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MexayHapoaHasi HAy4YHasi KOHGepeHuus
«MoaeanpoBaHue M ONTUMU3ALMS B TPAHCIIOPTE U JIOTUCTHKEY,
NOCBsSIlIEHHASA 85-/1eTHIO CO JHSA POKIEHHA BbIIAIOLIErocs Y4eHOT 0

Axanemuka HAH YKamlu Hayma 3ycenesuua lopa
(01.01.1937 — 25.02.2006)

1 saBaps 2022 roma UCHONHWIOCH 85 JET €O JHA POXKICHUS
akagemuka HAH VYkpanner Hayma 3yceneBuua Illopa — Bwigaromierocs
Y4YEHOI'0, OCHOBATEIS KUEBCKOM 1IKOJIbI Hetu(dhepeHIupyeMoii ONTUMHU3ALIUH.

Bcest mpodeccnonamsnas xm3ae H. 3. Illopa mpomma B MuCTHTyTE
kubepHeTHkn uvenn B.M. ['mymkosa. 3xech' oH Hauan paGoTaTh mocie
okoHuYaHUs1 KueBckoro HalMoHalIbHOIO YHUBEpcUTETa HMeHH Tapaca
IlleByenko mno mpurinameHuto Bukropa Muxaiinosuua [mymikosa,
PYKOBOJUTEISI €r0 JUILIOMHON paboTsl o nuddepennuansHoii anredpe. B
WuctuTyTe OH mpolien Bce CTYNEHM OT HH)KEHepa [0 PYKOBOJUTEINS
OTJieJIa METOJIOB PELIEHUS CIOXKHBIX 33734 ONTUMU3ALHH.

1
B 1958 roay on Havan TpyqoOBYIO ACATEILHOCTh B BRIUMCINTEILHOM IIEHTPE AKaJeMUH HayK

YkpauHsl, npeodpazoBanHOM B 1962 roxy B MIHCTUTYT KHOEpHETHKH.
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Hauano tBopueckoil aesrensHocTd H.3. Illopa o3HameHOBanoch
JIBYMsl BaXHBIMH Hay4yHBIMH cTaThsiMu 1962 roga. [lepBas craTeba ObLia
CBSi3aHa C MOJIyYMBIIMM IIUPOKYIO M3BECTHOCTh M MPU3HAHHE METOJIOM
MOCIIEZIOBATEIHHOTO aHAJIN3a BapHAHTOB (“KUEBCKUN BCHI/IK”)Z. Bo BTOpOIii
cTaThe® IS pelICHHs ABOMCTBEHHBIX 3a1ady K TPAHCIIOPTHBIM 3aiadyaM B
MaTPUYHOW M ceTeBOM (opMax OBUIO MPEHJIOKEHO HCIOIB30BATH METOJ
CIyCKa B IPOCTPAHCTBE MOTEHIMAJIOB. BMOCIEACTBUN 3TOT METO[ MOy
Ha3BaHWe MeToja 0000meHHoro rpaaueHTHoro cnycka (OI'C) w
paspabaTbIBajics UL ONTHMH3AIUHM Pa3IMYHBIX KJIACCOB HETJIaJKUX
(GyHKIMI — HETPepHIBHBIX (PYHKIMIT ¢ pa3pbIBHBIM IpaaneHTOM. MeTton
OI'C npuoOpen OONBIIYHO 3HAYMMOCTH B CHIY MHOTOYHCIICHHBIX
MPAaKTUYECKUX TMPHIOKEeHUH. JJo TOro BpeMeHH BOMPOCHI ONTHMHU3ALUH
Hernaakux (QyHKIUN He MpUBJIeKaay O0JIBIIOr0 BHUMAaHUS MaTeMaTHKOB, a
paccMaTpUBAIMCh  JIMLIb  3MU30AWYECKH  (Hampumep, B  TEOpUHU
9eOBIIEBCKUX MPUOIIKEHHI, B TCOPUH JTHHEHHBIX HEPABEHCTB).

Co3ganue ©  wHcciegoBaHue  MeTogoB  HeauddepeHmupyemoit
(HernankoW) ONTHMHU3ANMK COCTABWIM HauOOJiee 3HAYUTEIHHYIO 4YacTb
TBOpueckoro Hacienus H. 3. [llopa. Hanbonee momHO pe3ynbTarhl IO 3TOM
TeMaTuKe, MONy4YeHHble B mepuox ¢ 1962 mo 1978 ronm, orpaxeHsl B
OCHOBOIIOJIAraroIei MOHorpa(l)er4, MOJIyYMBLIEH OTPOMHYIO W3BECTHOCTh
roclie ormyonukoBanus nznarenscrsoM "llnpunrep” B 1985 r. ’,

B monorpadun uccnenoBansl ocHoBHbIe Moaudukanuu metoga OI'C,
U3JIOKEHbl ~ aJrOPUTMbl  CyOrpaJi€HTHOTO THUIA C  PacTsHKEHUEM
MPOCTPAHCTBA B  HANpPABICHHHM CyOrpajiieHTa ¥  Pa3sHOCTH  JBYX
MIOCIIEAOBATENFHBIX CyOTpagNeHToB, KOTOpHIE 00IamaloT yCKOPEHHOMH
CXOAUMOCTBIO. PaccMOTpeHBl MPUIOKEHUS 3TUX METOJOB K PEIICHHIO
pa3Ho00Opa3HbIX 33724 ONTUMAIBHOTO IUNIAHUPOBAHUS U POEKTUPOBAHUSL.

2 Muxanesud B.C., Illop H.3. YucneHHoe penieHre MHOTOBapHAHTHBIX 3aa4 M0 METOLLY

TI0C/Ie/I0BATENLHOIO aHaIM3a BapuanToB. HayuHo-MeTotnyeckue MaTepHalibl 3KOHOMUKO-

MaremaTudeckoro cemunapa. — M.: IOMM AH CCCP. — 1962. — Bemn. 1. — C. 15-21.

3 op H.3. IIpumenenune MeTo1a rpaineHTHOTO CITyCKa ISl PELIEHHUs CeTeBOM TPaHCIIOPTHON

3azaun. Marepuaibsl Hayd. CEeMHHApa MO TEOPEeT. U MPHKIL. BOIP. KHOGPHETUKH M MCCIIeI0BAHUS

onepanuii: Hayu. coser no kubepuernkn AH YCCP. — Kues. — 1962. — Bpin. 1. — C. 9-17.
lop H.3. Meroasl MuHMMH3aLuu HepuddepeHmpyeMbIx GyHKIUNA 1 UX npuiioxenus — K.:

Hayk. nymxa, 1977. - 199 c.

3 Shor N.Z. Minimization Methods for Non-Differentiable Functions. — Berlin: Springer-Verlag,

1985. - 178 p.
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Pesynaprater H. 3. llopa mo merogam HErnmaakoW ONTHMH3ALNN
MOJKHO Pa3leNIuTh Ha TpU HampasieHus. [lepBoe — MeToAbl 000OLIEHHOTO
rpagueHTHoro cnycka (OI'C) (1962-1971), xoTopble MONOXKWIM Hayallo
HOBOMY  HANPABICHHIO  MAaTEMAaTHYECKOTO  IPOTPAMMHUpPOBaHHS  —
YHCIICHHBIM METO/IaM HETJIQJIKOH ONTHMHU3aIUH.

Bropoe — cyOrpaarieHTHbIE METOIBI C PACTSHKEHHUEM TPOCTPAHCTBA B
HampaBJIeHUN CyOrpaJHueHTa, KOTOpble Mo cpaBHeHHI0 ¢ Metogamu OI'C
HUMEIOT YCKOPEHHYIO CXOIUMOCTh. YacTHBIM CIIydaeM 3TOro ceMeHcTBa
AITOPHTMOB  SBIAETCH METOA  IIUIMNCOMIOB, CKOPOCTH  CXOJMMOCTH
KOTOPOTO 3aBHCHT JIUIIE OT Pa3MEPHOCTH IPOCTpaHcTBa . Vcmonp3oBanme
METO/Ia SJUTUTICOMIOB TIO3BOJIMIIO PELIUTH PSJI BAXKHBIX BOIPOCOB B TCOPUH
CIIO)KHOCTH 3a/lad MaTeMaTHYeCKOro IporpaMMupoBaHus. Tak, Ha ero
OCHOBE TMOCTPOCHBI TEPBBIH NONMHOMHANBHBIN AITOPUTM U 3aJaduH
JMUHEHHOTO TPOTPaMMHPOBAHHS C PAMOHATBHBIME KOJ((PHINCHTAMU
(Xaumsa, 1979) w monMHOMHANBHBIE ANTOPUTMBI IS KOMOMHATOPHBIX
3aja4 Ha rpadax (I'peormiens, JloBac, CxpeiiBep, 1981).

TpeTbe HampaBieHHE — 3TO CyOrpaMEeHTHBIE METOMBI C PACTSHKEHUEM
MPOCTPAaHCTBA B HAMpPaBICHWH PA3HOCTH [JBYX MOCJIEIOBATEIBLHBIX
CyOrpaIuCHTOB, TaK Ha3bIBACMBIC I-ATOPUTMBL. J[0 HACTOAIIEr0 BpEeMEHH
r-aJiTOPUTMBI  SIBJISIFOTCSA  OJIHUM W3 HauOosiee 3(PQGEKTHBHBIX CPEICTB
pemrenust 3a7a4 HeauddepeHmpyemoii ontuMuzanuu. [lpn MUHUMH3AINN
rmaakux (QyHKIMA OHM KOHKYPEHTOCHOCOOHBI ¢ HauOojiee yIauyHBIMHU
peanu3alMsMd  METOJOB  CONPSDKCHHBIX  HAIpaBIEHUH W METOAOB
KBa3WHBIOTOHOBCKOTO THIIA.

Metoabt OI'C u BX yCKOpeHHbIE MOAM(DUKAIUN JaTd BO3MOXKHOCTb
pemaTh  3aJa4d  MPOU3BOJCTBCHHO-TPAHCIIOPTHOTO  TUIAHHUPOBAHUS
OonbIiiol  pa3MepHocTu. Pa3pa0oTaHHBIE CXEMBI JIEKOMIO3UIIMH IO
OTPaHWYCHHSM M IO MEPEeMEHHBIM IS 3a1ad OJOYHON CTPYKTYpHI HAILUTH
MHOTOYHCIICHHBIC TPHIOKCHHS " TNPH DEUICHHH 3ajad ONTHMAILHOTO
TUTAHUPOBAHHMS, ONITHMAIBHOTO MMPOSKTHPOBAHUS, CHHTE3a U aHAJIN3a CeTeH,
mpo0JIeM TPaHCIIOPTa U JOTUCTHKH.

6 Iop H.3. Meron oTceuenus ¢ pacTsiKeHHEM NMPOCTPAHCTBA JIUIsl PEIICHNs 3a/1a4 BBITYKJIOTO
nporpammupoBaHus // Kubepreruka. — 1977. — Ne 1. — C. 94-95.

Muxanesud B.C., Tpy6un B.A., lllop H.3. OntuMu3sanuoHHble 3a1a4i NPOU3BOACTBEHHO-
TPAHCHOPTHOT'O IJIaHUPOBaHUA. Mozenu, MeToibl, anroputMel. — M.: Hayka, 1986. — 260 c.

Iop H.3., Conomon JI.1. JIeKOMIIO3UIIMOHHBIE METO/IBI B APOOHO-THMHEHHOM
nporpamMmmupoBanuu. — Kummnes: Iltunana,1989. — 204 c.
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bonmpmioe 3Hauenme wumeror pabotel H. 3. Illopa, cBs3aHHEIE C
MpUMEHEHHEeM MeToJoB Heau(pdepeHIUpyeMold  ONTUMH3ALWU  JUIS
TOJIy4€HHUsI TBOMCTBEHHBIX JIArPAHKEBBIX OILIEHOK B MHOT'O’KCTPEMAIbHBIX
KBaJIpaTUUHBIX 3afayax. s yaydileHHs 3TUX OLEHOK HCHOJIb3YeTCs
pacliypeHue HUCXOJHBIX KBaJpaTUUHBIX IIOCTAHOBOK 3ajady IIyTeM
nobaBleHHs K HAM  (YHKIMOHAIFHO W30BITOYHBIX OTpaHWYCHHH.
[TonydyeHne OLEHOK O4YE€Hb BAXHO JUISI JUCKPETHBIX, NP-TpyaHbIX
JKCTpeMalIbHBIX 3a]a4 Ha rpadax u CceTsX.

Takol moaxoa AaeT BO3MOXKHOCTh cpeld NP-TpyIHBIX HEBBITYKJIBIX
KBaJpaTUYHBIX 33729 BBIICIUTEH TAKHE ITOAKIACCHI, IUIST KOTOPBIX IMpobieMa
HAXOXJCHMS 3HAYCHUS TT00AaJBHOTO MHHHMYyMa IIEIEeBOW (YHKIHH
paspemmMa 3a  [OJMHOMHAJbHOE Bpems. [Ipobimema  TOYHOCTH
JBOMCTBEHHOM OLIGHKM [JJIs OIpENeNeHHOW KBaJApaTUYHOM 3ajauu,
COOTBETCTBYIOLIEH  3ajaue HaxOXKIEHHA IJ100aJbHOI0  MHUHHMMYyMa
MOJMHOMA, OKa3ajach TECHO CBs3aHa C HCCIeNoBaHMsAMH [ minbepra o
MIPEICTAaBICHUH HEOTPULIATENbHBIX MOJMHOMOB B BUJE CyMMbl KBaJpaTOB
MOJTMHOMOB MEHBIIMX CTeleHedl (Tak HaspiBaemas 17-1 mpoOiema
I'une6epra).

OueHp BaXXKHBIMU OKa3aJIUCh pe3yibTarhl, noixydeHHsle H.3. Illopom
JUId 3afjaud HaxOXJEHHs B3BEIIEHHOI'O MAaKCHMAaJIBHOTO HE3aBUCHMOIO
MHOXKECTBa BepIIMH rpada. DTa 3a7aya NPUMEHSIETCS B MHOTOYHMCICHHBIX
MPUIIOKEHUAX: TEOpUH HH(GOpMAIMKM W KOAWPOBAHHM, MPOEKTHUPOBAHUH
Pa3IUYHbIX YCTPOWCTB MpPHU ONPEIENCHHBIX YCIOBHAX HECOBMECTHOCTH;
OHa TECHO CBs3aHA C W3BECTHBIMH 3a7adaMH BEIOOpa, pa3OMeHUS
MHOXXECTB, pacKpackd rpadoB M JAPYTMMH KOMOWHATOPHBIMH 3a/ladyaMH,
MMEIOLUMH, B CBOIO OUYE€pEb, MHOTO NMPHWIOKEHUH. B TO xe BpeMms, oHa
MPUHAAIEKUT K Kinaccy NP-mojHbIX 3amad (IpU LIEJIOYMCIIEHHBIX Becax
BepiuuH). J[BoiicTBeHHbIe oueHkH llopa 11 3TOH 3ajauu TECHO CBSI3aHBI C
u3BeCTHbIMM 4yucnamu JloBaca 9(G,w) M 9(G,w), KOTOPBIE HIPAIOT

OONBIYI0 PONIE TPH OOOCHOBAHMHM  PE3YJBTATOB O ITOJMHOMHAIBHOM
pa3perMocCTy psiaa 3ajad B TEOpHH IpadoB.

Haunbonee nmonnas mo 3toit remaruke Mmonorpadus H. 3. lllopa Brimma
3a pyOEKOM HA AHTTTHIHCKOM SI3BIKE .

? Shor N.Z. Nondifferentiable optimization and polynomial problems. — Boston; Dordrecht;
London: Kluwer Academic Publishers, 1998. — 394 p.
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Hayunsie paspaborkm H. 3. Illopa mmeror Oosblnoe MpUKIagHOE
3HaYyeHue B cdepe TpaHCHopTa H JIOTUCTUKH. OHHU  TMO3BOJSIOT
ONITUMH3HPOBATH TPY30IIOTOKH B JIOTUCTHYECKHX CHCTEMaX MHKPO- Me30- U
MakpoypoBHEH, o0ecrneunBaTh MAaKCUMAaJbHYIO IPOU3BOAUTENHLHOCTD
MOJBIDKHOTO COCTaBa Ha BCEX BHAAX TpaHCHOpTa, OOECIeUYNBaTh
MUHUMH3ALUI0 CEOSCTOMMOCTH TPaHCIIOPTUPOBKH TOBAapOB M B IEJIOM
YMEHBIIATh CTOMMOCTb JIOTUCTHYECKOH COCTaBISIOMIEH B CTPYKTYype
BHYTPEHHET0 BAJIOBOI'O MPOAYKTa CTPAHBI, YTO MOBHIILAET SKOHOMHYECKYIO
3¢ EKTUBHOCTD UCCIIEAYyEMbIX IPOLIECCOB.

Brimarommmecst  pesynbratel  Hayma 3ycenmeBmua mo  paspaboTke
MEeTOZIOB HemupdepeHIMpyeMold ONTUMH3ANUN TIONYYMIIA  BBICOKYIO
OLIEHKY KaK Ha PojAMHE, Tak U 3a pyOexxoM. OH ObLT YIOCTOEH MpEeMHUii B
obnactu Hayku W TexHuku: l'ocymapcrBeHHbix npemuit CCCP (1981) u
VYkpaunsr (1973, 1993, 1999), mnpemun wumenn B. M. I'mymkosa
HanuonanpHolt akagemMun Hayk Ykpaunsl (1987), npemun umeHu
B. C. Muxanesuya (1999). INogpoOHocTu 00 3THX MPEMUAX CM. Ha CTp. 8.

OH Obul mpodeccopom KueBckoro HalMOHANBHOTO YHHBEPCHTETA
umenn Tapaca llleByenko, KueBckoro otmenenuss MocCKoOBCKOTo (pu3mKo-
TEXHUYECKOTO HMHCTHTYTa, HallMOHAIBHOTO TEXHHYECKOTO YHHBEPCUTETA
(KITN), ComomonoBa yHuBepcuTeTa. [log ero HaydyHBIM pPyKOBOJCTBOM
noarotoBieHo 40 kanauaaTckux U 10 TOKTOPCKUX IUCCEpTalUil.

Hayunoe wnacnmegue Hayma 3yceneBuua oKasajlo CyIIECTBEHHOE
BIMSHHUE Ha Pa3BUTHE TEOPUH M YUCICHHBIX METOAOB onTHUMH3aLuu. OHO
npencrasiaeHo B 10 MoHorpadusx u 6osiee yeM B 200 crathsix. OCHOBHBIC
crarsi H. 3. lllopa omyGIuKoBaHE! B CGOPHHKAX H3GPaHHBIX Tpy10B ' 2,
Ero kHHrM cTanmu HAaCTOJNBHBIMH JUIi BEAYIIMX OTEUYECTBEHHBIX U
3apyOeKHBIX CIELIMAINCTOB B o0acTtu MaTeMaTHYECKOTO
[IPOrpaMMHUPOBAHHUSL.

TBopueckoe nHacnenue H. 3. lllopa — MOIIHBIA HCTOYHHK TIYyOOKHX
Wael ¥ 3HaHUH A7 HOBBIX ITOKOJIGHUH YUEHBIX.

10 lop H.3. Mertoxs! HeauddepeHnnpyeMoii ONTUMH3AINH U CIIOKHBIE SKCTPEeMabHBIE 3a/1a4H.
C6opHHK M30paHHBIX TPY0B. — Knmmuoy: OBpuka, 2008. — 270 c.

Iop H.3. MeToapl MUHMMHU3aLUK HETJIAJKUX QYHKIMH 1 MaTpUYHbIE 3aJa41 ONTUMU3ALIUH.
COopHUK U30paHHBIX TpynoB. — Kummnay: OBpuka, 2009. — 240 c.

12 . o
Iop H.3. Anroputmsl MOCIEOBATEILHON U HErNaaKkoi ontumu3anni. COOpHUK N30paHHBIX
TpynoB. — Kummmnsy: OBpuka, 2012. — 269 c.
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H.3. Hlop: npeMmun B 00,1aCTH HAYKH U TEXHUKHU

1973

1981

1987

1993

1999

1999

I'ocynapcTBeHnas
npemus Y KpanHCKON

CCP B obOmnacTu HayKu

1 TCXHUKHU

Tl'ocynapcrBeHHas
npemust CCCP

[Ipemust umenu
B. M. I'nymkxoBa
HAH VYxkpaunst

locynapcTBenHas
npemus YKpauHBI B
o0JyacT HAyKH |
TEXHUKU

[Ipemust umenun
B. C. MuxaneBuya
HAH VYxpaunsl

lNocynapctBennas
npemus YKpauHbI

3a MUKJI paboT 1o ob1el Teopun
ONTUMU3AIINHU 1 YIIPABIICHUS B COCTABE
aBTOPCKOT0 KOJUIEKTUBA

3a LUK paldoT 10 CO3JaHUIO U LIMPOKOMY
BHEJIPCHUIO COBPEMEHHBIX
MaTeMaTHYECCKHUX METOAOB ONTHMHU3AIUN
B TeueHue 1962-1979 r.r. B cocrase
aBTOPCKOT'0 KOJJICKTUBA.

3a UK paboT «Po3poOka i TeopeTnuHe
OOIpYHTYBaHHS YACIIOBUX METO/IIB
PO3B'I3aHHS 337149 BEJIMKOI PO3MIPHOCTI»
coBmecTHO ¢ FO.M. EpmonbeBsim u 1.H.
Moi4aHOBEIM

3a IUKJI pabot «MaTemMaTHIHI METOIH 1
MPOTpaMHi 3aCO0H IS
po3mapaleltoBaHHs Ta pO3B'sI3aHHS 33724
Ha PO3MOAITICHUX 0araTomporieCoOpHnX
EOM)» B cocTaBe aBTOPCKOTO KOJIIIEKTHBA

3a cepuro paboT «ACHMIITOTUYHHM aHai3
CTOXaCTHUYHUX CHUCTEM, KBa3irpajlieHTHI
METOIH B CTOXaCTHYHHUX 3a/1a4ax,
ITOPUTMH OTPUMAaHHS KBaJpPaTHIYHHX
OIiHOK» coBMecTHO ¢ FO.M.EpMonbeBbiM
u 11.H.KoBaneHko.

3a IIUKJI MOHOTpaduil Mo MeToam
CHCTEMHOI'0 aHaJIu3a U
WH(POPMALMOHHBIM TEXHOJIOTUSIM
VIIPaBICHUS MPOLIECCAMH U MOJISIMU B
COCTaBE€ aBTOPCKOTO KOJUICKTHBA.

14



BOCIIOMMHAHUSA
O BEJIMKOM YYUTEJIE — AKAJEMHUKE H.3. IIOPE

| COJIOMOH JI.1.

ATUK, UMU, Monmgosa
atic@mtc.md

MHue BhImasia Oojblnas 4ecTh OBITH yUeHHKOM mpodeccopa Hayma
3yceneBuua [llopa, wu3BecTHOro ykpauHckoro yué€soro. Ilom ero
PYKOBOJICTBOM S BBIMTOJHSUT KaHAUJATCKYIO M TIOKTOPCKYIO AUCcepTauuu. B
Kuese s paboranm Hanm temoill «JleKOMIO3HIMOHHBIE METOJIbl PEIICHHS
3amad  IpoOHO-IMHEHHoro mporpammupoBanus» (1985), B Kummnése
MIPOOIKII 3TU uccienoanus (1986 — 1989).

Koneuno, o Hayme 3yceneBude MOXXHO TOBOPHTH OYEHb MHOTO, O
pasHBIX CTOpPOHAX €ro MHOTOIPaHHOH Hay4yHOH, oOpa3oBaTelIbHON U
o0mecTBeHHOM  gedresnbHOcTH. OH  OBUI  HACTOSIIUM  YUE€HBIM,
OTBETCTBEHHBIM PYKOBOJIUTEIEM, XOPOLIMM H A00pbIM dYenoBekoM. OH
MPEUIOKKWIT  MHE HWHTEPECHYI0 TeMy [UIS HCCICIAOBAaHUs, ITOCTOSIHHO
HHTEPECOBAJICA XOAOM BBIYMCIMTENBHBIX AKCIEPUMEHTOB, PEKOMEHO0BAJ
JIUTEpaTypy, KOHCYJbTUPOBAJ IO pa3HbIM BONpocaM, 00cyxaan
MOJTyYeHHbIe pe3yJbTaThl, y4YMJI WX aHanu3upoBaTh. Ceiiyac 1 Mory
OTBETCTBEHHO CKa3aTh, UTO IS MEHSI OH CTaJl TAK)KE M HACTOSIINAM JIPYTOM.
51 Bcerma MOT K HeMy 00pamniaThCs M PelIaTh MOYTH BCE HAIIN BOIPOCHI.

C wumenem Hayma 3yceneBuualllopa cBs3anbl pa3paboTKu U
HCCIIEIOBAaHHUA B OCHOBHOM TPEX TPYIIl METOJIOB HETJIAJAKOH ONTHMH3ALINH:
METOJIBl 000OMIEHHOTO T'PaJHMEHTHOTO CIyCKa, METOABI C PaCTSIKCHHUEM
MIPOCTPAHCTBA U METOMAbI 3JUIMICOMAOB, YTO COCTaBJISET BECOMYIO YacTb
€ro TBOPYECKOro Hacijeausl. DTU METOJbl ObLIM YCIEIIHO anpoOHUpOBAHBI
MPH PEIICHHHA BaXXHBIX HAPOIHOXO3AWCTBCHHBIX 3334, CBS3aHHBIX C
MPOSKTHUPOBAHUEM MArUCTPAIBLHBIX Ta30MPOBOJOB, TPAHCIOPTHBIX W
JNEKTPUYECKUX  CeTel, ONTUMAlbHOH  3arpy3Koil MPOM3BOJICTBEHHBIX
MOIITHOCTEH KPYMHBIX MPOMBIIUIEHHBIX KOMIUIEKCOB U JIp.

S rtaxxke mumen yectb ObITh coaBTopoM Hayma 3yceneBuua B cBoei
nepBoil MoHorpaduu «/leKoMIIO3NIIMOHHBIE METOIBI B JPOOHO-JINHEHHOM
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MPOTPaMMHPOBAHUMY», OIyOnuKoBaHHOM B 1989 romy B MoOJmaBCKOM
pecnyonmukanckoM u3garensctBe «lltmmHma» B Kummnese. Iloxe B
onyOJIMKOBAaHHBIX MHOIO Hay4YHBIX paboTax M y4eOHHUKaX 3TH METOJBI
TIOJTYYMJIN JJalbHENIIee pa3BUTHE.

ITocne cmeptu Hayma 3yceneBuya Mbl BMECTE C COTPYAHHUKAMHU OT[ela
METOJIOB Heriankod omnrumuzanuu WMHctuTyta KubepHernkn HAH
YKpauHBl MOCTapajiuch coOpaTh BCE OCHOBHBIE METOBI, pa3paOOTaHHbIC
Hlopom H.3., u u3maTh WX OTIAENbHBIMH KHHUTaMH. B pesynbrare ObLIO
OITyOJTMKOBAHO TPW KHHUTH M30paHHBIX TpyaoB Hayma 3ycemesmua (2008,
2009, 2012), xoropble coaepKaT TJaBHBIE PE3YJbTAThl HAYYHBIX
pa3paboToOK TOA €ro PyKOBOJICTBOM M ObUIM OMYOJIHKOBAaHBI B BEIYLIMX
KypHaIax. OTH KHATH OYeHb TOJIE3HBI MOJIOABIM HCCIIEOBATEISIM U MOTYT
OBbITh UCIOJIB30BAaHBl UMM Ul AaJbHEUIIEro pa3BUTUS ONTHMHU3ALMOHHBIX
METO/IOB.

Xortst ocHOBHBIE cTaThH U MOHOTpaduu Lllopa H.3. ecTb B a5eKTpoHHOM
BapuanTe Ha caiire Mucturyra kxudepnernku HAH Yxpaunsl, HO paboTath
¢ OyMa)kHbIM BapHaHTOM Bceraa yJoOHee. DT KHUIH AOJDKHBI OBITh «I10]
pykoi», u0o comepxkaT OYEeHb MHOTO HIEH UIs pPa3BUTUSA TEOPUHU
ONTHMHU3AINA B HACTOSIIEE BpEMs. YBakaeMble yYaCTHHUKM CEMHHapa,
€CIIM y Bac €CTb JKEJaHUE IOJIyYUTb 3TU KHUIH, TO oOpaliaitech - MBI
OTIIPaBUM BaM IO MOYTE TPU CaMbIX LIEHHBIX KHUTU H30paHHBIX TPYIOB
H.3. Ulopa.

3aMedy, 4TO COBMECTHO C y4€HbIMH HWHCTUTyTa KHOCPHETHKH MBI,
MOJIIaBCKHE HCCIIe0BATENH, BCE 9TH TOJbI IPOIOJIKAIH
MOMYJISIPU3UPOBATh U pa3BUBaTh HAyYHOE HAcleIue Hamero Y4urens. Mel
pemmiau co371aTh cepuro KHUT noa Ha3BaHUEM
«Hemuddepenmpyemast oNTUMH3AINS U €€ MIPUIOKCHUS, TOCBAMIEHHYTO
akanemnky HAH VYxkpaunst H.3. llopy. B cocraBe penkomnernn — MN.B.
Cepruenko, J[.1. Comomon u I1.LU Cremrok.

Hawm ynanock 3a KopoTkoe BpeMsl Hare4aTaTh Y€ThIpE OTPOMHBIE KHUTH
mo 300-500 crpaHul Kakaas, KOTOpPbIE pPa3BUBAIOT OCHOBHBIE METOJBI,
npemioxkeHuele  Haymom 3yceneBuueM. bBbuin u3maHbl KHUra MOEro
aBtopctBa (2010), nBe xuuru IL.U. Creuroka (2014, 2018), ogHa kHura
EM. Kucenésort u JI.C. Kopsmkunoir (2015). Msl cobupanuch
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MIPOJOJKHUTh W3IaHWE KHUT 3TOM CepuH, HO BMEIIAINCh HENPEIBUICHHBIC
00CTOSATENLCTBA, U HAaM OCTAETCS TOJNBKO COXKAJIETh, YTO Mbl HE YCIEIH
3aBEpPIIUTh 3Ty CEpPHUI0 KHUT B MOJHOM o00bEMe. C 3IIEKTPOHHBIM
BapHaHTOM H3JaHHBIX KHHUT MOXKHO O3HAaKOMHUThCS Ha caiite MHcTuTyTa
kubepHeTnkn HAH VYkpaunbl Ha crpanune otaena 120 (oTaen MeToloB
HerJalKoi ONTUMHU3ALNHN).

Tarxoke coBmecTHO ¢ MHctutyToM kuOepHeTnkn HAH VYkpauHbl MBI
MIPOBOJIUIIA MEXKITyHapOIHbIe KOH(DEPEHIINHN N0 MaTeMaTHIeCKUM METO1aM
ONTUMU3ANNN U HHOOPMAIMOHHBIM TEeXHOJNOTHsAM. Ceiiuac MbI TIOIHSIH
BONPOC, CBSI3aHHBIA C WH(GOPMALMOHHBIMU TEXHOJIOTHSIMH, a HMEHHO
peanuzanus 3TUX MeTojoB onTtuMuzanuu (LLopoBckux MeTOmOB) B
Pa3TUYHBIX BapUAHTaX M SA3bIKaX MPOTPAMMHPOBAHUS. Y MEHs ObUIH U €CTh
9TU mporpammbl Ha s3bikax Fortran, PL, C, xoTopble s MCHOIB3YIO VIS
peleHust KOHKpeTHBIX 3agad. [loaToMy BO3BpaliaThCsl K 3THM BOIpOCaM
HYKHO, IIOTOMY 4TO METOJ Ha Oymare — 3TO OJJHO, a KOTJia OH Pean30BaH B
KOHKPETHO! Cpefie — €ro MOXXHO HCTIONB30BaTh IS PEUICHHUS] KOHKPETHBIX
aKTyaJlbHBIX 3a/1a4.

CosmectHO ¢ otaenoMm Ne 120 mon pykoBoactsoMm Ilerpa MBanoBuua
Cremioka MBI IIAHUPOBAIM TPOBECTH B  MapTe J3TOro0  roja
MEXIYHAPOIHYI0 HAayYHYI0 KOH(EPEHIHIO, MOCBAIMEHHYIO 85-IeTHIO CO
oHs pokaenus axagemuka H.3. Ilopa, HO, K coxalleHHIO, M3-3a Hadaja
BOEHHBIX JIEWCTBUI HE CMOIJIM 3TOTO cJieNaTh. BMecTe ¢ TeM MBI OMy4YuIn
MHOTO MHTEPECHBIX TE3UCOB JTOKIAI0B. [[03TOMY penriim mpoBeCTH CEPUI0
Hay4yHBIX CEMHHApOB B QopmMaTe zoom- KOH(EpEeHLUH, IS TOro, YTOOBI
emé pa3 oOCYIUTh TBOPUECKOE Hacjenue OOJBIIOro yU€HOTo, MOIEIUThCS
BOCIIOMHUHAHUSIMU O HEM, a TakKe TMPEACTaBUTh HOBBIE Hay4YHbIC
pe3yabTaThl, KOTOpble pa3BuBatoT uieu Lllopa H.3. B Teopun ontumusanuu
WM TIOKa3bIBAIOT HOBBIE Chephl IPUMEHEHHUS U MIPAKTUYECKOH peann3aluu
CO3/IaHHBIX METOJIOB U AITOPUTMOB.

51 oueHp TOpA TEM, YTO MHE IMOCYACTIMBHIOCH paborath ¢ Haymom
3yceneBuueM. S Bcerma Oyny MOMHHUTb €ro HE TOJBKO KakK BEJIMKOTO
yu€HOro, HO U KaK 3aMeyaTebHOro 4enoBeka. OH cTpacTHO JIOOMI UrpaTh
B (yTO0I, ObLT Tymol 000N KOMIAHUU, YMEN OBITh LIEAPHIM U TIyOOKO
HUHTEJUIUT €HTHBIM.

17



VYBepeH, uro Mbl Oymem oOpamatbes k Tpymam H.3. Illopa, ero
(yHIaMEHTaIbHBIM pe3yJibTaTaM, OyJieM pa3BHBaTh €0 HACJIEIHe, pellaTh
T€ WM WHBIE BOMNPOCHL, KOTOpPbIE aKTyalbHBl celyac B o0JacTu
ontuMuzanuu. U riaBHOE, YTO MBI U BIPEb C AYIICBHOU TEIJIOTOH OyaeM
BcriomuHath Hayma 3ycerneBuua.

Tesucwl ebicmynaeHus
JImumpus Unouua Conomona
Ha HAYYHOM CeMUHape
«Haym Llop — nuonep
¢cyOepaoueHmuo20 mMemooay,
13.09.2022
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ONTUMM3AILIASA MECT M MOIIITHOCTEN HCTOYHUKOB
CUCTEMBI CETEBOM CTPYKTYPhI

AWJIA-3AIE K.P.,

WHucTuTyT cucreM ynpasieHus,

WuctutyT Maremaruku u mexannku HAH
Azepbaiimkana, baky, AzepOaiimkan
kamil_aydazade@rambler.ru
AIIPA®OBA E.P.

Bakunckuil rocyaapcTBEeHHBIA YHUBEPCUTET,

WNuctutyT cucrem ynpasieaust HAH
Asepbaiimxana, baky, AzepOaiimkan
ashrafova.yegana@gmail.com

Hccnedyemes peuwienue 3a0auu OnmumMu3ayuu Mecm pasmeujeHus u
3HAUEHUll MOWHOCMEU COCPEOOMOYEHHbIX UCMOYHUKOS, GIUSIOWUX HA
@yHKYUOHUPOBAHUE CNOJNCHO20 0bvekma cemesoti cmpykmypul. Obvexm
cocmoum U3z 0OILUIO20 YUCAA OOHOMEPHBIX 00BEKMO8, COCMOsSHUE
Kancoo2co U3  KOMOPbIX  ONUCHIBAEMCS  CUCTNEMOU  0ObIKHOBEHHbIX
OughpepenyuarbHbIX YpagHeHUll ¢ Hepa30eeHHbIMU KPAeGbLMU VCA0BUIMU.
Honyuenvt HeobxoO0umvie YCi08UsT ONMUMATLHOCMU KAK HO 3HAYEHUAM
MowHOCmEN, MAK U Mecmam cocpedomodenus ucmoynuxos. Ha npumepe
MOOENbHOU 3a0a4u NPUBEOEHbL PE3YIbMAMbl YUCIEHHbIX IKCNEPUMEHMOB.

Knrwuesnle cnosa: ucmounuxu, pasmeweHue UCIOYHUKO8, HEOKANbHbLe
VC08USL, YCA0BUSL ONMUMATIbHOCMU, 2PAOUEHM (DYHKYUOHAAA.

1. Bsenenmue.
B cratbe uccnemyercs 3aa4a ONTUMU3AIMNA MECT pa3MEIICHUS M 3HAYCHUI
MOIIHOCTEH COCPENOTOYEHHBIX HCTOYHHKOB [1-3], BimsomuxX Ha
(YHKIMOHUPOBAHHE CIIOKHOTO 00bekTa. OOBEKT COCTOMT U3 OOJBIIOro
qycla OJHOMEPHBIX OOBEKTOB, COCTOSHHE KaXIOrO U3 KOTOPBIX
OITUCEHIBACTCS CHCTEMOH OOBIKHOBEHHBIX TU(PepeHIHANEHBIX YPaBHEHHH C
HENOKAIBHBIMH KPAcBbIMU YCIOBHAMH. [10HOOBEKTBI CBSI3aHBI MEXKIY
co0Ol B MPOU3BOJILHOM TMOPSIKE JIMIIb COCTOSIHUSIMH B CBOMX Ha4dallbHBIX
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WIM KOHEYHBIX TOYKaxX. B TOUYKaxXx COEJMHEHUS CMEXHBIX MOJO0BEKTOB
BBIITOTHSIOTCS YCJIOBHSA, SBIISIOIIUECS aHAIOTAMH (H3WYECKUX 3aKOHOB,
HanpuMep, 3aKOHAMH COXPaHEeHHUs SDHEPTUH, MaTepUajIbHOro OanaHca u T.11.

Ha otnmenbHble TOYKM MOJOOBEKTOB M HAa TOYKH HMX COCIUHEHUS
BO3/ICHCTBYIOT WCTOYHHKH, BIHAONNE Ha (QYHKIMOHHPOBAHHE Kak
OTIENbHBIX IOJ00OBEKTOB, TaKk W BCero oObeKTa B IeJaoM. Touku
BO3JICUCTBUSI MCTOYHMKOB HAa MOJOOBEKTHI M HX MOIIHOCTH TpedyeTcs
ONITUMH3HUPOBATH, UCXO/IS U3 33/IaHHOTO 11eJICBOr0 (PYHKIIMOHAJIA 32/1a9H.

Takwne cioxHbIe 00BEKTHI OyZleM Ha3bIBaTh AMHAMUYECKUMHU O0OBEKTaMH
CeTeBOM CTPYKTYypbl, MO aHamoruu c¢ [4], a COOTBETCTBYIOLIHUE
MaTeMaTHYECKUe MOJIENHU — CeTeBBIMU. CTPYKTYpY TaKHX OOBEKTOB YA0OHO
TIPEICTaBISITh B BHUIIE OpHEeHTHpoBaHHOTO Tpada [5]. [Ipenmonaraercs, ato
rpad) HEemoNHbIHA, T.e. OOJbIIAsI YACTh IEMEHTOB MATPHIBI CBSI3eH PaBHBI
Hymo. HeHyneBble 371eMEHTHI 3TOH MaTpPHUIBI COOTBETCTBYIOT HAIUYHIO
CBSI3M MEXJIy HAYalbHBIMA M KOHEYHBIMH COCTOSIHUSIMH OTACIBHBIX
OJIOKOB, COOTBETCTBYIOIINX CMEKHBIM JIyraM rpada.

B  cratee  uccnemoBaHbl  BBINYKJIOCTh  (DYHKLMOHAJNA,  €ro
JuQQepeHInpyeMOCTb, MOTYYeHbl HEOOXOAUMBIE YCIOBUS ONTUMAIBEHOCTH
KaKk TI0 MOIIHOCTSM, TaK M MECTaM COCPEIOTOYCHUS WCTOYHHUKOB.
[IpemioskeHa cxeMa YMCIEHHOTO pelleHNs 3a7aul, OCHOBaHHAs Ha METO/ax
ontumuzalMu [6,7] mepBoro mopsaka C NPUMEHEHHEM MOJIY4YEeHHBIX
dbopMyn AN TpaauWeHTa MeJeBOro (hyHKIMOHAJIA 1O ONTHUMHU3UPYEMBIM
MECTaM BO3JICHCTBHS U MOIIHOCTSIM HCTOYHHUKOB.

K paccmarpuBaemoil 3amaue, B YacTHOCTH, NPHUBOIUTCS 3ajgada
ONITUMAJILHOTO YIIPaBJIEHUs MEePEXOIHBIM MPOLECCOM HEYCTaHOBHBILIETOCS
JOBWDKEHUSI JKUAKOCTH (rasza) B TPYOONPOBOJHBIX CETSAX  CIIOXKHOM
CTpyKkTypHl [8,9]. MaremaTndeckne MOAENTH ITHX IMPOIECCOB COCTOAT W3
nojcucTeM IU(QepeHInaNnbHbIX YPaBHEHUNH C YaCTHBIMH HMPOM3BOJHBIMU
runepOOMMYECKOro THMA, KakKAas M3 KOTOPBIX OIMCHIBAET IPOLECC
JBWKEHUSI Ha OTJEIFHOM Yy4YacTKe TpyOompoBoaa. B mecrax coenmHeHUs
YYaCTKOB  BBINOJHSIOTCA  YCIOBHMA  HENPEPBHIBHOCTH  IIOTOKA U
MaTepualbHOro OanaHca, KOTOpbIE NPUBOJAT K HEpa3delieHHBIM KpaeBbIM
ycnoBusM.  [IpuMeHeHne MeToAa TPSAMBIX 10  BPEMEHHOW WM
IIPOCTPAaHCTBEHHO! ~ NEpeMEeHHbIM  (aHajJor  IPUMEHEHUs  MeToja
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I[GKOMHO?;I/IHHI/I) MPpUBOAUT 3ajlavy YHpPaBJICHUA PEKUMaMU JIBUKCHHUA
CBIpbs B TPAHCIIOPTHOM CETH K 3aJa4e, UCCIENYEMOM B JaHHOU CTaThe.

2. IMocTaHoBKa 3a1aun

PaccmarpuBaeTcsi CIOXHBIA OOBEKT, COCTOSIIMI K3 11 3BCHBCB
(6IOKOB), B TPOM3BOJIBHOM TIOPSIKE COSTUHEHHBIX CBOMMH KOHIIAMH,
CTPYKTYpy KOTOPOTO YyJOOHO NPEJCTaBUTh B BHUJEC OPHUEHTUPOBAHHOTO
rpada. Kaxmoii myre rpada COMOCTaBISACTCS HE3aBUCHMBIA IMOJ0OBEKT
(6710K), coCTOSHHE KOTOPOTO OITUCHIBACTCS CHUCTEMOW OOBIKHOBEHHBIX
mudhepeHInaTbHBIX YPaBHEHHN.

