σ𝑗=1
𝑛 𝑦 𝑗 − ො𝑦 𝑗 2

+ 𝜆 σ𝑘=1
𝑚 𝑤𝑘

• But there is another great statistically justified way – Least Moduli (LM):

𝑚𝑖𝑛
𝑤∈ℝ𝑚

σ𝑗=1
𝑛 𝜀 𝑗 = 𝑚𝑖𝑛

𝑤∈ℝ𝑚
σ𝑗=1

𝑛 𝑦 𝑗 − ො𝑦 𝑗  

• It does require direct solving a nonsmooth problem though… 33



EXAMPLE: DEFECTS IN REGULAR 3-D STRUCTURES

• Research project by scientists 

from V.M. Glushkov Institute of 

Cybernetics and E.O. Paton 

Electric Welding Institute [8];

• Brief description: Create 

software for automatic non-

destructive quality control 

(NDQ) of thin-walled multi-

layer composite materials

34



REGULAR 3-D STRUCTURES

• A triple 𝐴;  𝑢;  𝑣  is called a regular 3-D structure, if 𝐴 ∈ ℝ𝑚×𝑛, 𝑢 ∈ ℝ𝑚, 

𝑣 ∈ ℝ𝑛, and ∀𝑖 = 1, 𝑚, ∀𝑗 = 1, 𝑛: 𝑎𝑖𝑗 = 𝑢𝑖 + 𝑣𝑗;

• An elementary defect in a regular 3-D structure 𝐴;  𝑢;  𝑣  is such pair of 

indices 𝑖, 𝑗  that 𝑎𝑖𝑗 ≠ 𝑢𝑖 + 𝑣𝑗;

• Suppose we have a matrix 𝐴 that represents an image of a piece that’s being 

checked for defects. The problem is to find such parameters 𝑢 and 𝑣 that 

coefficients 𝑢𝑖 + 𝑣𝑗 have the smallest deviation from corresponding values 𝑎𝑖𝑗 

35



REGULAR 3-D STRUCTURES

• The smooth minimization problem (Least Squares):

𝑚𝑖𝑛
𝑢∈ℝ𝑚,𝑣∈ℝ𝑛

σ𝑖=1
𝑚 σ𝑗=1

𝑛 𝑎𝑖𝑗 − 𝑢𝑖 − 𝑣𝑗
2
 

• The nonsmooth minimization problem (Least Moduli):

𝑚𝑖𝑛
𝑢∈ℝ𝑚,𝑣∈ℝ𝑛

σ𝑖=1
𝑚 σ𝑗=1

𝑛 𝑎𝑖𝑗 − 𝑢𝑖 − 𝑣𝑗  

• Performance of both models have been compared on various images, 

corresponding optimization problems were solved using 𝑟-algorithm
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3-D STRUCTURE WITH 1 DEFECT

Defect detection with LS (top left),

the image itself (top right),

defect detection with LM (bottom)
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3-D STRUCTURE WITH 2 DEFECTS

Defect detection with LS (top left),

the image itself (top right),

defect detection with LM (bottom)
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APPLICATION IN SUPERVISED LEARNING: 
CLASSIFICATION
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QUICK OVERVIEW: BINARY CLASSIFICATION [9]

• Let 𝑥𝑖 , 𝑦𝑖 , 𝑥𝑖 ∈ ℝ𝑚, 𝑦𝑖 ∈ ±1 : 𝑖 = 1, 𝑛  be a dataset of size 𝑛, where for 

every measurement 𝑖 = 1, 𝑛  elements 𝑥𝑖  belong to one of two classes, 

denoted by values 𝑦𝑖

• The problem of linear classification is to use available data to find such a 

hyperplane 𝑤, 𝑥 + 𝑏 = 0 dividing two classes that has the biggest margin:

𝑚𝑎𝑥
𝑤∈ℝ𝑚,𝑏∈ℝ,𝑟>0

𝑟 

𝑦𝑖 ⋅ 𝑤, 𝑥𝑖 + 𝑏 ≥ 𝑟, 𝑖 = 1, 𝑛 

𝑤 = 1 
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QUICK OVERVIEW: SUPPORT VECTOR MACHINES

• Using scaling we can set 𝑟 = 1 w.l.o.g. and consider corresponding models [9]:

• Hard SVM forbids misclassifications:

𝑚𝑖𝑛
𝑤∈ℝ𝑚,𝑏∈ℝ

1

2
𝑤 2 

𝑦𝑖 ⋅ 𝑤, 𝑥𝑖 + 𝑏 ≥ 1,  𝑖 = 1, 𝑛 

• Soft SVM allows some misclassifications:

𝑚𝑖𝑛
𝑤∈ℝ𝑚,𝑏∈ℝ

1

2
𝑤 2 + 𝐶 σ𝑖=1

𝑛 𝜉𝑖 

𝑦𝑖 ⋅ 𝑤, 𝑥𝑖 + 𝑏 ≥ 1 − 𝜉𝑖 ,  𝑖 = 1, 𝑛 

𝜉𝑖 ≥ 0,  𝑖 = 1, 𝑛 41



COMPARING HARD SVM AND SOFT SVM

Hard SVM classification (left), Soft SVM classification (right) [7]

(in our notation 𝑀 = 𝑟, 𝛽 = 𝑤, 𝛽0 = 𝑏)
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LINEAR SEPARABILITY OF SETS

• In order to apply linear classification and expect it to work correctly, we 

firstly need to know whether the classes are linearly separable

• It is a well known theoretical question in mathematical programming [10], and 

many great theorems exist for convex sets

• Example:

▪ Hyperplane 𝑥: 𝑎, 𝑥 = 𝑏  separates C and D
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LINEAR SEPARABILITY OF SETS

• But in practice, we do not know whether two “clouds of datapoints” indeed 

form disjoint convex sets – and thus can be separated

• So the need arises for some numerical algorithm that will be able to test linear 

separability of a given labeled dataset

• In most cases, Hard SVM will tackle this task just fine:

▪ If you can solve it with zero training error, then linear separation exists

▪ If the Hard SVM does not have a solution, then the dataset is not linearly separable

• However, this approach is not reliable
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MAXIMUM MARGIN LINEAR CLASSIFIER [11]

• Problem: to find such hyperplane 𝑤, 𝑥 + 𝑏 = 0  that there will be no 

datapoints between 𝑤, 𝑥 + 𝑏 = 1 and 𝑤, 𝑥 + 𝑏 = −1:

𝑚𝑖𝑛
𝑤∈ℝ𝑚,𝑏∈ℝ

𝑚𝑎𝑥
𝑖∈1,𝑛

−𝑦𝑖 𝑤, 𝑥𝑖 + 𝑏

𝑤 2 ≤ 1

• This problem is nonsmooth and constrained, and can be solved using ellipsoid 

method and nonsmooth penalty function [12]:

𝑚𝑖𝑛
𝑤∈ℝ𝑚,𝑏∈ℝ

𝑚𝑎𝑥
𝑖=1,..,𝑛

−𝑦𝑖 𝑤, 𝑥𝑖 + 𝑏 + 𝑃 ⋅ 𝑚𝑎𝑥 0, σ𝑗=1
𝑚 𝑤𝑗

2 − 1  
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“SAW” DATASET WITH GAP 𝜀 = 10−3
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“SAW” DATASET WITH GAP 𝜀 = 10−3

Solution using nonsmooth penalty function and ellipsoid method
47



“SAW” DATASET WITH GAP 𝜀 = 10−3

Solution using sklearn.svm.SVC(C=1e9, kernel=‘linear’)
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“SAW” DATASET WITH GAP 𝜀 = 10−6
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“SAW” DATASET WITH GAP 𝜀 = 10−6

Solution using nonsmooth penalty function and ellipsoid method
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“SAW” DATASET WITH GAP 𝜀 = 10−6

Solution using sklearn.svm.SVC(C=1e9, kernel=‘linear’)
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“SAW” DATASET WITH GAP 𝜀 = 10−12
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“SAW” DATASET WITH GAP 𝜀 = 10−12

Solution using nonsmooth penalty function and ellipsoid method
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“SAW” DATASET WITH GAP 𝜀 = 10−12

Solution using sklearn.svm.SVC(C=1e9, kernel=‘linear’)
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CONCLUDING REMARKS
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“Theory of the entire class of algorithms with space dilation is still far from 

being perfect. It seems to us that it is rather realistic goal to create such an 

algorithm, that would not be inferior to 𝑟-algorithm in terms of its practical 

effectiveness, and also would be as well justified as an ellipsoid method.”

N.Z. Shor
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