MHokecTBO BcexX BeplinH rpada o00o3HaunM yepe3 [ , a MHOKECTBO

L ks
Iyr (3BEHBEB) (k,s) mmumoii I” ¢ nauanom B BEPIIUHE k € [ W KOHLIOM

B BEpILNHE sel 00603HAYNM uepesJ = {(k,s):k,s eI},

|I | =N, |J | =m, |[ | YKa3bIBaeT HA YKCIIO SJICMEHTOB MHOXecTBa [ .
Hycte  J' = {(j,i) e 1,,*}, J = {(i,j) e 1;} — MHOXeCTBa IyT

COOTBETCTBEHHO BXOJSIIMX M BBIXOMSIIMX U3 [-if Bepumusl, [ u [ —

MHOKECTBA BEpPIIUH, CMEXKHBIX C i-1 BEpIIMHOM, SBIAIOIUXCA
COOTBETCTBEHHO  KOHIAMM M  HadagaMd Oyr M3  MHOXECTBa

J, J,=J"UJ;, I =1"UI . O603naunm
|J[+ _ 1[+

=7, |Ji|=|1[|=ﬂ,., n+n =n, i€l

i —i i
SIcHo, uTo

Zn =n, Zn =n, n+n=2 Zn =2m.

iel iel iel

B NpaKkTHYeCKMX NPUIOKEHHSX, KaK IIPaBUIO, HMEET MECTO
cootHourenne 1; << N, i €/, T.e. 4MCIO BEpIIMH, CMEKHBIX C KaKO¥i-
1100 BEPIIMHOMN, MHOTO MEHBIIE OOLIEr0 YUCIIa BEPIILH.

Mycts coctosmme kaxmoro u3 3sewbes (ki) eJ, kel', iel,

ONUCBIBAETCSI ~ CUCTEMOM N -MEpHBIX  JIMHEHHBIX  HEaBTOHOMHBIX
OOBIKHOBEHHBIX U (epeHIINaIbHbIX YPaBHEHUH

du® (x)

p = A" (Ou" (x) + B"W'S(x - ")+ f¥(x), x€(0,I), (2.1)
X
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¢ M, M <n-N, nuneiino He3aBUCUMBIMH KpAaeBBIMH YCIOBHSMH,

3aJaHHbIMU B HEPA3ACIICHHOM BHUEC

n,

S oghut 0+ D U=V, j=LM, iel. 22)

s=Lkel” s=Lk el

3nech pynxuus U (x) = u" (x;0) eR® xapaxtepusyet cocrosaue (K,1)-ro

3BeHa JUTHHOM I B TOYKE xe [0,1“} 5 v =(w,v,&) - BEKTOp
OITHUMHU3UPYEMBIX [apaMeTpoB, y KOTOPOT'O HapaMeTpsl
weR* w=Ww" = (wf“,...,wffkl )eEQ , cR™ kel iel), wf - j
KOMITOHEHTA M,; -MEPHOTO (k,i ) -ro BHEIITHETO HCTOYHMKA,
BO3/EMCTBYIOILErO Ha (k , i) -10 HOJCHCTEMY B TOYKE

&eQ,=[01"], e=(& kel icl), EeR”, m<m; veR",

. . . T .
V:(Vi €Q c RY ie 1), v =(v;,.._,v’M’_) ,v’j— j -1  KOMIIOHEHTa
BHEIIHET0 MCTOYHUKA, BO3JEHCTBYIOIIEro Ha i-10 BepmuHy. O003HaUMM

N
,U:ZZ/% , M= ZM ;. B 3amade  3amaHHBIMH  SBJISAIOTCH:
iel kel i=1
i Ji
A" (x) #const, J7(x)—cooTBeTcTBEHHO X -M€pHBIE KBaJpaTHbIE

i
MaTpuuHble W BeKTopHble HenpepbiBHble Tpu X €[0,/7]  dynkumu;

B* — (Nx,uki)—MepHme CKaJIIpHBIC MaTpHIBI; CTPOYHBIC BEKTOPHI

iky ik ik, - _ kyi _ ki ki
gt _(gj’l,...,gjﬂ\\), k. el , s=1n,, q; —<qjl,...,qjx),

kel ,s=1n, j=1,M,, icI.Ecm B"=0

\g, » TO OTO O3HAYALT, YTO

Ha (k,l) -M Y4acTKe UCTOYHHUKOB HET.
B mnpakThueckux 3amavyax B 3aBHCHMOCTH OT 3HaKa I1apaMeTpOB

HMCTOYHHKA Wkl, k e]f, i€l, pHemmHuil wWCTOUHMK B TOUKE & ki
Ha3bIBACTCS “OTTOKOM™ WJIH “IPUTOKOM .

Ob6mee ymcno noacucteMm (2.1) paBHO 4uCIly 3BeHbEB /M, TeKyllue
COCTOSTHHSI KOTOPBIX CBSI3aHBI CO CMEXHBIMU 3BEHbIMH (OJIOKaMH) B
MPOU3BOJILHOM  MOPSAAKE  JIMIIb  IOCPEICTBOM  HEpas3JeleHHBIX
(HeToKaJIbHBIX) KpaeBBIX YCIIOBUI (2.2). Obmee YHUCIIO

22



T PepeHIMATEHBIX ypaBHeHUH B cucteMe (2.1) paBHO mN W YHCIO
KpaeBbIX yCIOBUH B (2.2), paBHOE ) , IOJKHBI OBITh PaBHBI MEKIY COOON:
M =m\N .

Bynem mpeamonarate, uYto KpaeBasd 3amada (2.1), (2.2) wumeer
€IMHCTBCHHOE pelIeHHe. JT0, KaK W3BECTHO [9], 3aBHCHUT JIHIIb OT MaTpPHUI

ki . _ — ; —
A" (x), kel, sexropos g, k el ,s=Ln,, ¢, kel, s=1n,

j=LM,, ie I,u He 3aBUCHUT OT APYIUX JAHHBIX, yYaCTBYIOLIMX B 3a/a4e,
B YaCTHOCTH, OT HEU3BECTHBIX BEKTOPOB 1, v,&.

e
Ha 3HaueHms ONTMMM3MpyeMbIX B 3amade mapamerpos W', £V

kel ,iel, ucxoms W3 TPaKTHYECKHX COOOPAKEHHil, HAKIAIBIBAIOTCS
OTpaHUYICHHUSL:

wieQ ., xQ . .(2.4)
w 4
By[[eM mnmpeamnojarars, YTO MHOXECTBA JOITYCTHMBIX 3HAYEHUH
i QV, SIBJISIFOTCSI BBITYKJIBIMH KOMIIAKTHBIMH.
Tpe6yeTCH HaWTH TaKWe 3HAYEHHUS KOMIIOHEHT BEKTOpa o = (W, V,é:) ,

vieQ,, g €Q, =[0;/], Q" =Q xQ,

i

Wkr

Q

TIPU KOTOPBIX (YYHKIIHOHAT
lAi

3w, v, )= j L@ (%), x)dx + D(w,it, w,v,E)  (2.5)

iel ke],»* 0
ki o, ki
noJIiyq4a€T MUHUMAJIBHOC 3HAYCHUE. 3,E[CCB 3aJaHHBIC (I)yHKI_II/II/I ﬁ) (1/[ ,X),

®'(u',u',w,&,v)  wenpepbiBHO  UDdEpEHIMPYEMBI O CBOMM
apryMeHTaM U HCIOJIb30BaHbl 0003HAYCHHS:

u=u(x)="(x)kel icl),u = (u““ 0),...,u"" (O))T e R"™,

4 - L NT
Z:(lii ZiEI)ERﬂ ’ 7 :(uk,z lkll),...,uk”[l (lkn[t)) ERn‘”N,
LT:(LTi:ieI)eRﬁ.

CdopmynupoBannyro 3agaqy (2.1), (2.2), (2.4), (2.5) MOKXHO OTHECTH K
KJacCy  MapaMeTPUYeCKWX  3aJad  ONTHMAIBHOTO  YIPABJICHHS.

OnTUMHU3UPYEMBII  KOHEUHOMEPHBIH BEKTOP (W,f,V), ONpeNeIAIOIIHNA

napaMeTpbl U MECTOPACIIONIOXKCHHA BHCIIHUX HMCTOYHHUKOB, B PE€aAJIbHBIX
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3aJayaX MMeeT HeOOJBIIYI0 pPa3MEpPHOCTh, HECMOTPS Ha OOJBIIYIO
pa3MepHOCTh caMoii cucteMbl TuddepeHIanbHbIX ypaBaeHuit (2.1).

Kak  wu3BecTHO, ONpPEIEICHHYIO  BBIYUCIHTENBHYIO  CIOXKHOCTb
MpeACTaBisieT pemieHne KpaeBod 3amaun (2.1), (2.2) mpu 3agaHHBIX

3HAUEHUSIX BEKTOpa (W, é, V)- CHOXHOCTB 00YCIIOBJICHA HEpa3IeICHHBIMU

(HeTOKaTBHBIMHU) KPaeBBIMH YCIOBUSIMH U, KOHEYHO, Pa3MEPHOCTBIO CaMOi
cuctembl nuddepeHInanbHbIX ypaBHeHNH (2.1), Tak Kak MpU YUCICHHOM
pellleHNH 3aJavyd ONTUMHU3AIMK HEO0O0XOAWMO MHOTOKPAaTHO OIpPENeNsiTh
3HaYeHHWE (PYHKIUOHAJIA TP TEKYIIUX 3HAYCHUSAX ONTHMH3UPYEMOTO

BEKTOpa (w,é,v), a ClIeIoBaTeNbHO, pemaTh KpaeByro 3amady (2.1), (2.2).

[MosTOMy BaXXHO HCHONB30BaTh KaK A(PPEKTUBHBIC METOIBI PEIICHHUS
ONTUMH3AIMOHHONW 3a/laud, TaK YJIeIUTh 0c0o00e BHUMAHHE PEIICHHIO
KpaeBo# 3amaun (2.1), (2.2).

3. Heo0xoaumble ycj0BUsSI ONTHMATBHOCTH

Hccnenyem BoIMyKIOCTh M nuddepeHmpyeMocts GyHKInoHana (2.5),
moaydIuM  (GOpMyNBI JUIA TpajueHTa (QYHKOHOHAMa M  chopMyrupyeM
HEOOXOAMMBIE YCIOBHS ONTUMAJIbHOCTH OTHOCHTEIBHO ONTHMHU3HPYEMBIX
apaMeTpoB.

Hcnonb3yst ompenescHUss BBIMYKIOCTH (DYHKIMOHAIOB HECIOXKHO
JI0Ka3aTh CIEIYIONIYIO TEOpEMY.

Teopema 1. Ilycmb 6binonnenvl 6ce yCious, HANOICEHHbIE HA QYHKYUU
u napamempul, yuacmeyiowue 6 saoave (2.1), (2.2), (2.4), (2.5). Ecau

ki ki
@ynryuu fo (", x), O (u,it,w,v,&) NpU PUKCUPOBAHHOM OORYCIHUMOM
sexmope gg BLINYKILL NO OPY2UM CEOUM APSYMEHMAM, MO QYHKYUOHA

~
J(W,V,§) AGNAEMCA BLINYKABIM N0 W,V , d ecilu Xoms 0bl 00HA U3 IMux

@dyHKkyutl  CUIbHO BbLINYKAA, MO U (QYHKYUOHAN SAGNAEMCA  CUTLHO
6bINYKIbIM.

~
HecnoxHo no0kazath, 4T0 QyHKIIHOHAI J(W,V,QC) o f HE SIBIISICTCS

BBIITYKJIBIM, €CIIH XOTS OBl JUIS OJJHOTO ydYacTKa (k,l) €J srmonusercs

24



yCIIOBHE B*W #0, T.e. uMeroTCS IyTH, HA KOTOpHIE HE BO3JCHCTBYIOT
BHEIITHNE NCTOYHUKH.

Hanee wuccnenyem nmuddepeHmupyemMocts ¢QyHKIHOHaNa (2.5) u
nonyynuM (OPMYIIbI Ui KOMIOHEHT €Tr0 TPajueHTa 10 ONTHUMHU3UPYEMOi

tpoiike V=(MV,5).
Beenem CIIEYIONIHE 0003HaYCHHSI. 0O0603Ha9IM 4yepes

i ik ik \ =i ki ez
¢ —(gj‘,...,gj ), c; —(qj ssq " | ~ CTPOUHBIE BEKTOPBI PA3MEPHOCTH

—_ . . AT
cootBercTBeHHO 1,-N u 1.-N, uepes  u' z(zj,ﬁ’) — paclIupeHHbIH

- \M;.n;-N .
BEKTOP pa3MEPHOCTH 7, ‘N, Tlycrs C = (c}s) s iel, ecmb
j=l,s=1

paciimpeHHas MaTpHIla, Kaxaas CTPOKa KOTOPO# ABISETCS PACIIHPEHHBIM
L _
CTPOUHBIM BEKTOPOM ¢’ = (c',¢) pasmeprocth 7, - N,

CornacHo MpeanoioKeHus: 0 JTMHEHHOW He3aBUCUMOCTH YCJIOBH (2.2)
HMMEET MECTO

rankC, =M, . (3.1

Tax kak matpuna C nmeer pasmeprocts M, x(n,-N), M. <n -\,
iel, o u3 Marpunsl C MOXHO M3BIEUL 0GPATHMYIO MOIMATPHILY (MHHOD)
Q ¢ panrom, pasubiM M. 3sMeHHB MOPSAMOK CTONGIOB, pacIIMPEHHYIO
MaTpuily BHOBb oOo3HaumMm uepe3d C, =[Q,C]. 3nech C’i — MaTpHuIia,
COCTaBIICHHAS U3 CTOIOLOB paciumpeHHoit Matpuibl C, He BKIIOYCHHBIX B
MAaTpHULly 6’1 AHaJIOrH4HO 3TOMY BEKTOp 1’ pasOuBaercs Ha M, -mepHsrit
BeKTOp  u' = (U ,...,u jli)T, cooTBeTcTBYIOmMi  Matpuue  C,, ©
(n, - X —M,) -mepuprit BeKTOp 11’ = (i),..08, s p1) " - Iycts

4, j=1,....,M, — HOMEpa CTONOLOB MATPUILIBI C., BKIIIOUCHHBIC B MATPHILY

C., a i, j=l.,(n-X-M)~ mnomepa cronbuos wmarpuusi C,

1 1
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BKJIIOYEHHBIE B Marpuiy C. Torna ul = (”L]’ u )",

! T g

ﬁi:(ui Ml; )T

Ay 2 A -

ol od oD 0D D OO

3necb W fajgee  MPOU3BOJHBIE . , R ,
ou’ou’  ouw ow ov o0&

oD oD oD oD oD oD
— = |, —= — ey OyIyT MOHHMAThHCS
ou' 6%} ou, ou' Gu;_,l ou,

Hu; I 7 N)-M;

KaK CTPOYHBIC BEKTOPBI COOTBETCTBYIOIICH Pa3MEPHOCTH.
Hcmonp3yss METOA mNpHpanieHus (QYHKIMOHAIA [0 HE3aBHCHMBIM
aprymeHnTam [6], MOXKHO JT0Ka3aTh CIPaBEIMBOCTH CIIEAYIOMIEH TEOPEMBI.
Teopema 2. ITycmo suinoanenvl yCaoaust, HAL0NCEHHbLE HA QYHKYUU U
napamempui, yuacmeyiouwue 6 3aoade (2.1), (2.2), (2.4), (2.5). Tozoa
dyuxyuonan (2.5) ougppepenyupyem, a KomnoneHmol e2o epadueHma no

Koogki i .
onmumusupyemoin napavempan W, EV V' kel iel,

onpedensiomest opmynamu:

NT . . ob
grad , 30w v.) =~(B") v (€ + (3.2)
~ _ W\ Ay (%) i 0P
gradik,\s(w,v,;‘)——(B ) Tﬁéhw +a§’“” (3.3)
- o) | oD
4,3 (e[ 15 [+ 22, 3.4
grad ; 3(w,v,$) ( i ) {(8&’} +l//]+ . (3.4)

20e HenpepvlsHO-OughGepenyupyemvie ekmop-QyHkyuu Y “ (x)e RY,
x€[0,/ ki], kel', iel, ssuiiomes pewenusmu — CONPAICEHHOL

cucmemvl OupGepenyuanrbHuLX ypagHeHuil

dl//ki(x) _ [afoki (uki(x), wki,é;ki ,Vi)

dx ou™
(3.5 xe(0,0"), kel', iel,

j — (A7) Y (),
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C Hepas’de/zeHHblMu Kpaesvimu yCioeusimu

T T
(a—‘fj v -(¢) (¢ (a_?j 1y’ |=0, iel.(3.6)
ou ou
rne l/;i = (l//;i, a"'SV/;M?T s l/)li = (WL, 9""//;("“")7‘”’ )T :

WurepecHo oTMETHTH cieayromiee. Bo-epBbIX, CONMpsDKEHHAs 3aiada
(3.5), (3.6) umeer Ty ke cnenuduUKy, 4TO M MpsMas 3ajgavya. A HMEHHO
cucrema (3.5) uMeer OJIOUHYIO CTPYKTYpPY, a KpaeBble ycioBus (3.6) mo
BCEX BEpIIMHAX SIBIFOTCS Hepas/IeleHHBIMH. BO-BTOPHIX, B BRIPaKECHUIX

KOMITOHEHT TpaJueHTa (YHKOHOHAJA IO HapaMeTpam (k ,0) -t

nmoJicucTeMbl, Kak BUIHO 13 (3.2), (3.3), yuacTByeT colpsbKkeHHass QyHKIH
TOJILKO JTOHM TMOACHUCTEMBL. A B (QopMysiaX JUlsi KOMIIOHEHT TpaJucHTa
(yHKUMOHANAa MO0 MCTOYHHMKAM, BO3JCHCTBYIOIIMX Ha i-10 BEpIIMHY, Kak
BUAHO U3 (3.4), y4acTBYIOT KpaeBble 3HAYCHHUS NPSAMOW U COIMPSHKEHHOM
MepEeMEHHBIX, ONPEACTICHHBIX UIMEHHO TOJIKO B 9TOH BEpILUHE.

ChopmynmupyeM  HEOOXOAMMBIE  YCJIOBHS ~ ONTUMAlbHOCTH B
BapuarionHo gopme [10,11] ans 3amaunm (2.1), (2.2), (2.4), (2.5) B BUAC
CIIEYIOLIEeH TEOPEMBI.

Teopema 3. Ilycmb 6b1n0HEHBL YCA08US, HANOJCEHHbIE HA DYHKYUU U
napamempsi, yuacmeyowue 6 3adave (2.1), (2.2), (2.4), (2.5). [na

Ki* i* i * ki .
onmumansnocmu  napamempos (w , V., E)eQ", kel'jiel,
HEobX00UMO, ymobbl HEPABeHCMEA

(gradwuii(w,v,é), wh — Wk ) >0, (gradvlﬁ(w,v,é‘), vi— Vi*)Z 0,

(erad . 3w, v.8), & =& )20

. ki* i*
BLINONIHAIUCL OISl 8CEX OONYCMUMbBIX 3HAYEHUU NaApaMempos (W , V

ki* ki .
EeQ" kel iel.
Bo MHOTMX IIPakTHYECKHX TNPUIOKEHHSX BHEIIHHE MCTOYHMKH
Y4acTBYIOT HE Ha BCEX 3BEHbAX U B BepUIMHAX 0OBEKTa. B uacTHOCTH Ha

HEKOTOPLBIX 3BCHBAX WM BEPUIMHAX UX 3HAYCHUSA MOT'YT OBITH 3aJaHbl U HE
ONITUMU3UPOBATHCA. B »stmx cliydadX COOTBETCTBYIOIINEC KOMIIOHCHTBI

27



IPaJMeHTOB (pyHKIMOHANA grad I(w,v,&), grad 3(w,v,&)

grad, 3(w,v,&) He BBIMUCIAIOTCS M NPHHAMAIOTCS PABHBIMH HYJTIO.

3ameuanue 1. Ecnu B pe3ynbrare YHUCICHHOTO PELICHUS 3aJaydl JUIs

JIOCTATOYHO Majoro & OyJeT MOJy4eHO WIU ||wki|

ki
o <€ HIH ‘f ‘<g,
WM |§"i — 1" | < &, TO 3TO O3HAYaeT, uTo BHYTpH (k,7)-r0 3BeHA BHELIHETO

HCTOYHMKA HeT. Ecim xe ”w’“

>&,a |§"i|<g Wi |§"i—l/‘i|<€, TO

i
5TO O3HAYACT, YTO MCTOYHHK C mapamerpamu w' BosjeiicTByer Ha K -io
HIIM §-10 BEpIIMHY M COOTBETCTBEHHO 3HAYCHHS MMapaMeTpoB w' Hajo
J00aBUTH K TapaMeTpam v wm v

Jlns onpejeneHus ONTHUMANLHBIX 3HaueHuil U =(W,V,&), mnpumeHss

dopmyner (3.2), (3.3), (3.4) mis BHIYUCICHHS KOMIIOHCHT TIpaJIMEHTa
¢yHkmmonana 3amaun (2.1), (2.2), (2.4), (2.5), MOXHO HCIIOJB30BaTh
3¢ peKTUBHbIC METOIBI ONTHMHU3AINHU MIEPBOTO MOPSIKA, HAIPUMED, METO
MPOEKIMHU IpaguenTa [6,7].

4. 3akioyeHne

Uccnenyercs  3amaya  ONTHMH3ALlMM  CETEBOM  CTPYKTYPHI,
OIUCBIBAEMas CUCTEMOH nuddepeHnnaNTbHBIX ypaBHEHHUH c
OOBIKHOBEHHBIMHU MIPOU3BOTHBIMHU OobImoit pa3sMepHOCTH, c
HEJIOKAIBHBIMH ~ KpaeBbIMH  YCJIOBUSMH. B cTatbe  HcCcleloBaHBbI
BBITYKJIOCTh ~ (DyHKIIMOHANa, €ro JIu(QepeHIUpyeMOoCcTb, TOIy4eHBI
HEOOXOANMBIE YCIOBHUS ONTUMAIBHOCTH KaK 10 TapaMeTpam, TaK U MeCTaM
COCPEOTOYEHHsI UCTOUHUKOB. I10oKa3aHo, 4TO compspKkeHHas 3a7ada UMeeT
Ty Xe chenu¢puky, 4yTo U IpsiMasi 3aada, a B BBIPAKCHUSIX KOMIIOHCHT
rpajueHTa (PyHKIHOHATA [0 TapaMeTpaM HCTOYHHUKOB Y9aCTBYIOT KPAeBBIC
3HAYEHHMS MPSIMON M CONPSDKEHHON MEPEMEHHBIX, ONPEETICHHBIX TOJIBKO B
COOTBETCTBYIOLIMX BEpIIMHAX U OJIOKaX.
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B pabome npeodnosicen nooxo0 K HUCIEHHOMY peulenuio 3a0ayu
onpedeneHuss  Napamempos — 08YXMEPHOU  MAMeMamuyeckol Mooenu
Qunempayuu nepmu Ha KiACCE KYCOUHO-NOCMOSAHHBIX yHKyull. Basicho,
umo npu  IMOM  ONPeOeNsIOMCS U CaMU  CPAHuYbl  NOCMOSHCMEA
napamempos. 1100x00 ocHo6aH Ha pedyKyuu UCXOOHOU 3a0ayu K
KOHEeUHOMEPHOU ONMUMUZAYUOHHOU 3a0aue cemesol CMmpyKmypbol, 0.
KOmopoiul  nojiyuensl — opmynvl  0as  2padueHma  (QyHKyuonaua
OUCKPEemMU3UPOBAHHOU 3A0ayU NO GCeM ONMUMUIUPYEMBIM RAPAMEMPam,
Mo N036078€m UCHOAb306AMb 8 OdlbHeliueM dPPexmusnbvie Memoovl
ONMUMU3AYULU NEPBO2O NOPSOKA.

Kniouesvte cnoea: 3aoauu cemesoil cmpyKmypel, napamempuiecKkas
uoeHmuuKayus, Mamemamuyeckas Mmooeib Quibmpayuu, 2paoueHm
dyHKYUOHANA, MEMOObL ONMUMUAYUU, YUCTIEHHBIE METNOObL.

Jsi WIUTFOCTpanuu ToJX0Ja PacCMOTPUM  YCTAHOBHUBIIIMKCS TPOLIECC
MOJ3EMHOM JBYMEpHOW (QuibTpanuu HEeDTH TMOCTOSHHOW BSI3KOCTH.
CraBuTcs 3a7aya WIACHTU(QUKAIMA KYCOYHO-TIOCTOSHHBIX — 3HAYCHUI
ko3¢ (uIMeHTa TPOHUIIAEMOCTH W TPaHUI] 00JacTeil WX IOCTOSHCTBA.
Uccnenyembiii mporiecc ¢uinbTpaiuu HeGTH B MOPUCTON Cpelie MOMKHO
ommcaTh  CICAYIOUIEH  HadadbHO-KpaeBOW  3ajadeil  OTHOCHUTEIHHO
ypaBHeHHs napabonmdeckoro tuna [1-3]:
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0 .
b(x,y)a—’j— div (a(x, y)grad p)+

(D
+ Z\: q,(t)é'(x -x',y- y’)z 0, (x,y)e D, te (O,T],
=1
plx..0)=p,(x.y),  (x.y)eD,
pleyt), o =), )
Pt ) ier)
an (s pper,
a(x,y)ZG(x,y)H(x,y)/,u, b(xay):H(mOﬂl—i_ﬁm)'
3mecs p = p(x, y,l) — (yHKIOUS, ONpeneNsiomas IABICHHE B TOUKE
(x, y) €D B moMeHT BpeMeHu t; D cC E’ — o6nacte (HIBTPAIUK;
r=r,ur,, )nl, =9 - rpaHuLa obmactn D;

Py (x, y), (o(x, y,t), t//(x, y,t) — 3aJlaHHBIC JOCTATOYHO TJajakue (yHKINH,
ONpENeNIAIONINe  HAYaJbHO-KpacBble  YCIAOBUSA  3aauu; O'(x, y) -
Ko3(¢unreHT mpoHUmaemocty; H (x, y) — MOIIHOCTb IUIaCTa B TOYKE
(x, y)eD; M — Kodpduuuent BaskoctH HedTH; M, — KO3QPHIHEHT
nopucrocty; f,, [, — KOdOOUIMEHTH CKUMAEMOCTH HEYTH U MOPUCTOMH
cpeapl; N — oOlee YuCiio CKBaKUH; (x’, y’) 1 q, (t) — KOOpJAWHATHI U
nebut [-i CKB2XXMHBI COOTBETCTBCHHO, NpUYEM q, (l )> 0 ma
JOOBIBAIOIINX U q,(t)<0 JUIS HarHeTaTelbHbIX CKBaxwH, [ =1, ..., N ;
o (,) — nBymepHas ¢yHkuus J{upaka.
Ipeamnosoxum, 4to obaacts D KpuBbIMU y =d° (x,Ar ), r=1,..5s,

pasbura Ha Henepecekaromuecs nogodnacru D, j=1,..,v, T.e.

D={JD,,D,ND, =0, j=i,

J=1

D, ={(x,y)eD:y-d"(x,A")<0, i=1,...m,}, (3

d (x,A")= ZA E(x) T=lns; B j=1, v

Ko dunmersl mpoHUIIaeMocTH B KaXXJ0W M3 MMOA00JIACTEN TIPUHAIICkKAT
3aJIaHHOMY KJ1accy (yHKIIHiA, OTIPECIISIEMOTO B BU/IE:
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olx,y)=0,(x,),
K .
o, (x,y) = Zc{;(i (x,y), (x,y) IS Dj., j=1..,v.
i=1
3nech A= (Al, ...,As)z (All,...,Ai ,...,AIS,...,AZ) u

CZ(C', ...,Cv)z(c;,...,cli,...,c;,...,c;(); byHKIHHT dr(x,AT),

OTIpeICIISIONINe 001acTh Dj. , AIMEIOT 3a/IaHHBIN BUJ, 3aBUCAT OT 3HAUCHUH

(4)

HUICHTUGUIMPYEMBIX TTaApaMeTpoB A", SBISAIOTCS JOCTATOYHO TIaIKHMH M

UMEIOT ~ COOTBETCTBYIOIIME  OoOpaTtHble  GyHKIMH x=d’ (y, AT ),

j=L.,v, t=1,..,s; [IOCTOSIHHBIE KO3 PHUITHCHTBI
Ji=1..,K, j=1

c,i=1..,K, j=1 ..,v, onpenemsior (QyHKIHIO HIPOHHUIAEMOCTH

O'(x,y) B obnactu D,,j=1..,v; ¥4 (x,y), i=1..K,

g, (x), r=1,...,L —3agaHHbIe Oa3UCHBIC PYHKITUH.

HpCﬂHOHO)KI/IM, YTO HAa YaCTU HJIM Ha BCCX CKBaXXMHAX IIPOBCIACHBLI
Ha6JIIOI[CHI/I${ 3a 3HAYCHUAMU OaBJICHHA:

p)=ple v ). 1eoclaN) eprl  ©

rae ) — MHOXKECTBO HaOJIIOAaEeMBIX CKBAaXKHH.
3amaya 3akirodaercs B ompeaeneHun w3 ycinoBui  (1)-(5) Takmx
3HayeHud mapameTpoB A u C, 4ToObl pacueTHble 3HAYEHUS JaBJICHUS,

TIOJIyYE€HHBIE U3 PElICHUs HadalbHO-KpaeBol 3amauu (1)-(4), Obum Onu3ku
K u3MepeHHbIM. C 3TOM 1ebI0 BBeIeM (DYHKITUOHA:

T
I, ~ 2 2 2
1(A,€)= Y [[pl' .y :A,C.)- p, () dr + & |A] + &[], (6)
leQ ¢
rae p(x,y,t; A,C) — (QyHKIUS, ONpeensionas 3HAYCHHE JIABJICHUS U3
pelieHns HadambHO-KpaeBoit 3amaqn (1)—(4), cooTBeTCTBYIOIIEE 3HAUYCHUSIM
napamerpoB A u C, ¢,,&, >0 — napameTpsl peryssipu3arum.
Bce koHcTaHThI, KOAGQUIUCHTH U (QYHKIUH, YYaCTBYIOIIKE B 3aqaue

(1), (2) B ycnoBusix (3)-(5) m B ¢yHkumoHane (6), 3a HCKIIOYEHUEM
nmapameTpoB A u C, cunTaroTCs 3aJaHHBIMH.
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[Ipenmnonoxnum, 9TO OTHOCUTENLHO KpaeBoi 3amaun (1), (2) BBIIOITHEHBI
BCE YCJIOBHUS CYIIECTBOBAHWS W E€IUHCTBEHHOCTH PEIICHUS TPH JIIOOBIX
3aJ]aHHBIX JOMYCTHUMBIX 3HaueHusAX A u C .

OTMeTHM, YTO B 3aBHCHMOCTH OT BHIa HAOIIOJCHHS 32 IAaBJICHUCM B
IUIACTE LENeBO (YHKIIMOHAI MOXET HUMETh pasnuuHyio (opmy. Eciu
HaONMIOJICHUsT B HAONIOJAAaeMBIX CKBAXHHAX MPOBOJWINCH B pPa3HbBIC
nepuosl Bpemenu I, < [O,T ], T.C.

ﬁ;'(t)zp(xl,y’,t), leQc {1, ...,N}, tel, c [O,T], r=LR,,
TO 3a 11eJeBOi (PYHKIMOHAI MOKHO HPHHATS:

14,0) =Y [lplx'. v, :C,A)- pr ()] dt+ R(A,C). (7
1eQ r=l 1,

Eciu HaOII0ieHUEe TPOBOAMIIOCH B OT/IEIEHBIE MOMEHTHI BPEMEHU
ti € [O,T], r=LR,,Te.
D, = p(xl,yl,tf), leQc {1, ...,N}, li e [O,T], r=LR,,

TO 3a LeJIeBOH ()YHKIIMOHAT MOYKHO TIPUHSTH:

1(A,€)=Y Y [p(x' 5" .1':C,A)- p T + R(A,C). @®)

leQ r=1

[pennaraemblil fanee MOaX0/ MaAPaMETPHICCKON NACHTU(DHUKALUY B LEIOM
HE 3aBHCUT OT BBHIOOpa IeNeBOro (pyHKUMOHANA, KOTOPBIH MOXET OBITH
3a7ad ofHOH 13 Gpopmy (6)-(8). C 1enbio KOHKPETHOCTH B TaHHOH paboTe
OyzmeMm paccMaTpuBaTh 3amady I[apaMEeTPUYecKOH HUICHTU(HUKANH B
niocranoBke (1)-(6).

[MocraBnennyto 3agauy (1)-(6) mo onpexaenenuto napamerpoB A u C B
o0meM cioydae MOXHO OTHECTH K 3ajJaue [MapaMeTPUYEcKOro
ONTUMAJILHOTO YIPAaBJICHUS CHCTEMOH C pacrpeIeCHHBIMU ITapaMeTpaMu,
B KOTOPOI ONTHMU3UPYEMBIMH SIBIISTIOTCS BEKTOPHI:

1 1 s K Ls
A=A, A . A4 )eE",

1 1 v v Kv
Cz(c] yeeesCi 3eeesC) ,...,ck)eE

o0miel pasMEpHOCTH (Ls +K V).

©)
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Juis uncnenHoro pemieHust 3amaun (1)-(6) TpUMEHsSETCS METOIMKA,
npeayoxkeHHass B [4, 5], B KOTOpOM HCHOJB3yeTCsS CIEAYyIOImas cXema.
[Mpumensss Kkakyio-TuO0O KOHEYHO-PAa3HOCTHYIO AalNpPOKCUMAIMI0 BCEH
3ajaun  [6], TOMYyYMM KOHEYHOMEpPHYIO 3aJadyy MaTeMaTH4YecKOTro
[IPOrpaMMUpPOBaHMsl C OrPAaHUYEHMSMU THUIIAa DPABEHCTB M HEPABEHCTB
CHELMAJIBHOIO BHJAA, KOTOpass OTHOCHUTCS K KJAcCy ONTHMH3aI[MOHHBIX
3aja4  ceTeBOM  CTPYKTypbl. Jlias pelieHus MOJyuYeHHOW 3alauu
MaTeMaTHYECKOTO IPOrPAaMMHPOBAaHUS C HCIOJIB30BaHUEM METOJIOB
ONTUMM3AIMN TIEPBOTO TOPSKA TONyYeHBl (GOpPMyNBI TpagucHTa B
MPOCTPAHCTBE 3HAueHUH KO3()(PUIMEHTOB, ONPENENAIOUINX [apaMeTphbl
mporecca u 001acTH MocTostHCTBa KoddduureHToB A u C .

He ymanss oOWmHOCTH mpe;yiaraéMoro MoAXoJa K YHCICHHOMY
pEUICHUIO 3aiaqd, Uil MPOCTOTH 3amich (DOPMYI TPEIOI0XKHUM, YTO
D =[0,a]x[0,b], T, = @, a Ko3bPUIMEHTBI, y4aCTBYIOIIUE B (opMyIIe
MIPOHULIAEMOCTH O'(x, y) , IMEIOT JIB€ 00J1aCTH IIOCTOSIHCTBA!

D=D,uD,, D, ={xy):y—d(x,4)>0},
D, ={(x,y): y—d(x,4)<0}, 4=(4,....4, ), (10)

K
ZC;Z[(X,J/), (x,y)EDls

i=1

K
zciz//{i(x,y)’ (xay)EDZ'

i=1

olx.y)=

Bgenewm B obnactu D x [O,T ] PaBHOMEPHYIO CETKY

QZ{(X,»,)’_/J;(} x; =ih,,y,; = jh,, t, =kh,,i=0,N_ j=0,N , k=0,N,,
h,=a/N,, h,=b/N,, h =T/N,}

n  0003HaYEHHS pg =p(xi,yj,tk;A,C), oy :O_(xl‘ﬁyj)’ sz ZQI(tk),

by =blx,y,) H,=Hlx,y,).
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AHAJIOTHYHO TOMY, KaK 3TO OBUIO cleyaHo B [6, 7], UcCHoOib3yem
HWHTETPO-UHTECPIOJSIIIMOHHBIA METOZ B OKPECTHOCTH JIMHWHA pa3pbiBa

KO3 unmeHTa G(x’y ):y - d(x’A) n okpectHocTH ckBakuH [8]. Ilocie

ATIMPOKCHMAILIMK C NPHMEHEHHEM HEsSBHOH cxeMsl mo ! kpaeBoii 3azaun
(1), (2), (10) 1 HEKOTOPBIX MPEOOPA30BAHU, TOTYUHM:

Pt = byhihy [pE+ (b
T byhihy +h (hyz (ai):—I,j +aj )+ hy (aiy,j+1 +aj )) !
It ply vagpll Jemlalplh v apelh) )t
b1 o
Po; =05 PN =0 Pl =00 Pive =0 Py = Poys (13)
O'i—l,jHi—l,j/,Ua xi<c;1(yj’A)
x (Ui—l,jHi—l,j(‘%ywA)_xi—1)+ (14)
a;; = . .
+oyH; (xi - d(%aA)))/(/‘hx)’ x <dly,,4)<x,
oyHyfu, X >‘§(y./’Al
o, aH, /,Ua y; < d(xi’ A),
2 = (O'i,j—lHi,j—l(d(xiaA)‘)’j—l)+ (15)
Y +O_inij(yj _d(xi’A)))/(ﬂhy)a Yia <d(xi9A)<yja
oyHy[u, Y >d(x;, 4),
I
o Z qlk+l x ‘x’ xh‘zh; ‘yJ y ‘ , Mij =0,
i ) leMy xy
0, M, =0,

M, = {l < {1’-"’N}: (xl’yl)e [xi—l’xi+1]x[yj—1’yj+] ]},
i=LN,-1,j=LN, -1 k=0,N, -1

IMycte /-1 CKBaXXMHA TNPHUHAUIC)KUT (il -Lj —1) -0l suelike

CETOYHOI o0nacTH, T.€. €¢ KOOPAWHATH YAOBIECTBOPSIOT HEPAaBEHCTBAM
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1 !
Xy SX SX, Y, 4Sy Sy, 3HaueHHe [aBICHUS B CKBaKHHE

i1
anlnpOKchpreM CIIEIYIOIMM 00pa3oM:
B =l 3 A4,C)= (i by =y, - ')
k Y. k I I
+ D, (xi, —-X Xy _yj,—l)"'pi,,jl—l (x X XJ’_;, -y )+ (16)
+ pillcdi (xl - xiz—l Xyl _yjz—l ))/(hxhy )

[oncrapnss Beipaxenue (16) B (6) 1 anmpoKCUMHUPYS UHTErpall, OIyYUM
BEIpayKCHUE (DYHKITOHATA

Nr
1(4,0)=13 >[5/ - pF |? + R(4,0), (17

k=1 1eQ
3aBHUCSIIIIEE TOIBKO OT CETOYHBIX 3HAYCHUH (DYHKIIUH JaBICHHS.

Y4uTBIBas CIICHUPUUECKYIO B3aUMOCBA3b NepeMeHHbIX B (11), Oynem
TOBOPHUTH, 4TO 3afauda ontummsauuu (11)-(17) umeeT ceTeByr0 CTPYKTYpy
[4-6]. Jlns ee pemenus, To ecTh st onpenenenus napametpoB A u C,
HCTOJIb3YeM METOJbl KOHEYHOMEPHOH ONTHMU3AIMK TEPBOrO MOPSIKA, B
YaCTHOCTH, TPAJIMEHTHBIA METOJI:

A =g —a v i(a0.c7) ¢ =C —avi(ar,c7)
a, >0, s=0,1,..,

(18)

rae A° u C° — 3ananHble HavanbHbIC npubmmwkenus, o, s =0,1,..., —
mar OJHOMEpHOH wMuHuUMH3aruu. J[ns npumeneHus upoueaypbl (18)
Ba)KHOE 3HAYCHHE MMEET MOJy4YeHHe (POopMym Ui KOMIIOHEHT IpajleHTa
¢dynkmonana (17) mo ontumusupyembiM napamerpam (9). C 31oit 11enbto
nony4yuM (hopmysl [S, 7] mist
V 1(4,C)=(dl/dA, ...,dI]dA,),
V 1(4,C)=dI/dc) .....dI]dc) dI/dc} .....dl ) dc? ),

rne dl / dA. n dI / dc/ — nonmrie wacthbIe ponssonHbIe GyHKIIE (17) C
y4eTOM 3aBUCHMOCTH 3HaueHust naieHus ot mnapamerpoB A, C,

cnexyemoit u3 cootnomenui (11), (12).
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Jl1s1 onpeienenyst MOJHBIX YaCTHBIX Npou3BoaubIX dl/dA u dI|/dC

BBE/IEM MATPHITY HMITYIILCOB [4,6,7] -
Vo= ((Vijk )),k 00]\]/\[; j=0.N, ((d[/d ))f:zoo,}\]/v:,j:O,N}, )

31ecs NpoOU3BOAHAS MOHUMAETCs KaK I0JIHAsl, YUUThIBas B3aUMHYIO CBA3b
CETOYHBIX 3HAUYECHUMN IlaBJ'IeHI/ISI u3 (11), oTKyIa ciexyer, 4To

o1 p ap. opk..
yp 2L n A Dy P
op; op é’pij op;
opk. Opkt!
N e my (19)
2 i é)pij
i=l,N, -1, j=LN, -1, k=0,N, -1,
t Nt Nt
N ol +api—l,j N, Pty N, é)pi,leN, +
ij _5 N, P N, Ci-Lj P) N, L P N, ij-l
Dj Dj Dj Dj (20)
é’
plj+1 I/iAll'tHi l':LNx—l,j:LNy—l,
é’p -

V,.gzmszokaV,észo, i=0,N,, j=0,N,, k=0,N,.21)

Cucremy (19)-(21) HazoBeM compspbkeHHOH  orHocutenbHO  (11).
VYyacTByromye B Hell 4aCcTHBIE MTPOM3BOTHBIE HECIOKHO OMPENEIISIOTCS U3
(1 1) HenocpenctBenHsiM auddepeHnupoBannem. B yactHOoCcTH IS

opi™ Jopy . opl.,/opy . aph.,/aps. opf./opy. opf./op,

HUMCEM:
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apA+1 byhxhz
op; bi/.hfhf, + hr(hyz( Qiv,j +ajy )* hy (ailf.m +ag »

6pik_]!j B hhza.}f

opt by hih? 4+ (h2 e+ al l])Jrhf( Pimtall)

6p,.k+1,j B h, h? aHl/ (22)
opt b hih? +h(h2 (e, +a,+11)+h (@l o +al,)
6p,.k;/.71 B hh? ay

opt b hih? v (h e, val, )+ R a) v al L))

Pl _ hohial;.,

617;‘ - bi,j+1h§h)27 + ht(h}z( ai ,j+1 + az/+1)+ h ( z/+2 + az]+1)).

YacTHble npou3BojHbe O / ok j OUpeenseTcs u3 cooTHowenus (17):

S i il
ol _ h,leg%i[pl" pr ] W Nonm, =0, .

op ,’;

0, onM; =0.
B wurore momyuwaem cuctemy anreOpanueckux ypaBHeHuil (19)-(21)

k o
OTHOCHUTCJIIBHO I/ij , KOTOpYIO 6y2[€M Ha3bIBATH COIIPSKEHHOU K CHUCTEME

(11)-(12). Pemas ee, onpenensem dl / dpl.];. . Toria KOMIIOHEHTBI 'PaIUEHTA
VI = (d] /dA,dl/dC ) ONPEIETISAIOTCS CIIEAYIONHM 00pPa3oM:

_Z A o , ol (24)
d o 7 ocT 8C "

k=0 (i,))eS,

1 2 11 1,2 2 2
speck C=(C ,C7)=(¢,CyyeersCi3Cy 5Cy 5eees it ),
S, = {(lﬂj):Dr m[xi—l axi+1]><b’j—1 aJ’j+1J¢ ®}= r=12.
k r
[IpousBoHBIC ap,.j / 0C" ompenensrorcs u3 cootHomenus (11) ¢ yuerom
3aBUCHMOCTH  KO3(duIMenToB @, , a;, a; ., a; (onpenemsiemoii

coornomenusmu (13), (14)) or C'.
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Z (25)
V,[)E
f,u \f—%—] M ap\lf,u aa\)}c,u apv,u aav Ju+l ap\lfy aa\fu a[
+ .
aa X 04 oa’ 0A 8a 3/1 0A 6A

v+1 N7 \77] v, 1+1

[

TaxuMm 00pa3oM JoKa3zaHa CIEeIYIOMIas TeopeMa.

Teopema. KomnoneHTs! rpagueHTa (yHKUIMOHANA
JUICKPETH3UPOBAHHBIA 3ajjaudl onTuManbHOTOo yrpasineHus (11)—(17) mo
ONITHMHU3UPYEMBIM ITapaMeTpam (A, C) = (Al e Ay 3 cl1 yens c}< ,cl2 yeens c,z{ )
OTIPEICTISIOTCS BRIpOKeHUsIMU (24), (25), ¢ y4eToMm pemieHus CONpsKeHHOM
3agaun (19)-(21) u cootHoenuii (22), (23).

[IpoBeeHHBIE MHOTOYHCIICHHBIC KOMIBIOTEPHBIC DKCIIEPHUMEHTHI 110
PEIICHUIO TECTOBBIX 3a[ad MPH PA3INYHBIX 3HAUCHUSIX UCXOMHBIX TaHHBIX
nokazand 3()(GEKTHBHOCT IPEIIOKEHHOIO ITOAX0/a U BO3MOXHOCTH €r0
MPUMEHEHUs JJIsl APYTHX 3aj7[ad ONTUMAJIBLHOTO YIIPABJICHHUS, OMTUCHIBACMEBIC
JPYTUMU TUIIAMH KPaeBbIX 3a]1ad.
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B pabome npusedena xeadpamuunas onmuMu3ayuOHHAs MOOelb 3a0ayu
VRAKOBKU KYO08 6 KYO MUHUMANILHO2O0 00beMa 6 N-MEPHOM NPOCMPAHCIEe
npu yCuoeuu, 4mo cmopoHsl 8cex KyO08 napanienbHbl 0CAM KOOPOUHAM.
Ommeuenvl 00U U3 NOOX0008 K ee peweHuro U B03MOICHOCb
UCNONIL306AHUSI OBOUCMBEHHOU OYEeHKU OISl ee UCCTIe008aHUSL.

Kniwouesvte  cnosa: onmumanvbHas — YRnaxKoeKd, K6a0pamuiHast
onmumusayuonnas  3aoaua, memoo Moume-Kapno,  r-aneopumm,
080lICMBEHHAs OYEHKA.

PaccMoTpHM 3a51adqy yHakoBKH 71 Ky0OB CO CTOpOHaMH d,, i =1,m, B

Ky0 MHHHMAanbHOrO 00beMa, CTOPOHY KOTOPOro 0003HaumM a,; a; € R",

i=0,m. VcnoBueM 3amaun npeanojara€Tcs, 4To CTOPOHBI BCEX K}’6OB

napajieNibHel ocsiM  koopauHaT. I[lycTe meHTp KybOa, 00beM KOTOpOro
HEO0XO0IMMO MHUHHMHU3UPOBATh, COBMANACT C IICHTPOM KOOPAMHAT, a JUIs
3aJaHusl PACIIONIOKCHUS B MPOCTPAHCTBE 3aJaHHOTO Habopa KyOOB BBeIeM

BEKTOpPHl HMX ILEHTpoB X, € R", i=1,m. Torma 3amady ONTHMAILHON

YIaKOBKM KyOOB B KyO0 MOXXHO MpEICTaBUTh B BHJE Cleayromeit
KBaJpaTUYHON ONTUMHU3ALMOHHON 3a1a4n

2
f*=(a;) =mina; , (1)
o>,y

—x,+a,/2—-a,/2<0, x,+a,/2-a,/2<0,i=1m, k=1,n. (2)
Xy =X, +a/2+a,/2<S(~y,), i=Lm, j=Lm, k=Ln, (3
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Z(yfjk'l'yjik):l’ i=lm, j=1m, “)
k=1

y;k—yijk=0,i=1,m,j=l,m,k=l,n. (5)

Orpanndenus (2) OTBEUaroT 3a BIOKEHHOCTh IMaKyeMbIX KyOOB B KyO,
00bemM koToporo mMuHuUME3UpyeTcs. OrpanuueHus (3)—(5) COOTBETCTBYIOT
TpeOOBaHUIO, YTOOBI MaKyeMble KyObl HE MepeceKalnch Mexay codor. Mx

CMBICTT COCTOMT B cienyromem. Jlus kaxmoi mapsl kyb6os (i,)),

1<i<j<m, xors Obl MO OAHOW W3 KoOpAWMHAT k, k=1,n, HOKHO
BBITTOJTHATHCS OJTHO U3 IBYX HEPABEHCTB
Xy — X, +a /2+aj /2<0,

Xy =X, ta,/2+a;/12<0

(B ciryuae, eciii CIIpaBeJIMBO IIEPBOE HEPABEHCTBO, TO KyO i JISKUT JieBee
Kyba j ™0 k-0ff KOOpPIMHATHOM OCH, a €CIM CIPABEAJIHBO BTOPOE

HEPaBCHCTBO — HpaBee). I[J'If{ yue€Ta yCIIOBUSA U (T.e. YTO JOCTATOYHO
BBITNIOJIHEHUS XOTS OBl OJJHOI'O M3 OFpaHHHeHHﬁ) B HCPABCHCTBA I[O6aBJ'IeH

YIIeH S(l—y,.jk), e Vi i=lm, j=1,_m, k=1,_n, — OyJieBbl

nepeMeHHble (orpanudenue (5)), S — mocraTo4Ho OONBLION MITpadHO

m
MHOXHWTENb (Hampumep, S :Zai ). Orpanudenue (4) oTBeyaer 3a ToO,
i=1

YTOOBI XOTS OBl IO OJHOH K3 KOOPIMHAT OJMH U3 JIIOOBIX ABYX MaKyeMBIX
KyOOB Jieal JieBee APYyroro.

Hccnemyemas 3amada otHocutcs K NP-tpymaemM. i ee pemieHus
MO’KHO IIPUMEHMTH, HAIlpUMeEp, IUPOKO HM3BECTHHIN MeTon Monrte-Kapio.
B pamkax 3Toro Meroza Ajs MOMCKA JIOKAJbHBIX MUHUMYMOB W3 HaOopa
HAuaJBHBIX TOYEK MOXHO, HalpuMep, CBECTH 3aJady K 3ajaude
0e3yCIOBHOI ONTHMHU3aIMK C MOMOIIBI0 MTPAadHBIX (QYHKOHHA B BHIE
(dbyHKIMH MakcuMyMma, U NpUMEHUTH r-aroputM [1]. CormacHo paboTam
[L.U. Cremtoka AaHHBIA TMOAXOJ Ha MPAKTHKE AOCTaTOYHO 3((eKTUBEH
(mampumep, [2, 3]).
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Y4auTheiBasi CIJIOKHOCTD 3a/laud, HWHTEPECHO HU3YYUTH BO3MOKXHOCTH
*
NOJIYy4Y€HUSA HHUXXHHX OLCHOK f JJI1 TOro, YTOOBI OIICHHUBATHh Ka4€CTBO

MOJIy4a€MbIX JIOKaJIbHBIX MUHUMYMOB. [[J'If[ HaX0XACHUA TaKHUX OICHOK B
KBaJApaTUYHbIX ONTHUMU3ALIMOHHBIX 3aJa4ax 06Luer0 BuUaa

=fGH= inf fy(x), T={x:f(x)<0,iel", f,(x)=0,iel™},

MPUMEHUM, B YaCTHOCTH, TBONCTBEHHBIN noaxon [1]:

* . *
V= s () =inf L)< ©)
A(u,v)==0 X
v0
T T
roe L(x,u,v)=x A(u,v)x+b" (u,v)x+c(u,v) — dbyuxuus Jlarpamka, u
— BEKTOp HBOﬁCTBeHHLIX MEPEMEHHBIX, COOTBETCTBYIOIIUX OIpaHUYCHUSAM-
PaBEHCTBAaM, V — BEKTODP JBOWCTBEHHBIX MEPEMEHHBIX, COOTBETCTBYOIIHMX
orpaHUYeHUsAM-HepaBeHcTBam; A == 0 0003HaYaeT MOJOKUTEILHO
HOJyONpeIeNeHHy0  MaTpuily. OTMETHM, 4YTO 3aJady HAXOXKIEHHs

(V3 (V3 * (V3
JBOWCTBEHHOM OHEHKM ¥  (6) Takke Ha3bplBAalOT JarpaHXKeBoi

penakcanmeid (ecau  OBITh TOYHBIM, OHA SIBIIETCS  JIAaTPaHIKEBOUN
penakcanuei KBagpaTHYHOMW ONTHUMHU3AIMOHHON 3aJadyd 10  BCEM
OTpaHWYEHHMsSM C BBIIMCAHHBIM B SBHOM Buae yciaosueMm A(u)>=0,

3aJal0llleM MHOXECTBO JBONHCTBEHHBIX MEPEMEHHBIX C TOYHOCTBIO [0
TpaHUYHBIX TOYEK, MPH KOTOPHIX PELICHHWE BHYTPEHHEH 3aJadd HE PaBHO
—o0 .). Mcnonp3oBaHue TEOPUU JIarpaHKEBBIX JBOHCTBEHHBIX OLIEHOK JUIS
nccnenoBanust  3amaum  (1)—(5) mpeacraBnseTcss  MEPCIIEKTHBHBIM,
MOCKOJIbKY HAJIMYME JTUHEWHBIX OIpaHUYEHHUH MO3BOJSET MPOCTO CTPOUTH
(yHKUMOHATIBHO W30BITOUHBIE OrpaHudeHus [1,4] Ui yTOYHEHHs 3TUX
OIICHOK 0€3 YBEJIIMYCHHUS Pa3MEPHOCTH UCXOIHOM 3aJauH.

B 3aximiodeHue OTMETHM, 4YTO pe3yJbTaThl 3TUX HCCIEIOBaHUM
pacmpocTpaHsOTCd U Ha APYrod THUI OLEHOK — OLEHOK, MOJy4aeMBIX B
pe3ynbraTe Hcnoib3oBaHus SDP-penakcainuii KBaJpaTHYHBIX ONTHMH3a-
[UOHHBIX 3ajad. JTO OOBSICHACTCS TEM, YTO JJIsI ONHOW H TOH XKe
MMOCTAHOBKM KBaJPaTUUYHOW ONTUMHU3ALMOHHOM 3alauyd MPHU BHIIOJIHEHUH
YCIOBUS PETyIApPHOCTH [UId O0EHX OLIEHOYHBIX 3a/Jad OINTHUMaJbHbIE
3HAYCHUS X IeIeBbIX (DYHKIUH coBNAmaioT [5,6].
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Cuvinte cheie : Sistem de productie, functie de poluare, model

In prezenta lucrare, in mod sistemic, se abordeazi o problema in
care producatorul, orientat in optimizarea profitului ipotetic, ia in cont,
inafard de gestionarea procesului de productie propriu zis, si costurile
conditionate de organizarea transportului resurselor de la furnizori, dar si al
bunurilor spre consumatori. Totodatd, modelul include in sine gi o gama de
restructii, care se referd la emisiile nocive, ca urmare a activitatilor de
transportare si a celor de producere. In calcul se ia si coraportul dintre
cererea si oferta la bunurile, ce urmeaza de a fi produse.

Fie cd producatorul dat intentioneaza si producd n tipuri de
bunuri, utilizind in acest scop m tipuri de resurse. Se presupune ca resursa

i (i =1,m), care urmeazd de a fi procuratd in volum de x; unitati, este

oferitd de un singur furnizor si cantitatea disponibila a acesteia este de Xi
unitati. Totodatd, in mod similar, si bunul j ( Jj= I,_n) , cantitatea caruia y;
va prezenta oferta de productie de tipul j, urmeaza de a fi trasportatd spre

un singur consumator, in volum de u i = min{ iy } , unde YJ reprezenta

J
volumul cererii acestui consumator; plafonul minim de satisfacere a acestei

cereri fiind de Y ;, iar cel maxim —de Y, unitati.
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Transportul cantitatii de resurse x; de la furnizorul i spre
producitor poate fi organizat pe L, trasee, x” (Z,. :E) fiind cantitatea
transportata, iar rl.l" xll — costul respectiv, pe traseul [ ; acestui traseu, se
admite, 1i corespunde functia de poluare :

o =dj -x (1)
d[l" — coeficient proportional lungimii traseului /; .

Similar, transportul a u; unitati de produs j de la productor spre

. . . . t
consumatorul respectiv s-ar putea realiza pe 7, trasee diferite, u}

(t ;= I,Tj) — cantitatea transportata, sz/ ujf — costul de transport pe traseul
1;: totodatd, acestui traseu 1i corespunde functia de poluare
v} =D} -uj )

t; . - . . - . .
D; fiind o marime proportionala cu lungimea traseului 7; .

1 Tras.1 ul»
Tras 1 ) _J/
I o t .
Tras. /; x;/ | Producdtorul |Tras. ¢; u/ Consumatorul
14 .
Tras. ; x;L"k Oferta Vi
L4

Furnizorul i
Oferta }i

Tras. T; u /. Cererea Y./

14

Figura 1. Schema de distributie pe trasee a resursei i si a bunului ;.

La fel ca si in lucrarea [1], se va defini functia:

Vi (J’_/5Y_/ ) = C_fm"”{yj?yj} - ij"x{m% - Y_/} - qjm“x{()?Y/ - y_/} )
care semnificd acea parte a venitului intreprinderii, generat de bunul j,
cand volumul ofertei si volumul cererii la acest bun este de y; si ¥; unitati,
corespunzator

Aici: C; — pretul unei unitati de produs ;;

P, ( V- Y/) — pierderile cauzate de fenomenul,
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»supraprodus” (cand y; >Y;);
q; (Yj -y j) — paguba, sau amenda suportata

de producator in cazul de nesatisfacere a cererii
(cand ¥; > y ;).

In continuare se vor lua in considerare urmatoarele costuri:
a) Costul tuturor resurselor (suma achitatd furnizorilor de resurse),
exprimata prin formula

Do 4)
i=1
b) Costul transporturilor pe cele L; trasee a cantitatii x; de resurse, dat
de expresia

D i (5)

Ll
=1

c) Costul de transportare a bunului j, in volum de u; uniiti, pe cele 7;
trasee, de la producator spre consumator, in suma de

T
> Chuy (6)
t;=1

unitdti monetare.
Luand in cont expresiile (3) — (6), poate fi apreciatd valoarea totala

a profitului sistemului de productie, notat cu R (X ,0,UY ) , aceasta valoare

fiind exprimata astfel:

m

n L[ n TJ’
RX.p.UY)= D0, (38 =Y i+ D (D23 et ()
=1

j=1 i=1 j=lt
Aici:

(. L. ..l L. ..l L,
X—(xl,...,x1 P X ey XT3 X, s X ),

12 1 m?>

Y= (Vs oo 1)
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1 .., .1 T, .1 T,
U=(u1,...,u1‘,...,uj,...,uj’,...,un,...,u ),

Y=(%...Y;,0T,).

1oeeesdjseees by

de decizie) sunt X, y si U.

Se intueste, in mod evident, ca scopul producatorului se manifesta in a regla
optimal toate procesele, ce tin de achizitiile si transportul resurselor, de
organizarea propriuzisd a productiei, dar si de asigurarea transportului
bunurilor cétre consumatori.

Astfel, se contureaza urmatorul model decizional
R(X,y,U,Y)—> max (8)
(X.0U)
cu respectarea urmdtoarelor restrictii (se vor numi restrictii transport —
productie — transport):
A B L
xf" =x;<x;, i=1,m, )
1=1

L Th
x' <xi, (10)

-, . .
unde x; — capacitatea de transport a resursei i pe traseul / ;

T; L
Z“? :".;me"{y_;»Y,}, J=Ln, (11)
=

f <uj, (12)

unde [ Zj;; J} este intervalul estimat de output posibil pentru produsul j;

n

zay‘ijb[+xi’ i=1,m; (14)
Jj=1
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a; 20 — coeficientul tehnologic (care semnifica cantitatea resurei i

necesara pentru a produce o unitate de bun j );
b; — cantitatea resursei i care ar fi deja in posesia producitorului.

Urmeaza in continuare de a include in model si acele constrangeri
(restrictii) impuse pentru a nu incilca normele de poluare a mediului in
procesul de transportare a resurselor [2], de obtinere a bunurilor [3], si de

transportare a acestor bunuri spre consumatori. Acestea vor fi definite,
corespunzator, astfel:

o <o (15)

(oi" — valoarea plafon de poluare a traseului /; ;

L‘ J—
D ol <o, (16)
I=1
&i — valoarea plafon de poluare in raport cu resursa i ;
P(r)= 2P ()<P an
j=1
P,f(yj)gpf (18)

unde P ( y j) — functia de poluare in raport cu bunul j;, depinde de
volumul y; al acestui bun;

P i — valoarea plafon de poluare in raport cu bunul j;

P - marja superioard de poluare in raport cu toate cele n bunuri;

LT, (19)

7’

t t
viswvi, i
w ; — plafonul de emisii la organizarea transportului bunului j pe traseul

l‘j;

Lo
Qv <, (20)

t;=1
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y ; — valoareca maxima admisibild de poluare a mediului la transportarea

bunul j pe toate cele 7; trasee.

Astfel, totalizand acele notiuni si momente descrise anterior,
modelul de comportament optim al sistemului de productie, care ar include
si costurile de transport a resurselor, dar si a bunurilor, se determina prin
functia obiectiv (7), care ar trebui optimizata in sensul (8), cu restrictiile de
forma (9)—(14), care descriu procesul de productie si de transport al
resurselor gi al bunurilor si cu restrictiile de forma (15)—(20) pentru
respectarea normelor de poluare.

Evident, in general, se obtine o problema complexd de mari
dimensiuni, functia scop a careia este o functie cu caracter nediferentiabil in

raport cu factorul de decizie y = (yl seees Vjreees Vi ) .
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B ymoeax cucmemmnoi kpuszu eanysi asiayitino2co mpancnopmy, sika 0yia
surnuxana ceimoeoio namdemicio COVID-19, niompumanus 6ionogioHux
pisnie  egpexmusnocmi  ma  be3neku  KomepyitiHoi  excnayamayii
MIDICHAPOOHUX ROGIMPAHUX NIHIU Habyeac Henepeciunol akmyanvHocmi. Y
8i0N0BIObL HA  GUKIUKU  CbO2OOEHH 8 O00No0Gili  3aNpPONOHOBAHO
OpP2eaHi3aYiliIHO-eKOHOMIUHULL  MeXaHi3M  ehekmusHocmi ma  6esnexu
KomMepyitinoi excniayamayii MiJCHApoOOHUX NOGIMPAHUX NiHIU, AKUL 6KII0YAE
8 cebe moldenvb nidguweHHs epexmusHocmi ma 3abe3neyeHHss Oe3neKu
eKCNIyamayii MidCHApOOHUX NOGIMPSAHUX JIHIL Ma MoOelb YNPAGIiHHSL
MIDICHAPOOHUMU ROMOKAMU ABIAKOMNAHI].

Kniwouosi cnosa: epexmusnicmo, 6e3nexa, MidscHapooHa nosimpsua

JHIS, agiayiuHutl mpancnopm.

VY KOHTEKCTI Cy4YacHHX TEHJCHLiN cBiTOBOI IMBiIIBHOI aBiamii Ta
BUKJIMKIB aBiallifHOTO TpaHCIIOPTY YKpaiHW, cepex SKUX MOXKIIHBO
BH3HAUUTHU Tparenito boinry-777 Manaii3iiicbkux aBialliHil, 3aKpUTTS
HOBITPSHOTO IIPOCTOPY HAJ BEJIMKOI0 TEPUTOpi€l0 YKpaiHW, Tparemiro
Boinry-737 MixHaponHux aBianiniif Ykpainu B Ipani Ta, B HaiiOimbrmiit
Mipi, margemito COVID-19 nponoHyoThcs HACTYITHI IHCTUTYIIHHI 3aX0IH
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3aiIs MiABHINECHHS €PEKTUBHOCTI €KCIUTyaTamii Mi>KHAPOIHHUX MOBITPSHIX
miHii [1,2]:

Ckopouenna excniyamayiunux eumpam. 3aKymiBIIs aBianajbHOTO —
CYTT€Ba YaCTHHA EKCIUTyaTaliiHUX BHUTpAT. 3 ypaxyBaHHAM BHCOKHX I[iH
Ha aBiamaJibHe CHOTOJHI JONUIBHUM OyJe BBEJCHHS IpOrpaM Horo
eKoHOMii. B yMOBax >kOpcTKOT KOHKYPEHIIIl Ha PHHKY CKOPOYEHHS BUTpPAT
Ha eKCIUTyaTalil0 MapKy JiTakiB € KIIOYOBUM EJIEMEHTOM, SKHH
0e3rmocepeIHbO BIUTMBAE Ha (DIHAHCOBI MOKA3HUKH MisTIBHOCTI Oy Ib-SIKOT
aBiakommaHii. Butpati Ha TexHiUHE OOCIyrOByBaHHS MapKy HOBITPSHHX
cynmeH MoxyTh ckmamatd Big 10 mo 20% Bim 3aranbHOi  cymH
eKCIUTyaTaliiiHux BUTpaT. ToMy edekTuBHE KoMeplliiiHe CHiBpOOiTHHIITBO
3 IHIIAMH aBIaKOMIIAHISIMH IIIOJI0 CHUIBHOI eKCIUTyaTamii aBiamiHii
CTIpHATHME OUIBII €PEeKTHUBHOMY BHKOPUCTAHHIO MAPKy IMOBITPSHUX CYZAEH,
CKOPOYCHHIO BUTPAT HA aBialajbHE Ta IHIINX CKCIUTyaTalliiHIX BUTPAT.

Onmumizayia cucmemu MIJCHAPOOHUX NOGIMPAHUX — JiHiL. Y
Cy4acHHX yMOBaxX aBiaTPaHCIIOPTHOTO pHWHKY /IS AaBialepeBi3HUKIB
BOKJIMBUM € PO3POOJIEHHS ONTUMAIBHUX MapUIpyTiB 1 HaHOLIbII
palioHaNBPHUX YacTOT MOJBbOTIB Ha PI3HUX HampsMaX, CKOPOYEHHS
KIJIBKOCTI  HEepEeHTa0eNbHUX pPEHCiB, BBEACHHS HOBOI EKOHOMIYHO
e(eKTHBHOT aBiallilHOT TEXHIKH, pO3IIUpPEHHS Teorpadii mepeBe3eHb,
MiABAIICHHS ¢(EKTUBHOCTI BUKOHAHHS YapTEPHUX Ta AOJATKOBHX PEHCiB,
THyYKa 3aMiHa Ha aBiaJliHigX MOBITPSHUX CYJCH Pi3HOI MACa)KUPOMICTKOCTI.
OCHOBHI TPHUHIUMIN PO3BUTKY MepEeXi MapIIpyTiB, sKi HEOOXiTHO
BpPaxoBYBaTH NPH ONTHUMI3allii CHCTEMHU MIXXHAPOJIHUX MOBITPSHUX JIIHIN, —
KOHIIEHTpALlisl Ha HailOLIbII MPUOYTKOBUX CETMEHTaX PUHKY, ITiIBUIICHHS
CTHKYBaHHS  MEpexXi, pO3IMUpPEHHS  CHiBOpalmi 3  iHO3eMHUMH
aBilakOMIIaHisIMH  (KOJ-IIICPHHT, IHTEpJAalH) s 30UTBIICHHS KUTBKOCTI
HaIpsIMIB 1 YaCTOT, SIKi IPOTIOHYIOTHCS TTACAKUPAM.

Yoockonanenns posknady nepesesenv. Pelicu aBiakommnaHil MaroTh
OyTn 3pYYHHMH JUIS TIACAXHPIB, a TAaKOXK 3a0e3NedyBaTH ONTHMAIBHY
CTUKOBKY 3 IHIIMMH BHYTPIIIHIMA Ta MDKHApoIHUMHU peiicamu. lle
JOIIOMOJKE 3aITYIHTH JOAATKOBUX MAaCcaXKUPIiB Ha peiicu 1aHOT aBiakOMMaHii.
Po3kiian mepeBe3eHh Mae 3a0e3nedyBaTH  BIAMOBIAHICTH MOTEHIIHHOTO
MONUTY Ha TIEPEBE3CHHs Ha JaHii MDKHAPOJHIA MOBITPSAHIM IiHIT Ta

52



3aIpONOHOBaHOI eMHOCTi. KpiM Toro, py cKiTagaHHi po3Kiagy HeoOXiTHO
BpaxOBYBaTH IMEPEBAXHHUU 13 KOMEPIIHHOI TOYKH 30py 4Yac BHUKOHAHHS
peiiciB. Lleii yac Tpeba BHM3HA4YaTW 3 ypaxyBaHHAM AaJbHOCTI HOJBOTY,
KUTBKOCTI MPOMDKHUX MOCANIOK, XapaKTEPUCTHK MOIMUTY, 4acy BUKOHAHHS
MOTEPEIHIX 1 HACTYITHUX PEHCiB Ha JaHId MIKHApPOJIHIN MOBITPSHIN JiHIl,
KOMGOPTY MacakupiB MpPU JOCTABII IO Ta 3 aepOMOPTIB (KOOPAMHAIIS 3
Ha3eMHHMHU BUIaMH TPAHCIIOPTY).

Yoockonanenus odocosiprno-npasosoi pobomu. Ilepen BiIKpHUTTIM
HOBOI MIKHAapOIHOI aBiajiHii FopHcTaMH aBiaKOMIaHii HEOOX1AHO 3poOHTH
KOMIUICKCHUI aHalli3 MDKYpPSIOBOI Yrojiu Mpo MDKHApOIHE aBialfiiiHe
cnonyueHHs. [loBuHHO Oyt Bu3HaueHo i1 ¢opmar: Yukaspkuil T,
bepmymn 1, bepmymn 2, JlibepamizoBanuit Tum, Binpure Hebo. Amnamis
MIPOBOAUTHCS 32 HACTYITHHMH aclleKTaMH: HaJaHHS KOMEPIIHHUX IpaB 3a
MapumipyTaMmu,  3amoOiraHHsi — JUCKpUMIHAII  Ta  HECIpaBeIIHUBOI
KOHKYPEHTHOI TIPaKTUKH, MpU3HAYCHHS MEPEeBi3HUKIB Ha aBiajiHIiIo,
€MHICTb, Tapu]H, CTAaTUCTHKA, IpaBa Ha 3aKOPAOHHY IUCTPHO'OIIIO,
3armooiranHs MO/IBIHHOMY OTIOJIaTKYBaHHIO, aepornopToOBi Ta
aepoHaBirauidHi 30opu Tomio. 3a3BMuail yrogy BH3HAuYa€ Teperik
aBiaKoOMITaHiH («IIPU3HAYECHUX MIEPEBI3HUKIBY») HA «IOTOBIPHUX aBlaJIiHIsX»,
SIKi KOYKHA CTOPOHA JO3BOJISIE SKCIUTyaTyBaTH aBialliAIPHEMCTBAM.

Oco0arBOro 3HA4YEHHST HAa CY4YacHOMY €Talli PO3BUTKY CBITOBOTO
aBiaIlifHOTO TPAHCIOPTY MPUIUIAETHCS TOJIOKEHHAM Oe3MeKu amiamii Ta
aBianiitnoi 6e3mekn [3]. TakoX MPUHIMIIOBOI YBaru MOTPEOYIOTH ACTIEKTH
OXOPOHH HABKOJHIIHBOTO CEPEJOBHINA Ta MPOTHIII 3MiHaM KIIMAaTy IpH
BUKOHAHHI MDKHAapOAHUX aBialidHUX mepeBe3eHb [4]. 3a OUIBLIICTIO
MDKYPSIOBUX YTOJA HAWTOCTPIIMM IUTAHHAM € OOMEXKEHHS KiIbKOCTi
MPHU3HAYCHUX PETYJIPHUX TEPEBI3HUKIB y TPAMOMY CIHOJIYYCHHI Mixk
mBoma kpaimamu. Lleii dakTtop cTpuMye 3pocTarodi  perioHaibHi
aBiakOMIIaHil y IXHPOMY TparHeHHi OyTH MPUCYTHIMH HA HOBHX ISl HUX
3aKOPJIOHHUX pPHHKaxX IepeBe3eHb [5]. 3a3BHuail OMHC <«JIOTOBIPHHUX
aBiaJiHii» BKIIOYa€ YOTUPH KAaTEropii MyHKTIB MOCAJIKH: ITyHKTH Ha CBOIH
TEPUTOPii, MPOMDKHI NMYHKTH Yy TpPETiX KpaiHax, IMyHKTH Ha TEpPUTOPil
mapTHepa 3a 3TOJI0I0 Ta MyHKTH Y TPETiX KpaiHaxX 3a MeKaMH TepuTopii
naptHepa. Opranizaiiss KoMmepiiiiHoi poOOTH BUMarae HaJaHHS
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«IIPU3HAYCHOMY aBiallepeBi3HUKY» IpaBa yTPUMYBATH Ha iHIII TepuTopii
MPEJCTaBHUIITBA, Y TOMY YHCII 3 «aJMIHICTPATHBHAM Ta KOMEPLIHHUM
TIEPCOHAIOM, HEOOX1THUM JUIsl IXHBOT JiSUTBHOCTI». ABiaKOMIIaHisi OTPUMYE
MOJJIMBICTh CIPSIMOBYBAaTH Ta TMPAlEBIAlITOBYBaTH CBill TepcoHal,
«CTBOpIOBaTH O(GicH 3 METOK pEeKJIaMH Ta MPOJaXy aBiarepeBe3cHbY,
JIOCTYTI JIO 30HU aepoTOPTiB Ta 6araTo iHmwuX [6].

Takoxx s edexktuBHOi poOoTH  aBiakoMmaHii  HEOOXiAHO
MePEeryisAaTi iUl Ta YKIaJaTi HOBI KOMEPIIHHO BUTIIHI YTOAU IS TOTO,
mo0  pO3IMMPIOBATH  KOMEpIiHHE  CHIBPOOITHUIITBO 3  IHIIUMH
aBiaKOMIIAHIsIMU, ar€HTaAMH, TYPUCTHYHUMH (ipMaMU Ta IHIIUMU JIJTIOBUMH
MapTHEpaMH.

[Tiosuwenns pigus be3nexu ma AKoCcmi 006CIY208y8aAHHS Nepese3eHby.
SkicTh 00CITYyroByBaHHS — BXJIMBUH MOMEHT YCi€l KOMepIiiHOT
JUSUTBHOCTI HAa MDKHAPOJHUX TOBITPSHUX JiHIAX. 3aJOBOJICHHUN ITOTUT
BUKIIMKAE€ TOJAIBIIMK TOMHT Ha TEpPeBE3eHHs JaHOl aBiakoMMaHii, i
HaBIIAaKH — HE3aJ0BOJICHICTH OOCIyTOBYBaHHSM aBiaKOMIIaHil MPU3BOJHUTH
JI0 BTpPAaTH TOTEHI[IHHMX mMacaxupiB. ToMy TMiABUIIEHHS SKOCTI
00CIIyroByBaHHS CIPUSE HE TUIBKU MiJBULICHHIO NPECTHXKY aBiaKOMIIaHii,
asie i eKOHOMIYHIH epEeKTHBHOCTI 3aB/SIKH 3aTyUCHHIO ITaCaKUPIiB HA percH
aBlakoMIIaHil, sika JoOpe 3apeKoMeHayBasia ceOe 3 TOYKH 30pY BHCOKOI
SIKOCTi 00OCITYTOBYBaHHSI.

o6 matu ycmix y CBOTO KJIi€HTa, aBiaKOMIIaHisl TOBUHHA OTPUMATH
penyTamilo  HamiiHOTO TepeBi3HWKA 1 0Oe33amepeyHuil  aBTOPUTET.
ABTOpUTET Ma€ JIOMIOMOTTH MEPEMOI'TH KOHKYPEHTIB aBiakOMIIaHii Ta OyTH
HACTUTbKM TIEPEKOHJIMBHUM, 00 Yy TMacakupa HE BHUHUKAJIO CYMHIBY,
KOPHUCTYBATHUCS TOCJIYyTrOl0 JaHol aBiakommaHii uu Hi. BigmiTHa puca
aBlakOMIIaHIT — 1€ SIKICTb OOCIYrOBYBaHHs aBiallacaKHpiB, OYIb-sKi
JIpiOHUIII B AaHOMY MUTaHHI MOXYTh MPHUBECTH O YCIiXy a0 IMOpa3KH.
[IpaBuno «Bce BpaxyBaTH 1 THependadyuTH» — 3alopyka YCHiXy
aBiakommanii. B oOcmyroByBaHHI aBiamacakmpiB Ha BCIX CTamisix
3MifiCHEHHS TMO3OKM aBiaKOMIIaHis IIOBHHHAa Bce BpaxyBaTH. [lms
TIJIBUIIICHHS SKOCTI 00CIyroBYBaHHsSI aBiakOMIIaHii Tpeba 3BepTaTH yBary
Ha BCi ApiOHUII, MOB'sI3aHi 3 0OCIYTOBYBaHHSAM Macaxupa, i BIUIMBATH Ha
HUX: JIOpOTa J0 aeporopTy, 4Yac, MPOBEACHWHA y 3alli OYIKyBaHHS, MPH
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peecrpariii, oTpuMaHHI Oaraxy, OOCIYroByBaHHsS Ha OOpTy (4HCTOTa
CaJIOHY, HasIBHICTh 3aCO0IB TiTi€HH, YBaXHICTh 1 BBIWIMBICTh MPOBIHHKIB,
HasBHICTH IpecH Ha OOpTY Ta iH.).

[I1o6 kpaiiie 3p0O3yMiTH CBOTO Macakupa, 3HATH 1 epeadoavaT Horo
nepeBaru ¥ O4iKyBaHHs, HEOOX1HA HASBHICTh 3BOPOTHOTO 3B'SA3KY 3 HUM.
I[poro MoXHa IOCSATTH 3aBISKU ONUTYBAaHHSIM aBialacaXkHpiB, a TAKOXK i3
BUKOPUCTAHHSAM 1HIIMX KaHAlliB, HANpHKIajA, TeleQOoHH IOBipH, NaHi
cryx0 KOHTpOMIO Ta sKOCTI H IHmMHUX cioyx0, ski nepedyBaroTh y
0e3rmocepeTHLOMY KOHTAKTI 31 criokuBadeM. [1po 11 KaHanu MOBHHHI 3HATH
BCl MacaXupH, sKi KOPUCTYIOThCS MOCIyraMH aBiaKOMIIaHii, HAaBiThb OJUH
pa3 Ha pik. [IpiopuTeTHUM 3aBHaHHAM aBiakoMmMmaHii Mae OyTH
3a0e3redeHHs 0e3neKn 1 HaAifHOCTI Ha piBHI MDKHAPOJHAX CTaHIAPTIB.

Yoockonanenns punxosoeo Oocniosicenns. MeTOI aHaNi3y PHHKY
MDKHApOJHUX MOBITPSHHUX MEPEBE3CHb € BU3HAUCHHS CTaHy PUHKY, TOOTO
HOro KOH IOHKTYpH. Y HpOIeci BUBUCHHS KOH IOHKTYPH PHHKY BHSBISIIOTH
MOTCHIITHNI MTONIUT Ha IOBITPSHI IIEPEBE3CHHS Y MEBHUH MOMEHT dacy, a
TAaKO)X  MOXIIHMBOCTI  HOro 3ajoBojeHHs. KUIOWOBMM — 3aBAaHHAM
aHATUYHOTO BiNJiNy cy4yacHOi aBiakommaHii Mae OyTH  MoONepesHe
OIIIHIOBaHHS Ta MOJAIBIIAN SKICHUN MPOTHO3 00CATY BIACHUX TIEPEBE3CHb
1 TIepeBe3eHb KOHKYPEHTIB. 3a3/alieriih CIJIAaHOBaHA KUIbKICTh aBiapeiiciB
JO3BOJIUTh PalliOHANIBHO PO3MOAUIMTH PECypCH KOMIIaHii, HE 3adilardn
MIPH [[LOMY IHTEPECIB Macaxxupa.

[NonibHa mosiTrka mpUBeae 10 BUKIIOYCHHS HENIPUOYTKOBHX peiiciB
1 MIJBUINEHHS PEWTUHTY KOMIIaHil 3aBISKH TIOBHIM BiJIOBIIHOCTI
norpebam kmieHTiB. [IporHo3yBaHHs 0O0cCsSry mepeBe3eHb — HEBiJ'€eMHa
YacTUHA TPOLECY MPHUUHATTA pillleHb;, 1€ CHCTEMAaTH4HA IMepeBipKa
pecypciB KOMIIaHii, 110 JO3BOJISE TIOBHIIIE BUKOPHCTOBYBATH 1i TiepeBaru
Ta CBOEYACHO BUSBILITH MOTSHIIHI 3arpo3u. KoMmnaHis OBUHHA NOCTIHHO
CTXXUTH 32 JWHAMIKOK O0CSTy TepeBe3eHb 1 allbTepHATHUBHUMHU
MOXITMBOCTSIMH PO3BHTKY CHUTYallil PUHKY aBiamepeBe3eHb IS TOTo, o0
sSIKHAWKpalle po3MOMINSATH HasBHI pecypcH Ta BHOHMpaTH HaWOLIBII
JIOLIUTBHI HATIPSIMU CBOET JISUTBHOCTI.

[IporHo3yBanHs  OOCSTiB  TMacaXXWpPChbKUX  MepeBe3eHb (5K
JIOBFOCTPOKOBE, TaK 1 KOPOTKOCTPOKOBE) — OJHMH 13 HAWBaXIJIUBIIIMX
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aCIIeKTiB  YHpaBIiHCBKOI MisUTBHOCTI cy4acHOi aBiakommanii. Ilpm
JIOBFOCTPOKOBOMY IPOTHO3YBaHHI BPaxOBYIOThCS TEHJCHIIT CBITOBOTO
PUHKY aBialiepeBe3eHb, SIKi 3HAaXOAATh BiloOpaxkeHHs y 30inblIeHHI abo
3MEHIICHH] YacTOTH peiiciB Ha Pi3HUX HampsMax MpHU CKIaJaHHI PO3KIamy
moJboTiB.  KOPOTKOCTPOKOBE IMPOTHO3YBAaHHS JIO3BOJIIE  ONEPATHBHO
BipearyBaTH Ha 3MiHY CHTYyallii HA PUHKY aBiallepeBe3eHb i MO0y yBaTh
CTpaTerilo  aBiakOMMaHii, BHXOJSMYM 3 MepeadadyBaHOTO  00CATY
MACAKUPONOTOKY  (HANpWKIAA, 3MIHUTH  CTYMiHb  «arpeCHBHOCTI»
OpOHIOBaHHS, MIITOTYBATH 1 IPOBECTH CIEIiabHI aKIii 00 3aTyUeHHS
MacaXupiB TOIIO).

[IporHo3yBaHHs  OOCSTIB  MAaCaXUPCHKUX  MEPEBE3eHb  MOXKE
3OifiCHIOBATHCS 3a pI3HUMH pIiBHSAMH arperamii JaHWX: SK Ha piBHI
aBlaKOMITaHIT 3arajioM, TaK 1 Ha piBHI OKPEMUX PETiOHIB, PEHCIB 1 HAMPSIMIB.
3aBoaHHs MPOTHO3YBAaHHS OOCSTIB MAaCAKHUPCHKHX IMEPEBE3CHb CTAHOBHTH
OCHOBY Ul BHpIIOICHHS 0araTboX 3aBIaHb ONTHMI3aIlil TPaHCIOPTHOI
MOBITPSHOI CHCTEMH 32 KPHUTEpIsIMH, O€3IIOCEpPEeIHBO TIOBSI3AHUMH 3
MMOKa3HUKOM PEHTA0eNbHOCTI (JI0XOAM, BUTPATH, MPHUOYTOK), OCKIIBKH
ONTUMAJIBHICTh TUIAHIB, fKi OTPUMYIOTh INpPHU BUPILICHHI IMX 3aBJaHb,
3aJIE)KUTH MIEPII 32 BCE BiJf TOYHOCTI IIPOTHO3IB.

TakuM d9wHOM, U1 e(EKTHBHOI eKCIUTyaTalil MDKHapOJHUX
TIOBITPSIHUX JIiHIM HEOOXiMHO 3IIHCHIOBATH CUCTEMATU4YHY poOOTY II0J0
JOCII/DKEHHS] pUHKY Ta pearyBaTd Ha Bci ii KOJIMBaHHS. YCs TisSUTBHICTD
aBiakommaHii Mae OyTH 30pi€HTOBaHA Ha KOH IOHKTYPY PHHKY Ta IMHAMIKY
MOMHUTY HA aBiarepeBe3CHHS.

Dopmysannss cmpameeii OHOGIEHHS NAPKY HOBIMPIHUX CYOEH.
Crpareris aBiakoMnaii y cdepi OHOBJICHHS MTapKy MOBITPSIHUX CYJCH Mae
(dopMyBaTHCS 3 OpIEHTAIIEI0 Ha KOHKPETHHH PUHOK aBiallifHOT TEXHIKH.
Jlis cTBOpEHHsS YCITIIIIHOI CTparerii B Cy4acHMX YMOBax aBiaKOMMaHii
HEOOXiJTHO: BUKOHATH aHai3 MEPCIEeKTUBHHUX THIIIB TMOBITPSHUX CYJIEH;
ypaxyBaTH XapaKTEpUCTUKHA TIOBITPSHUX CyJlieH, oOpath Ti MOBITpsHI
CyIHa, coOiBapTICTh NMEPEBE3CHb SKHUMH € MIHIMAJIBHOIO TPU JaTbHOCTI
MOJILOTY MIKHAPOJIHOI MOBITPSHOT JIiHIi, Ha Kl OyIyTh €KCILTyaTyBaTHCS
JlaHi TIOBITPSIHI CyJHA; BUKOHATH OLIHKY 3arajlbHUX BUTpAT Ha MpUAOaHHS
Ta CeKCIUTyaTallif0 TMOBITPSHHUX CyleH, BapiaHTiB (iHAaHCYBaHHS ix
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npupbaHHs (KyMiBIA, KYIBIS B KPeAUT a00 B PO3CTPOUKY, JIi3HHT
(hiHaHCOBHIA 00 SKCILTyaTaIliifHUH ); OCTATOYHUN BUOPATH TIOBITPSHI CYIHA
Ta HalOUTBII ONTUMAaJIBHUN crIociO (iHaHCYBaHHS 1X TPUAOAHHS.

Yoockonanenua mapuguoi nonimuxu. Bnana tapudra nomituka —
BaXIIMBUI 1HCTPYMEHT 30iJbIIEHHS MOXIAHOCTI aBiakommaHii. TapudHa
TOJIITUKA aBlakOMMaHii y CKJIaJHWX CydacHHX yMoOBax Mae OyTh
CHpsAMOBaHA Ha TMiABUIICHHS KOHKYPEHTOCHPOMOXKHOCTI aBiaKOMIIaHii 3a
PaxyHOK po3poOJICHHS HOBHX KOHKYPEHTOCIIPOMOXHHUX TapH(iB Ha OCHOBI
aHamizy TapupHOI MONTHKM 1HIIUX aBiakoMmnadiid. EdekxTnBHa
eKCIUTyaTalliss MDKHApOJHUX TOBITPSHUX JIiHIK y CydYacHHUX YMOBax
MiZBUILY€E KOHKYPEHTOCIPOMOXKHICTh aBiakKOMMaHid Ha MIKHApOIHOMY
PUHKY TOBITpSHHX TepeBe3eHb. lllmsaxm 3pocTaHHS — KOMEpIHHOI
eKCIUTyaTanii MDKHApPOJAHUX TOBITPSHUX JIHIH HAWOLIBII palioHATBHO
po3risiaaTi B KOMIUIEKCI [7].

Ha pumc. 1 HaBegeHO KOMIIIEKCHY MOJETb  IiJBHIICHHS
eeKkTUBHOCTI Ta 3a0e3medeHHs Oe3MEeKHM eKCIuTyaTamii MiKHApOTHHX
TOBITPSIHUX JIHIK y cy4acHMX ymoBax. Came KOMIUIEKCHUW MigXil [0
eKCIUTyaTalii MDKHAPOJIHUX TMOBITPSHUX JIHIK € HaWOUIbIl Ji€EBUM
CHOCOOOM T IBUIIICHHS e(DEKTUBHOCTI JIsSUTEHOCTI aBiaKOMTIIaHii.

Takox JuIs ycmimmHOi poOOTH aBiakOMIaHil Ha MIXHAPOIHOMY
PHHKY 3alpoIOHOBAHO KOMIUIEKCHY MOZENb e(EKTUBHOTO YIPABIIHHS
MACKUPCHKUMHU  TPAHCIIOPTHUMH TMOTOKaMH. MeTor HaHOi Mojeni €
KOMIDIEKCHUH TIJIXiJ 10 BUPIMIEHHSA YCiX 3aBAaHb MO0 OOIPYHTYBaHHS
BIIKpUTTS HOBHX MIDKHApPOJIHUX pEHCIB aBiakoMMaHii, MPOTHO3yBaHHS
IXHBOI €eKOHOMIYHOI €()EeKTUBHOCTI Ta BUPILICHHS KOMIUIEKCY 3aBlaHb, 10
MOCTAIOTh Mepea BUOOPOM Ta BIJKPHUTTSAM HOBOTO HANpsIMy MepeBE3CHb
MAcaXUpIiB 1 BaHTaXIiB. YNpPaBIiHHA TPAHCIOPTHHMH IOTOKAMH Ha
MDKHApOAHOMY HaIpsiMi BKJIFOYA€ TaKi OCHOBHI €JIEMEHTH:

Busnauenna yinei. YupaBliHHS  TpPaHCIOPTHHUMU  IOTOKaMH
MMOYMHAETHCA 3 TOTO, IO aBlaKOMIIaHis BM3HA4ae Ui ceOe IMOTEHIUHHMI
HaIpsIM, SIKHH MO)KHA PO3BHBATH, Ta BCTAHOBIIOE IIiJi, SIKUX BOHA IparHe
JOCSITTH 3aBJSKU peajizalii Hboro Hampsmy.
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Iliobip  keanigpikosanoeo  nepconany.  KIrO4oBHiA  MOMEHT
e(heKTUBHOI AIsUTLHOCTI aBiaKOMIIaHii — Mmi0ip JOCBIMYEHOTrO TMEPCOHAIY,
000B’SI3KOM SIKOTO Oy/Ae KOHTPOJIb 332 BHUKOHAHHSM YCIX ONEpaTHBHUX
3aBllaHb, IO BHWHUKAIOTH MiJ  Yac  OpraHizamii  ymnpaBliHHS
TpaHCATIAaHTUIHUMH ITOTOKAMH.

Mapremuneosi docnioxcenus. Taki TOCTIKEHHS BKIIOYAIOTh MEpPI
3a BCE aHANI3 PHUHKY TPaHCATIAHTHYHHX IIEPEBE3CHb Ta BU3HAUCHHS
MIEPCIIEKTHBHOCTI BIIKPHUTTS HOBOTO pelicy. [licis Bu3HaYeHHS MOTEHIIHHO
BUTIJHOTO HAMpPsSMKY Ha TPAHCATIAHTHLI BHPINIYETHCS MHUTAHHSA MO0
MOTEHIIMHUX KaTeropiii macaxkupiB, Aki OyIyTh KOPHUCTYBAaTHCS HOBOIO
aBiaJiHIEI0, Ta IXHHOTO TIPOIICHTHOTO CIIIBBIIHOIICHHS, a TaKOX
MIPOTHO3YIOTHCS MOXKJIMBI 3araybHi OOCSTH NEpeBe3eHb 332 HAMPSMKOM Ta
3aBaHTa)KEHICTh Ha peiici. BakiIuBUM NHUTAaHHAM € BU3HAYCHHS Ta
OLIIHIOBAHHSI PiBHSI KOHKYPEHIII] P NEPEeBE3CHHX Ha 3aJaHOMY HaIpsMi.

Pospobaenns mapugnoi norimuxu. TapudHa TONMITHKA — KITFOYOBHUIA
MOMEHT IIOJANBIIOTO YCIiXy OpraHizamii IepeBe3eHb Ha HOBOMY
TPaHCATIAHTUYHOMY HampsMKy. Po3poOneHHs TapudHOi MONITHKA
BKJIIOUA€ aHaii3 Tapu(}iB Ha iCHYIOUMX TPAaHCATIAHTHYHUX HAIPSMKax (SK
BIIACHMX, TaK 1 Tapu(diB IHIIMX aBiaKOMITaHiH), (HOpMyBaHHS BIACHHUX
TapudiB — crieniadbHUX 1 3BUUAHHUX, & TAKOK BU3HAYEHHS 1X MPOIIEHTHOTO
CHiBBiIHOWIEHHA. BaxmuBuM eneMeHTOM Tapu(HOI MOMITHUKHN aBiaKOMIaHii
CTaHE TMPOMO3HUIli TMPOMOTApU(IB HA HOBOMY pEWcCi, IO JJT03BOJUTH
3aJIyYUTH ITACAKHUPIB.

Busnauennss cmpameeii  obcryeosysanus  nacaxcupis. 1'oloBHE
3aBJlaHHS aBiaKOMIIAHIl MpH OpraHi3alil mepeBe3eHb Ha HOBOMY HANIPSAMKY
— 3abe3mneueHHs] BUCOKOTO PiBHS 0OOCIyroByBaHHs macakupiB. Came Bi
SIKICHOTO OOCIyrOBYBaHHS IAacaXUpIB Oy/e 3ayiekaTH, Y CTaHyTh BOHH
MOCTIHHUMU KJTIEHTAaMH aBiaKOMITaHii B IIIIOMY Ta HOBOI aBiaiHii 30KpeMa.
Tomy 3aBraHHS aBiakOMITaHii IPH yIpaBIiHHI TPAHCIOPTHUMH ITOTOKAMH —
BU3HAYUTH KOMIUIEKC HOCIYT, SIKi MOKYTh OYTH HaJaHi Ha HOBHX peicax,
Ta PO3MNITHYTH MOXKIIHMBICTh YIPOBAKCHHS OAATKOBUX MOCIYT, IO
MiJ{BUIIATH MPUBAOIUBICTH HOBOTO HAMPSIMKY JUISI IOTSHIIIHUX KITIEHTIB.
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Inanysanus nepesesenns Ha Hogitl aegianinii. [lpu TUTaHYBaHHI
MepeBe3eHb MAaCaXUPIB Ta BaHTAXIB Ha HOBIH aBiamiHil QopMmyeThes
3pyYHHI PO3KJaj, MiAOUPaeTbCcA THUIl MOBITPSIHOTO CyIHA, SKE 32 CBOIMH
JTBOTHO-TEXHIYHUMH XapaKTEPUCTHKAMHU BiIMOBia€ OOpaHOMY HAIPSIMKY,
BPaxXOBYEThCS CE30HHICTh TEPEBE3CHD (BUPIIIYETHCS MUTAHHS YaCTOTHOCTI
peiiciB y mepion high season ta low season).

Ananiz nomemnyitinux napmuepie. llpuiiMaroum pilleHHS PO
BIIKPUTTS HOBOi aBialliHil, BaXJIMBO BHUKOHATH TMOTEPEeNHIN aHai3
HasIBHOCTI TOTEHIIIMHIX TTapTHEPIB, SKUMH LIS aBlaKOMITaHil MOXYTh OyTH
IHIII  aBilalepeBI3HUKH, a TAaKOXK OIIHUTH MOXJIMBICTh  B3a€MOJIL
aBiaKOMIIaHi1 3 IHIIMMHU BUIAMH TPAHCTIOPTY.

Pospaxynox  egekmusrocmi  OIIbHOCMI  HA  MIJCHAPOOHOMY
nHanpamky. Ilicas OUIHIOBaHHS Ta TPOTHO3Y IIEPEBE3CHb  HOBOI
TpaHCATIAHTUYHOI aBialliHii HEOOXiJHO BHUKOHATH PO3PAaXyHKH IPOTHO-
30BaHUX JIOXOJIiB Ta BUTPAT, IIyKATH MOXIIMBOCTI JJIsI iX CKOPOUCHHS.

Bupiwenns numans wooo eKCnLyamayitiHux acnekmig
MIJNCHAPOOHO20 — HANPAMKY HA  OepicagHomy  pigHi. JlaHul TyHKT
nepeabdavae NPOBEJCHHS NEPETOBOPIB MIXK aBialliiHOIO BIAIOK KpaiH IS
OTpHMaHHS cepThdikaTa eKcIuTyarailii HOBoi aBiaiHii.

Ilposedenns pexnammuoi kamnawii. Tlicns TPUAHATTSA PIMICHHS PO
BIIKpUTTS HOBOI aBialliHii HEOOXigHO 3a3/ajeriib MPOBECTH pPEKIAMHY
KaMIIaHilo, SIKa MOJIATAE B JOBEJEHHI JI0 BiJioMa MOTEHIIHHUX KITIEHTIB MPO
BIJIKPHTTS HOBOTO HAIPSIMKY TiepeBe3eHb, Tapu(du Ta pPO3KJIa] HOBUX
peiiciB, noaaTKoBi MOciHyrd. PekiamMHa KammaHisi MOXe NPOBOAMTHUCS 3a
KiTbKOMa HampsMaMmu: po3MilleHHA iHdopMmalii Ha odiniiiHomMy caiiti
aBiakoMmaHii, peknamMa Ha TenebaueHHi, mnpecpemizm Ta iH. [licns
MPOBEICHHS PEKIAMHOI KaMIlaHii PO3MOYMHAETHCS EKCIUTyaTalis HOBOI
aBiamigii. 3roJoM ¢l BHUKOHATH  OI[IHKY  JISUTBHOCTI  HOBOTO
TPAHCATIAHTHUYHOTO HAIMPSIMKY, BU3HAYUTH, YH iICHYIOTh PO301KHOCTI MiXK
MPOTHO30BaHUMH  pe3ylbTaTaMH Ta pealbHUMHU. llpu  JOCATHEHHI
TOCTAaBIIEHUX IIIed aBiakomMmaHis Oyle JIeMOHCTPYBAaTH TIO3WTHBHI
pe3ynabTaTd  CBO€i  JiSUIBHOCTI Ha TPAHCATIAHTHYHOMY  HAaIPSIMKY:
po3mupeHHst Oi3HeCy, OTpUMaHHSA MPUOYTKIB, 3aly4eHHS MOCTIHHHX
KIIIEHTIB, JOCATHEHHS IHINUX IIOCTAaBICHUX IIiiell. Y pasi po30iKHOCTI
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MIPOTHO30BAaHUX PE3yNBTATIB Ta peasbHOI CHUTyarlii HeoOXiJHO BHUKOHATH
JCTATBHAN aHaJli3 IIPHYHH Ta IIYKaTH IUIIXH X BUPIIICHHS.

3amponoHOBaHA MOJENb YIPaBIiHHSA MDKHAPOAHUMH MOTOKaMHU
aBiakOMIIaHIl Joromarae 3JiMCHIOBATH CHUCTEMHY pOOOTy 3 aHamidy
JIOITBHOCTI Ta TIOJAIBIIOTO BiJKPHUTTS HOBOT'O HAINPSIMKY IEpEBE3CHb, a
TaKOX JTOCITTH Oa)XaHUX pe3ynbTariB (puc. 2.).

OTXxe BUXOASYM 3 BHIIE3a3HAYEHOTO, MOXJIWUBO NPUHUTH [0
BHCHOBKY, III0 B YMOBaX CHCTEMHOI KPH3H Taly3i aBiaIlifHOTO TPaHCIOPTY,
ska Oyla BHWKIWKaHa CBiTOBOr maHaemiero COVID-19, miarpumanHsS
BIIMOBIJHMX PiBHIB €()€KTUBHOCTI Ta OE3MEKW KOMEPIIHHOI eKCcIuryaTarii
MDKHApPOJHUX TOBITPSIHUX JIiHIH HaOyBa€ HENepeciuHOi aKTyalbHOCTI.
3anponoHOBaHUH OpraHi3aniiHO-eKOHOMIYHHI MEXaHi3M e()eKTHBHOCTI Ta
0e3reKn KOMEpIIHHOI eKCIuTyaTallii MiXXHAPOHUX TOBITPSHUX JIHIH, KU
BKJIIOUYae B ceOe MoJenb MiJBUIICHHS e()EeKTHBHOCTI Ta 3a0e3reyeHHs
Oeslekn eKCINTyartarii MDKHAPOAHUX TMOBITPIHUX JiHIH Ta MOJETb
VOpaBIiHHA MDKHApOJHWMH ITIOTOKAaMH aBiaKOMIaHii € JOpevHOIo
BiJITIOBIIII0 Ha BUKJIMKU CHOTOJICHHS.
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CONVEX COVERS OF THE CORONA OF GRAPHS

BUZATU Radu,

Moldova State University
Chisinau, Republic of Moldova
radubuzatu@gmail.com

In this paper are presented some results related to convex covers of the
corona of graphs. The values of the minimum convex cover number,
minimum nontrivial and maximum nontrivial convex cover numbers of the
corona of graphs are determined.

Keywords: convex cover, corona of graphs

We denote by G a graph with vertex set V(G) and edge set £ (G)
A dominating set of a graph G is a subset D of V(G) such that every

vertex not in D is adjacent to at least one member of D . The domination

number ]/(G) of a graph G is the number of vertices in a minimum
dominating set of G .

A set Sc V(G) is called convex in G fif, for any two u,ve S, all
vertices of every shortest path between u and v are in S. If
3£|S|S|V(G)|—l, then S is a nontrivial set. By [1], a family of sets
p(G) is called a convex cover of a graph G if the following conditions

hold:
1) eachsetof p(G) isconvexin G;

2) ¥(6)= U s;

Sep(G)

3) S¢ |J C.foreach Sep(G).

Cep(G), C#S
A convex cover p(G) is called nontrivial convex cover if each set of

p(G) is nontrivial. The lowest p =2 for which there is a cover of a graph

64



G by p convex sets is the minimum convex cover number of G and it is
denoted by @™ (G). In the same way, are defined the minimum nontrivial
convex cover number ¢." (G) and the maximum nontrivial convex cover
number @™ (G) of agraph G [3].

Since it is NP-hard to determine the maximum nontrivial convex cover

number for a general graph [3], it is important to investigate this problem
for graphs resulting from different graph operations. Here, we establish the

values of " (G), ¢i"(G) and @™ (G) ofagraph G resulting from the
corona of graphs.

The corona of graphs G and H is the graph G ® H constructed as
follows:

1) V(GoOH)=V(G)U U V(H,), where H, is a copy of H that

VEV

corresponds to a vertex veV (G);
2) E(GOH)=E(G)U{w:veV(G)andueV (H,)}.
The following theorems are true:
Theorem 1. Let G and H be two connected graph of order n and m
respectively, with {g9,,9,....9,} <V (G), where 1<k<n. Then the
following statements hold:
1) ¢ (GoOH)=2,if n=1and H is complete;
2) pi"(GOH)=2if n=1, H iscomplete and m>3;
3) P (GOH)=¢)"(GOH)=¢™(H) if n=1 and graph H is
non-complete with diameter 2;
4) P (GOH)=¢)"(GOH)<¢@™(H) if n=1 and graph H is
non-complete with diameter at least 3;
5) @™ ((G;{gl, o0 0 })OH ) =2ifn>2;
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cn

6) " ((G:{0::9, 8 })OH)=2 if n>2 and km+n=>4.

Teorem 2. Let G and H be two connected graphs of order n and m
respectively. Then the following statements hold:

1) ¢i*(GOH)=m-y(H)ifn=1and m>3;

n

2) oo (GOH)=nm ifn>2 and m>1.

cn

For more results on convex covers of the corona of graphs, see [2,4].
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B pabome paccmampusaemcs cemegas  Qopmyruposka  3a0ayu
ONMUMU3AYUU — MAPWIPYMU3AYUY — NOMOKO8  COOpHLIX — 2py308 8
MPAHCNOPMHOU cemu ¢ 3a0AHHbIMU MAPUGaAMU HA MPAHCHOPMUPOBKY U
06pabomKy nOMoK08 U 0ePAHUYEHUSIMU HA NPONYCKHbIE CROCOOHOCHU OYe,
V37108 U 8peMs 00CMABKU OMOENbHLIX 2py306 noayuamento. /na pacuema
spemMenu  00CMABKU NPedaodceH Cnocob GopMuposanus CnpagoyHoll
Mmampuybl 00beOUHEeHUsT NOMOKO8 OMOENbHbIX 2pY308 U dhdexmusnvle
aneopummpl,  NO3GONAIOWUE  ONPedesimb  V3ibl  00beOUHeHust U
00beOuHeHHble NOMOKU Ol 6CEX  KOPPECHOHOUPYIOWUXCS Nnap 6
MHO20NPOOYKMOBoU cemu. Jlokazano, umo 3a0aua ¢ mapughamu 6 cemegoi
nocmanosKke mooicem Oblmyb 3a NOTUHOMUATBHOE 8PeMsi NPeodpa308aHa K
3a0aye YeNOUUCTEHHO20 JNUHENHO20 HPOZPAMMUPOBAHUS C  OIOYHOU
cmpykmypou  u  ceasviearowumu  oepanuvenusmu.  Ommeuaiomcs
ocobeHHOCmU  peuleHusi NpeoOpaz06aHHOU 3a0auu NPU  UCNOLb30GAHUU
U3BECTNHBIX MeMO008 YENOYUCTEHHO20 NPOSPAMMUPOSAHUST U NAKEMOG8
NPUKIAOHBIX NPOSPAMM.

Kniouegvte cnosa: mamemamuueckue MoOenu — pacnpeoeienus u
Mapwpymu3ayuy  NOMoKo8 8 MHO2ONPOOYKMOGbIX — cemsx, 3a0ayu
ONMUMU3AYUYU ¢ OUCKPEMHBIMU NOMOKAMU U NAPAMEMPaMU

Beenenune. Pabora HampaBieHa Ha TOBBIMIEHHE 3((heKTHBHOCTH
(YHKIIMOHHPOBAHUS MAarWCTPAJbHBIX TPAHCIOPTHBIX CETeH 3a CcYeT
CHIDKEHHs Ae(UIUTHBIX PECYpCOB HA OCHOBE IPHUMEHEHUS METOIOJOTHUH
MOJICIUPOBAHUS W IMPOSKTHUPOBAHUS  IPOIECCOB  0OpabOTKH |
MapIIpyTH3AIMA TUCKPETHBIX TOTOKOB COOPHBIX I'PY30B W KOMITIEKCa Mep
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WHPOPMALMOHHO-aHATTUTUIECKOTO  O0OeCIieYeHusT W aBTOMATH3aI[UH
TIPOLEAYP TPHUHITHS PEIICHUI B yNPaBICHUHA TPAHCHOPTHBIMU ITOTOKAMH
[1]. JanHas mpoOiieMaTHKa UMEET MHOXKECTBO Ba)KHBIX NMPUMEHEHUH, TaKk
HampuMep, Ha CETOJHs MepeBO3KaMH AUCKPETHBIX MOTOKOB IPy30B, KpoMe
TOCY/IapCTBEHHOTO TMPENNPUITHS «YKPIOYTa», 3aHUMAIOTCS MHOTHE
CHEeIMAIM3UPOBAHHEBIE KyphepCKue ciy»KObl, Takne kak «Homas Ilouray,
«JlemuBepn», «Hounoit Oxcmpecc», «Bama mourtay u mnp. I[Hupoxo
pacmpocTpaHeHa U MEXIyHapOHas AJIEKTPOHHAS TOPTOBJISI TPy3aMH 4epe3
WuTepHeT, mocTaBIseMBIMH KIHEHTaM 10 BCEMY MHPY aBTOMOOWJIBHBIM,
ABUAIMOHHBIM W JIPYTUMHM BHJAaMH TpaHcropta. B To ke Bpews,
MPAaKTUYECKUE MCCIENOBAHUS IOKA3bIBAIOT, YTO HA MPOTSHKEHUH
MOCTICTHUX JIET 00BhEMBI MEPEBO30K COOPHBIX TPY30B B KOHTEWHEpax W Ha
TIO/ITOHAX B TPAHCTIOPTHBIX CETSAX YKpPauHbl YBEINYUBAIOTCS HEJJOCTATOYHO
nHTeHcuBHO. Tak, Hampumep, B CIIIA B rom mepeBosutcs Oonee 15
MUJIJIMAPI0B TOHH MEJNKOMApTHOHHBIX TPy30B Ha OOIIyr0 cyMMy Ooiee 9
TPWJUIMOHOB JIOJUIAPOB, @ JIOXOJBI OT TPAHCIIOPTHPOBKH TAaKUX TPY30B
coctaBmsitoT okoiyo 11% ot BasoBoi HanmoHanbHOU Tipoaykmuu CIIIA [2,
3]. OcHOBHBIMM HIpPUYMHAMHM 3TOrO  SIBJISIFOTCS  OpPraHU3aLMOHHO-
TEXHWYECKas  HEMOATOTOBIEHHOCTh TOCYJApCTBEHHBIX ¥ YaCTHBIX
TPaHCTIOPTHBIX TIpeATTPHUSITHHA K BHEJIPCHHUIO COBPEMEHHBIX
MH()OPMAIMOHHO-aHATU THYECKIX CHUCTEM, TEXHOJIOTHI u
WHCTPYMEHTAJIBHBIX CPEJCTB aBTOMAaTH3UPOBAHHOTO TPOSKTUPOBAHUS,
VOpaBICHUS W TOJACPKKHA TPUHATUS pPEUICHWH, B TOM 4YHCIE U C
WCIIONIb30BAHUEM CHUTYAIMOHHBIX ILIEHTPOB OOpAa0OTKH W TPEACTABICHHUS
uHpopmauuu. Kpome Tor0, B OONBIIMHCTBE CYLIECTBYIOIIMX B HACTOSIIEE
BpeMsl aBTOMATH3HPOBAHHBIX TPAHCIOPTHBIX CHUCTEMax HE pPEai30BaHBI
HaydYHO OOOCHOBaHHBIE METOJABI MAaTEMaTHYECKOTO MOJICITHPOBAHHS
TIePEeBO3KH COOPHBIX IPY30B B KOHTEHHEPAxX M Ha MOJI0HAX U OTCYTCTBYIOT
WHCTPYMEHTAJIbHBIE CPEACTBA Ul YIpPAaBJICHUS TAaKUMH MepeBo3Kamu. B
M3BECTHBIX TOAX0JaX K PEIICHUIO MHOTOMPOIYKTOBBIX ONTHMU3AIHOHHBIX
3a/1a4 IPOEKTUPOBAHUS CETEH, pacipe/leieHrs U MapIIpyTH3AIH TTOTOKOB
0OBIYHO HCIIONB3YIOTCS JIMHEHHBIE MaTeMaTUYeCKue MoJienu, Jlarpamkeas
u LP penakcanust CXOIHOM 3aa4u, METOIbI BETBEH M I'PaHMUII, OTCEUECHUN
W IIeH, TEeHepanmuh CTOJOMOB W T.MI. W TPOBEPEHHBIE Ha TIPAKTHKE
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Pa3HOBHUJHOCTH CHUMILIEKC-METOJla U METOJa BHYTPEHHUX TOUYeK. EcTh U
YHHBEpCaJIbHBIC IPOrpaMMHBIE CPEICTBA PEIICHHS 33/1a9 MaTeMaTHYECKOTO
MPOrpaMMHUPOBAHUS CO CMEIIAHHBIMU M IEOYHUCICHHBIMU MTEPEMEHHBIMU.
OOmupHbIH OubIUOrpaduuecKuii 00630p MO MaTEMATUYECKUM MOICISM,
MEeToIaM H  aJIrOPUTMaM  pEIIeHHS  MHOTONPOAYKTOBBIX  3am1ad
(Multicommodity Network Flow Problems, MCNF) mMoxxHo HaiiTu B [4-8].
B onHoli m3 HeMHOTOYMCIEHHBIX paboT [9] paccmarpuBaeTcs 3amaya
MapIIpyTU3alul COOPHBIX TaPHO-IITYYHBIX TPY30B B MHOTOIPOIYKTOBOM
CeTH, B KOTOPOM WHTETPUPYIOTCS TMPOLECCHl WX COPTUPOBKH H
TPAHCIIOPTUPOBKH ¥ YYHUTBHIBAIOTCS OTPAHMYCHUS HA BpeMsl JOCTaBKU
rpy3oB. IIpu 3TOM B OIMH TPaHCHOPTHBIK OJOK TPYHNIHUPYIOTCS TOJIBKO
TaKue TPY3bl, y KOTOPBIX COBIAJAIOT MyHKTHI OTIIPABIICHHUS U HA3HAUCHHS U
BpPEMEHHBIC OKHA JOCTaBKH, OTPAaHHYCHUS Ha MPOITyCKHBIE CIIOCOOHOCTH
y3J0B ® JIyr cetd He yuureBatorcs. B [10, 11] mnpuBogpstes
MHOTOIIPOAYKTOBbIE MOJENN MapIIPyTH3allMd C OrpaHUYCHMSIMA Ha
MIPOITyCKHBIE CTTIOCOOHOCTH IyT ceTH U ¢ xecTKkuMH (the Hard Transit Time-
Constrained, HTC-MCNF) wu wmsarkumu  (the Soft  Ttransit Ttime-
Constrained, STC-MCNF) orpaHuueHusIMA Ha BpeMs JOCTaBKH I'PYy30B, HO
Ipy3bl C pa3IMYHBIMH aJIpecaMd Ha3HAueHHs He OOBEIMHSIOTCS B OOIIUE
TpPaHCIIOPTHBIE OJOKH. B oTiamyme oT OONBIIMHCTBA CYNIECTBYIOIINX
MOAXOJIOB K  MOJCIUPOBAHHIO W  aHAMM3y  (OyHKIMOHHPOBAHUS
MHOTOIIPOAYKTOBBIX ~CeTed, B JaHHOH pabdoTe paccMaTpUBAIOTCS
JUICKPETHBIE MOJICJIH TPAHCHOPTHBIX TIPOIECCOB C IEJIOYHCICHHBIMU
NMepEeMEHHBIMA ¥ IapamMeTpamu, 4YTo TpeOyeT pa3pabOTKH HOBBIX
KOMOMHATOPHBIX METOJIOB U AJITOPUTMOB PELICHNS IOCTaBJIEHHBIX 3aa4. B
MPAKTUYECKUX 3a/avyax JOJDKHBI YYUTBHIBATHCA MPOLECCH COPTHPOBKH
TPY30B B COPTUPOBOYHBIX IIEHTPAxX, OTPaHUYCHHS Ha BPEMs UX IOCTAaBKU
MOTpeOUTENI0, KOJNeOaHHsI MOTOKOB M HArPy30K B OTHENBHBIX y3lIaX WU
JUHHUAX CBS3U TPAHCIOPTHOM CETH, TPY30MOABEMHOCTh TPAHCIOPTHBIX
CPEICTB, HENWHEHHOCTh TPHBEICHHBIX 3aTpaT Ha OO0paboTKy ®
TPAHCIIOPTUPOBKY IIOTOKOB M MHOTHE JApPYyIrHe peanbHble (akTopel u
OrpaHHMYEHHs. OJTO MPHBOIUT K HEOOXOAUMOCTH pa3pabOTKH HOBBIX
MaTeMaTHYECKUX MOJeNeil, MEeTOIOB, AITOPUTMOB W HH()OPMAIIMOHHOM
mwiatrpopMbl  JUIA  yOpaBieHUs  o0pabOTKO#, pacmpeneneHueM |
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MapIIpyTH3anyeil MOTOKOB COOPHBIX TPY30B M OIpENeNsieT BaXHOCTh
HCCIEeIyeMOM  HAyYHO-TIPHKIAmHOH  mpoOmeMbl  [UIi  pa3BUTHA
TPAHCIIOPTHOM CUCTEMBI Y KpauHbI.

B OonpmuHCTBE CilyyaeB CYIIECTBYIOUIME M IPOEKTHPYEMbIE
TEPPUTOPUAIBHO-PACHIPECIICHHbIE  TPAHCIOPTHBIE  CETH  SIBJIAIOTCS
MHOTOYPOBHEBBIMHU U COCTOSAT M3 AELEHTPATU30BAHHOU paclpeneeHHON
ceT (MarucTpajbHON) M HU30BBIX (PparMEeHTapHBIX ceTeil (30HAIBHBIX H
BHYTPCHHUX) Ha HIDKHUX YpPOBHIX wuepapxuu. Ilockonbky Qusmyeckas
MIPOCTPAaHCTBEHHAs CTPYKTypa MHOTHX TPAaHCIIOPTHBIX ceTel  yke
CIIOKWJIaCh, B TIEPBYIO oOuepeAb, HauOOJNBLIMKA HHTEPEC IPEeNCTaBIseT
pelleHue 3a1a4 TAaKTHYECKOTo (TeKYLIEero) IUIAaHUPOBaHUS U ONIEPaTUBHOTO
VIpaBiIeHUS, HAICICHHBIX TJIABHBIM 00pa3oM Ha ONTHMH3AIMI0 WX
(YHKUMOHMPOBaHMS MpU HMMEIOLIMXCS pecypcax. B nmaHHOB pabote
paccMaTpUBaIOTCSL TPAHCIOPTHBIE MarkucTpajbHble MHOTONPOIYKTOBBIE
CETH, IS KOTOPBIX XapaKTEePHO HAJIMYNE MHOXKECTBA HCTOUHUKOB U CTOKOB
MIOTOKOB ~ KOPPECHOHICHIMHA  (IpoxyKToB wnu  TpeboBanmit). Ilox
KOPpECTIOHJICHIIMEH MOHMMAaeTCd Mapa pasziINyYHBIX Y3JI0B CETH, MEXIy
KOTOPBIMH HMMEETCSl HAalpaBIEHHbIM IUCKPETHBIH MOTOK 3JIEMEHTOB
3aaHHOI BENMYMHBI, HaPUMeEp, HEACIHMBIX TPYy30B YHH(DUIIMPOBAHHOTO
pa3mepa. B MHOronpoayKTOBOI CETH KaXIbli y3€Jl MOXKET 0OMEHHBATHCS
KOPPECIIOHJEHLIUAMHU CO BCEMU OCTAJIbHBIMHU y3namu. KoppecnoHaeHIuu
MOTYT OBITH 3aJaHbl, HANpPUMEp, MATPUIEH IUCKPETHBIX IOTOKOB, B
KOTOpOH CTPOKH COOTBETCTBYIOT y3JaM-HCTOYHHKAM, CTOJIOLBI — y3JaM-
CTOKaM, a 3JIEMEHThl MaTPHUIIbl ONPEAENAI0T BEIUUUHY KOPPECIOHACHIUI.
B MarucTpanbHOM ceTu BCE KOPPECTIOHJCHIIN JIOJKHBI
TPaHCIIOPTHPOBATHCS B TPAHCIIOPTHBIX CPENICTBAX B TPAHCIIOPTHBIX OJIOKAax
(xoHTelHepax, IUVIEHOYHOM yIakoBKe, Ha IMOJJOHAX) 3aJaHHOTO pa3Mepa.
Pa3zmep TpaHcriopTHOro Gs10Ka M3MEpSAETCs] KOJIMYECTBOM BMELIAIOIIUXCS B
HEro eJuHMIl KoppecnoHjeHImi. [lepen TpaHCIOPTUPOBKON TIpy3bl B
MarucTpanbHBIX y371aX TPAHCIOPTHOM CETH PacCOPTUPOBHIBAIOTCS IIO
ajZipecaM UX JOCTAaBKH B COPTHUPOBOYHBIX LIEHTPaX, a 3aT€M YIIaKOBBIBAIOTCS
B TPAHCIIOPTHBIE OJIOKH.

B pabote [12] paccMmaTtpuBaeTcs 0000LIeHHAs 3a/adya YHaKOBKH H
pacnpeniesieHUs] IIOTOKOB KOPPECHOHIEHUMH B HepapXHdyecKoill cerw,
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peleHne KOTOpoii OCYIIECTBISIETCSI B HECKONBKO 3TanoB. Ha mepBoM srarme
pemraercs 3amada BEIOOpa HepapXUUeCcKOi CTPYKTYypBl MarHCTPaIbHOM ceTH
U CXeMbl COPTHPOBKH KOPPECHOHACHIUHA B y3JaX CETH M YNAaKOBKU HX B
TpaHcnopTHeie Oyoku [13-15]. Ha BTOpom »Tame BO3HHKaeT 3amaya
pacnpenesieHuss ¥ MapLpyTU3alii IIOTOKOB TPAaHCHOPTHBIX OJIOKOB CO
cOOpHBIMU I'py3aMH, KOTOpbIe ObLIM CPOPMUPOBAHBI IPU PELIEHUU MEPBOi
3agaun [16, 17]. Tlog cOOpHBIMH Tpy3aMH Kak ¥ paHee MOHHMAIOTCS
OObCTUHEHHBIE B OJUH TPAHCIIOPTHBIA OJIOK TapHO-IITyYHBIE TPYy3bl C
pa3HBIMU aJipecaMy Ha3HAYCHUs, KOTOPbIE MOTYT HE COBMAJIATh C aJpecoM
Ha3HA4YeHUs TpaHCIOpTHOro Onoka. COOpHBIE TPY3bl 00pazyroTCs VIS
MaKCUMallbHOTO COKpAllleHHUsT KOJIMYeCTBA TPAHCHOPTHBIX OJOKOB H
TPAHCIOPTHBIX ~ CPEJICTB, HEOOXOMWUMBIX JUII WX  YIOAKOBKH U
TPAHCHOPTUPOBKU B MarucCTPajIbHOM CETH.

Kak mnpaBuno, B MaTeMaTH4eCKUX MOJAEISIX, OMUCHIBAIOIIUX
mporecchl 00pabOTKH W TPAHCTIOPTUPOBKHA MHOTOIMPOAYKTOBBIX MOTOKOB
3aTpaThl CBS3BIBAIOTCS C BEIUYMHOW MOTOKA 1O JyraM CETH WU MyTIM
nepegayy notoka. s cereit nepeiaun JaHHbIX, TJ€ AyTH aCCOLMUPYIOTCS
C KaHaJaMW CBS3M, TaKWe TIIOCTAHOBKH OKAa3bIBAIOTCS JOCTATOYHO
nmpueMJIeMbIMH. B ciiydae »ke TpaHCHOPTHBIX CeTed OYEeHb TPYIHO
aJIeKBaTHO ONpeAeNuTh (YHKLUHMU TPAHCIOPTHBIX 3arpar, a 3HAuuT, U
MONyYUTh B pe3ylbTaTe pelIeHUs 3aJaud JIOCTOBEpHBbIH oTBeT. B
MaTeMaTHYECKOW MOJeNU 3alavyd pachpefesicHus MW MaplpyTH3aluH
MMOTOKOB TPAHCIIOPTHHIX OJOKOB, PUBEACHHON B padoTe [16], 00beMbI U
MyTH pAacHpeAesieHUss MOTOKOB CBA3BIBAIOTCA C MHOXKECTBOM HMCKOMBIX
«ONTHUMAJIBHBIX» MapUIPyTOB TPAHCIOPTHBIX CPEACTB WM KaHAJIOB CBS3H.
Takasi mocTaHOBKa 3aJjaudl XapaKTepHa MPH MPOEKTUPOBAHUM HOBOW HIIH
PEKOHCTPYKIMM CYILECTBYIOLIEH CETH IIepeBO30K MJIM CETU Iepeladu
JaHHBIX. B 3TOM ciywae Iy KaXIOro OIPENEIeHHOIo B pe3ysbTaTe
pelleHnss MapuIpyTa JIETKO paccyuTaTh TpeOyemble 3aTpaTrhl (Hampumep,
CPEIHETOJIOBbIC MPHUBCICHHBIC 3aTPaThl) U MOJyYUTh 00JIee JOCTOBEPHYIO
OLIEHKY TPaHCIIOPTHBIX 3aTpat [uid Bcel ceTH. Eciin TpaHCHOPTHBIE yCIYTH
MPEJOCTABIAIOTCS ~ CTOPOHHUMH  TPAHCHOPTHBIMU  NPEANPHUATUSMHU
(koMMaHMAMH) WU TpOBaiiepaMH CETH MepeAayd NaHHBIX, TO 3a1ava
pacnpeziesieHuss U MaplIpyTH3allMd II0TOKOB YIPOLIAeTcs, Tak Kak B
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KadecTBe (PYHKIUI TPAHCHOPTHBIX 3aTPAaT MOXKHO HCIOJIB30BaTh TapU(bI
Ha IEpeBO3KYy WM [epejadyy OJHOTO TPaHCIOPTHOro OJioKa OT
OTIIpaBUTENS K momydaTento [18].

Lenbto HacTosAmer pabOTHI SBISETCSA MOCTPOSHHE MaTEMAaTHYECKOM
MOJICTIH 3aJadll MapIIpyTH3alUN TPAHCIOPTHHIX OJOKOB CO COOPHBIMHU
rpy3aMy NP HCIIOIb30BAHUMU 33aJaHHBIX TapU(OB HA TPAHCIOPTUPOBKY U
00paboTKy moToKoB. PaccMmarpuBaeTcst ceTeBas (HOpMYIMPOBKA 3aJaud C
3aJJaHHBIMH TapudaMu Ha Jyrax ¥ B y3JlaX ¥ TOCTAHOBKAa B BHJE 3aJa4M
[IEJIOYMCIIEHHOTO JInHeHoro mporpammupoBanus (LJIIT) ¢ OxouHoi
CTPYKTYpOH, CBS3BIBAIOLIMMU OrPAaHUYEHUSMH U JIOTIOJHUTEIHHBIMH
OTpaHUYEHMSIMA Ha BpeMs JOCTaBKH OTAEIbHBIX TPY30B MOIyYaTeNro.
OTmMmeuaroTcs OCOOCHHOCTU — peIIeHUs 3aJadyd INpH  HCIOJIb30BaHUU
n3BecTHbIX MeTo10B LIJIIT 1 makeToB MpUKIaAHBIX IPOrPaMM.

IlocTanoBKa W MaTemMaTH4YecKasi MoJeb 3amxaun. Ha cetu ¢ n

y3j1aMu 3aJlaHbl LEJIOYUCIICHHBIC MAaTPUIBI HCXOAHBIX A=H aij n

nxn

npeoOpa3oBaHHBIX (TIOMYYEHHBIX [OCTE pEIIeHHs 3aJauyd YINaKOBKH

TpaHcnopTHBIX 6rokoB [13]) A'= H a'l.j H MIOTOKOB KOPPECIIOHACHITNI
nxn

(OTHENBHBIX W COOPHBIX TPY30B) M TPAHCHOPTHBIX OIOKOB A = Hdij

b
nxn

1

a'.
a.=|—2>|, rne @ — pa3smep TpaHCHOPTHOro OJOKa, ’"‘ — 3HaKH

q )

OKpYTJICHUS] 4Hcia A0 OOJBIIEr0 Iesoro, a a;, a. u a

ij jo bLi=Ln,

I# ] — COOTBETCTBEHHO BEJIMYHMHA MOTOKA M3 y3Jla HCTOYHHMKA I B y3el
CTOKa j B IUHHUIIAX H3MEPEHHs KOPPECIOHICHINII M TPAHCIOPTHBIX
OJI0KOB.

TpaHCOPTUPOBKA TOTOKOB B MArHCTPAbHOM CETH W3 Y3JIOB
HCTOYHHKOB B VY3IIbI CTOKH OCYILIECTBISICTCS TOJNBKO B TPAHCIOPTHBIX
0J0Kax, MpU 3TOM B TPAHCHOPTHbIE OJOKH MOTIYT OBITH YIaKOBaHBI
KOPPECHOH/ICHIIMY, aJpeca Ha3HAYCHHs] KOTOPBIX HE COBMNAJAIOT C

aapeCaMn Ha3HAYCHUA TPaHCIIOPTHBIX OJIOKOB. 321,[[8.‘{8. OIITUMHU3AIIHNH
YHOaKOBKH 3aKJIIOYacTCd B 06’LGI[I/IHGHI/II/I HCCKOJIBKMX MCXOJAIIUX M3
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KaXJ0OT0 y37la IOTOKOB C pasHBIMH aJpecaMH Ha3HAuCHHS B oOmme
TPAaHCIIOPTHBIC ONOKK pasmepa @ >>a,; [19]. Tlpn pemenun 3axa4n
HEKOTOPbIE IOTOKU MOTYT HECKOJIBLKO pa3 0OBENUHATHCSA B PAa3HBIX y3Jlax C
JPYTUMH TIOTOKaMH, IO3TOMY HEOOXOAMMO HMMETh TaKyl0 CTPYKTYpy
JaHHBIX, KOTOpas Mo3Bojsuia Obl 3(p(PEeKTUBHO 3aIIOMUHATH U ONPEICIATH
y3Ibl  oObeMHEHHS W OOBCJAMHEHHBIE  IMOTOKH  JJISI  BCEX
KOppecoHUpyoIuXcs nap. B npouecce penieHus 3aauu ynakoBKU Haj

IOTOKAMH (;; UTEPATHBHO BBIIONIHSIOTCS CIICAYIOLINE IPEOOpasoBaHusL:

a, < ay +a,,a; <a,;+a,, cij<—k,al.,.<—0. @)
IIpu 5TOM NpearonaraeTcs, YTo KaxIblii MOTOK MOYET OBITh yIIAKOBAH B
TPAHCIIOPTHBIA OJIOK TOJBKO LeaukoM. [ne '<—' 3Hak omepanuu
npucBauBaHus; kK — y3el, uepe3 KOTOPhIH BBINOIHIETCS Pe0Opa30OBaHHuE;

C.. — DJJICMCHTBI CHpaBO‘IHOﬁ MaTpUIbl O6BC,I[I/IHCHI/I)I IIOTOKOB

J
C:H S ‘

, KOTOPBIC ONIPCACIIAOTCA TaK:
n

k, eciu IIOTOK a; OOBEAUHSETCS C TIOTOKOM

¢; =9 J, €CIU OTOK a;; HAIPaBJIACTCA B y3€1 /, 2

0, ecmu i=j.
ManI/II_Ia C HCIOJIB3YETCA AJIsI BOCCTAHOBJICHHA IIOCIICAO0BATCIBHOCTH
¥3J10B CE€TH, B KOTOPBIX BBIMNOJHACTCA TPAaH3UTHAsA COPTHPOBKA IIOTOKOB

a;,i,j=ln,i#j.
I[J'Iﬂ pacu€ta BpPEMCHU OOCTABKH TIOTOKOB OTACJIIBHBIX TPY30B
TIOJTy4aTEeIIIO H606XO)II/IMO OnpeacIATh IIOCICa0BATCIBbHOCTD

Q, ={G,k),(k,ky),....(k,,j)} ¢  TUpPOMEKYTOUHBIMM  y3NaMH
{k,,k,,....,k,}, B KOTOpBIX BBINOJNHSETCS HONOJIHUTENbHAS COPTUPOBKA
K@JKJI0T0 U3 MOTOKOB ¢, M MX obuiee 4ucio V; :| (ki kyynk,} |

Kpowme Toro, npu BEIOOpe 0uepeHOTo IOTOKa @ j A npeobpazoBanus (1)
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*
MOXKET HOTpe6OBaTBC$I HaXO0XJACHUEC MHOXCCTBa APYIrUX IMOTOKOB {a[j} ,
KOTOPBIC YK€ O6’I>CIII/IHI/IJII/ICI> C IIOTOKOM al.j Ha OpEabIAyIIuX UTCPpALUIX.

DneMenTsl MAaTpulbl A' OnpenessioTes CiaeayomuM 00pa3oM:

* *
a; +1{a,}, ecnn motoku {a, } 0ObEIMHEHBI C IOTOKOM 4,

'

’ 10, ecim moTok a; OOBEMHEH C IPYTMM MOTOKOM W [ = .

Joka3zansl cnenyomue yreepxkaeHus [20].

Teopema 1. Jins moboro a; € {aij‘ ¢; #inc, #0} nocrpoenue

matpunsl C B cOOTBETCTBUHM C (2) TIO3BOINISIET HANTH MOCIIEN0BATENBHOCTD

Qij U YCTAaHOBUTHb YHCJIO OOIIOJHUTECIBbHBIX 06pa60T01< IIOTOKa al.j .

Ilokazano, uTo onpenenenue £),  CBOAUTCS K TOCTPOCHHMIO H
OCIIEAYIOIEMY [POXOXKICHHIO B TIIyOUHY GMHAPHOTO JepeBa ¢ KOPHEM B
sepumne (i, j) .

Jlemma. JIucTbst GMHAPHOTO JEPEBA, OCTPOEHHOTO TIPOXOKACHUEM
B iyOMHY C HCHoib3oBanueM dieMeHToB marpunbl C, mopoxmaror
TOCTIe0BATENBHOCTE {2, TIPH MX MPOCMOTPE CIIEBA HATPABO.

Ha ocHoBanuu Teopembl 1 u JeMMBI MOCTPOeH S(PHEKTHBHBIN
QJITOPUTM TOCTPOEHUS. U MPOXOKAECHUs OWHAPHOTO JEpeBa, B KOTOPOM

MOJIIEPEBbsI FEHEPUPYIOTCS B IMOPSAKE UX IPOCMOTpA.
[Ipu pabote co cnpaBo4yHOil MaTpuuell 00BEIUHEHUS TOTOKOB NPH

BEIOOpE OYepelHOro TOTOKa a; npeobpazoBanust (1) Moxer
*

MoTpeOOBaTHCS HAXOXKICHAE MHOXECTBA JIPYIHX ITOTOKOB {ai].}, KOTOpBIE

yke ObUIM OOBE/IMHEHEI C TIOTOKOM ¢; Ha MPEIBIAYIIMX HTEPAIHSX, TAK

Kak TpeoOpa3oBaHne G; TPHUBOIUT K YBEIMYCHHIO BPEMEHH JOCTAaBKH

TOTOKA MOTPEOHTENO (apecary) He TONBKO JUIsl d,; , HO M JUI MHOXKECTBA
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* *
{a;} . OxasbiBaeTcs, 9TO JNIA OTIpeIeNeHUs MHOXKECTBA {4, | 11 MOGOro

a JIOCTATOYHO  BOCTIOJIB30BAaThCS ~ CIPABOYHONM  MaTpulle C,

[/
(dhopmupyemolii cornacto (2).

Teopema 2. Jlns n10060r0 MOTOKA @, , HaJl KOTOPHIM BBHITIOJNHSAETCS

i
¥
npeoGpasosanme (1), MHOKeCTBO {a;} MOXeT ObITh ompenenenHo u3
*
ciipasouroii marpuisi . TlokasaHo, 4TO 3amada ompesmeieHus {a

9KBUBAJIEHTHA TOCTPOECHUIO HEKOTOPOro AepeBa MOUCKA U MPOXOXKICHHIO
€T0 CHH3Y BBEpX.

Ha ocHoBaHMU [OKa3aHHBIX YTBEP)KIECHUI MOCTPOEH PEKYpPCHBHBIH
QITOPUTM, OCYUIECTBIAIONIMIA IOCTPOCHHE JAEpeBa HCYUEPIBIBAIOILIETO

*
NOoUCKa i1 ONPEACIICHUA MHOXCCTBaA {aii} . OT10 O3Ha4yacT, 4YTO MOJIA
JMI000r0 MOTOKA Cl’.l. AJITOPUTM KOPPEKTHO CTPOUT MHOXKECTBO IIOTOKOB

.
{aij}, KOTOpble OBLTM OOBEIMHEHBI € TOTOKOM @; HA TPEbIYIIMX

HTEpaLMAX.
Bepnemcs k nocraHoBke 3azaud Mapupytuzanuu. IIpeamnonoxum,
YTO YCIYTH II0 TPAHCHOPTHPOBKE TPAHCIIOPTHBIX OJOKOB M3 Y3JIOB I B

y3ibl  j okasbiBatloT () TPAHCHOPTHBIX TpeanpHUsThii. be3s morepu

OOITHOCTH TPENNONIOKHM, YTO BCE TPAHCHOPTHBIC TNPEINPHATHS MOTYT
OKa3bIBaTh YCIYTW 1O TPAHCIIOPTHUPOBKE MOTOKOB MEXAY BCEMU NapamH

ysnos B cetu. Ilycte G(N,P) — wmynbrucets ¢ |N |=n y3IaMH |
2
|P|=l, [ <Q(n” —n) opuentupoBannbiMu jgyramu. Jlis Beex QO
HpeAnpuUsTHi, 3aHyMepoBaHHbIX uHaekcoM k =1,2,...,0 3amanbl Tapudsi
c K K wk
ik HA TPAHCTIOPTHPOBKY €/MHMUBI TOTOKa M orpanmdenus W, wa

IPOBO3HBIE BO3MOXHOCTH W3 y3ma & B ysen [, a,f=1Ln, a#[.

a
Jnst y3noB cetu 3anansl Tapudsl C,, , Ha 06pabOTKY €AMHMIIBI IIOTOKA H

orpaHuueHus b, Ha BeINMYMHY TPaH3MTHOTO MOTOKA B y3ne O, & =1,n.
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TpancnoptHbie Tapu}bI

@y Ttapubl Ha 0O0pabOTKYy TpPaHCIIOPTHBIX

610k0B B y3max cetu C , HOMKHBI OBITH IPHBEICHBI K OMHOMN IIKAJIE H
Yy d

loa

OIIpEeNeIIATh, HAIlPUMEp, CPEIHErof0Bble IpPUBEICHHBIE 3aTpaThl. Kpome
TOr0, 3aZlaHbl OTPAaHUYEHUS] HA BpeMs JIOCTaBKU IOJIy4aTel0 OTAEIbHBIX

rpy3oB u3 i B j, ij€S, tme S — MHOKECTBO HHAEKCOB If
KOPPECHOHUPYIOLIUXCS TOTOKOB.
Mycts u Z’i — HEU3BECTHBII MOTOK TPAHCIIOPTHBIX OJIOKOB U3 I B

J » npoxoasmwmii mo xyre aff €{q,}, rne {q,} — mHoxectBO ayr k -ro

TIPEANIPHATHS, |{qk }| <n’-n. Tpebyercss MUHUMH3NPOBAThH 3aTpaThl Ha

TPaHCIOPTUPOBKY M 00pabOTKY TPAaHCHIOPTHBIX OJOKOB MPH BCEX 3aJaHHBIX
OTpaHUYCHMUSIX, T.€. HANTH MUHUMYM (QYHKITUH

n

n ¢
Z Z Ctrk Zuz]k +chiad : ZZZ(M k +ut/k (3)
k=1 afici{q;} ijesS a=1 k=1 gilozye

IIPU OTPaHUYEHUSIX

a;upu i =,

Zzuljk ZZ”yk Ompuiza,j+a, (4)

k=1 p=1, k=1 =1, - . — ..
pra Bra —a;upu j =a,ua =1,n,ij €8S,
O n
ZZZ(”I//( l]k) Z(aaj +aja)<2ba3 a = 1 (5)
k=1 p=1,ijeS
Bra ]¢a
dDuli <wiVaBelqt k=10, (6)
ijeS

Uy > 0 - Hesble unCIa, (7)
¥ OrpaHMYEHHAX 1 < T if €S Ha Bpems JOCTaBKH OTIEIbHBIX IPY30B

@; TOny4aTenio. B KOHKPETHBIX Cilydasx PEIICHHs 3a]a4M K yKa3aHHBIM
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OrpaHUYCHUAM MOTYT OBITH IIO6aBJIeHI>I OrpaHU4YC€HUs Ha 3alpeT
Pa3BETBJICHUA IIOTOKOB!:

L - a,; , €CIM MOTOK NPOXOJINT 110 ayre &ff € {q, |, ®
=
! 0 B IPOTHBHOM CITy4Yae.

3amaua (3)-(7) MakcUManbHO COJEPKUT JI0 n(n2 -n) + n +

On* —n) + Om* —n)’= O’ —n)[(n* —n)+1]+n(n* —n)+n
orpannuenuii (4) + (5) + (6) + (7) u no Q(n2 —n)2 MEPEMEHHBIX.
HeprI[HO BHJIETh, YTO orpaHquHpm (4) MOXHO 3anMcaTh B BHIE

Zzzutjk zaam ZZZ”M Zama, a=1n, a g

k=1 p=1,ijeS k=1 p=1,ijeS m=1,
P=a m:’:a P=a m#a

orpaHu4eHui (5) yHpOCTUTH 3alMCh: Z ZZuU i Zam <b,,

k=1 p=1,ijeS
ﬂ¢a m¢0{

= l,l’l . Torma wmakcuMmagbHOE KOJIHYECTBO OI’paHI/IquI/Iﬁ 3aJa4u

coxparutes 1o Q(n” —n)[(n* —n)+1]+2n.

UsBectHO, uTo 3amada (3)-(7) sBmsercs NP-TpynHo#i, Tak Kak ee
COOTBETCTBYIOIIAs 33ia4ya pacno3uaBanust NP-noxnas [21, 22]. B goknazae
MO0Ka3aHo, 4TO J00asi WHAMBHUIyallbHAs 3aaa4da Buja (3)-(7) Moxer ObITh
npeobpa3oBaHa B MHOUBUIYaJbHYIO 3a7ady LEJIOYMCIEHHOTO JIMHEHHOTO
MPOrpaMMHUPOBAHKUST €  OJOYHOH  CTPYKTYpOH H  CBS3BIBAIOIIUMHU
OTPaHUYEHHUAMH 32 MTOJMHOMHAIBLHOE BpeMs. [ 3Toro nmpuBOAUTCS OTUH
U3 BO3MOXKHBIX CHOCO0O0B ()OPMHUPOBAaHUS NO BXOJHBIM JaHHBIM 3aJa4H
(3)-(7) maTpuLbl HHIUIEHIUN Y3JIbI-TYTH, BEKTOPOB COXPaHEHHS MTOTOKOB,
BeKTOpa Tapu(OB M BEKTOPOB JJIs 3aIIHCH OTPaHHYCHUH.

OcHOBHOH pe3ynbTaT padoThl chopMyaupyeM B BUE CleayIOLIeH
TEOPEMBI.

Teopema 3. Jlrobast mHaMBHIyanbHas 3amada Buga (3)-(7) moxer

6biTh 3a momanomuansHoe Bpems O[(Q+1)n” —On] npeoGpasosana B

WHIANBUAYAJIbHYIO 3aaavy OCJIOYUCIICHHOTO JIMHEWHOTO
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MPOTPaMMHpPOBAHUS €  OJIOYHOM  CTPYKTYpOH ¥  CBSI3BIBAIONIMMHU
OTpaHWYEHISMH, KOTJ]a B KaU4eCTBE MATPHUIIBI KOX(P(PUIIMCHTOB BBICTYIIAET
MaTpula HHIMASHIUHN Y3JIbI-1yTH OPUEHTUPOBAaHHOTO rpada.

CaencrBue. Ecmu cymectByer nomyctumoe (He 00s3aTeNbHO
onTuMaibHOE) pemenne ucxonHou 3amaun (3)-(7), TO OHO COBHAAaET C
petienreM npeobpazoBaHHo# 3anaun LIJITT.

OcHOBHbIE  pe3yJbTaThl M  HANpaBJeHUS  JAAJbHEHIINX
uccaenoBaHuii. B noxmane paccMoTpena 3agada MapipyTH3AIMH TOTOKOB
COOpPHBIX TPY30B B MHOTOIPOJYKTOBOW TPAHCIIOPTHOHW CETH C 3aJlaHHBIMU
TapudaMu, OrpaHUYEHUSIMH Ha MPOITYCKHYIO CIHOCOOHOCTH AYr U Y3JIOB U
OrpaHUYCHUSAMU Ha BpPEMA OOCTaBKHW OTACIBHBIX TI'PY30B. I[OKa3aHa
TeopeMa 0 TOM, 4TO JIto0asi HHAWBHyalbHAs 331a4a B CETEBON TTOCTAHOBKE

MOXeT ObiTh 3a momuHommaneoe Bpems  O[(Q+1)n® —On]

npeoOpa3oBaHa B MHAUBHUIYaJbHYIO 3a7ady LEJIOYMCIEHHOTO JIMHEHHOrO
MpOrpaMMHUpPOBaHUs €  OJOYHON  CTPYKTYpOH H  CBS3BIBAIOIIUMHU
OTpaHUYCHHSIMU, KOTJ]a B KayecTBE MAaTPHIIB KO3()(UIIMEHTOB BBICTYHACT
MaTpHlla WHIUICHINH Y3IBI-IyTH OpPUCHTHPOBaHHOTO rpada. BexTopHO-
MaTpU4YHas 3alMCh 33/Ja4d TO3BOJIAET HCIOJb30BaTh MPOrPAMMHO-
anmapathyo apxurekrypy CUDA (Compute Unified Device Architecture)
TapayuIeNbHBIX BEIYHUCIICHHH Ha Tpaduaeckux nponeccopax GPU (Graphics
Processing Unit) 1 3HaunTENbHO (B MEPCIEKTHBE B JCCSTKH M COTHU Pa3)
COKpaTUTh Bpems ee pemeHus [23, 24]. dns pemweHus npeoOpa3oBaHHOM
3amayn Oe3 ydera OTpaHHYCHHMN Ha BpeMsl JOCTABKH OTACNBHBIX TI'PY30B
[IOJIy4aTell0 BO3MOXKHO IPUMEHEHHE H3BECTHBIX METOJOB U I1aKETOB
MporpaMM, OJHAKO M YCTAHOBJEHUS TpaHULl HX 3((EKTUBHOCTH H
aHalM3a TOJYyYaeMBIX PELICHWH HEoOXOIUMO IPOBEACHHE OOIIMPHOTO
BBIYHCIIUTEIIFHOTO SKCIIEPUMEHTA Ha OOIIEIOCTYIHBIX CepPBEpax, TAKUX Kak
NEOS, GAMS wu gap. c¢ mporpammamu Gurobi, Linear Program
Solver, Simplex OPTIMA, CPLEX, MINTO u nip.

[Ipu peunreHnn 3amayu ¢ y4eTOM OTpaHHUYCHHWHA Ha BPEMS JOCTABKH
OTAENBHBIX TPY30B TIONYYaTENNI0 CYNICCTBYIOIIME METOABI W ITAKETHI
IporpaMM HE MOTYT OBbITb HENOCPEACTBEHHO MPHUMEHEHbl — TpedyeTcs
MPOBEICHUE JOTOJHUTENBHBIX  HCCIEJOBaHMWI 1O BO3MOXKHOH  HX
MoguduKkanuu W JOpabOTKE Ha OCHOBE IPEUIOKEHHOTO —CIocoba
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MIOCTPOEHHS CIIPABOYHON MaTPHUIEI 00BEAMHEHNS IIOTOKOB M 3((EKTUBHBIX
alrOPUTMOB,  IO3BOJAIOIINX  ONPENENATH  Y3Ibl  OOBEOMHEHHA H
O0bEAMHEHHBIE MOTOKM Al BCEX KOPPECHOHAUPYIOUIMXCS Hap B
MHOTONPOAYKTOBOM CETH.
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APPROACHES FOR SOLVING
BIMATRIX INFORMATIONAL EXTENDED GAMES

HANCU Boris
Republic of Moldova, Chisinau
boris.hancu@gmail.com

boris.hincu@usm.md

In this article a new type of information structures in the games theory is
introduced and studied the player, oriented to achieve the aim of it. So,

according to Harsanyi's 1967-68 trilogy we can construct the game Iy,

with complete and imperfect information on the set of non-informational
extended strategies generated by the informational extended strategies. To

solve the two persons informational extended game Game(l <—> 2) with the

sets of the informational extended strategies we must do the following:
construct the bimatrix Bayesian game, for these game construct the Selten-
Harsanyi game with complete and imperfect information on the sets of the
non-informational extended strategies and determine Nash equilibrium

profiles that is the Bayes-Nash equilibrium in the game Iy,

ayes *

Keywords: Noncooperative game, payoff function, set of strategies,
informational extended games, normal form game, Nash equilibrium,
bimatrix Bayesian game

1. Bimtrix informational extended games
We consider the informational non extended bimatrix game

Ir'=(1,J,4,B), (1.1)
where 7 ={1,2,...,n} is the line index set (the set of strategies of the player

1), J={1,2,...,m} is the column index set (the set of strategies of the

jeJ

player 2) and A= "a,.j , B= ”b,,j "I:J are the payoff matrices of player 1

iel
and player 2 respectively. Players maximize their payoffs. The game is in
complete information (the players know exactly the normal form of the
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game). Here we analyze the informational extension of the game generated
by a double-sided informational flow, denoted by 12 2 . It means that the

player 1 knows exactly the value of the strategy chosen by the player 2, as
well as, simultaneously, the player 2 knows exactly the value of the
strategy chosen by the player 1. So the game (1.1) is in perfect
information over the set of pure strategies.

The conditions described above stipulate that we can use the set of
informational extended strategies of the player 1 (respectively 2) which is

Y41

the set of the functions ©,={¢ :3J—>1}" and, respectively

©,={0/:1-> J};;. It is easy to see that », =n" and y, =m". Thus, the
informational extended strategies of the player 1 are the functions 6 such
that, for all jeJ, thereis if el such that 67 (j)=i{ and it means the
following: the player 1 will choose the line if 1 if the player 2 will
choose the column jeJ. Respectively, the informational extended
strategies of the player 2 are functions @/ such that, for all i< I, there is
j’ €J suchthat 6/ (i)=j/ and it means the following: the player 2 will

choose the column j/ € J if the player 1 will choose the line i el .

It should be mentioned that the players do not know the informational
extended strategies of each others and from this point of view we can
consider that the game is in imperfect information structure over the sets
of the informational extended strategies.

Denote by Game(lz22) the bimatrix game in the informational
extended strategies, described above. Remark that the notation
Game(1222) does not represent the normal form. This game is in

imperfect information on the set of informational extended strategies, but
because we do not know yet the normal form, we can not say if this game is
in complete or incomplete information. The quantification of information in

the games of type Game(1z22) is done by means of functions which
represent informational extended strategies.
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2. Solving the bimatrix informational extended game by means of
the normal form

Denote by gréf ={(i,i): ied,i=if =67 (J)},
orof ={(i.j):iel, j=j/ =6/ (i)} the graphs of the informational

extended strategies 6 and 6/ . Itis clear that gré” (respectively gré} ) is
the set of the informational non extended strategy profiles generated by the
informational extended strategy 6, (respectively 6/).

According to [1] we can construct the normal form of the
informational extended game, denoted by

r(1222)=(1,0,,0,,A(1222),B(1222))

B=L12

where the payoff matrices of the player 1 is A(1e22)=|a,, = for
a=Ln
max _a; if gro7 Ngro) =3
a,, = { (- oanerel] (1.2)
—o0 if gré” Ngréf =3,
and of the player 2 is B(1=2 2) =fo,, S
a=1,1
max b, if gro” Ngro) =3
b,, = (i-)) orer naref’ | 3)
—o© if gro” Ngrof =2.

The game TI'(1222) is one in complete information because the

players known exactly theirs payoff matrices and in imperfect information
because the players do not know what kind of informational extended
strategy will be chosen by each others.

Finally, to determine the Nash equilibrium profiles in the bimatrix

informational extended game of type I'(1=22) we have to do the
following steps:
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* construct the sets of the informational extended strategies of the

4 22

cand ©,={0/ 1153} ;

p=1

players, i.e. ©,={6:J > 1}

* determine the sets of all non informational extended strategy profiles
generated by the informational extended strategies 6 and 6/, i.e.
gro’, gré/ and intersection gré” Ngréy ;

« construct the payoff matrices A(1e22) and B(1=22) according

to the relations (1.2)—(1.3);
* using existent algorithms, determine the Nash equilibrium profile in

the bimatrix game with the matrices A(1=22) and B(1=22) from
(1.2)~(1.3).

3. Solving the bimatrix informational extended game by means of
the informational non extended game
We can describe the informational extended strategies in bimatrix

game as follows: to all informational extended strategies &, respectively
67, we put in correspondence a set I° ={i;’ it el vj =1,_m} and
3 ={jf i €3, vi=1n}.

So, forall jel, 67(j)=if el and forall iel, 6] (i)=jeJ’.
Denote by dif 1“={iv e 1“0 =i, Vjked, j=k| and
difJﬁz{jiﬂeJﬂ: iZ# i’ virel, i;tr}. Then the set dif 1,

respectively dif J7, is the set of informational non extended strategies of
the player 1, respectively 2, generated by the informational extended

strategies 6, respectively 6. Here a =1,n" and B =1,m". Using these
notations, we can represent the informational extended strategies 6,

respectively 6/, by the cortege 3 =(i; ,|2,...,ij?‘,...,im) where if el1”,
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Vj=1,m, respectively I’ =(jlﬁ,j2ﬂ,...,jf,...,jf), where jl.ﬂ eJ”,

Vi=ln.
Now, according to [2], we can construct the normal form of the
bimatrix game

r(6r.00)=(1,7,4%,B"), (1.4)

that is an informational non extended game generated by the informational
jeJ jeJ

extended strategies (01“,(9; ) Here A” = a0 p i B’ :wa"’ﬂﬂ L

iiel”, j7 € J” . The game F(H{’,Hf ) is played as follows: independently
and simultaneously each player k=1,2 chooses the informational non
extended strategy ie/l, jeJ after that players 1 and 2 calculate the
value of the informational extended strategies i =6 ( ) and jl=0r (i )

and further each player calculates the payoff values a @ p b,.a, » and with

this the game is finished. It is clear that for all strategy profiles (i, i ) in the
game ['= (1 ,J, A, B), from (1.1) the following realization

(ij’.z =07 (j),j/ =6/ (i )) in terms of the informational extended strategies
will correspond. The game (1.4) is the bimatrix game with complete and
imperfect information over the set of informational non extended strategies
1,J.

Finally, to determine the Nash equilibrium profiles in the bimatrix

game of type I’ (9,“ ,07 ) defined in (1.4) we have to the following steps:

e using the "combinatorial algorithm" construct the corteges 3“,

3’ forall a,f3;

jeJ
o for all fixed «, construct the payoff matrices A” =

s
iel

a
b

jeJ

B _
B = Hb’f"hﬂ

5
iel
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« using existent algorithms determine the set NE(A”,B”) of Nash

equilibrium profiles in the bimatrix game with the matrices A”
and B”.

4. Bayes-Nash solutions in the bimatrix informational extended
games

As was mentioned in above any strategy profile (6,6;) in

informational extended strategies generates a couple of matrices, which
represent the utility of the players in informational non extended strategies

B=LK,
{A(a,ﬁ) = “aij @, p

So as the players do not know what informational extended strategies
are chosen by their partners, each player will have a possible set of utility
matrices. This type of games is one in incomplete information because
neither player 1 nor player 2 knows exactly which matrix from the
mentioned set of matrices will be his utility.

Finally, the game Game(1z= 2) of imperfect information on the set of

jed jed

B(@)=[p,

iel iel

HE a B B
,Ijel ) el }

oIk

informational extended strategies, generates an incomplete information
game on the set of informational non extended strategies. So we study the
following two person game: the strategies of the player 1 are | ={1,2,...,n}
and of the player 2 are J ={1,2,....m}; the payoff matrix of the player 1 is
one of the matrices from the set

jed pLz
{A(a,/i’):uaraﬁ ,i;‘ela,jiﬂeJﬁ}
i i) ‘1:1:7)!1
and the payoff matrix of the player 2 is one of the matrices from the set
jed ALK,
{B(a,ﬂ)=”bijahﬂ _ipel, ir eaﬁ}
ie a:]_?l

When, using the informational extended strategies, the matrices
A(67,0/) and B(6,6/) were already built, we use the following
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ied jed jed

— |28 _
:”aij for all =1y,

e

iel ahﬁ iel

notations: Halj ]|,

and “b

and g :1,72, so we have a bimatrix game where the utility is determined
by a set of matrices:

(a b)) - (a7 b)) - (&b

AB(a, ) = (Sﬁ,baﬂ) (:Jzﬂ’bﬁtﬂ) (;;f,b%ﬂ)

(af b)) -+ (ayb’) - (agmbin)
for =14 and B=1,4, and the set of strategies are | and J. Every
player knows that the utilities are determined by the set of matrices

{AB(a,B “ a? b“ﬁ “ } v , but they do not know which matrix from

Ij !

this set will be used.
So, the bimatrix game Game(1z= 2) of imperfect information on the

set of informational extended strategies generates the following normal
form incomplete information game on the sets of non-informational

extended strategies |,J
jes \f Lz
_ } . (1.5)
iel a=i;{

r:<{1,2}, |,J,{AB(a,ﬂ)=H( a;”.b;")

In the game theory, it is standard to begin analyses with the
assumption that players are Bayesian rational. The way to modelling this
situation of asymmetric or incomplete informations by recurring to an idea
generated by Harsanyi(1967) [3]. The key is to introduce a move by the
Nature, which transforms the uncertainty by converting an incomplete
information problem into an imperfect information problem.

The idea is that the Nature moves determining player's types, a
concept that embodies all the relevant private information about them (such
as payoffs, preferences, beliefs about other players, etc.). Harsanyi
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described a game as having incomplete information when the players are
uncertain about each other's types.
According to [4] we can construct the bimatrix Bayesian game for the

bimatrix incomplete information game [ from (1.5) that consists of the
following.

1. A set of players {1,2}.
2. A set of possible actions for each player: for player 1 is
I:{l,Z,...,n}, the line index, and for player 2 is J:{l,2,...,m}, the

column index.
3. A set of possible types for each player that coincides with the set of
informational  extended  strategies of that player, namely

2

x
p=1

0 = {0,“ A I}Z;l for player 1 and respectively O, = {Hzﬂ > J}
for the player 2. So the types of the player 1 are A, = {a = 1,...,)(1} and
of the player 2 are A, = { p=1.., ;(2} . Only player 1 (player 2) knows
his type a (type £ ) when play begins.

4. A probability function that specifies, for each possible type of each

player, a probability distribution over the other player's possible types,
describing what each type of each player would believe about the other

players' types p:A, —>Q(A2), q:A, —>Q(A1), where Q(Az)
(respectively Q(A1 )) denotes the set of all probability distributions on a

set A, (respectively A,). The function p (respectively ¢) summarizes

what player 1 (respectively player 2), given his type, believes about the

a
types of the other players. So, p(/ﬂa):M (Bayes' Rule)

p(a)
(respectively g(«a| ﬂ):q(a(—g)ﬂ)) is the conditional probability
q

assigned to the type S e A, (respectively o €A,) when the type of the
player 1 is a (respectively of the player 2 is f).

5. Combining actions and types for each player it is possible to
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construct the strategies. Strategies will be given by a mapping from the
type space to the action space. In other words, a strategy may assign
different actions to different types. The sets of pure strategies of the
players (line and columns) will depend on the type of the players (or, in
other words, on what informational extended strategy will chose the
players). So, in this way, we will construct the strategies of the players. If
player 1 is of type o € A, and player 1 knows that the type of the player

2 may be an element from the set A, = { p=1.., ;(2} , and because the

utility matrix elements also depend on the type S of player 2, then the
jeJ }
iel ﬂ:@

and it has the

B
a;

set of matrices that represent his utility is {A(oc, B)= . We

will denote the pure strategy of player 1 by i= hiyedgdy
following meaning: the player will chose the line i, €/ if f=1, namely
line i, from the utility matrix A(e,1) and line i, € if =2 and so on,
line i, el if B=y,. Then the set of all pure strategy of player 1 will be

determined by the set of all corteges of type ii,...,..i, forall iy el and

llz

will be denoted by I (a) . In his turn, if player 2 is of type S €A, and he

knows that the type of player 1 may be an element from the set

A= {a =1,..., Zl}, and because the utility matrix elements depend also

on the type « of player 1, then the set of matrices that represent his

utitty is {B(a. 5)=[b;”

]E]/} . By the same way we will denote the
'€ a=l.z

pure strategy of player 2 by ]=ili2...ia...ilz and it has the following
meaning: the player will chose column j, € J if o =1, namely column j,
from utility matrix B(1,£) and column j, € J if @ =2 and so on he will
chose column j e€J if a=y . Then the set of all pure strategy of

player 2 will be determined by the set of all corteges of type
Jifeweduereiy, forall j, €J and will be denoted by J(f3).
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6. A payoff function specifies each player's expected payoff matrices
for every possible combination of all player's actions and types. Hence, if

the player 1 of type & chooses the pure strategy iel (a), and the player

2 plays some strategy } el (p) forall BeA,, then expected payoffs of

player 1 is the following matrix
/ED

IEI

where a, = Z p(B/a)a? . Similarly, if player 2 of type [ chooses

Bery

(1.6)

the pure strategy j € J () and the player 1 plays some strategy i€ I ()
for all o € A, then expected payoffs of player 2 oftype B is

/e‘/

(1.7)

lE[

where b, = > q(a/B)b’

ael

l/}/a

So we can introduce the following definition.

Definition 1.1. For the incomplete information game i from (1.5) the
normal form game

T s =<{1,2},i,9,A B > (1.8)

where I = U i(a), J= U g(ﬂ) and the utility matrices are
aeh; peA,

A :"A(a) ., and B :"B(,B)"ﬁEA is called the associated Bayesian

game in the non informational extended strategies.

It is important to discuss a little bit each part of the definition above.
Players types contain all relevant information about certain player's private
characteristics of the informational extended strategy to choose. The type
a (respectively f) is only observed by player 1 (player 2 ), who uses this
information both to make decisions and to update his beliefs about the
likelihood of opponents types (using the conditional probability p( B/ a)

(respectively g(a/f)). We still assume common knowledge of the 1)-6)
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items, but we allow uncertainty about players' preferences. Player's (a, p )
type determines (e, ) payoffs matrices (4(a),B(A)).

The games defined above are sometimes called Bayesian normal form
games, since the drawing of types is followed by a simultaneous move
game. One can also define Bayesian extensive form games, where the
drawing of types is followed by an extensive form game.

Denote by BE [F Buyﬂ_] the set of all Bayes-Nash strategies profile of the

game I’ from (1.8).

Bayes

Remark 1.1. The Bayesian Game T (1.8) forall a €A, and B eA, is

Bayes
a bimatrix game where player 1 is of type a and player 2 is of type .
The Bayese-Nash equilibria profile following the Definition 1.2 will be
found in the next way: we find the Nash equilibria profile for a bimatrix

game where the sets of strategies are the "extended sets" 1= U I (a),

ael;

¥= U J (ﬂ) and the utility matrices are the '"extended matrices"”

Beh,

A = A(a)

and B =||B(,6’)

pen,
We will introduce the next definition.
Definition 1.2. For all fixed oaecA, and peA, the game

subl’y, . =<{1,2},7(a),9(ﬂ),A(a),B(,B)> will be called a subgame of

ael;

the Bayesian game Iy, . from (1.8).

According to [5], using the notion of "type-players", the subl’ is

Bayes
the bimatrix game of the type-player « and of the type-player £ .
5. Algorithm to determine Bayes-Nash equilibria in the bimatrix
incomplete information games

Using given above constructions and the Harsanyi theorem [6] we get
the following theorem.
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Theorem 1.1. The strategy profile (i*,j*) is a Bayes-Nash equilibrium in

the game I, . from (1.8) if and only if, for all ae€A,, BeA,, the

ayes

strategy profile (i*,j*) is a Nash equilibrium for the subgame

subl”

oo = (1021,1(@), 5 (B), A( ), B(B))-

Using the terms of the informational extended strategies, these
theorem means the following.
Remark 1.2. If the player 1 chooses the information extended strategy

0% €©, (respectively, the player 2 choose the information extended
strategy 0 €®,) and assumes that the player 2, for all BeA,, will
choose the information extended strategies 02'3 with the probability
p(Hf |¢91“) (respectively, the player 2 assumes that for all a €A, , the
player 1 will choose the information extended strategies 67 with the
probability q(@l” |6F ) ), then the Nash equilibrium profiles of the bimatrix
Bayesian game with matrices A(Ol), B(ﬂ) for all a €A, feA, from

(1.6)-(1.7) is the Bayes-Nash equilibria of the bimatrix informational

extended game I from (1.5).
Finally, to determine Bayes-Nash equilibria profiles of the bimatrix
incomplete information game
JjeJ B :m
iel } a:m

f=<{1,z},1,J,{AB(a, B)=|(az b7
* using the "combinatorial algorithm", we construct, for all «, £ the

from (1.5), we have to follow next steps:

~o

corteges I and I’ that represent the informational extended strategies
0" and 67, respectively;

* construct the game of incomplete information on the set of information
non extended strategies, i.e. construct, for each player, the set of possible

utility matrices
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b

a

{A(a):

s forall @ €A, feA,, construct the "belief probabilities" p(6/ | Hl")

. B(p)=

iel

',‘af,ﬁ fjaf,ﬂ

iel T
0!—1>Z1

and q(07 |67);

» generate the sets {i (a)} , {3 (ﬂ)} of pure strategies for

B,

ael

Bayesian game which correspond to the game I;
« for all fixed o € A, and S e€A,, construct the payoff matrices A(a)

from (1.6) and B() from (1.7);

« using the existent algorithms, determine for all @ € A,, S €A, the set
of Nash  equilibrium  profiles in the  Dbimatrix  game

(1L2}.1(e).J(5).4(a).B()):
* using the theorem 1.1,construct the set of all Bayes-Nash equilibria in

the game I from (1.8).

Bayes
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TRANSPORT PROBLEM
ON SUBSURFACES OF MINKOWSKI-COHN SURFACE
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The transport problem on a convex bounded subsurface with a boundary
located on the Minkowski-Cohn surface is posed and studied as an
extension of the network transport problem by N.Z. Shor. This extension
consists in taking into account and studying the geometry of the transport
problem. This allows not only to postulate the distances between the points
of the transport network axiomatically, but also to calculate the distances
between the points of the network based on the actual geometry of the
network. Directions for further research are indicated.

Keywords: network transport problem, moduli space, Minkowski-Cohn
surface, nonlinearity, distance, optimization, r-algorithm.

1. Introduction

In the work ”Application of the gradient descent method for solving a
network transport problem” published for the first time in 1962 (see also
[11]), N.Z. Shor proposed a method for solving a network transport problem
based on the ideas of sequential analysis of variants and a variation of the
gradient descent method in space of potentials.

The subject of transport problems continues to develop actively [2].

In the future, N.Z. Shor and colleagues have developed more efficient
optimization methods and algorithms [3, 4, 5], which have found
application in solving transport problems.

In this paper transport problem on a convex bounded subsurface with a
boundary located on the Minkowski-Cohn surface is posed and studied as
an extension of the network transport problem by N.Z. Shor.
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This extension consists in taking into account and studying the
geometry of the transport problem. This allows not only to postulate the
distances between the points of the transport network axiomatically, but
also to calculate the distances between the points of the network based on
the actual geometry of the network. The Second section concerns with the
Minkowski-Cohn surface and its subsurfaces. As the Minkowski-Cohn
surface is the moduli space of admissible lattices the section includes also a
sketch of results about algebraic and analytic moduli spaces. Section three
present results on computation of distances on the Minkowski-Cohn
subsurface. In the conclusion, directions for further research are indicated.

2. On the Minkowski-Cohn surface and its subsurfaces
The Minkowski-Cohn surface is the moduli space of admissible

lattices of the domain |x|” +|y|” <1, p>1, each having 3 pairs of points

on the boundary of this domain. Its existence is (implicitly) implied in H.
Minkowski’s monograph [7] and its explicit construction is given by the
Cohn [8] parametrization. In this connection, we recall the notion of a
moduli space. Let us first give a brief definition of the moduli space of a
class of algebraic objects.

What is moduil in the algebraic case? Classically Riemann claimed
that 6g — 6 (real) parameters could be for Riemann surface of genus ¢ > 1

which would determine its conformal structure (for elliptic curves, when
g =1, it is needs one parameter).

From algebraic point of view we have the following problem: given
some kind of variety, classify the set of all varieties having something in
common with the given one (same numerical invariants of some kind,
belonging to a common algebraic family). For instance, for an elliptic curve
the invariant is the modular invariant of the elliptic curve.

Let B be a class of objects. Let S be a scheme. A family of objects

parametrized by the S is the set of objects X,: s€S, X, €B equipped

with an additional structure compatible with the structure of the base S .
Algebraic moduli spaces are defined in the papers by Mumford, Harris and
Morrison [11, 12].
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In the case of analytical parametrization, the situation is similar. Let’s
present this in our case. At first recall some definitions. Let M be an

arbitrary setin r", 0=(0,...,0)eR". A lattice A is called admissible for

M, or M — admissible, if it has no points =0 in the interior of M. It is
called strictly admissible for M if it does not contain a point O of M.

The critical determinant of aset M is the quantity A(M ) given by
A(M)=inf {d(A): A strictly admissible for M}

with the understanding that A(M)=co if there are no strictly admissible

lattices. The set M is said to be of the finite or the infinity type according to

whether A(M ) is finite or infinite.

The moduli space is defined by the equation
1

1
A(p,o)z(r+0')(1+rp)75(1+O'p)73, 1)
in the domain
1
M 0>p>11<o<0, :(2"—1)5,
of the {p,o} —plane, where & is some real parameter; here 7 =7(p,o) is

the function uniquely determined by the conditions
AP +BP =1, 0<zr<z,,

where
A= A(p,a)=(1+rp)’% —(1+op)’%,
B= B(p,O')=0'(l+ Gp)% +(l+z’p>7%,

-* is defined by the equation 2(1—7p)p =1l+77, 0<7, <L,
Definition 1. In the notation above, the surface

A-(r+ 0)(l+ Tp)il/p (l+ o*p)il/p =0,

in R® with coordinates (parameterization) (o, D,A) we will called the
Minkowski-Cohn moduli space, or shortly the Minkowski-Cohn surface. We
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will denote this surface as MC = MC (o, p,A). The A parameter is
explicitly represented by parameters (o-, p) so we will denote this as

MC = MC (o,p). We will using similar notations for subsurfaces of the
Minkowski-Cohn surface.
Let P,={p=aeR, a>1} be the plane in ®® with coordinates

(0, p,A).
Remark 1. The intersection #C (1P, defines the bounded Minkowski-
Cohn subsurface MC,,

A—(T+O‘)(1+ Tp)fw (1+ Jp)fw =0,
in the domain

M,:1<p<a l<o<o,=(2° —1)%.
Remark 2. Respectively the intersection MC (P, and MC(P,,
a<beR defines the bounded Minkowski-Cohn subsurface (., ,

A—(r+0')(1+ fp)_w (1+ Gp)—l/p =0
in the domain

1
M,,a<p<b, 1<o<o,=(2°-1)°.
3. On distances on the Minkowski-Cohn subsurface
As we will consider the transport problem on the Minkowski-Cohn
subsurface MC,, we need the notion of the distance. Recall the main

result of the proof of the Minkowski conjecture. In notations [6, 9, 10] next
result have proved:
Theorem 1. [10]

1), <2, p=p,,
R R e

A(p,ap), 2<pEp;
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will denote this surface as MC = MC (o,p,A). The A parameter is
explicitly represented by parameters (a, p) so we will denote this as

MC = MC (o,p). We will using similar notations for subsurfaces of the
Minkowski-Cohn surface.
Let P,={p=aeR, a>1} be the plane in ®* with coordinates

(0', p, A) .
Remark 1. The intersection M (1P, defines the bounded Minkowski-
Cohn subsurface MC,

A—(7+ G)(1+ P )_]/p (1+ o’ )_]/p =0
in the domain

M,:1<p<a l<o<o, :(2p —1)%.
Remark 2. Respectively the intersection MC (P, and MC(1P,,
a<beR defines the bounded Minkowski-Cohn subsurface (., ,

A—(T-I—G)(l-i— rp)il/p (1-|— ap)il/p =0
in the domain

1
M,,a<p<h, 1<o<o,=(2°-1).
3. On distances on the Minkowski-Cohn subsurface
As we will consider the transport problem on the Minkowski-Cohn
subsurface MC,, we need the notion of the distance. Recall the main

result of the proof of the Minkowski conjecture. In notations [6, 9, 10] next
result have proved:
Theorem 1. [10]

A(D,)=

A(p1), 1<p<2 p=np,
A(p,ap), 2<p<p;
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Lemma 2. In notations of the Definition (2) the Riemannian metric on
the surface M ,, has the form

ds* =(A, )’ do® + 20, A dodp + (A, ) dp.
The length I(M,N) of an arc of the curve on the surface M ,,, joining the
points M =A(c(,),p(t,)) and N =A(o (1), p(1,)) is equal to

f
I(M,N)=] \/(A; ) do? + 20 A dGdp+ (A ) dp’ dr.
)
We continue use notations of the Definition (2) and introduce Gauss

notations: E:(A'U)Z, F=AAN G:(A;)z. Let M=(G,p)EA be a

c—p?

point with tangent space at M. Using Gauss notations, put Q(x, y) for

o.n-(er; )7

Lemma 3. Quadratic form QM(O', p) defines the symmetric bilinear

quadratic form at M:

form B, ((o-l,p]),(o-z,pz)) which is an inner product <(o-,,pl),(c72,p2 )>
on the tangent space at M :
E F\lo
(e hles.) =8, (@nhian)=@n) ;o) 7 )
By the scaler product it is possible to define the angle between of two
curves passing through MeM . This is the angle & of the tangent

vectors to these two curves at M:

a= arccos[

(RGN J
JO(61.5,)0(6. b.)
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oA OA 0*A oA

Functions —=A —=A", =A",, —=A",,
oo’ o 7 oc®  ° o> "
azA " . . : M 2 2
= A" is represented in terms of a sum of derivatives of “atoms
0o0p v
A . L L
ss=0", =", a=(1+0") 7, b=(142") 7, A=by—a,,

B=th +0oa,, a,=A"", B =B"" (i=0,1,2,...).
Then by the implicit function theorem computing TZT( D, 0) by

means of the following iteration process:

1/p

1 1 1\7? 1
e =(1ver ) [1_[(1+Tf)p _(1+ap)pJ J o(tror) s
For computation of the expression for 7, we apply the following

iteration:
1

()., =1—[2”j(1+(z’p )j’);, po1, (z,), €[0.036].

Under given p with increasing O from 1 to o, the function

T= z’( p,a) is strictly monotonically decreasing from 7z, to 0;
1
—1+7 1
AL _ —AO _
A(p, 1)=A) =47 I_T” , A(p, O'p)—Ap =59
P
OA( p, OA( p,
Lemma 4. (p.0) l_,= X)) l,., =0.
oo oo l

4. Conclusions
We extend the framework of the network transport problem by N.Z.
Shor in the direction of the geometry of the transport problem in the case
when the transport problem is posted on the sub surface of the Minkowski-

Cohn surface. The class of the Minkowski-Cohn surfaces of the form M ,,

has introduced and studied. Results about finding of distances on the
Minkowski-Cohn sub surface are presented. We will plan to continue
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investigations of the Shor’s network transport problem on the base of the
geometry of the problem and on the base of some novel optimization
algorithms.
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MOJEJIOBAHHS PO3BUTKY
PEI'TOHAJIBHOI JIOTICTUYHOI CUCTEMHU
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Y cmammi Odocniooceno ennue OCHOBHUX UYUHHUKIE GUPOOHUYMBA HA
PO36UMOK  peliOHANbHOI  Aocicmuunoi  cucmemu  (Ha — npuxnadi
Tlpuuopnomopcokoeo exonomiunozo paiiony). Bukonano npocnoswi oyinku
YUHHUKIG 8UPOOHUYMEA MA PO3POOIEHO MOOEeNi eKOHOMIYHO20 3POCHAHHS
PE2IOHANIbHOI  JI02ICMUYHOT  cucmeMu 3 GUKOPUCMAHHAM — eKOHOMIKO-
MAMeMamu4Ho20 IHCMPYMEeRmapiro.

Knrouosi crosa: nocicmuuna cucmema, pecionaibti 0COOIUBOCMI, YUHHUKU
BUPOOHUYMBA,  CMAMUCMUYHULL  AHANI3, MOOENI8AHHS,  eKOHOMIKO-
MamemMamuyHi Memoou.

ExoHOMIUHE 3pOCTaHHS JOTICTHYHOI CHCTEMH pO3TIIIIAETHCS SIK
JOBIOTPUBAIMN CTIMKUHA PO3BUTOK, IO BU3HAYAETHCA 30UIBIICHHIM
MacmTabiB BUpOOHUNTBA. PeanbHe eKOHOMIUHE 3pOCTaHHS AAaHOI CHCTEMH,
B TIepmly d4epry, OOyMoBIeHe Oe3nmocepenHbpo ii  BHPOOHHYMUMU
MOTYXKHOCTSIMH Ta OCHOBHHMH YHHHHKAaMH BHPOOHHUIITBA — pecypcamu
KHUBOI Ta MaTepiallizoBaHo] Mmpalrli.

MareMaTH4HI MOJIeNli €KOHOMIYHOTO 3pocTaHHs [1-7] BimoOpaxkaroTh
JIOTIYHY MOJIeNb, SIKa XapaKTepHu3ye eKOHOMIUHE 3pOCTaHHS SK IIPOIec
MOEJJHAHHS OCHOBHUX YMHHUKIB BUPOOHUITBA. CyThb (hakTOpHHX MoJemneit
CKOHOMIYHOTO 3POCTAaHHS IIOJISITA€ Y BHM3HAUEHHI KUIBKICHUX 3B’f3KiB
MOMIXK OOCSITaMH Ta JWHAMIKOIO BUPOOHHUIITBA Ta O0OCSTaMu U JHMHAMIKOO
YUHHHUKIB BHpOOHUITBA. Haiiinpm mnomupeHoo (HopMo Mojesei
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CKOHOMIYHOTO 3pPOCTaHHS € JIBOPECYPCHI Ta OaraTopecypcHi BHPOOHHHI
(yHKIIIT HACTYITHOTO BUY:

JIBOpecypcHa
$,=AK*IP M
GararopecypcHa
P, = AK*IPe" @)
9, = AK “IPe™ 3)
ae

~

¥, — 00csTH BUPOOHHIITBA,;

K — 00csaru KamiTaabHUX 1HBECTHIIIIH;

L — cepeHbOpiYHA YHCENBHICTh MPAIliBHUKIB

X —4YMHHUK  HAYKOBO-TEXHIYHOTO TMpOrpecy Ta  IHHOBAI[IHHOI
TUSITBHOCTI;

! — YUHHUK Yacy;

«,p —TapaMeTpH EKOHOMI4HOI  e(eKTMBHOCTI  BHKOPUCTaHHS
YUHHUKIB BUPOOHHMIITBA B 3a0€3MEYEHHI EKOHOMIYHOTO 3POCTaHHSI,
KOoe(illiEHTH eTaCTHYHOCTI;

¥ — TEeMIIH TPUPOCTY OOCSTIB BUPOOHMIITBA Yy PE3yJbTaTi BIUIMBY
HEiIeHTU()IKOBAHNX YHMHHUKIB (IHCTUTYLIHHUX, HAyKOBO-TEXHIUHUX,
iHHOBaliitHUX, JoTicTHYHUX [8-14], pUHKOBUX, MapKeTHHroBux [15-18],
IHBECTHUIITHO-(DIHAHCOBHUX, CKOJOTTUHHUX, IHQOPMAIIHHUX TOIIO)

ArmpoOariiss  Mojeneli  €KOHOMIYHOTO  3pDOCTaHHS — PEriOHabHOL
norictuynoi cuctemu [19-23] (y [nmaHoMy BHNAAKY Ha TPUKIaIi
[Tpr90pHOMOPCHKOTO €KOHOMIYHOTO PalOHY) 3IIMCHIOETHCS HA MiAIPYHTI
MOKA3HUKIB 3MiHM OOCATIB BHUPOOHMIITBA T4 YMHHUKIB BHPOOHHIITBA 3a
2012-2020 pp., siKi HaBeaeHO B mab. 1.

JIBodaxTopHa Momenb BUPOOHNIOT (DYHKITIT Mae TaKuif BUTIIS

y, =530.185. K0 . 037, ()

D}’sK,L 20661’ gHi()H. =1'6%9 F;, :98, Fp > Fa;
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a=0.1

F

a

=1
V,=5

v, =3.9;

Tabnuys 1

3MiHa 0OCSTiB BiIIPaBICHHS BAHTAXIB JOTICTUIHOIO CHCTEMOIO
ITpu4opHOMOPCHKOTO PETiOHY Ta OCHOBHUX YHHHUKIB €KOHOMIUHOT'O

PO3BHUTKY
OO0csru BignpaBieHHs Kamitanshi .
BAHTAXKIB 3TI3HUYHUM, |  ippecTnwii (y Cepennboobiikosa
Pox ABTOMOBIIEHIM PR KUIBKICTh IITATHHX
TPAHCIIOPTOM 1 1iHax) MIpalBHUKIB
MOPCBHKUMH IMOPTaMU (L), muc. ocié
(), man m (K), man epn ’
2012 198,1 4043,1 101,3
2013 197,0 2912,8 96,3
2014 198,3 33334 94,3
2015 205,9 3614,8 90,7
2016 201,3 4586,4 92,1
2017 206,7 5390,0 91,4
2018 219,8 5519,8 91,2
2019 218,2 5346,3 90,1
2020 216,5 4958,8 89,0
IDicepeno:  CckmageHO M PO3paxOBaHO  3a  CTaTUCTHYHO-

iHopManiiHumMu Marepianamu JlepkaBHOI CITy>)kOM CTaTUCTUKU YKpaiHu

Ta [0JOBHUX ympaBiiHb CTaTUCTHKM Yy MukonaiBebkiii, Opmechkil,

XepCoHChKil 001acTsIX.

CraTucTHYHA JIOCTOBIPHICTH Ta TOYHICTH MOJEN 3a0e3MedyoTh

00’€KTHBHICTh 3MICTOBHHX BHCHOBKIB IIOJO OLHKH BIUINBY YHHHHKIB

BupoOHHITBa. Hampukian, 3HaueHHS mapaMeTrpy « =0.091 CBiTYHTH, IO
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KOXKHUH BiJICOTOK 301JIbIIICHHS KANITaJbHUX IHBECTHIIIH CYNPOBOIKYETHCS
3pocTaHHAM 00cariB BupoOHunTBa Ha 0,091%. 3a Bech mepion 3 2012 p. mo
2020 p. ckmaBcs JAOCHTh HU3BKUN piBeHb €()EKTUBHOCTI KamiTaJbHUX
iHBecTuIliii. Ha Hamry nymKky, 1ie MOB’s13aHO, B IIEPINy Yepry, 3 TUM, IO
6mu3pk0 90% MIOPIYHOTO 0OCATY IHBECTHININ BKJIAAATKCS B Ti 00’ €KTH a0
MPOLIECH, SIKI MAlOTh JOCHTh TPUBAJIHHA piBEHb OKYIHOCTI, abo X He
MOB’s13aHi  0e3Mocepe]HbO 3 PO3LIMPEHHSM BHPOOHUYHMX IOTYKHOCTEH
JIOTICTUYHOT CUCTEMH.

B ymoBax, ski cxmamucs mpotsrom 2014-2020 pp. 1 oOymoBieHi
CYTTEBHM PO3PHBOM TPAHCIIOPTHOTO CIIONYYeHHsS Ta 3B’s3KiB 3 Pociero,
Takuii HHM3bKHI pIiBEeHb €QEKTHMBHOCTI MOXe OYTH TMOB’S3aHO SK 3
HEBEJIMKUMH 00CATaMH KalliTAIFHUX IHBECTHIIIH, TaK 1 3 BTPATOI0 3HAUHMX
00CATIB IIepeBE3EHb.

KoegimienT enacTHYHOCTI NpWU  YWUHHHUKY, SKAA  BU3HAYae
edexTHBHICTh BHTpaT JXMBOI Mpami g =-0.378, TOOTO BH3HA4ae, Ha

TIEePIINHI TOTJISA, 3BOPOTHIH 3B’ SI30K.

AJe 3 ypaxyBaHHSAM TOTO, 110 YHHHHK L (cepeaHbopidHa YNCEIbHICTh
IITaTHUX TPaliBHUKIB) Ma€ CIagHy TEHJICHII0, HOro 3MICTOBHA
iHTeprpeTalis Oye HACTYITHOI: KOXKHUM BIJICOTOK 3HMKEHHS YUCEIBHOCTI
CYIIPOBOJUKYETHCS 3pOCTaHHAM 00csriB BUpoOHULTBa Ha 0,378%, TOOTO 11€
3pocTaHHA 00YMOBIIEHO 3pOCTaHHSIM MPOAYKTUBHOCTI MpaLli.

Onnak y minomy (o + |ﬂ| =0.091+0.378=0.469 <1) cBiguuts, WO 10O

JIOTICTUYHIA cHUCTEM]I CKJIABCS JCIHTEHCUBHUM TEMII €KOHOMIYHOI'O
3pOCTaHHS.

InentudikoBana nBoakTOpHA MOJENH EKOHOMIYHOTO 3pOCTaHHA (4)
MoXe OyTH BUKOPHCTAHa JUIS IIPOTHO3HUX OLIHOK OOCSTIB BUPOOHHUIITBA HA
KOPOTKOCTPOKOBUH TepMmiH ymepemkeHHs (mo 2023 p.) 3a ymoBH, TIO-
nepire, 30epexeHHsl piBHIB e(QEeKTHBHOCTI BUKOPHCTaHHS pPECypcCiB
BHUPOOHUITBA, sKi ckiamucs 3a 2012-2020 pp. (a =0.091; g =-0.378 ), TO,

MO-JIpyTe, TEH/ACHIIIT 3MiHM O€3M0CepPEHBO CAMHX PECypCiB BUPOOHUIITBA.
IIporHo3Hi OIiHKK Ta ONTUMAJIbHI MOAENI iX ampoKcuMallii HaBeJeHO
y maba. 2. 3a IPOrHO3HUMH OLIIHKaMH Yepe3 TpU poku (ctaHoMm Ha 2023 p.)
00CSATH BiANIPABICHHS BAHTAXKIB JOTICTHIHOIO CHCTEMOIO MOXYTH 3POCTH
10 223,7 MiH T, ToO0TO Jniie Ha 3,3%. Taka OliHKa NepCreKTUB PO3BUTKY €
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JOCHUTH TIECUMICTHYHOIO, — MPAKTHYHO CHCTEMa MOXE BCTYIIUTH B MEPiOJ
CTarHamii, a aX HiIK HE PO3BHUTKY. [ln BUABICHHSA NPUYUH Ta yMOB
MOJIONaHHA TaKOl IEeCHMICTHYHOI MEPCIEKTHBH HEOOXiTHO ITOJaTKOBO
BU3HAUYHUTH, 32 PaXyHOK SIKMX UYWHHHKIB 3a0e3leuyeThCsi EKOHOMiuHe
3pOCTaHHS.

Ha miarpyHTi ineHTH()IKOBaHOI MOJIENI MOJKHA PO3KIACTH CKOHOMIUHE
3pOCTaHHA Ha CKJIaJOBi, — Yy pe3ylnpTari e(eKTUBHOCTI UYWHHHUKIB
BupoGHuITBa (7K ) Ta 3a paxyHOK MaciiTaby BHPOOHHMILTBA, SIKHiA

aKyMyJIIO€ BILUIMB YCiX HEBpaxoBaHUX y Mojesi YnHHUKIB (1, ):
]TKL:(a+ﬂ)«[T;'TLﬂ; (5)

?y :fKL '?Mazwm 5 Fuacmm. = ; z . (6)

KL

Tabnuys 2

[TporHo3Hi OIIHKY YMHHUKIB BUPOOHHUIITBA T4 MOJIEIIi 1X BU3HAUCHHS

Ynaanky BupoOnunTBa / | daktuuHe [IporHo3Hi 3HaUeHHA
MOJICTIb IPOTHO3YBAHHS, | 3HAYCHHS MOKA3HUKA 32 POKAMH
BiIHOCHA ITOXHUOKa 2020 p.

2021 2022 2023
anpokcumartii ( €, )

Kamitanehi inBecTii ( K ), man epr

IaTerposana

aBToperpeciiiHa Mozelb
Boxca- JlenKitca: 49588 | 50362 | 51147 | 5194,5

ggi()n. = 5 ° 7%

CepenHb000ITiKOBa KiITBKICTh IITATHUX MPAIliBHUKIB MiIIPUEMCTB Y
cepi TpaHCIIOPTY ¥ CKIIaachKoro rocmogapctsa ( L ), muc. ocio

InTerposana
aBTOperpeciitHa MoJenb
Bokca-Jl)eHKiHca; 89,0 88,0 87,0 86,1

gsidu. = 15%
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OOcAru BigNpaBIeHHS BaHTaXiB JOTICTHYHOIO CUCTEMOIO ( ), ), MIH m

Monenbs BUpOOHUYOT

(ymui: 2165 2189 | 2214 | 2237

y, =530.185- K . 037

Jlorcepeno. CKIIaieHO M pO3paxOBaHO aBTOPaMHU.

Omxe, HaBeA€HI pO3PaxXyHKH MiATBEPIXKYIOTb BHCHOBKH IIOJO
Hee(eKTUBHOCTI BUKOPUCTAHHS OCHOBHHUX YHWHHHKIB BHpPOOHHIITBA.
Cepenniii TemMn majiHHA OOCSTIB TEpPEeBE3CHHS BaHTaXIB 10 BCIH
perioHasbHIN JIoTicTHYHIM cucTemi 3a 2012-2020 pp. 3a paxyHOK 3HHKCHHS
€()EeKTUBHOCTI BUKOPHCTAHHS OCHOBHHX (DakTOpiB BHUPOOHHWIITBA CKIIAac
79,3%. TakuM 9MHOM, OCHOBHI YHHHHKH 3POCTaHHS 30BCIM HE MOB’s3aHi 3
IIMMH YMHHUKAMH, — BOHH 3a0€3MEUyIOTh MPUPICT OOCATIB IEepeBE3CHHS
BaHTaxiB Ha 37,7%.

Buxonsun 3 BHILEBHKIAICHOTO MOXHA IiHTH TaKOro BHCHOBKY.
AHaITHYHE OIIHIOBaHHS BIUIMBY OCHOBHHMX YWHHHKIB BHPOOHHIITBA Ta iX
e(PEKTUBHOCTI JTa€ MOXIUBICTH JUIS pO3POOJICHHS CTPATETIYHUX HAITPSIMIB
PO3BUTKY pETiOHANBHOI JIOTICTHYHOI CHCTEMH, aje 3 ypaXyBaHHIM
BHM3HAUYCHUX OCOOJIMBOCTEH, 3aKOHOMIpPHOCTEeHW 1 TeHaeHuid. HeoOXximHO
3IIACHIOBATH OUTBII JETaNi30BaHy JIarHOCTHUKY Ta aHali3 0e3MOoCcCepeHbO
HeiNeHTH(IKOBAaHNX YWHHHKIB, SKIi y MIJIOMYy BH3HA4YalOTh e€(]eKT
Macmiraly. Cepen HUX, sIK OyJI0 3a3HaYEHO BHIIE, 1 YAHHUKH, 1110 TIOB’s3aHi
i3 BIPOBAKCHHSIM CYyYaCHUX IHHOBAI[IMHO-TEXHIYHHUX, «3CJICHUX),
OUPPOBUX  TEXHOJOTIH, OIIHIOBaHHSIM MOXJIMBOCTCH BHXOAy Ha
MDKHapOJHI PUHKH, (HOPMYBAHHSIM HPUHIUIIOBO HOBHX MapKETHHIOBUX
cTpaTeriii i kjmacTepHoi Mozemi oprasizamii JOTiCTUYHOI MiSUIBHOCTI Y
[TpraopHOMOPCHKOMY pETiOHi.

[TepcrieKTHBY MOJANBIINX JOCTIHKEHb HOJSTAOTh B OOTPYHTYBaHHI
TEOPETHKO-METOIONIOTIYHHX 3acall CTPATETyBaHHS PO3BUTKY HAlliOHATBHOI
JIOTICTUYHOT CUCTEMHU YKpaiHH 3 ypaXyBaHHSAM CBITOBOI MPAKTUKH.
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Poszensioacmocss  npoyec docmagku nocunox i OpibHUX 6i0npaegneHd
moeapie, NPOOAHUX uepe3 IHMePHem-MA2a3uhu, 6I0 COPMYSANbHOSO
YeHmpy ROwmosoi cayxucou 00 asmoMAMu306aHUX NOUWMOBUX CMAHYIL
(nowmomamisg).  Ilpedcmaeiena eKOHOMIKO-MAMEMAMUYHA MOOeTb OIS
onmumizayii cxem O00CMABKU 3  YPAXYBAHHAM  2SHYYKO2O0  GUOODY
aopecamamu  Micys pO3MAULYBAHHA HOUWIMOMAMIE A MONCIUBOCHEl
BUKOPUCMAHHS PI3HUX 8UOI8 MICbKO20 BAHMANCHO20 MPAHCHOPMY .
Knwuoei cnoea: wmicoka nocicmuxka, J102ICMUKa OCMAHHLOL MU,
MOOENIO8AHHA O0CMABKU NOCUTOK, eKOHOMIKO-MAMeMamuyHi Memoou.
1 kisilevych@ukr.net

AKTHBHHII PO3BHUTOK €JEKTPOHHOI KOMEpHii IPOTArOM OCTaHHIX
POKIB aKTyaji3yBaB IIOMUT Ha MPHCKOPEHY IOCTABKY TOBapiB 0 KiHIIEBUX
CHOXMBAYIB y MeXax MICBKHX TepUTOpiid. 3pocTaHHsA 0OCATIB TOBApHUX
MOTOKIB  CYNPOBOJKYETHCSI 3arOCTPEHHSM MpoOJeM, TMOB’s3aHUX 13
TPaHCIOPTYBaHHSAM, 30KpeMa, 30iJbIICHHS BUKHIIB TapHUKOBUX Tra3iB,
YTBOPEHHSI  3aTOpPiB, HACTaHHSI JOPOXXHBO-TPAHCHOPTHHX  IIPHIOM,
MOIIKOJKEHHS iHPpacTpyKTypH Tomo. OcoOIMBO TEHISHIIIS 10 3pOCTAHHS
MICBKOTO BAaHTa)XHOTO MOTOKY CHJIbHO BIUIMBa€ Ha JIOTICTUKY OCTaHHBOI
vt (LML), sika € BaxIMBOIO, aie HEeEKTUBHOIO Ta Jy>K€ JOPOTrOI0
YaCTUHOIO JIaHIIora nocradanus [1].

TepMmiH «OCTaHHS MUJISDY 3HANIIOB IIUPOKE BUKOPUCTAHHSA Y HAYKOBIH
JmiTepatypi 1 Hal4YacTillle TPAKTYEThCSA SIK «OCTaHHIA eTanm y CEerMeHTI
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noctaBku B2C (Big GizHecy 110 CHOXHBaYa), 38 JOIIOMOTOIO SIKOTO BaHTaX
JIOCTaBIIETBCS OJIepXKyBady ab0 B OYAHMHOK OjepKyBada, a00 B ITYHKT
npuiiomy» [2]. Posrmsin mponecie LML, sk mpaBuio, 3O1HCHIOETbCS B
KOHTEKCTI MICHKOT JIOTICTHKH, METOIO SKOI € 3MEHIIEHHS IIKiIIHBOrO
BIUIMBY T'POMAJICBKOTO Ta BaHT)KHOTO TPAHCIOPTY HA JOBKULIA, a TaKOX
ONTHUMI3allisl BUKOPHCTAHHS MICHKOTO TPOCTOPY 1 MIiABUIICHHS SKOCTI
JKUTTS MiCbKOTO HaceyeHHs [1-3].

3a3HauMMO, [0 OCOOJIMBICTH JIOTICTHYHI NPOIECH OCTAaHHBOI MM
XapaKTePU3YIOThCS KOPOTKAMH MapIIpyTaMd TIEPEBE3CHHS, HHU3BKOIO
MIBUIKICTIO BOMIHHS, KOPOTKHM 4acOM €(DEKTHBHOTO BOIiHHS, TPUBAIMMHU
MPOCTOSIMM ~ TPAHCMOPTHUX  3aco0iB, TPYJOMICTKICTIO, OOMEXKEHHIM
TIPOCTOPY, OOMEKEHOIO 1H(PPACTPYKTYPOIO PyXy B IOPIBHSHHI 3 BHCOKOIO
MOMUT Ha TPAHCIOPT, HU3BKOK €(PEKTUBHICTIO (HU3BKUM KOe(DilliEHTOM
3aBaHTAKEHHSI, BEIMKOIO TUTOMOIO Baroko MOPOKHIX MPOOITiB TOMIO).

ABTOpHU JTOCHIIKEHB [2, 4] 3p0OMIN BUCHOBOK PO T€, IO 3POCTAHHS
00CSTIB €NEKTPOHHOI KOMEPIIii 3acTaBisie Oi3HEC HE TITHKH NIYKATH IMUIIXH
€KOHOMIi BHTpaT Ha JOCTaBKYy, aji¢ ¥ BIJIKpUBAE€ HOBI MOXKIIUBOCTI JUIS
iHHOBaliil Ta iHBecTuwiil. 30KpeMa, 3pOCTa€ IMONHUT HA BHUKOPHUCTAHHA
smart lockers (po3yMHHX KOMIpOK), SIKi PO3MIIIYIOTECSI B MICISX BHCOKOI
KOHIIGHTpAIll JIfoell Ui THMYacoBOTO 30epiraHHs IpiOHUX MOIITOBUX
BiIIpaBJICHb, Ta OUIBII EKOJOTIYHUX BHU/IB TPAHCIOPTY JUIS MICBKUX
MepeBe3eHb, 30KpeMa, BAHTAKHUX €JIEKTPOBEIOCHIIEIIB, EIEKTPOCKYTEPIB,
HEBETIMYKNX BAHTAKHUX €JIEKTPOMOOiLNiB, OE3MUIOTHHX aBTOMOOIMB 1
JITANBHUX araparis, JPOHIB Towio [5].

OCHOBOIO Uil HAIIOrO JOCIIJDKEHHS crana myOmikamis [6], B skii
0ys10 cOopMyYIHOBAHO MPOOJIEMY ONTHMI3allil THYYKOI JOCTAaBKU TOCUIIOK
KOHKPETHHUM TPaHCIOPTHUM 3aco0oM. Ha BigMmiHy Bij 3amporoHOBaHOTO
aBTopa IIi€l CTaTTI MiIX0y MU PO3TIISIHYJIH ITI0 TIPOOIIEMY JUIS Pi3HUX BHIIB
TPaHCIIOPTY.

PosrnsiHeMo Ol IEeTambHO MPOIEC JOCTaBKA HEBEIMKHX MOCHIIOK i
Oanzieposiei BiJl PEeTiOHaIBHOTO JEMO (COPTYBAIBHOTO HEHTPY MOMITOBOI
cryx6u  (CHIIC), po3moninbyoro UEHTPY) [0 MicIsl  TUCTOKauii
aBTOMaTH30BaHUX nomToBux ctanuii (AIIC, momrtomaris). OcoOIUBICTIO
Takoi JOCTaBKH € Te, IO OJep)KyBad TOBapy — KIHIEBUH CHOXXKHBad —
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OTPUMY€E€ TOBap B KOMIpIli aBTOMATH30BaHOi IOIITOBOI  CTaHIII,
pO3TalIoBaHOi MOOIU3y HOTrO Micls TPOXKUBAHHSA, Miclli poOOTH YU Ha
MapupyTi 3 poOOTH A0 NOMY, Y 3pyuHHH ansg cebe uac. 3a OaxaHHIM
OJICpKyBa4 MOXKE BKa3aTH OUIbIE OJHOTO MOMKIIUBUX MICIh JOCTABKH
TOBapy, MO JIO3BOJIIE Kyp €PCHKIN/MOIMITOBIH KOMMaHii OBl THYYKO
BUKOPHCTOBYBATH BJIACHI PeCypcH, KOHCOJITyBaTH MMOCTaBKH Ta BUKOHATH
JIOTICTHYHI Omepallii 3a MEHIIly BapTiCTh 1 KOPOTIIHK yac. 3aranbHa cxema
JIOCTaBKH MMOCHJIOK MPEJICTaBIeHa Ha puc.l.

AIIC 1

J-#i TpaHCTIOpTHUH

3acib AlIC i
cmc — 3
AlIC k

AIIC S

Puc.1. Cxema MapuipyTy JOCTaBKH IIOCUJIOK 3 COPTYBAJIbHOIO LIEHTPY
MOMITOBOI/KYp €PChKOI CITY>KOH JI0 MICIIsSl pO3TalllyBaHHS aBTOMAaTH30BaHUX
MOIITOBUX CTAHIIIH (MOIMITOMATIB)

Bupimenns 3amadi onrtumizamii MpoIECiB JOCTAaBKH IOCHIOK B
KOHTEKCTI JIOTICTHKM OCTaHHBhOI MW MOTpedye po3poOKu oKpeMoi
eKOHOMIKO-MaTeMaTHIHOI MoJemi, ska OM BpaxoByBama ajJbTEPHATHUBHI
MOJKJIMBOCTI BUKOPUCTAHHS PI3HUX TPAHCIOPTHUX 3ac00IB 3 ypaxyBaHHIM
BIUIMBY Ha TOBKIJUIA, & TAKOXK J03BOJIsLIa OYAyBaTH ONTUMAJbHI MapIIPyTH
JUIL KOKHOTO TPAHCIOPTHOTO 3aco0y i THYYKOI JOCTaBKH IOCHJIOK JI0
Micip guciokaiii ATIC (momroMartiB) 3 ypaxyBaHHSAM Ha0OPiB MOKJIMBUX
MYHKTIB [IPU3HAYCHHS, [0 BU3HAYAIOTHCS A/IPECaTOM.

3ayBaXuMO, LI0 AaBTOMAaTH30BaHA IIOIITOBA CTaHLisA (IOLITOMAT)
MIPeCTaBIIsIE ABTOMATH30BAaHMI TepPMiHaJ i3 BUAAYi TOBApPiB, 3aMOBJICHHX B
IHTEepHeT-Mara3uHax, 3 TepMiHaJoM 1 ortaTH. [lomromar oGnamHaHmit
BOY/IOBaHUMH KOMipKaMU-CKPUHBKAMH PI3HOTO pO3Mipy st 30epiraHHs
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3aMOBJICHb 1 IICHTPAIFHOIO KOHCOJUIIO 13 CEHCOPHHUM €KPAaHOM JUISt
KEepyBaHHS IIPOIIECOM OTPHMAaHHS 3aMOBJCHB, CIIOTOM JUII OIUIATH
IUTACTUKOBOIO KapTOI Ta KyHIOPONPHUHMANIbHUKOM. 3aBaHTaKEHHS B
MOIITOBY CTaHILIiI0O Ta OTPUMAaHHSA BiANpaBIeHb BigOyBaeThCs 3a
JIOTIOMOTOO CIIEI[IalTbHUX KOJIIB JIOCTYITY, SIKi BBOISTHCS HA CEHCOPHOMY
eKpaHi.

AIIC 3a3BuYaii  yCTaHOBIIOKOTBCA B  MICIHX  30CEpEIKEHHS
MaKCHUMaJIbHOTO TMOTOKY JIIOJIeH, IO JO3BOJISIE CTBOPHUTU JOJATKOBHH
KOM(}OpPT KOpHCTyBadaM 3aBISKH MOKJIHBOCTI BHOOpY HaHOIMXIOTO IO
OyIuHKY TepMiHany. SIKIIO Takuid TepMiHAJ PO3TAIIOBAHO Y MPHUMIIEHHI 3
111710/1000BUM JOCTYNOM a00 Ha BYJIUIl, OCHOBHA ijies Ta LIHHICTh CEPBICY
MIOIITOMATIB TIOJISATAa€ B OTPUMAHHI 3aMOBJICHHS B OyAb-SIKMH 3pyYHAH IS
KitieHTa Jac (BAeHb abo BHOYI). ToOTO MOKymels caM BHPIIIYE, JIe W KOIH
3abpat cBili ToBap. Momy He Tpeba mimnamrToByBaTHCA Mix rpadik
Kyp’epa abo pexxuM poOOTH MyHKTIB BUIAMI.

s popMymoBaHHS €KOHOMIKO-MAaTEMAaTHYHOI MOJeNi  THYYKOl
JOCTaBKH IMOCUIIOK BBEAEMO HACTYIIHI IIO3HAYCHHS:

S — MHOXXHMHA aBTOMaTtu30BaHuX nomrtoBux cranmii (AIIC), mo skux
3IIIACHIOETBCS JIOCTaBKa ITOCHIIOK BiJl COPTYBAalbHOTO IIEHTPY IOIITOBOI

CITy>K0H, Miclie pO3MIlLIIEHHSs SKOTO MO3HAYaEThCst TOUKoIo 0; S) =S U{O} ,
i,k=0,.,S;

O — MHOXHHA TIOCUJIOK, SIKi MalOTh OyTH JOCTaBJICHI J0 aJIpecariB Ha
omay i3 AIIC, 4 =1,...,0 ;

S, — muoxuna AIIC, Ha sKi NOTEHWIHHO MOXKe OyTH JOCTaBiIeHa

IIOCHUJIKA q € Q .
J — MHOXHHA TPaHCIIOPTHHUX 3ac00iB, SKi MOXYTh OYTH BHKOPHCTaHi
1o nocrasku nocunok Bix CUIIC no AIIC, j=1,..,7;

R - MHOXXWHA THITOPO3MIpIiB MOCHJIOK (SK MPaBHIIO, IO TONITOMATIB
MIPUAMAIOTHCSI TOKYMEHTH Ta MOCHWIKH 10 20 Kr (akTW4IHOI Baru, iXHii
po3mip mae Oytu He Ginbiire 40x60x30 cm), r=1,....R ;

t

4 — TPMBAIICTb pyxy Bix i-0i AIIC 10 k-0i, 110 31IHCHIOETHCS j-UM

TPAHCIOPTHUM 3ac000M;
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Y, — TpuBaJiCTh PO3BAHT@XKECHHS MOCHJIOK Ha j-OMY TPaHCIOPTHOMY

3ac00i;

T, — MakcuMajibHa TPHUBAIICTh MapIIPYTy j-Or0 TPaHCIOPTHOIO

3aco0y, IO BH3HAYAETHCS OOMEXKEHHSIMH IIONO TEPMIHY JOCTaBKU
MOCHJIOK;

b, — KIIbKICTb NOCUIIOK PO3MIPY 7, IO MOKE OyTH 3aBaHTAXKEHO B j-
Wi TpaHCTIOPTHUH 3aci0;

d, — XinbKiCTh TOCTYITHHX KOMipOK po3Mipy # Ha i-iit AIIC;

G, — MiHIMaIbHHH pPO3MIDP KOMIPKH, B SKy MOXE IOMiCTHTHCA
MOCHJIKA ¢
¢, — coOiBapTicTh TOAMHU 4acy TPACHIOPTHOI poboOTH j-TO

J
TPaHCIIOPTHOTO 3ac00y;

P, — wtpad 3a HEAOCTABKY/HECBOEUACHY MIOCTABKY TIOCHIIKH ¢

%, — OyneBa 3MmiHHa, sKa NpuAMae 3Ha4eHHs 1, sAKwWoO j-ui
TpaHCTIOPTHUH 3acib pyxaeTbes Bix i-oi AIIC mo k-of;

Vu; — OyneBa 3MiHHA, sKa NpuHMae 3HAYCHHA 1, SKWO j-uid

TPaHCTIOPTHUH 3aci0 MepeBO3UTh MOCWIKY ¢ Bix i-oi AIIC no k-oi;

z,; — OyneBa 3MiHHA, sKa NMpPUHAMAE 3HAYEHHs 1, SKIIO MOCHIKY ¢

noctasnieHa 1o i-oi AIIC j-um TpaHCHOPTHUM 3aciOoM;

7, — OyileBa 3MiHHA, sKa MpUAMae 3HAaYeHHs 1, sKwWo j-ui

TpaHCHOpPTHUH 3aci6 npudys Ha i-y AIIC.

3 ypaxyBaHHSAM BBEICHHX IIO3HAY€Hb EKOHOMIKO-MaTeMaTHYHA
Mozenb ontumizamii goctaBku nocuiok Big CHIIC mo AIIC moxe OyTu
chopMyJIbOBaHa HACTYITHUM YMHOM: HEOOXIJHO 3HAWTH MIiHIMYM IJIbOBOT
¢dbynxuii (1) nmpu oOMexxeHHsIX Ha 00JacTh JTONMYCTUMUX 3HAYEHb 3MIHHUX

2)—(17).
ZZchtﬁg.xW +Z 1_22241 Pq — min (1)

ieS keS jeJ qeQ ieS jeJ
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- MITSIHKA, KOO TEepEeBO3MUThHCS Mocwika MiX aBoma AIIC KoHKpeTHHM
TPaHCIIOPTHMM 3aco0oM, Mae OyTH YacTHHOIO MAapIIpyTy I[bOTO
TPaHCIOPTHOTO 3ac00Y:

Vg < Xyi» 4€0, L,keS,jeJ 2

- 3arajlbHa KUIBKICTh TOCHJIOK TI€BHOTO pO3Mipy abo OuIbIIOro, Imo
Bignpasiserbcst 3 CHIIC mo konkperHoi AIIC, Mae mnioHaiOuIbIIe
JOPIBHIOBATH 3arajbHili MiCTKOCTI TPaHCIIOPTHOTO 3aco0y Ui MOCHIIOK
TaKoro po3Mipy abo Oimbiie. L[4 HEpIBHICTH TapaHTye, IO KOXEH
TPAHCIIOPTHHUI 3aci0 Mae JOCTaTHIO MICTKICTh JJISl TOCHJIOK KOXHOTO
po3Mipy, SIKi BiH Ma€ JIOCTaBHTH, HE3AJIEKHO BiJl PO3MOMALTY IMOCHIOK JI0
neBaux ATIC:

.

Z Y0 Sxoyzbr*_,’ VreR,ieS, jeJ (3)
q:G,<r F=l

- 3arajibHa  KUIBKICTH TOCHWJIOK 7-r0  po3mipy abo Oinmbmie, ki

JOoCTaBIIAIOThCSL 0 KOHKperHoi AIIC, He mNOBMHHA IepeBUIIYBaTH

KUTBKICTh JIOCTYITHHX KOMIPOK TakKoro po3mipy. Lls HepiBHICTB rapaHTye,

10 KOXHA CTaHIlisA Ma€ JOCTATHIO EMHICTb AT MOCUIIOK KOXKHOTO PO3Mipy,

sIKi MaroTh OyTH JJOCTaBIIEHi afpecaTam:

Z quy < idﬁ‘* ,VieS, reR 4)

q:G, SrﬂieSq jeJ =l

- IpUHAHMHI OJMH TPAaHCHOPTHHH 3acid Moxke BHixatu 3 Oymab-sxoi AIIC,
OCKIUTbKH MH TIPUITYCKa€EMO, IO PO3AUTHHI MOCTABKU HE JOMYCKAIOThHC:

D ox, <L Vies, jelJ )

keS,

- KIJBKICTh TPAHCHOPTHHUX 3ac00iB, sKi MPUOYBAIOTH J0 MICIISI, TOPIBHIOE
KUIBKOCTI TPaHCIOPTHUX 3ac00iB, SKI BUIKIKAIOTH 3 HHOTO (PiBHSIHHS
30epexKeHHs PyXy TPaHCIOPTHUX 3ac00iB). 3ayBakuMo, IO BiAMOBIITHO IO
(5) Ha xoxHii AIIC e yncino nopiBHIOE a00 HYI0, 200 OJWHMUIII:
Zx[kl.zz Xyo Vi€ S,, VjeJ (6)

keS, kesS,
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- KO’KHa TIOCHJIKa, sika mpsmye 10 AIIC, mOBMHHA 3aIHIINTH IO CTAHINIO:
quikj :qu,dj,quQ,keS\Sq,‘v’jeJ (7

ieS, ieS,
- KOXKHa TTOCHIIKa, SKa npsmye 110 onHiel 3 ATIC, abo 3amumiaeTbes Ha I
CTaHIii abo mepemimyeTbcs o iHMOI. Paszom (7) 1 (8) oOyMOBIIOIOTH
30epEeKEHHS MOTOKY MUISHOK MapIIpyTy:

zyqikj:zquij+quj’quQ’kESq’je'] (8)

ieS, ieS,
- AKImo TpaHcmopTHUU 3aci® ime Bixg i-oi AIIC mo k-oi, To iioro wac
npuOyTTS A0 CTaHMIi kK pO3paxoBYeThCS K Yac MPHOYTTS 1O i-0i CTaHIL1
TUTIOC Yac, HEOOXIMHMI IS PO3BAHTA)XXEHHS BCIX JIOCTaBJICHUX IOCHIIOK,
IUTIOC Yac y 0po3i:

r+7/sz +1,; ( xi,g)T,VieSO,keS,jeJ 9)

q:i€S,

Yac npuOyTTS B JCTIO JOPIBHIOE HYJIIO:

7,=0 (10)
- 3araJbHa TPUBAIICTh KOKHOTO PEMCy TPaHCIIOPTHOIO 3aC00y OOMEXEHa:
T, +7, D 2y Tho ST, VkES, jeJ (11)
q:ieS,

KOYKHa ITOCHIJIKa MOXKe OyTH jocTaBieHa Tutbku oanin AIIC:

qu!/ <, VqeQ, jeJ (12)

ieS,

- i3 CUIIC ma AIIC MOXyThb OyTH HOCTaBIEHI HMOCHJIKH TIJIbKH OXHUM
TPaHCHOPTHUM 3aCO00M:

D Yy S22, Va0, jET (13)

keS ieS,

- 00JacTi IOMMyCTUMHUX 3HAYCHb 3MIHHUX:

x,; €{0,1}, i,keS,, jeJ (14)
Vi 6{0,1}, VqeQ, i,keS,, jeJ (15)
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6{0,1}, q€0Q, i,eS,, jeJ (16)
7, E{O,l}, ieS,jeJ 17)

Onucana ¢opmymnamu (1)-(17) 3amaua npezacraBise coOOK0 3agady
OyJeBoro JiHIHHOTO MpOTrpaMyBaHHA 1 IS 1 PO3B’S3Ky MOXYTh OyTH
BUKOPUCTaHI  pi3HI MeTogu. ABTOpM crTarTi [6] TIPOMOHYIOTH
BUKOPHCTOBYBAaTH  €BPUCTHYHI  allTOPUTMH, SKi  pO3poOJieHl  Jiis
TCHEPYBaHHA XOPOIIMX pillleHb, 30KPEMa, EBPUCTUKY 3a0MIAKCHBb
Knapka-Paiita i eBpuctuxy nemoctok ®Pocrepa i Paitana (1976) i1 Paiiana
Ta iH. Ha Hamy nymky, it onmcy matemaTtnanoi mMozeni (1)-(17) moxwHa
BHKOpHUCTaTH MOBY MozemtoBaHHs AMPL [7], a momiyk onTUMallbHUX
pilieHs 3a1a4i 1OCTaBKU MOCHIIOK 10 aBTOMaTH30BaHUX MOIITOBUX CTaHLIN
3 ypaxyBaHHSM THYYKOCTi BHOOpPY iX Miclis pO3TallyBaHHS MOKHA 3HAHTH
3a JOTIOMOTOI0 CY9acHHX COJBEPIB IS PO3B's3aHHS OyJeBUX 3ajad, sIKi €
Ha NEOS-cepgepi [8].
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WHcTuTyT KubepHetnku umenn B.M. ['mymikosa
HAH Vxkpaunsi, Kues, Ykpanna

Ilpuseoern  noanvui  cnucox cmameti  H.3. llopa 6 oicypuanax
«Kubeprnemuxa» u «Kubepnemuxa u cucmemmwill AHAIU3» ¢ UX KPAMKUMU
annomayusmu. Ommeuena e2o oueHb 6OONLUWIAA POTb 68 CMAHOGNEHUU U
PAa36UMUL  8LIYUCTUMETbHBIX  MEMO008  ONMUMUZAYUU — HEeNpPEepblHbIX
@YyHKYUILL ¢ pa3PLIBHBIM SPAOUCHIMOM U UX MHOSOYUCTIEHHBIX NPUTIOCEHUL.

Knwuesvie cnosa: Heouggepenyupyeman  (Heenadkas) — QyHkyus,
0600wennbill  Cy62pAOUEeHMHBIN  CNYCK, PACMAdNCEHUe NPOCMPAHCMEd,
r-Qneopummyl,  Memoosbl  INIUNCOUO08,  0BOUCMBEHHble  OYEeHKU 8
K8AOpaAmu4HblX 3a0a4ax.

Uctopuueckmii  mponecc  GopMUpOBaHHS  HOBOTO  HAYYHOTO
HaNpaBJIeHUs SABJSETCA JOCTATOUHO CIOXKHBIM M MPOTHUBOPEUYMBHIM, a €ro
pe3yiabTaT B 3HAYUTEIBHON Mepe ompenenseTca MOoCIeJ0BaTeIbHOCThIO
MO3TAIHOM HBOJIONMU CHCTEMBI 3HaHWH. OCOOEHHO BaXHYIO pOJb B
pa3paboTke M CHCTEMATH3alMM KaK METONIOB, TaK W CaMHUX HayYHBIX
3HaHUM WIpaloT HCCIEeJOBaTeNM, MOCKOJIBKY OHM 00JaJaloT JH0O0BBIO K
MO3HAHUIO HOBOTO M CTpPEeMJICHHEM K OOOOIIEHHIO U (OPMYIMPOBAHHIO
HOBBIX 3HAHUM.

Haym 3yceneBnu Ilop Biagen CHCTEMHBIM BHIEHHEM H
¢unocodueid ONTUMU3ALUK, YTO MO3BOJMIO €My CO3/1aTh HOBOE HAy4HOE
HaIpaBJICHUE YHCICHHBIX METOAOB ONTUMH3AIMU HETrNaJKuX (yHKIHH.
CHexTp ero Hay4HBIX HHTEPECOB OBUT 3HAYUTENHHO IIHPE, YTO ITO3BOJIUIO
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HCCIICIOBATEII0 OCTaBUTH CBOCH cien B oOmiel Teopnu MH(OOPMATHKH U
KHOEPHETHKH, METOJOJIOTHH IMPOCKTUPOBAHUS M ONTHUMHU3AIMN CIIOKHBIX
TEXHUYECKUX M COLUAIBbHO-DKOHOMHUYECKHX CHCTEM M T.I., O YeM
CBUIETENBCTBYIOT KpaTKUE aHHOTAIMK CTaTell B )KypHaiax «KubepHeTnka
n «KnbepHeTrka W CHCTEMHBIM aHamM3». 3aMETHM, 4TO JKypHal
«KubepHetrnka» Havan muznaBatbesi B 1965 roay, a B cepenune 1991 ronma
OH OBLI IepeuMeHOBaH B «KHOepHETHKY 1 CUCTEMHBIN aHAIN3Y.

B Tabn.1 npuBeneH CIUCOK eIMHOIMYHBIX U B COABTOPCTBE HAYUYHBIX
nyomukanmit H.3. Illopa 3 kparkmmu axHOTarmsiMu. [lepBast cratest
omyonkoBaHa B 1965 roxy, a mocnenusist cratbst — B 2003 roxy. st Toro
4yTOOBI BBIIENUTH BeAyllyto poib H.3. lllopa B cTaHOBIEHMH W Pa3BUTHH
CyOTpaJMeHTHBIX METOJIOB ONTHUMH3AIMU HETNaJKuX (YHKIWH, OyaeM B
KPaTKUX aHHOTANUSIX BBIACIATE KUPHBIM MIPH(TOM KITIOUEBBIE CJIOBA U3 X
CIMCKa BHayYaje CTaThH.

Tabmuua 1
Crmcoxk Hayunsix myonukanuid H.3. [llopa B xxypHanax «KubepHerruka» u
«KubepHeTrKa U CUCTEMHBIN aHATU3
(1965-2004 r.1.)

To
No A
i | 3R HazBanue cratbu Kpatkas anHOTaIMs
n/n
HUS
Onycad alroput™M AMHAMHYECKOTO
OreHka N
pacrpeneneHus CTpaHUYHOU
MHUHHMMAJBHOIO 4HCIIa
namsITd, TpU KOTOPOM  YHCIO
NePECHUIOK npu
1 1965 TIEPECHUIOK CErMEeHTOB
JUHAMHUYECKOM
uHGOPMALMU MEXAYy CTYHNEHIMHU
pacrpeeieHum
. namsITd MUHHMajJbHO. Jloka3aHa
CTpaHUYHOM NMaMATH
COOTBETCTBYIOIIAs TEOpEMA.
o muHuMuzanun | Caenan aHanu3 METOZIOB
2 1967 | meouddepenuupy- MUHUMHU3ALUN
eMbIX QyHKIHN HeauppepeHunpyeMbix GpyHKIMA
3 1967 [Ipumenenue PaccmoTpeHo cxeme pasioxeHHs
000011IeHHOT O 3a1a4yun JIMHEHOTO
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TPaJMEeHTHOTO CITyCcKa
B OJIOUHOM
MPOrPaMMHUPOBAHHH

IIpOrpaMMHUpPOBaHUs U Jlaercd
000CHOBaHHE NPUMEHEHHS METOAa
000011IECHHOT 0 TpPaIMeHTHOT 0
CINYyCKa K PEIICHUIO JTOW 3a/IayuH.
Usnoxen

aJIrTOpUTM pemeHus

3a/1auu JUHEUHOTO
MIPOTPaMMHUPOBAHUSA, TBOUCTBEHHAS
HMEET

K  KOTOpOi OJIOYHYIO

CTPYKTYDY.

ClOXXHBIE CHCTEMBI U

PaccMoTtpens! Bonpochl
MIPEOIOTIEHUS TPYAHOCTEN,
BO3HHKAIOIINX NP PEIICHUN
9KCTPEMAIIBHBIX 33734
MIPOEKTUPOBAHUS U YIIPABIICHHUS
CHOXHBIMU cucTeMaMu. CBeneHus

1967 | pemenne
METOJIOJIOTUYECKOTO XapaKTepa
9KCTPEMAIIBHBIX 3a/1a4
MTOJIKPETUICHBI IIPUMEPAMH U3
HCCIIeI0OBATEILCKOM NEITEILHOCTH
MoApa3AeICHN SKOHOMUYECKON
KHOEPHETUKH U CUCTEMOTEXHUKH
UK AH YCCP.
PaccmoTtpeHo BeposTHOCTHOE
pacnpe/iesieHne, KOTopoe
HCIIOJIb3YETCS B KAUECTBE MOJIENH,
KonnuecTBeHHBIH OINKCHIBAIOLIEH 3aKOHOMEPHOCTD
aHaJIN3 HEKOTOPBIX "paccessHES HHPOpMAITUH'".
TEHJICHIINI B pa3BUTHH | BBeneHo moHsTHe SHTpONHH
1967 | nccnenoBaHus CHUCTEMBI pacTIpeieTICHU
onepauuii u myOMMKanuii B ICTOYHUKAX.
MaTeMaTHIECKOMI O00011IEH CTATUCTHYECKHUM
9KOHOMHKHU MaTepHa, OTHOCAIIMIACS K

JIUTEPATypeE 10 UCCIIEIOBAHNIO
onepamuil 1 MaTeMaTH4eCKON
9KOHOMUKE C IIEJIBIO OIPEEIICHUS
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TEHJICHIMIA Pa3BUTHUS 3TOH 00IaCTH
KHOEPHETHUKH.

Merop ciy4aitHOro

PaccMotpen anroputm pemieHus
JIBYXATaIlHOM 3a7a4n
CTOXAaCTUYECKOTrO

TIOMCKA JIJIst IPOrpaMMHUPOBAHMS, OCHOBAaHHBII
1968 JIBYX3TaITHOH 3a/1a4u Ha MPUMEHEHHH
CTOXaCTUYECKOTO PaHIIOMHU3UPOBAHHOTO
IPOTPaMMUPOBAHHUA U | 0000IEHHOr0 TPAIHEHTHOTO
ero o0oOIIeHNe cmycka. JlTano o0ocHOBaHue
CXOJIMMOCTH 3TOTO METOJIA B
obmem ciyJae.
PaccmoTpen ainroput perieHus
JIBYX3TalHOM 3a7auu
CTOXaCTUYECKOTO
AJroput™m peuieHus .
N IPOrpaMMHUPOBaHMS, OCHOBAaHHBII
JIByX3TaIlHOH 3a/1a4uu
1968 Ha IPYMEHEHUH METOo/1a
CTOXAaCTUYECKOrO
00001IIEeHHOT0 TPATNEHTHOT O
POTPaMMHUPOBAHHS
cnycka. OLeHNBaeTcsi CKOPOCTb
cxoaumoctu Metoa. [IpuBenena
nporpamMMma Ha si3eike "AJIT'OJI".
Jloka3aHo, 4TO MpU AOCTATOYHO
OOIIMX MPEINOI0KEHUIX METOA
O ckopocTH
0000111eHHOT'0 TPa/iNEeHTHOI 0
CXOAUMOCTH
1968 CIYCKA CXOJIUTCS CO CKOPOCTHIO
0000111eHHOTO -
reoMeTpUUYECKO IPOrpeccu,
TPaJMEeHTHOTO CITyCKa .
YTOYHSETCSI 3HAMEHATENb ATOH
MpoTpeccuu
[IpennoxeH HOBBIA METOL
Hcnons3oBanne
. MUHHMHU3ALUH BBITYKJIBIX
olepanui pacTsXeHus N .
(GyHKIWH, OCHOBaHHBIN Ha
1970 | mpocTpaHcTBa B

3a1a4aX MUHUMHU3aUU
BBITYKJIBIX (DYHKINH

COUYETAaHHH 0000IEHHOI0
TPAIHEHTHOTO0 CITYCKA U OIepaliu
PaCTsKEHHUS IPOCTPAHCTBA.
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JlokxazaHna TeopeMa 0 CXOUMOCTH
METOA.

O ckopocTH
CXOIMMOCTH METOa

Anroput™ 00001IEHHOT O
rPaJHEeHTHOIO CILyCKa C
pacTsDKEHHEM IPOCTPAHCTBA
MOIU(UIMPOBAH IS CITydast, Koraa

10 11970 00001IeHHOTO 3HaUCHHE (PYHKIUH B TOUKE
TPaJMEeHTHOTO CITycKa | MHHMMYMa Hen3BecTHO. /lokaszaHo,
C pacTshKEHHEM 9TO METOJ] CXOIUTCS K
MPOCTPAHCTBA ONTUMAIIFHOMY 3HAYEHUIO 110
(YHKIIMOHATY CO CKOPOCTBIO
TeOMETPHYECKOH MPOTPECCHH.
OnucaH METOJl MUHUMH3AIINH,
Meton MUHIUMHU3AIINH, .
. UCTIONB3YIOIMIN OTIEPAITHIO
UCTIONB3Y IO
pacTsiKeHHsI IPOCTPAHCTBA B
OTICPAITHIO
HAIpPaBJICHUH ABYX
pacTsDKeHHUS
MOCTIeIOBATENLHBIX [PAUCHTOB,
11 | 1971 | mpoctpaHcTBa B
JIOKa3bIBACTCS TEOPEMa O CKOPOCTH
HAIMpPAaBJICHUH .
CXOIMMOCTH OJTHOH U3
PasHOCTH JBYX .
MOJIUPHUKAIMN TPEATIOKEHHOTO
MIOCJIEI0BATEIFHBIX
aNropuTMa.
IpaIuCHTOB
[TpuBeneno 6onee odiKe MO
CPaBHEHHIO C TPEABIAYIIUMH
paboTaMu yCIOBHS, IPH KOTOPBIX
METOJ] 0000LIEeHHOr 0
HexoTopsle BOIPOCHI
TPAJHEHTHOTO0 CIYCKA CXOIUTCA
CXOIIMMOCTH .
12 1971 CO CKOPOCTBIO T€OMETPUYECKON
00001IIEHHOTO
nporpeccuu. Kpome toro,
TPaJMEeHTHOTO CITyCKa
YTOYHSETCS TI0Ka3aTeNb
CXOJUMOCTH JIJIsl PYHKIIMH CO
¢11a00 BEITSHYTHIMH JINHASMHA
YPOBHSI.
13 1972 | O pemenun OnucaHo aBe MOIU(pUKAITUN
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MHHHMMAaKCHEIX 3a7a4
METOZ0M
000011IeHHOT O
TPaJMEHTHOTO CITyCKa
C pacTshKeHHEM
MPOCTPAHCTBA

MeETO/1a 0000IeHHOT 0
TPagHEHTHOI0 CIIyCKA C
pacTsaKeHneM NPOCTPAHCTBA
HpI/IMeHI/ITeJ'H)HO K peH_IeHI/IIO
MHHHMMAaKCHBIX 3a1a4. [TpuBengeHo
aJNTOPUTMBI U PE3YNbTATHI
YHCJICHHBIX OKCIICPUMCHTOB.
Paccmotpeno npuMeHeHne oqHou
13 MOJU(HUKANUHI K PEIICHHIO
MPAKTHYECKHX 3a7a4 OOJBIION
pa3MepHOCTH.

O KJacce Mo4rTH-
muddepeHnIpyeMBIX

OmnpeneneH Kiacc MOYTH-
nuddepeHIupyeMbIx QyHKITUH.
J1s Hax 0K AEHUS JTOKAITbHBIX

14 [ 1972 | ¢ysKImi 1 OqHOM MHHHUMYMOB IIOYTH-
MeTOJIe MUHUMH3AIMH | AU PepeHITupyeMbIX (YHKIIHHA
(hyHKUHMH 3TOTO Kiacca | MpeiokeH METO/] C pacTs:KeHHueM
MPOCTPAHCTBA.
O MeToJie OLIEHKH ITpu HEKOTOPBIX CTATUCTHYECKUX
KOJINYECTBA YCIIOBHO- | MPENNOI0KEHUIX MOTYYESHBI
ONTUMAITBHBIX OILICGHKH JIJISl MAaTEMaTH4ECKOTO
15 1972 TPaeKTOpHii O’KUJIaHUS YHUCIIa 2JIEMEHTOB
JUCKPETHOTO MHOXkecTBa [lapeto, cBA3aHHOTO CO
cenapabenbHOro MHOXECTBOM HEOTCESIHHBIX
JUHAMHUYECKOTO BapHaHTOB Ha 1-OM IIIare
IIPOrpaMMHUPOBaHUS II0CJIEIOBATEIbHOW ONTUMU3ALIUY.
[Ipennaraercst cnocoO moTyueHus
ACUMITOTHYECKON OLIEHKH
OO0 oreHKe CKOPOCTH | CKOPOCTH CXOJMMOCTH OJTHOTO U3
16 1974 | cXxOoOUMOCTH METOAA METOJIOB CITy4aiiHOTO ITOUCKA
CIIy4aiiHOro moucka MUHUMYMa KBaIpaTHUYHOU
¢yukmn. [lomydena Tounas
OLIEHKa IBYMEpPHOI'0 CIydasl.
17 | 1974 | 3agaua Tunuzauuu PaccmarpuBaetcs 3agaua BeIOOpa
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TEXHUYECKHUX ONTHUMAJILHOTO YKCIIa TUIIOB Kilacca
00BEKTOB TEXHUYCCKUX 00OBEKTOB,
MpeIHa3HAYCHHBIX JISI
BBITIOJTHEHHS 3aJaHHOTI0 00beMa
HEOJTHOPOJIHBIX SKCIIEPUMEHTOB
MIPY MUHUMAJIBHBIX 3aTpaTax.

HccnenoBanue [IpuBeneHBI yCIOBUS CXOTUMOCTH
CXOJMMOCTH METOAA IIPEUI0KEHHOTO aBTOPOM METO/1a
TPaJMeHTHOIO TUIA ¢ | MUHUMH3AIUU KyCOUHO-TTIaIKUX
pacTsHKeHUEM (GYHKUUH, TPeCTaBISIOIETO

18 | 1975 | mpoctpaHcTBa B c000i1 06001eHHBbIIH
HaIrpaBJIeHUU rpagueHTHBIN CIHYCK C
Pa3HOCTH ABYX npeoOpa3oBaHUEM POCTPAHCTBA.
II0CJIEJOBATENIbHBIX MeTo/1 UPOKO UCTIOIB3YETCS B
TpaJeHTOB MIPAKTHYECKHUX pacyeTax.
IIpumenenue meronoB | PaccmaTtpuBaercs anroputm
MUHHMMU3aUN petieHust 00paTHOU 3a1a4n
HETJIaIKUX rpaBUpa3BEIKU MTyTEM CBEICHHUS €
MUHUMHU3AUN K HEJTMHEWHON MMHUMaKCHOMN

19 | 1976 | mernmamkux GyHKIMN 3a1a4e ¢ OrpaHUYCHUSAMU, JJIs
JUISL PELICHUS 3a/1a4 pelIeHrs KOTOPOH UCIIOJIB3YETCS
UHTEpIpEeTaLun 0000IIEHHBIH I'paInCHTHEIA METON
rPaBUMETPHUECKUX ¢ pacTsikeHHeM NMPOCTPAHCTBA.
HaOJr0IeHUIA

[Ipenmnararorcst alropuTMBI

Br160p cocrtaBa u peleHus 3a1a4 JIMHEHHOro
pacripeniesneHue MIPOTPaMMHUPOBAHHS OOJBIION

20 | 1976 | rpaxnaHCKUX pa3sMEpPHOCTH, BO3HUKAIOLIUX IIPU
CaMOJIETOB I10 BBIOOPE ONTUMAJIBHOTO COCTaBa
ABUAIMHUSM napKa caMoJIETOB U paclpeeeHus

WX M0 aBUATTUHUSM.

Meton oTcedenus ¢ IIpemioxxeH u ucciuenoBan

21 | 1977 | pacrsxenuem aJTOPUTM PEUICHHS 3a/1a4K
MNPOCTPAHCTBA IS BBIITYKJIOTO MPOrPaMMHUPOBaHUS,
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pemeHus 3aga4q
BBITYKJIOTO
IPOrPaMMHUPOBAHUSI

rapaHTHPYIOIINH YMEHBIICHHE
obbema obactu, B KOTOPOit
JIOKAIU3YEeTCS OLITUMYM, CO
CKOpPOCTBIO T€OMETPUYECKOM
MPOTPECCHH, TIPHYEM 3HAMEHATEh
9TOH IPOrPECCUH 3aBUCHUT TOIBKO
0T pa3MEpPHOCTH 3aa4H.

Hossle HanpaBieHus B
Pa3BUTHH METONOB

JlaHO CpaBHUTEIBHYIO
XapaKTEePUCTUKY TPEX OCHOBHBIX
HalpaBJICHUHN HE TIaIKON
OITUMM3AIMA: 0000IIEHHBIX
TpaJUeHTHBIX METOJIOB, CXEMa

22 | 1977 o
HEeTJIa KoM OTCEUEHUS U -CyOrpaeHTHBIX
ONTUMU3ALNH MeTo10B. [IpuBeieHbI HOBBIC

PE3yNBTaTHI IO METO/IaM
I'PaJMeHTHOTO TUIIA €
pacTsiKeHHeM NMPOCTPAHCTBA.
PaccmoTtpeHo onTrManbHOE IOTOK
pacrpeliesieHle B 3aKOJIbLIOBAHHBIX
IIpumenenue CEeTSIX C yU4eTOM JIMHAMHUKH UX
MaTeMaTHYECKUX pazButua. OnTUMHU3aIM
METOZAOB IIpU OCyILIECTBIIEHA Ha 0a3e
ONTUMAJIEHOM BBIYUCIIIEMBIX TEXHUKO-

23 | 1978 | npoekTupoBaHUU 9KOHOMUYECKUX XapaKTEPUCTHUK C
Enunoii HCIIOb30BaHUEM I'PAJIUEHTHOIO
rasocHa0karomen METOJa C OIlepanueil pacTszKeHus
CUCTEMBI C YIETOM NMPOCTPAHCTBA, KOTOPasi YCKOPSIET
JIMHAMHKU €€ pa3BUTHUs | cxoaumocTs. [IpoBeneHsl

MIpoBepoYHBIE pacueTsl Ha DBM
BOCM-6.
HccnenoBanue oguoit | PaccMOTpeHO NO3UIIMOHHYIO UTPY

24 | 1978 9JIEMEHTapHOM 3ajjauu | MpecieoBaHus — yoeranus Ha

mpecjIcA0BaHus Ha
CCTH

KOHCYHBIX CBA3HBIX rpa(bax JJIsA
JABYX UT'POKOB C OIrpaHNUYC€HHBIMU
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CKOpOCTSMH. BBenieHo moHsTHE 30H
BIIMSIHUS BEPIIHH rpada, ¢
MOMOIIBIO0 KOTOPOTO JOKa3aHa
TeopeMa 0 HaXOXKICHUU
ONTUMAITLHOTO BPEMECHH
IpeCIieIOBaHHUS.

OO0 0ITHOM CEMENCTBE
QITOPUTMOB JIJIS

IIpenioxeHsl alrOpUTMbI 1Sl
peleHus 3a5a4 BIITYKJIOTO
IPOrpaMMUPOBAHHUS,

25 | 1979 | pemenus 3anaq KOMOWHHUPYIOIINE CXEMBI
BBIITYKJIOT'O OTCEYECHUI U IMHEHHBIE
IPOrpaMMHUPOBaHUS peoOpa3oBaHysl B IPOCTPAHCTBE

NepPEMEHHBIX.
OrnucaH nakeT MPHUKIaIHBIX
nporpamm JIUCITPO,
[TakeT npuKIagHbIX MpeJHa3HaYeHHBIN AT peleHus
nporpamm JIUCIIPO, | 3amau qUCKpeTHOM ONTUMU3ALMU.

2 | 1981 MPeHA3HAYCHHBIX Ui | PaccMOTpeHBI UCTIONB3yeMbIe B
peleHus 3aga4 nakeTe MaTeMaTHYeCKHe MOJENH U
JUCKPETHOTO METOJIbI, U3JIOKEHBI PE3YIbTATHI
POTPaMMHUPOBAHHUSI MAaIIMHHOTO 3KCIIEPUMEHTA,

OIMcaHa CTPYKTypa

MaToOecneueHus nakeTa.

Jlan 0030p pe3yabTaToB,

nonryaenHbix B UK AH YCCP o

pa3paboTKe nociie0BaTeIbHbIX
Uccnenosanue ITOPUTMOB ONTUMU3AIIHH,
METOIOB PEIICHUS METOJI0B MHHUMH3AINU HeTJIATKUX

27 1981 ONTHMHU3AIIHOHHBIX (yHxuuii, ucciero0BaHuIO
3a/1a4 U UX HEOOXOIUMBIX yCIIOBUHI
MPUIOKEHUS SKCTpEMyMa, aITOPUTMOB

HEJINHEHHOr0 IPOrpaMMUpPOBaHHUA,
CTOXAaCTUYECKUX
KBa3UIPaJUEHTHBIX METOMOB,

129




TOYHBIX U IPHOIMKEHHBIX METO/IOB
peleHus 3aa4d AUCKPETHOTO
IPOTPaMMHUPOBAHHUA.

006 onHoM
MOTU(PUKAIIAN
AITOPUTMOB
MMHUMH3ALIH

Pazpaborana mporenypa 3a1aHus ¢
ITOMOIIBI0 COOCTBEHHBIX 3HAYCHUI
1 COOCTBEHHBIX BEKTOPOB
"CymecTBeHHON" YacTH TMHEHHBIX
OIIEpaTOpPOB, IPUMEHIEMBIX B

28 | 1981 | rpaameHTHOrO THMA C
ANTOPUTMAX MUHHUMH3AITHH
pacTsHKeHUEM
TrpaJHeHTHOrO THIA ¢
MPOCTPAHCTBA JISI
pacTaiKeHneM MPOCTPAHCTBA, YTO
pelIeHus 3a1a4
. BaXKHO MPH PEIICHHUH 33124
0O0JBIION pa3MEPHOCTH .
00JIBIION Pa3MEPHOCTH.
JlaH 0030p METOJIOB pEIICHUs 3a1a4
BBIITYKJIOTO MMPOTPaMMHPOBAHHUS,
OCHOBAHHBIX Ha UCIOJIb30BAaHHU
OTCEYEHU I TUIMEePINIOCKOCTAMH H
MeTo SIUTHIICOUIOB, | alMpPOKCHUMAITUK 00JacTH
29 1982 | ero 00o0OEeHusa u JIOKAJIM3AIAH SKCTPEMyMa
MPUIOKEHUST JIIMICONIAMH, & TAKKE
MIPUIOKEHUH 3TUX METO/IOB K
npobiaeMaM KOMOHHATOPHOMH
ONTHUMH3AIMU 1 MATEMAaTHIECKOTO
IPOTPaMMHUPOBAHHS
[TakeT npuKIIaTHBIX
pOTrpaMM JJist JlaHO KpaTKoe ONMCaHHe
pelieHus 3a1a4 MaTeMaTHYECKUX MOeTei
30 | 1983 MPOU3BOJICTBEHHO- MPUKIIAIHBIX 33]1a4 U CUCTEMHOTO
TPaHCIIOPTHOTO MaTEeMaTHYECKOTO 00eCTIeYeHHUS
TUTAHUPOBAHHUS maKeTa MPUKJIAJHBIX MPOrpamMm
6onpmoi pazmeprnoctu | [IJTAHEP.
(IUTAHEP)
31 | 1983 O 1eKOMITO3UITHOH- PaccMmoTpeH IeKOMITO3UITMOHHBIH

HOM QJITOPUTME

AITOPUTM pELICHUS 3a/1a4H
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BbIOOpa ONTHUMAIEHOTO
npobHIISE HKEIe3HOM
JOpOrH

MPOEKTHPOBAHHUS IIPOJOIBHOTO
poGUIIS XKEJIE3HOH TOPOTH C
TOYHBIM y4ETOM 3eMJISHBIX Macc.
OnucaHel pe3ysbTaThl
BBIYHCIIATEIHFHOTO SKCIIEPIMEHTA

[TakeT nporpamMm
AUCITPO-3:
Ha3HAu4Y€HUe, KJ1acChl

OnucaH naKkeT NPUKIIaIHBIX
nporpamm U CITPO-3, xoTopblit
ABIIIETCS] HOBOM BEpCUEH B
CEMENUCTBE MMaKETOB IIPOrpaMM

32 1985 elIaeMbIX 3a7a4
p ’ JUCIIPO u npeaHa3HaueH st
CHCTEMHOE U
pelIeHus Pa3InIHBIX THTIOB OOIINX
aIrOPUTMUYECKOE .
Y CIIeIUANIbHBIX 33724 TUCKPETHON
obecrieueHune
OIITUMU3ALUU
[IpennosxeH anropuTM pemeHus
MHOTOIIPOIYKTOBOH 33791
ONTHUMAJILHOTO pa30HEeHHUS
MHOECTBa U3 Ha HEKOTOPHIE €ro
AJITOpUTM pelICHUs
. MOJIMHOKECTBA C OTPaHUYCHHUSIMH B
MHOTOTPOTYKTOBOM
(dbopMe paBEeHCTB M HEPABCHCTB.
33 1985 | 3amaun OoNTHMAJIBLHOTO
AJNTOPUTM MPOMUTIOCTPUPOBAH HA
pazbuenus ¢ . .
MO/JIEJIbHOW OECKOHEUYHOMEPHOU
OTrpaHUYCHUSIMH
3ajaue pa3MeIneHusl TPUIATH
MyHKTOB MPOW3BOJICTRA,
MIPOU3BOIAIINX MTPOAYKIIHIO TPEX
BHJIOB.
IIpemtosxeH HOBBIN MeTOT
O meToe mony4eHHs
MOJIyYCHUS OIIEeHOK B
OIIEHOK B
KBAJIPATHYHBIX IKCTPEMAJIBHBIX
KBaIPATHYHBIX
34 | 1985 3aga4ax ¢ OyJIeBBIMU
3KCTPEMAaJIbHBIX .
MepeMEHHBIMH, HMEIOLIHH
3a/a4ax ¢ OyJIeBbIMU
TEOPETUYECKHUE U TIPAKTHUCCKUE
MepEeMEHHBIMH
MIPHUIIOKEHUS B KOMOWHATOPUKE.
35 1987 OO0 0IHOM MOAXOE K Ornncan croco0 NomydeHust

MIOJIYyYEHUIO

OLIEHOK CHU3Y 1eNIeBOU (DYHKLIMH B

131




rI00aIbHBIX
3KCTPEMYMOB B
MOJTMHOMHAIIBHBIX
3a7a4ax
MaTEMaTHYECKOTO
IPOTPaMMHUPOBAHHSI

MOJIMHOMUAJIBHBIX 3a7a4ax
MaTeMaTHYECKOTO
IPOrpaMMHUPOBAHUS TyTEM
CBEJICHUS K KBQ/IPATUYHBIM
SKCTPEMAJIBHBIM 3a1adam. [[is
cilydas MUHUMH3alUK TOJIMHOMOB
OT OIHOM NepeMeHHON
JIOKa3bIBAETCSl, UTO
COOTBETCTBYIOLIE OLIEHKU
SBIISIOTCS. TOUHBIMH.

OO0 oxHOM KJ1acce
OIIEHOK TJI00aIBEHOTO

3agaua MUHUMHU3ALUN
MOJTMHOMHATIBHON (PYHKITHH
CBeJICHA K KBaJIPATHIHOI
ONMTHUMHU3ANMOHHOM 3a1a4e, I

36 | 1987 | munuMyma KOTOPO IOCTPOEHbI
MOJIMHOMHAJIBHBIX ABOWCTBEHHbIE OLIEHKH.
(byHKIMN [TpuBeneHb! HEOOXOAUMBIE U
JIOCTAaTOYHBIC YCIOBUS HX
TOYHOCTH.
[Toka3zaHo cBeneHHE 331241
HAXOXXJICHUS JLIHICOU/IA
MHHUMAIIBHOTO 00beMa,
Hcnonb3oBanue .
BKJIIOYAIOLIET0 3aJJaHHBIA Ha0op
TOYHBIX IITPadOB IPH
TOYEK, K MAKCUMU3AINH
[OCTPOEHUU i
KBa3MBOTHYTOH QyHKIIMH Ha
37 | 1989 | onmmcaHHBIX Y Y N
BBIITYKJIOM MHOecTBe. Halinena
SJUTUIICOUIOB
OLIEHKa BEJIMYMHBI TapamMeTpa
MUHHUMAaJIbHOTO N (ot ¢
HerJaakoii mrpadhHoN pyHKIHH
obpema P . . y ’
COOTBETCTBYIOLIEH 3TOM 3aaue,
Ul ee peleHus pa3padboTaHa
MOJTUHUKAINS F-aJTOPUTMA.
OO0 oxHOI1 3amaue PaccmoTtpena npobiema
38 | 1989 | mmanmpoBaHuUs OTpeIeNIeHUs] ONITUMATBHOM
MIPOM3BOJICTBEHHOM MIPOU3BOJICTBEHHON MPOTrPaMMBI
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MPOTPaMMBI
00BEINHEHNS

MPOMBIIUICHHOTO 00BEIMHEHHS,
IpeAcTaBIcHHAs B paboTe GII0YHOI
3ajaueil KyCOYHO-KBaAPaTUYHOTO
MIPOTPaMMHUPOBAHHS, 1
JIBYXATAITHBIN aJITOPUTM €€
pewenus. [Ipeanoxen meton
MOCTPOCHUS KaJIeHAAPHBIX IJIAHOB
IPENpUATUN 00bEUHEHUSL.

Hcnoap3oBanue
ajaropuTMa

CyOrpaJlMeHTHOTO THIIA

C pacCTsHKCHUEM
MMPOCTpaHCTBA AJId

Pelena 3a1a4a mocTpOeHHs
3JUTHIICOMAA MaKCUMAaIbLHOTO
00BeMa, BIIUCAHHOTO B
MHororpadHuk. [IpemanoxkeH MeTo,
KOTOPBIH 3aKIIF0YAETCS B CBEACHUU

39 | 1989 . N
MOCTPOCHHUS 9TOH 3a/1a4 K 3a7a4e 0e3yCIIOBHON
AILTAIICOUIA MUHUMHU3AIUH C TIOMOIIHEO TOYHON
MaKCHUMaJIbHOTO mrpadHoil QyHKIMU; TPOBEACHO
o0beMa, BIMCAHHOTO B | 000CHOBaHKE BBIOOpa MITpadHOTO
MHOTOTPaHHUK ko3 duiueHTa.
[TakeT npuKIagHBIX OnucaHpl Ha3HAYCHHE U
porpamm JJist ocobennoctu nmakera [IMCHEJIL,
peleHus 3aga4 MIPEeHA3HAYECHHOTO ISl pEIICHUs
40 1990 | muckperHoii n Ha EC O5BM B auanoroBom pexxume
HEJIMHEHHOH LIMPOKOTO CIIEKTpa 33134
ONTUMU3AINY (TTAKET | IUCKPETHOW M HEJIMHEHHOM
JAVCHEJI). ONTHUMH3ALINH.
g ogHOTO Kitacca 3az1a4
ONTUMAIILHON pa30MBKU MHOXKECTB
HccnenoBanue N-MEPHOTO €BKIIUIOBOTO
NTOpPUTMA PEIICHUS MPOCTPAHCTBA MPEIJIOKEH
41 | 1994 | omnoro knacca MPOTECTUPOBAH AJTOPUTM

HEMPEPBIBHBIX 3a1a4
pa3oueHus

pelIeHnit, OCHOBaHHbBIN Ha METO/Ie
CcyOrpaJiMeHTHOr0 CIyCKa ¢
pacTs:KeHHeM NPOCTPAHCTBA,
KOTOPBII CXOAUTCS B 00LIEM K
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JIOKAJIbHOMY MUHUMYMY.

IIpumenenue anmapara
JIBOMCTBECHHBIX
KBaJpPaTHYHBIX OLEHOK
MPU PELICHUU CUCTEM

Paccmotpena 3amaua perieHus
CHCTEM ITOJIMHOMHAJIBHBIX
YpaBHEHHU HaJ NOJIEM
KOMILJIEKCHBIX YHCEIl, B YACTHOCTH,
3aJaua HaX0XIEHHUs BCeX
KOMIIICKCHBIX Hyneﬁ IIOJIMHOMA OT

42 1994 omHoI epemeHHON. OHH CBEICHBI
MMOJIMHOMUAJIbHBIX
. K COOTBETCTBYOIIUM
ypaBHEHHH Ha
BO3MYIIIEHHBIM
MHOYECTBE
ONTHMM3AIMOHHELIM 3a1aYyaM
KOMILIEKCHBIX YHCEIT
KBQIPATUYHOTO THMA,
JABOICTBEHHBbIE OLIEHKH KOTOPBIX,
KaK JOKa3aHO, TOYHEI.
Paccmotpeno 3amauy o
MaKCHMaJbHOM pa3pese rpada.
IIpenioxeH HOBBII ANTOPUTM
Hossle anroputmsl pelIeHns 3TO 3a7ja4u C
pelieHus B3BENICHHON | MPUMEHEHHEM TEOPHH
43 1994 | 3agaum o JBOMCTBEHHBIX OIIEHOK 1 METOJIOB
MaKCUMaILHOM HETJIAAKON ONTHUMU3ALNU.
paspese rpaga [IpoBeneHo TecTrpoBaHme
ajropuTMa Ha psjie IPUMEepOB,
[TOKAa3aBIlIEe €T0 JOCTATOUHYIO
3G HEKTHBHOCTS.
AnropuT™MBI [IpennoxeHo HECKOIBKO
MTOCTPOCHHUS aNTOPUTMOB JJIS PEIICHUS 3aa4
WHBApPUAHTHOTO MTOCTPOCHUS NHBAPHAHTHOTO
SJIJIATICOMIA JLJIMINICOMAA MUHHUMAJIEHOTO
44 1995 | MHUHUMAaILHOTO oObema sl yCTOMYUBOM
o0beMa s JUHAMUYECKOM CUCTEMEI C
YCTONYHUBOU 3aJaHHBIM KOHEUYHBEIM MHOKECTBOM
JTUHAMUYECKOH HaYalabHBIX MOJIOKEHNH. OHU
CHUCTEMBI pa3zpaboTaHbl Ha OCHOBE
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CyOTpaIneHTHBIX IIPOIECCOB C
MPUMEHEHHEM MIOCIICI0BATEIBHOM
TpaHcopmalmu (pa3zoBoro
MPOCTPAHCTBA.

Hcnonb3oBanue
Moaudukanmm r-
ajropuTMa Jiis

PaccMOTpeHBI XapaKTepUCTHKA
KBaJ[PAaTHYHBIX JBOHCTBEHHBIX
OLCHOK )14 ITOJIMHOMHAJIBHBIX
(bYHKIMH, METOIBI HAXOXKICHUS
JTHX OLICHOK, OCHOBaHHBIE HA
croco0ax Hernagkon
OIITUMMU3ALINN. HpeHCTaBHCHBI
PE3yIIbTAaThl TECTOBBIX

HaXO0XKIEHUS
45 1997 AKCIIEPUMEHTOB JIJIs
rJ100aJILHOTO
SKCTPEMAITBHBIX 33]1a4, KOTOPbIE
MHUHUMYMa .
OITHCBIBAIOTCS B BHIE MOZENEH
[IOJINHOMUAIBHBIX .
. HEJMHEWHOTO MPOTPAMMHUPOBAHHUS
(byHKIMN
KBajipaTuHOTrO TUMa. [TokaszaHo,
YTO MCITOIL30BAHUE M30BITOYHBIX
OTpaHWYEHUH B pse CIydacn
3HAYUTENFHO YIIy4IIaeT
IBOMICTBEHHBIE OLIEHKH.
CraThs HOCBSAIIECHA
WCIOJIb30BaHUIO (DYHKIIMOHAIHHO
JIUIIHUX OTPaHUYCHUN IS
Ponp n30bITOUHBIX YJIy4lIEHUs ABOHCTBEHHBIX
OTpaHWuYEHUH B JIarpaHKeBbIX OIEHOK B 3a1a4ax
YIIy4IIEHUU KBQIPaTUYHOT0 TUNa. Metoauka
46 | 1998 | nBOICTBEHHBIX OLIEHOK | BBEIEHUA U30BITOUYHBIX

JUIS. TOTMHOMUAJIBHBIX
ONTHMH3AIMOHHBIX
3a1a4

OTpaHUYCHUH MOKa3aHa Ha MOJIEIIAX
JIBYX 3KCTPEMaJIbHBIX 3a/1a4 Ha
rpadax: 3a7a4u HaX 0XKJICHUS
MaKCHMaJIbHOT'O B3BEIICHHOTO
HE3aBHCHMOT'0 TTOMHOXKECTBA
BepIIUH rpada U 3a1a49u
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MaKCHMAaJILHOTO pa3pesa rpada.
[MTokazaHa mpakTH4ecKast
3((HEeKTUBHOCTH METOJ/IOB
CyOTpafineHTHOTO THIIA C
npeodpa3oBaHHeM MPOCTPAHCTBA
ULl HAXOXKACHHS IBOMCTBEHHBIX
OLICHOK.

Hcnoap3oBanue
METOJ0B HErJIagKo!
ONTUMHU3AIAH B

OrnurcaHo MpUMEHEHNE HeTIaIKoN
ONTHMHM3ALMH C PACTAKEHHEM
NMPOCTPAHCTBA JJI peaIn3aluu
CXEM JEKOMITO3ULINN MTPH PEIICHUN

47 11999
3aJauax JIBYXATalHbBIX 3a/1a9
CTOXACTHYECKOIO CTOXaCTHYECKOIO
MPOTPaAMMHUPOBAHHSI MPOTPaMMHUPOBAHHS B CHCTEME
moaenupoBanus SLP-IOR.
Cratbs nocssmeHa 70-1eTuro co
AKxaneMuK
B.C. MyxateBid — JTHS POXKJICHUSI aKaJleMUKa
48 | 2000 N B.C.MuxaneBnya; cogepx ut
YYEHBII U OpraHu3aTop .
MH(OPMAITUIO O €r0 HAYYHOU U
Hayk aIMUHUCTPATUBHON JESITEIHHOCTH.
PaccmoTpensl MOHOTOHHBIE
MOJTU(HUKAIINN I-aJTOPUTMOB U UX
MPUMEHEHUE JIJISl PEIICHHUS
MOHOTOHHEIE Pa3HOO0Opa3HbBIX 33124
49 | 2002 MOJU(UKAIINH T- OINTHMH3AIUU: CIIEIUATbLHBIX
aJTOPUTMOB H UX KBa/IpaTUYECKNUX, MAKCHMaJIbHOM
MIPUIIOKEHUS paspese rpada, MUHUIMAKCHBIX.
[TpuBeneHbI pe3yabTaThl
9KCTICPUMEHTAITLHBIX
HCCIEeIOBaHUM.
PazButne anroputmos | IIpencraBnen kparkuii 0030p
50 | 2003 HemuddepeHnpyemoii | papaboTaHHBIX B HCTHTYTE

ONTHMH3ALMH U UX
MPUIIOKEHUS

KUOEPHETHKU METOLOB
Heaudpepenuupyomei
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ONTUMH3ALMH: 00001eHHbIH
TPaJHEHTHBIN CIYCK, METOJ ¢
pPaCTHKeHHEM IPOCTPAHCTBA B
HaIpaBJICHUH CyOrpaJieHTa, I'-
aaroputmsl. [IpuBenensr obmactn
IIPUMEHEHUSA METOI0B
Hepu(pdepeHpoBaHHOI

ONTUMU3ALNH.
WzyueHsl CBA3U apupMETHIECKOTO
Apudmeruueckoe MOJIETTUPOBAHUS CITydalHbIX
MOZICTTMPOBAHHUE TIPOIIECCOB U 3PTOIMICCKON
51 | 2004 | cmyuaitHbix mporeccoB | Teopuu. KpaTtko paccMoTpeHbl
U 3proauveckas HEKOTOpbIE HOBBIE PE3YJIbTAThI
TEOpHsI YKa3aHHON TEMAaTHKH U UX CBS3H C

3aJavaMHi OIITUMU3AIINH.

Kak cBuaeTensCTBYIOT maHHBIC TaOmumbl, 3a 39 ser HaydHOU
nesrensbHOCTH B WHetutyTe KubepHetnkn M. B.M.ImymxoBa Haymom
3yceneBuueM ObUIO omyOarKoBaHO 51 craThio B XypHaiax «KubepHeTnka
u «KubepHeTrka U CUCTeMHBIN aHainu3», OOJbIas YacTh UX KOTOPBIX ObLa
MOCBAIICHA BBIYMCIMTENBHBIM METOJIaM ONTHUMH3AIMKA  HETPEPBIBHBIX
¢yHKIMHA ¢ paspeIBHBIM  TPageHTOM ¥ WX  MHOTOYHCICHHBIM
MIPUIIOKEHUSM.

Cucrematnueckoe OMyOJMKOBaHHME HAyYHBIX pE3YyNbTaTOB B
YKa3aHHBIX JXypHaJaX CBHITPajio OOJNBIIYIO POJb B WX MONMYJISPH3ALUHN B
Mupe. AHanu3 pasMELIEHHBIX B HUX MaTepUaJOB HE TOJBKO ITOKa3bIBaeT
pa3BuUTHE  OTAETbHBIX  HAmpaBJICHUH  TEOPHUM  ONTHUMHU3ALUU U
nzobperatensckoid Mbicnmu H.3.Illopa, HO nmaeT NEeHHBIE CBEACGHUS O
TBOPUECKOH paboTe M COTPYZHMYECTBE C MHOTHMHU BBIJAIOIIHMUCS
yueHbIMU MHCTUTYTa KHOEPHETUKH U APYTMMHU HAYYHBIMHU ILKOJIAMHU.

3amernm, uto kypHanm «Cybernetics and Systems Analysis»
TIepEN31aeTCs U3AATEIBCTBOM Springer Ha aHTJIUMCKOM S3BIKE,
pedepupyercs 1 HHACKCUPYETCS MHOTUMH ar¢HTCTBAMH, B YaCTHOCTH,
ABI/INFORM, Academic OneFile, Academic Search, CompuScience,
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Computer Abstracts International Database, Computer Science Index,
Current Abstracts, Current Index to Statistics, Digital Mathematics
Registry, EBSCO, EI-Compendex, Gale, Google Scholar, INIS Atomindex,
Inspec, io-port.net, Mathematical Reviews, OCLC, SCOPUS, Summon by
Serial Solutions, Zentralblatt Math. 9T0 o3Ha4YaeT, 4YTO Hay4YHBIC
paspadotku H.3. lllopa 1 ero yueHHKOB HONYYIIH ITHPOKYIO U3BECTHOCTD
B MHUpE, 0 YeM CBUAETEIILCTBYET BRICOKUN HHIEKC LIUTHPOBAHUS UX padoT.

CoBpeMeHHBIH YPOBEHB pa3BHUTHUA HH()OPMaMOHHO-
KOMMYHUKAIIMOHHBIX TEXHOJOTMHA W TPEHJBI, CBS3aHHBIE C 00pabOTKOM
OompIux MaccuBoB uHGpopmalyu (big data), HCKyCCTBEHHBIM WHTEIIEKTOM
U TIOCTpOeHHEM IM(POBOH SKOHOMHUKH, NENaloT HaydHoe Hacieaue H.3.
[IIopa Bce Goee BOCTpeOOBAHHBIM.
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OCOBJIMBOCTI YIIPABJIIHHS JJOTICTUUHAMM
BI3HEC-TIPOIIECAMH B YMOBAX JIJIKATAJI3ALIT

I'PUIEHKO C.I., KOJIICHIYEHKO A.B.
HarnionaneHuii aBialiiitHAN yHIBEpCUTET,

M. KuiB, YkpaiHa,
sergiy.gritsenko@gmail.com

Y cmammi suznauerno, wo oioxcumanizayis cghepu nozicmuunux Oiznec-
npoyecig € AKwWo He 0008'A3K06UM, MO OYJice HEOOXIOHUM NPOYECOM, WO
003607151€  GUUMU HA HOBUL pi6eHb. Ympumanns Klienmieé Ha mii
3pOCmaroyoi’ KOHKypeHyii, HAOAHHS AKICHUX NOCTYe, 3HUNCCHHS SUMPAM HA
opeanizayito 102icmuKu 003801410Mb GUKOHYEAMU POOOMY NPAGUNILHO Ma
epexmusno. Tak wo 6npo6adICen s CYYACHUX MEXHOAO02IN 8 N02ICMUYHY
KOMNAHIIO - He8i0'eMHUT KPOK 00 Macuumady8anHs i 3pOCMaHHs.

Hosedeno HeobOxiowicmv 0ns  eany3i JociCmMuKu, SKA NOBUHHA
aoanmyeamucst 00 yici HO60I Yu@pogoi enoxu, wod Po36UBAMUCHL.
ITncmpymenmu  didscumanizayii Oisnec-npoyecie Ha nionpuemMcmei - ye
OLnbW 2HYUKI THCMPYMEHMU 30680AKU IX MONCIUBOCHAM HANAUWIMYBAHHSL
inmepeeticy xopucmyeaua i MONCIUGOCHAM IHmMeepayii 3 OLIbWicmio
nepedosux cucmem. Hoee npusnauvenns — agmomamusayis o6isnec-npoyecie
i3 BUKODUCMAHHAM  CMAPM-MEXHON02iU  0036074A€  CHPOCHMUMU
HABAHMANCEHHA NPU GUKOHAHHI CB0IX NOBCAKOEHHUX 3080AHL KONCHOMY
npayienuxosi. Cmeepodcyemocs, WO 3AB0AKU  CYYACHIU  NOMTMuUYyi
niosuwenst Oidoicumanizayii 6  xomnanii  AsstrA  Ukraine,
cnocmepieacmvcs NIOBUWEHHST NOKA3HUKIE OULILbHOCMI MaA NOKPAUEeHHS.
AKOCMI BUKOHAHHA pPobOOMU, 3POCMAE pieHb 3A0080AEHOCHI POOOMOIO
cepeo nPayieHUKIB, WO € 3aNopyKoI0 NOOAIbULO20 POCIY KOMNAHIL.

KiawuoBi cioBa: nipkutamizamisi  Oi3HEC-TIPOIECiB,  JIOTiCTHYHI
KOMIIaHii, ympaBmiHHS, mH(ppoBa TpaHchopMarliss, KoMmaHis ASStrA
Ukraine.

IloctanoBka mnpodjaemu. lludposizauis B rodanbHOMY IUIaHI €
KOHIICTIIIIEF0 ~ €KOHOMIYHO1  JisSUIBHOCTi, 3acHOBaHOI Ha IHU(POBHUX
TEXHOJIOTISX, IO BIPOBALKYIOTHCS B Pi3HI cepr KUTTS Ta BUPOOHUIITBA.
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[HHOBamii BaKIMBI JUIsI KOXKHOI ramysi. I[HHOBaIii - e MaricTpabHUi
IUIsX, 110 3a0e3mevye MmocTiiHe 3pOoCTaHHs 1 MPOIBITaHHS KoMmmaHii [1, c.
9]. o6 3anMmaTUCs KOHKYPEHTOCIIPOMOXHHMMH, KOMIIAHISIM HEOOXiaHO
BHKOPUCTOBYBATH iHHOBAIIii Ta ONTUMi3yBaTH CBOI IPOIIECH.

3apa3 UL JIOTICTUYHOI KOMITaHil BaXKIIMBOIO KOHKYPEHTHOIO TIEPEBaroro
€ 3IaTHICTh THYYKO KEepYyBaTH JAHIIOTOM IIOCTadaHb, TOOTO 3aTHICTbH
KOMIIaHii MBUAKO Ta 3 HalMEHIIUMH BHUTpaTaMd pearyBaTH Ha 3MiHH
30BHIIIHBOTO CEPEIOBHIA TA TTOPYIICHHSI HOPMATUBHUX aKTiB.

bizHec-mporiec MOXHa BH3HAYMUTH SK HaOIp BHIIB  JiSUTBHOCTI
(opranizaiii), 3a JOMOMOIOI0 SIKUX KOHKPETHI II0YaTKOBiI CKIIAJOBi
TpaHCOPMYIOThCSI Yy BHXIJHI CKIAJ0BI BIANOBIIHO JIO 3a3/ajlerilb
BCTaHOBJICHUX CIEIUQIKaIliid, JUIsi TOro mio0 CTBOPHUTH IIHHICTH JUIS
cnoxmuBaya [1, ¢. 300]. 3acTocyBanHs MUQPOBI3AIIi] MOJETIIYE peani3alliio
JIOTICTUYHUX O13HEC-TIPOIIECIB.

IrnoBarii nporecy/Moneni 6i3Hecy BiApi3HAIOTHCS THUM, IO OTPUMAHA B
pe3ynbTaTi KOHKYPEHTHa IepeBara 30epira€rbCs JOBIIC, HDK Bif
HiATPUMYBAJIBHOTO 1HHOBAIIIO IPOAYKTY ab6o mociyru. KoHKypeHTH 9acTo
LIBUJIKO KOMIIOIOTH MOB'sI3aHI 1HHOBaLIi MPOAYKTiB a00 MOCIYT, ane ayxke
MOBUTLHO TIOBTOPIOIOTH 1HHOBAIIIT TporieciB [2, ¢. 78]. B 1iboMy BigHOIICHHI
panukaibHi 1HUGPOBI 1HHOBAIII JIOTICTHYHHX Oi3HEC-TIPOIIECIB HECYTh
HabaraTo OiMBIINI KOHKYPEHTHHUNA MOTEHITIal.

AHajni3 ocraHHiX gocaimkens i myOuaikaniii. B exoHOMivHIN
JmiTepaTypi THTaHHAM IMQPoBOi TpaHCopMamii CTPYKTypHHX 3MiH B
€KOHOMIIll PETiOHIB, Y MAapKETUHTY, JIOTICTHIl, KOMEpIii MPHUIIISEThCS
BesMKa yBara [3-10].

JocmikeHHsT  TakoXX — TOKaszaiW, 10 MOCWJIEHHS  UU(POBOi
TpaHchopMallii PU3BEIO J0 MOCHIICHHS CITIBIIPAIli B JIAHIFOraX MOCTaYaHb.

[Ipore BUCBITIEHI MIIXOAN IO BAOCKOHAJIECHHS JIOTICTUYHOI JiSUTBHOCTI
OUIAXOM  JTiDKUTaii3amii He  MICTATh  OCOONMBOCTEH  ympaBiliHHS
JIOTICTUYHUX O13HEC-TIPOLIECiB MOJI0 TX 3aCTOCYBaHHS B yMOBaX Cy4acHOTO
CepeOBHINA, III0 BUMArae MPOBEICHHS IMOJABIIOr0 TOCTiIKSHHS.

Mertomo craTTi € po3poOka MPOMO3WIIA Ta PEKOMEHAAIINd 00
BJIOCKOHAJICHHSI YIPABIiHHA JIOTICTHYHUMH Oi3Hec-TipolecaMu KOMIMaHii
LUIIXOM IX IipKuTaimi3anii.
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Buknaag ocHoBHOro mMartepianay gociifkeHHs. [IpoTsarom ocraHHbOro
JECATWIITTS  CIOCTEepITa€ThCs IMOCTIMHE 3pPOCTaHHSA Ta IOIIUPEHHS
uudpoBUX JOAATKIB 1 TATGOpPM Yy JIOTICTHUIN, YaCTKOBO 3aBISKH
CBiIOMOMY TIOIITOBXY KOMIIaHiii 10 BNPOBaKEHHA TEXHOJOTIH, sKi
MBUINYIOTh €EKTUBHICTD 1 3HUKYIOTh BUTPATH.

BB mudpoBizamii Ta aBTOMaTH3AaMii Ha JAHIIOT II0CTA49aHb € IIHPOKO
nomuperuM. [{udposizariis 3a0e3nedye OUIBINY MPO30PICTh Y JIAHIIOTAX
MOCTa4aHb 1 AWCHeTYepu3amii, i THM caMHM MOKpaIlye YIPaBIiHHSA
JIAHITIOTaMH TIOCTaYaHb.

VY upoMy mocmikeHHI Hu(POBHIA JIAHIIOKOK IMOCTAYaHb BH3HAYAETHCS
SIK CYKYIHICTH B3a€MOIIOB’A3aHUX BHIIB [isSUIBHOCTI, OOpOOJIeHHMX 3a
JONIOMOTOI0 HOBHX TEXHOJIOTIH, 3aJlydeHHX MO TIPOIECiB JIAHIIOTa
MOCTa4aHb MDK MOCTaYaJbHUKAMH Ta KIi€HTAMH. |HIIMMH CIIOBaMH,
IU(POBHUIT JTAHIFOT MMOCTAYaHb - [ PO3YMHHI, HOBUH MpPOLEC i3 JOAAHOIO
BapTICTIO, SKHH BHKOPUCTOBYE HOBI MIAXOAM, 30KpeMa IH(PPOBY
TpaHc(opMariio 3a JOIMOMOTOI0 TEXHOJIOTIH, U CTBOPEHHST KOHKYPEHTHOI
BapTocTi Ta MepexeBux edekTiB. [ludpoBi meperBopeHHS KOMMIaHii
JO3BOJIAIOTE iM KOPUCTYBaTHCA JOAATKOBUMH (DYHKIISIMH, 30Kpema
CKaHyBaHHSIM IITPHUX-KOMIB, IOCIyraMH, IO IPOMOHYIOThCS Ha OCHOBI
pO3TanItyBaHHs, 1 OJFXKHIM 3B’ I3KOM.

JioKuTanizamis JIOTICTUYHOT KOMITaHi1 TIPU3BOJIUTH bi (o)
MEPCOCMHUCIICHHST Oi3HEeCy, CTPYKTYpPHUX 3MiH B IHOOyIOBI MalOyTHBOTO
MOTEHITIay 32 HAapsIMKaMH [IU(PPOBUX TepeTBOpeHs [11].

Tak, komnanist AsstrA Ukraine — MixHapo/iHa TPaHCIIOPTHO-JIOTiCTHYHA
KoMmmaHid, rnobansHuii 3PL mpoBaiizep mMpornoHye KOMIUIEKCHI MOCIYTH,
10 BKJIIOYAIOTHh OPTaHi3allil0 MDXXHAPOJHUX MEpeBe3eHb PI3HUMH BUIAMHU
TPAHCIIOPTY, IMIIOPTHO-EKCIIOPTHY MiATPUMKY, MUTHI TIOCITYTH, CKJIAJCHKI
MOCITYTH, CTpaxyBaHHS BaHTaXiB, MPOEKTHY JIOTICTUKY, a TaKOX
TOproBesbHI nociyru. ['pyna xommaHiii AsstrA mpexncrasiieHa B €Bporii,
VYxpaini, kpainax CH/I, Asii ra CILIA [12, 13].

HaiiGinpmoro mepeBaroto Juisi KOMIIaHil € HagaHHS TOCIYT Pi3HUMH
BUJAMU TPaHCHOPTYy. Takoxk BaXXIKMBO, MO0 KIIEHTH MOTJIM JOCTaBUTH
BAaHT@XIBKM PI3HUX pO3MIPiB, OCKINBKH 1€ MOXE 3pOOHUTH [IOCTaBKY
JICTIIEBIIOIO.
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Jna xommanii HOBI ¢ipMM B TOMy X CEPCIOOBHUII € MPSIMHUMH
KOHKYpPEHTaMHU, OCKUIbKH BOHH OYyTh 3HW)KYBATH I[IHU JUTS KIII€HTIB, MO0
OTpUMATH 1X y CBOIM KIIIEHTCHKIHA 0a3i, a TaKOX JaBaTH MOCTayaJbHUKAM
LIHU BUIIli, HK PUHKOBI, JIUIIE MI00 3aJyYUTH iX JO CBOIX JiaB. 3BUYAIHO,
JUTS ITHOT'O iM 3HAI0OUTHCS Yac, i mo0 AsSstrA He BTpaTHiIa CBOT MO3UIIIT, IM
TaKOX [JOBENEThCS POOWTH 3HIKKH KITi€HTaM 1 HE BTpadaTH CBOI
MO>KJIMBOCTI, B IIbOMY IIYHKTi Jy’K€ BOXJIMBA PEIyTallis, sika HalpalboBaHa
pOKaMH.

OcHoBHUMH Oap'epaMu JUIi HOBHX KOMIIaHIH Ha Cy4acHOMY DPHHKY
JIOTICTUKU € KOHKYPEHIIisl, OCKLIbKYM HOBili KOMIIaHii Oy/ie BaYKKO OTpUMAaTH
KITIEHTIB (OTpUMATH iX IUIAXOM 3HIKEHHS I[iH), 1 KOMIaHii MOBUHHI OyTH
TOTOBI JIO TOro, IO MPOTATOM TPHBAJIOrO dYacy IX MisUIbHICTH Oyne
30HTKOBOIO.

3apa3 kinekicTh KOHKYypeHTiB (Zammler, Raben, Pan-Logistics Ta iH.)
CTaHOBHUTH KiJbKA THCSAY JOTICTHYHHUX KOMIIAHIH, SIKi MPAIOIOTh y Pi3HUX
KpaiHax i 3 pi3HUMH HOCITyTaMH.

3a ocTaHHI 2 pOKM 3HAYHO OUIBIIE IMIOPTY Ta €KCHOPTY 3 YKpaiHw,
TOMY PHHOK JIOTiCTUKHM 3apa3 OUIbII PO3BHUHEHUH, 1 BIAMOBIAHO IO IILOTO
6ararto xTo 0aUNTh MOTEHIIAN y Iii chepi.

Takox MOTPiOHO PO3MIMPUTH TIEPENiK KOHKYPEHTHHX IIepeBar, 3apas
OCHOBHHMH JUTSI KOMITaHIi €; pO3paxyHOK 3 MOCTaYaJbHUKAMU He TOTiBKOIO,
a y BHIIAAlI JCIIEBOTO MalHMBa, MPUCKOPEHHS PO3paxyHKIB, HaJlaHHS
MIOCITyT MUTHOTO OpOKepa, BIACHI CKJIAAN TOIIO.

ITocrayanpHUKaMu € KOMIIAHIi, $SKi HagalOTh ASStrA  BaHTaXKHI
MOJKJIMBOCTI, @ TaKOX JesKi 3 HUX HaJaloTh BaHTaXHI MUTHI MOCIYTH,
TuM4acoBe 30epiranns. SWOT-matpulls koMmnaHii npeacraBieHa B Ta0u. 1.

Ha puHKY JOTiCTUYHUX TIOCIYT ICHYE J>KOPCTKA KOHKYpEHIIs, a
CTpaTterisi PO3BUTKY, OpIEHTOBAaHAa Ha KIIEHTA, JOIOMAara€ BUTPATH
KOHKYpPEHIIit0. ABTOMAaTH3allisl IPOIIECIiB JOITOMArae MOBHICTIO peai3yBaTH
IO CTpaTerito. 3aB/sIKM aBTOMATH3aIlil Oi3Hec-TpoleciB B KoMIaHii AsstrA
HaJaroJKyeTscsi pobOTa He TUIBKM BCEepeAMHI KOMMaHii, ame i 3
napTHepaMHy — 3aMOBHHUKaMH Ta MOCTa4ajJbHUKAMU KoMMaii. JlaHIro:xok
MocTavyaHb cTaB OLIBII BIOPSIKOBAHWUM 1 ONTHUMI30BaHUM, BCi MPOLECH
3BeJIeH] JI0 YITKOCTI Ta MPO30POCTi JiM.

146



Tabnuys 1

SWOT-matpurist kommanii AsstrA

3

CuiibHI CTOPOHHU:
Bucokuii piBeHb

Crnalxki CTOpOHH:
MapKETHUHT
MPOIYKIIT 3aJIHIIIaB
0akaTd Kpamioro;

3a7J0BOJICHOCTI He nyxe ycminmo
KITI€EHTIB; 00’eqHyBaTH (hipMu
Hapiiini 3 pi3HOIO
MOCTAYaJbHUKY, | KYJIBTYpPOI POOOTH;
ABTOMaTusaris dinancose
JUSUTBHOCTI; IJIaHyBaHHS HE
Bucoxoksanigikos BHUKOHY€ETbHCS
aHa poboya cuiia; | HaJEKHUM YHHOM i
[Moprdomnio e(heKTUBHO;
CWIILHUX OpeH/IIB; € nporaJyiviHu B
CwibHHH BUTBHUI ACOPTHMEHTI
TPOIIOBHH IOTIK; MPOIyKIii, o0
Xopommii IIPOJAETHCA
puOyTOK Ha T IPUEMCTBOM;
KarriTail. He my»xe mobpe
MIPOTHO3YE TIOTUT Ha
MPOAYKIIIFO.
MoxumBocri: HoBi Crpareris CrtBOpHUTH IIpOrpaMy
TEXHOJIOT1; PO3BHUTKY BIACHHUX IUIS PO3PAXYHKY
3HIKEHHS BApPTOCTI MIPOrPaMHUX (hinancoBOTO
MIEPEBE3EHb Y BUCOKUI TEXHOJIOT1H; IIAaHYBaHH,
CE30H ISl KJIIEHTIB Po3BuTOK puHKY; Po3poburu SMM-
(Ginpre [MixBumenHs pexsiamy Ta
peHTabeIbHOCTI); E€KOHOMIKH Ta pEeKIIaMHi PO3CHUIIKU
Po3Butox puHKY; 30UTBIIICHHS KIJIiI€EHTaM,
ITigBuIIeHHS EKOHOMIKH BUTpAT KITI€HTIB; BIIPOBA/IUTH
Ta 301IBIIEHHS BUTPAT ABTOMaTu3amis iH(OpMaito mpo
KITIEHTIB; JUSUTBHOCTI ; HOBI Mocyru/6anep
JlepxaBHuU 3eneHuN Bucoxoksanigikos y MiAIUCH
IpaiiB; aHa poboya cra; MpEACTaBHUKIB
OCHOBHI KOMIIETEHIIi{ [Moprdomio KOMIITaHii,
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opranizarii; CHJIBHUX OpEH/IB; Pozmupenns
Hogi Tenpenmii B Haniitai CEepBICHHX
IIOBEIIHII CIIOXKABAYIB. HOCTaYaJIbHUKH. MOXKJIUBOCTEMN
pO3LIHPUTH
KIIIEHTCBHKY 0asy.
3arpos3u: BiICyTHICTb
PErysipHOTO IOCTaYaHHS
IHHOBAIIIMHOT IPOTYKIIii;
ITinBuIeHHS piBHS
OILJIaTH Mpaili; .
patt; Kommanist He Hagae
3aKkoHH PO o
. . . TIOBHUH CIIEKTP
BiJITIOBiANIBHICTD Y Posmmpenns .
. .. JIOTICTUYHHX
pi3HHX KpaiHax KOMIIaHil,
L MOCITYT,
BIJIPI3HSIOTHCS, Jocrym 10 HOBUX
. . . . Henockonaia
3MiHa KymiBeIbHOT PHWHKIB,
. . cucrema Oe3IeKH Ha
IOBEIIHKH CIIOKMBAYiB; ITostBa HOBHUX .
TPaHCIIOPTI,
[Tonut Ha TIOCIIYT, .
. X . Yepes nopruii
BHCOKOpEHTa0eNbHY 3MiHa KymiBeJIbHOT .
MPOAYKIIIO Ma€ MOBEIIHKHU MTAHIIOT BCCPCIIHL
POAYK . KOMITaHil
CE30HHUI XapakTep; CII0’KHBAYiB.
HEMOKJIMBO HIBUIKO
Po3smmpeHHs puHKY . .
. MIPUIMATH PIIEHHS
MIPUCYTHOCTI, TIOITYK
HOBUX KJIICHTIB 1
MPOKJIAJJAHHS] HOBUX
MapIuIpyTiB JOCTABKH;
JKopcTka KOHKypeHIIis.

PesynpTaToM BIPOBaXKEHHS TEXHOJOTIi B KOMIIaHii cTano 301bIIeHHS
3aMOBJICHb, 30UIBIIEHHA KII€HTCHKOI Oas3W, MiIBUIICHHS €(PEKTUBHOCTI
poOOTH yJacCHUKIB MepeBe3eHb. 3PeIToro, MPUOYTOK KOMIaHii TaKoX 3pic
y pe3ynbTaTi 301IbIIeHHS 00CsITiB POOIT 3a TOH JKe Jac.

Hmkue HaBemeHa TaOmUIsS 3 KOPOTKMM ONHCOM (DYHKITIOHAIBHOCTI
BUKOPHCTOBYBaHHX IIporpaM KommaHii AsstrA (taGmurs 2).
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Tabnuys 2

[opiBHSUTEHMIA aHAITI3 CHCTEM MPOTPAMHOTO 3a0e3NeueHHs KOMITaHii

AsstrA
Haszsa
Ne Ornuc cucreMu Pesynprar
CHCTEMH
1 2 3 4
3aBnsku peamizamii miei
MpOrpaMu KOMIaHis
3a0IIAIKY€ BETHYE3H
o IIporpamue HOHazby y
Enexrponnnii KUTBKICTh Manepy,
. 3a0e3eyeHus It
1 00MiH ) €KOHOMMTD 4ac Ha
00MiHy JOKyMEHTaMH | .
JTAHUMH .. I ATTUCaHHS
B KOMITaHii Ta 3 Hel . ..
JIOKYMEHTIB, a TAKOX 1X
BINIPaBKY BIATIOBITHIH
0co0i.
CriBrpans 3 i€t
KOMIIAHIEIO T03BOJISIE
. OyTu OUTBITT
Kowmmanis, sika .
. | He3aJIeKHUM Bif
. TPaHCITIOE (haKTHIHI . .
2 Shippeo . MEPEBi3HUKIB, IIIBHIKO
MiCIIe3HAXOKEHHS
: Ta TOYHO OTPUMYBATH
BaHTaXIBOK . : .
HeoOxinHy iHdopMmarito
0e3 cmiBIIparii TpeTix
oci0.
CaiiT, Ha IKOM
. y o PoboTa 3 1ium
PO3MIIIICHO (PaKTHYHI
MIPOTPaMHUAM
3aBaHTaKEHHS,
3a0e31eYeHHIM
OHOBJIIFOETLCS BCS
. JI03BOJISIE YOE3MEUUTH
) HeoOXiaHa . .
Kabinet . . KOMIIaHito B po0OTi 3
iH(popMalis npo
3 | mocravanpHH IocTayaJibHUKaMH,
Kyparopa repeBe3eHb, ..
Ka 3MEHILNTH BCi 3aiBi

MiCLIE3HAXOHKEHHS
TPaHCIIOPTHOTO
3aco0y, BiiOyBa€eThCA
3B’SI30K 3
[OCTAYaILHUKOM.

BuTparu. Hezabapom
Oyze pocTymnHa
¢$yHKUig 0OMiHY
JOKyMEHTaMH
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3akinueHHs Tadnmy 2

2 3 4
Caiir, sikuii myOITiKye
> YOIy PoGora 3 M
MOTOYHI
MPOTPaMHUM
3aBaHTaKCHHS,
3a0e3MeyeHHsIM
OHOBIIIOE BCIO
. JIO3BOJISIE YOE3MEUNTH
HeoOXiaHY . .
. . . KOMIIaHilo B po0oTi 3
Kabiner iH(popMallito PO
- rmocravaibHUKaMHU,
KJIi€HTa KypaTopa nepeBe3eHb, C
3MCHIIUTH BCi 3alBi
OHOBIIIOE
. Butparu. He3abapom
MiCIIe3HAX OKCHHS
. Oyne mocTymHa
aBTOMOOLIS Ta ) .
. GbyHKIIisS 0OMiHY
CIIIKYETHCS 3
. JIOKYMEHTaMHU
KITIEHTOM.
Jlo3BoJIsIE€ CKOPOTUTH
[porpama s 9ac pO3MOBH 3
GetRate PO3paxyHKy MOCTaYaJIbHUKAMU,
MOTOYHUX TapHu(DiB JU3HATHCS CIIPaBXHIN
Kypc
301IBIICHHS IPOAAXKIB,
OIITUMI3AaIis
MapKETHHTY Ta
MOKPAIIEHHS
[Iporpamue part
00CITyroByBaHHS
. 3a0e3meyeHHs s 7
YnpasiiHHA T KJTI€HTIB MIISIXOM
. oprasizarii, . .
B32€MOBITHOC 36epiranns iHdopmarii
TpU3HAYCHE VIS . :
UHAMH 3 Ipo KII€HTIB Ta icTopil
. aBTOMAaTH3AaLii :
KIIiEHTaMHU o BiZTHOCHH,
CTparteriii B3aeMogii 3
; BCTAHOBJICHHS Ta
KIIIEHTaMH# .
MOKpalieHHs 6i3Hec-
MIPOIIECiB Ta
MOJAJBIIOTO aHAaMi3y
pe3yJbTaTIB
IIporpamue Ile no3Bomse
VYrpasninHsg | 3a0e3NeUcHHS, SKE ONITHMI3yBaTH pobOTy
KOpHOpaTUBH | JI03BOJISIE KEPYBATH BCEpEIMHI KOMIIaHii,
UM BMicTOM | 1udpoBUMHU CKOpPOTHUTH Hac,

JAOKYMCHTAMH Ta

HEOOXioHUMI 11
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IHIITUM THIIOM BMICTY,
a Takox 30epirarTy,
00po0OsiTH Ta

3aBepIeHHs Oi3Hec-
MPOIIECiB JyIs O1bIIOT
KUIBKOCTI J1H

MIEpPEMIIyBaTH B
Me)Kax oprasizamii

IIponykt nonomarae

ITporpamue
3HU3UTU BUTPATH HA
3a0e3meyeHHs s
. nepeBe3eHHs,
JIOTICTHYHUX

Y OINITUMI3yBaTH PiBEHb
KOMITaHil, T03BOJISIE

YnpasiiHHs ) 00CITyroByBaHHs Ta
KepyBaTH BciMa
8 | Tpancnoprom aBTOMAaTH3YBaTH
aCTIeKTaMu
Oracle poIecH, mood
TPaHCIIOPTYBaHHA B .
KOMIIaHis MOTJia
ri100anbHOMY .
e(heKTUBHIIIIE
JIAHIIOKKY . .
BHUKOHYBATH JIOT1CTHYHI
MOCTaYaHb.
orepaiii.
BuKOpHCTOBYIOUM BHIE3a3HAYCHI CHCTEMH, KOMIIAHIS MOXE BiTUyTH
TaKi 3MiHH:

— CKOpPOYCHHS Yacy MOBTOPIOBAHKX MPOLIECIB;

— IOTPUMAaHHS MTPOIECY KOHTPOIIO TOCTAYaIbHUKIB;

— He3aJIeKHa BiJ] MOCTavYalIbHHUKIB POOOTA CIIBPOOITHUKIB KOMITAHIf;

— IPUCKOPEHHS NPoLeCy HalaHH HeoOXiqHO1 iHpopMaIil KIIi€HTY;

— OJIOKyBaHHS KITIE€HTIB 3 1e0ITOPCHKOI 3a00PTOBaHICTIO;

— BIJICTe)KEHHS TPAHCIIOPTHOTO 3ac00Y BiJl MOYATKY MPHOYTTS Ha MiCIe
3aBaHTa)KEHHS JI0 PO3BAHTAXKEHHS TPAHCIIOPTHOTO 3aC00Y;

—  KOH(DINEHWIWHICTh  CHNKYBaHHS 3  I[OCTA4aJbHUKAMH  Ta
3aMOBHHKAMU;

— IMABUILEHHS Oe3NeKN JaHUX KOMIIaHii.

I3 BOpoBamKeHHAM IMX MporpaM BigOyBaeThcs MOTEHIIIMHE 3pOCTaHHS
MTOKA3HUKIB, YiTKE 3pOCTAHHS aKTHBHOCTI KOMITaHii.

3a ocTaHHI POKM NHUQpOBI3allsd CTajia OJHUM 13 OCHOBHHX 3aBJaHb
TPAHCIIOPTHO-JIOTICTHYHOTO cekTopa. Kpmuza, crpoBOKOBaHa MaHAEMI€IO,
MIPOEMOHCTPYBaJia, M0 PO3BUTOK TEXHOJIOTIH Oe3mocepeJHhO BILTUBAE HA
3IATHICTh Oi3HECY ajanTyBaTHCS 10 HOBOI PEANBHOCTI Ta TEPSKUBATH

CKJIQ/JIHI Yacu 0e3 BiAUyTHHX BTpar. Mera mipkuranmizaiii OizHecy — 1€
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BHUMIpIOBaHHS IPOIECiB KOMITaHii, 30ip JaHWX MTOKAa3HUKIB Ta JaTYHKIB, a
TaKOX IIOJIETIICHHS TIpali JIOJWHU Yy PYTHHHHUX, NMPOCTUX 3aBAaHHAX. B
pe3ynbTaTi NpoLECH Kpalle KOHTpOJIoThca. HasBHicTe iH(opmanii
JIO3BOJISAE OL[IHUTH CUTYALiI0 Ta PO3POOUTH ONTUMANBHUH IIJ1aH Ail.

Kowmmanii, Bkimouatoun AsstrA-Associated Traffic AG, nepeOynoByoTh
MPOEKTHY MiSUTBHICTE BHKOPUCTOBYIOUH THYYKY METOOJIOTII0 PO3pOOKH
Agile. Y peanbHOCTi, IO 3MIHIOETHCS, - IUTAHYBaHHSA «OAMH pa3 i Ha
CTONITTS OinbIne He mparfroe. JopoxKHS KapTa 3 KOPOTKHMHU CIIPHHTAMH,
SKi BpaxOBYIOTb TIOTOYHI OOCTaBMHM 3 TIOCTIHHMM (oKycoM Ha
CTpaTeriuHuX 3aBJaHHIX 1 IUIAX, Ja€ Kpaili pe3ynbraTd. IliBTopa poku
«HOBOT PeajbHOCTI» MiTBEPIUIH, [0 BUXKUBAE HE HAWCWIIBHIIIUN, a TOMH,
XTO TOTOBWH INBUAKO pearyBaTH Ta aJanTyBaTHUCS Tl CEpeAOBHIIE, IO
3MiHIO€ThCS. JlipKiTamizamis — BipHHHA TOMIYHUK Oi3Hecy y IHX IMpolecax
[16].

BucnoBku. [lepebynoBa ynpaBiaiHHS IU(POBHM IEPEX00M KOMIIaHIi
IUIIXOM  BJIOCKOH&ICHHSA 1i mporpamMHOro 3a0e3ledeHHs, 30KpeMa
JipKuTanizaiii 0i3Hec-mpolleciB, nepeadayae, Mo, HE3BAKAYHA HA 3HAYHI
BKJIQJICHHS KOIUTIB, HAaJaHHS MOCIYT CTaHe KpalluM, IIBUAIINM Ta OLIbII
skicauM. Ile Takoxx Oyge BEIMKOI KOHKYPSHTHOK IIepeBaror Ha
HUHIITHEOMY PWHKY, IO JO3BOJHTH TPALIOBATH 3 0aratbMa BENUKUMHU
MPOTPECUBHUMH TAITy3sIMH.

Jo ycworo BuIe ckazaHoro, 1udpopizamis Oi3Hec-mporeciB NOKINKaHa
HE TUIBKM HAJATH CIIOKMBAadaM HEOOXimHy iH(OpMAI0 NPO MOCIYTY,
MICIIE3HAXO/KCHHSI BaHTa)XIBKM, OOMIH JOKYMEHTaMH, a i 3a0e3neuuTH
JIOBIpY KJIIEHTIB KOMMAHIi JI0 MOCTaYaJIbHUKA IUX TOCTYT. AJDKE 3aBISKH
iHpOpMALIHHIM TEXHOJOTIIM CKOPOUYY€EThCSl Yac Ha HaJaHHS KI€HTaMm
HeoOXiaHOT iH(opMaIii.
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MEPA YCTOMUYUBOCTH MHOT'OKPUTEPUAJILHOM 3AJIAYH
HEJOUYMUCJIEHHOI'O JIMHEMHOTI' O ITIPOT' PAMMMPOBAHMUS
C MAPAMETPUYECKUM INPUHIHAIIOM OIITUMAJIBHOCTH

EMEJIMYEB B.A.,

BYXTOSPOB C.E.,

Benopycckuii rocyaapcTBEHHBIH YHUBEPCUTET,
Munck, benapycs

vemelichev(@gmail.com, buser@tut.by

Paccmampusaemca  mnozoxpumepuanvuas — 3a0ava  YerouUCIeHHO20
JUHEUH020 — NPOZPAMMUPOBAHUS € NAPAMEMPUYECKUM — NPUHYUROM
ONMUMANLHOCIY, — CEA3bIBAIOWUM — MAKUEe — KIACCUYecKue  NpUHyunbl
ONMUMANLHOCIMU KAK JeKcuKoepapuyeckuti u napemosckuil. /s paouyca
yCmouuueocmuy, KOMopulil A6IAeMcs NPeOenbHbIM YPOGHEM B03MYUeHUl
napamempos 3a0auu, He NPUBOOSWUX K NOAGLEHUIO HOBLIX ONMUMALLHBIX
peulenull, NoayYeHbl 6EPXHSIS U HUJICHAS OYEHKU 8 Cydde NPOU3E0TbHbIX
Hopm [ énvoepa 6 KpumepuarbHOM HNPOCMPAHCIEe U NPOCMPAHCMEe
peuwenuii. Hexomopule panee uzgecmuule pe3yavbmamsl RO YCMOUYUBOCHIU
Oynesoll  3a0auu  UHEUHO20 NPOSPAMMUPOBAHUS CHOPMYIUPOBAHbL 6
Kauecmee ciedcmautl.

Kniouegwie cnoga: MHOSOKpUMEPUANbHAA  3a0aud, 3a0aid yeno-
YUCTEHHO20 JUHEUHO020 NPOSPAMMUPOBANUS, NAPAMEMPUYECKUU NPUHYUN
ONMUMANLHOCMY, — JIeKCUKOSPADUUECKUll — NPUHYUN — ONMUMATbHOCTU,
onmumanvrocms no Ilapemo, paouyc yemouuugocmu, nopma I énvoepa.

[lpu pemieHWH MNPaKTHYECKHX 3a1a4 ONTHMH3AIUH HEO0OXOIHMO
VUATHIBATh  pPa3lIMYHBIE BUABl  HEOMPEACICHHOCTH, CBSI3aHHBIE C
orpaHuueHHOW wuH(OpMamKMeld O BXOJHBIX JAHHBIX, HE IOJHBIM
COOTBETCTBHEM MAaTEMAaTUYCCKUX MOJEJCH pealbHBIM  Mpoleccam,
OKPYTJICHUSIMU M OIMOKaMu B pacderax u T.A. [l03ToMy uCXOHbIE JaHHBIE
ONTUMU3AIMOHHON 33J]a41 OTPECIISIOTCS C ONPEACIEHHON MOTPEITHOCTHIO
Y, KaK TPABHJIO, 3aBUCAT OT MHOTMX MapaMETPOB M MOTYT YTOYHSTHCS B
nporecce pemeHusi. OCHOBHOM BOMIPOC, KOTOPHIN MIPH 3TOM BO3HUKAET: B
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KaKHX IMpejesiax MOKHO BapbUpOBaTh (BO3MYIIATh) HCXOJHBIC NAHHBIC
3a7a4d, 9TOOBI MHOKECTBO ONTHMAIBHBIX PEUICHUH 001aaio HEKOTOPEIM
CBOWCTBOM MHBapHaHTHOCTU? Takas MOCTaHOBKa BONPOCAa M HOPOXKIAET
mpobaeMy yCTOHYMBOCTH 3a/1a4H.

Hacrosimass paGota pa3BWBaeT KOJWYECTBEHHBIM MOAXON K
HCCIIEIOBAaHUIO  YCTOMYMBOCTU 3a/ad JUCKPETHOH ONTHMHU3ALMH C
HEOIPECIEHHOCThI0 MPUMEHUTEIBHO K MHOTOKPUTEPHAJIBLHOM 3ajade
LIEJOYUCIEHHOTO JTMHEMHOTO IporpamMmupoBaHusi. [lepBbie pe3ynbTaThl B
9TOM HAaNpaBICHWH OBUIM TMONy4YeHbl B [l1] W TO3%e pa3BHTHI JUIS
pa3HOOOpa3HbIX NPUHIMIIOB  ONTHUMAJIBHOCTH, B TOM 4HCIE U
MapamMeTpU4ecKuX, M JJIs CIy4aeB Pa3IUYHbIX HOPM B KPUTEPHAIBHOM
TIPOCTPAHCTBE W MPOCTPAHCTBE peIIeHHH (cM., Harmpumep, oudmuorpaduio
B [2]).

B nanHOil paGoTe Mbl HAaXOOUM BEPXHIOK M HW)KHIOIO T'PaHHILIBI
paaumyca  yCTOWYMBOCTH 3a/1aun LIEJOYUCIEHHOTO  JIMHEHHOTO
MPOrPaMMHUPOBAHUAA C NapaMETPUYECKUM MPUHIUIIOM ONTHMAaJIbHOCTH.
[NapameTpuzanus peanu3oBaHa MyTeM pa3OMEHHsS MHOXKECTBAa KPUTEPHEB
Ha HECKOJIBKO YIOPSOYEHHBIX 10 BAXXHOCTH HETEPECEKAIONINXCS TPy
(mogMHOXeECTB) KpuTepueB ¢ nomMuHHpoBaHueMm 1o [lapero B mpepenmax
Kaxaoil rpynnbl. YacTHBIMM CllyyasiMM BBEAEHHOI'O IapaMeTpU4ecKOro
NPUHIUIA  SABJSIIOTCA  JIEKCUKOrpaMUYeCKU NPUHUMN M [PUHLUI
ONTUMaNBHOCTS 110 [lapeTo.

PaccmoTpum M1 -kpuTepHalbHYyIO 3aJjauy LEeJI0UYUCIEHHOT0 JINHEHHOTo
nporpammupoBanus (IJIIT) ¢ # mepemeHHBIMU

Cx=(Cx,C,x,...,C,x)" — mi)r(l,
xXe

rie C=[c,]eR™, n meN,n>2, C — i-a crpoka MaTpuiml C,
ieN, ={,2,..,m}, X— mHoxectBo pemenuii 8 Z', npuuem 1<|X| <o,

x = (X, %y, X,) .

i 3T0M 3ajaumn BBEIEM MapaMeTpUUEeCKU IPUHLIMI ONTUMAIbHOCTH
JIEKCUKOTPa(hUIeCcKOro mopsaka.
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HOycrs S€N,, I=(,1,,..,1) — pasouenue muoxectsa N, na §

HETYCThIX HEMEPECEKAIONIMXCS OAMHOXKECTB (Ipymn), T.€. N, = U I,
keN,

e I, #0,keN;i# j=1nI =; I,={,2,..t},

L={t+Lt,+2,.,t},... [ ={t_ +1t

A

L2, m).
Kaxnomy TakoMy pasOueHuio [/ Ha S TPymn B KpPHUTEPHAIBHOM

MPOCTpAaHCTBE R” TMOCTaBUM B COOTBETCTBHE OWMHApHOE OTHOMICHHUE
JIEKCUKOTpaUuecKkoro mopsaka Q™ ° MexXIy pa3lIu4HbIMA BEKTOpPaMHU

T ’ ror ' \NT
y=0Ys5e¥,) 1Y =V, 05,-,,) , monaras
m,s ' '
yQUryh e v -y,
rne k=min{ie N,:y, #y,}; ¥, ¥ ), — TPOCKIHH COOTBETCTBEHHO
s LS / I
BEKTOPOB ) M y’ Ha KOODJMHATHBIE OCH IIPOCTPAaHCTBA R” C HOMEpaMu
rpymnsl  [,;  >— OTHOIIEHME, MOpOXkJamoliee B IMPOCTpaHCTBE R
MIPUHIMI oNTUMajbHOCTH 10 [Tapero:
! ! !
Yi, =V, < Vi, Yy, & Vi, 2V, -

Baenennoe 6HHapHoe OTHOILIEHUE Qs 3a7aeT  IIPUHIIMIT
YHOPSIA0YEHHOCTH C(OPMHUPOBAHHBIX § TPYMNI KPUTEPUEB IO BAXKHOCTH,
IpU 3TOM BHYTPH KaXIOH TpyNNbl 3aJaeTcs NapeTOBCKUI MPUHLUI
ONTUMAJBHOCTH. B pe3yiabTare  3TO  OTHOLIEHHE  MOPOXKIAeT

JIEKCUKOTpa4ecKoe  MHOXKECTBO, WJIM, HHa4e, MHOXecTBO /-
3 PEKTUBHBIX peIICHNUIT

G (CO)={xeX : X(x,C)=0},
rie X(x,C)={x'eX : Cx Q™ Cx"}. 3agauy LJIII, cocTosMIyIO B MOUCKE
muoxectea G"°(C), Oynmem ob6osmauate uepes Z°(C), a 3amauy c
GyseBbiMu iepeMennbiMu, T.¢. ipu X CE', uepes Z;* (O).

1 _
Ouesngno, yro muoxkectso G™ (C), CeR™", rne [=(N,), ects

MHOXkecTBo IlapeTo, T.e.
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G"(C)=P(C)= {x eX:WWeX (Cx+ cx')} .

Takoke oueBuHO, uto MHOKecTBO G (C), T1e 1 = ({1},42},....{m}),

COBIIAIAET C MHOKECTBOM JICKCUKOTPahHUSCKHA ONTUMATBHBIX PEIIICHHIA:
G""(C)=L(C) = {x eX:WeX (Cxi Cx’)}.
3mece > — jexkcukorpaguuecKuii MOPSAAOK B KPUTEPHAIBHOM

1 v v
npocrparctee R", 3amasaembiit popmyioit
’
Yy & V> Ve
. ) ,
e k=min{ieN, :y, #y}.

TakuM o00pa3oM, B [aHHOM KOHTEKCTE IIOJ[ MapaMeTpU3aluci
MPUHIUIA ONTUMAIBHOCTH MOHHUMAETCSl BBEICHHE TaKOH XapaKTEPUCTUKU
OMHApHOTO OTHONICHUS NPEANOYTEHHS PEIISHH, KOTOpas B YaCTHBIX
Cllydasix ~ TIOPOXJaeT  TaKue  MIHPOKO  HM3BECTHbIC  NPUHIIMIIBI
OIITHMAIIBHOCTH, KaK IIAPETOBCUKI U JIEKCUKOTPapHICCKUI.

B mpocrpaHcTBe pemeHmit R’ 3agaquM HPOU3BOJIBHYIO METPHUKY

" v T
Iénppepa /,, p €[l,o], T.e. nox HOPMOIi BekTOpa @ = (a,a,,..,a,) €R"

IIOHHUMACM YHUCJIIO

1/p

Z|a,.|" , ecmu 1< p <o,
Ha Dl’ ey,

max{|a;|:jeN,}, ecmup=oo.

B kputepuanbHOM TmpocTpaHcTBE R”  3aJaAuM IPOU3BOJIBHYIO

merpuky ['émbaepa [, g €[l,0], u [, #1 . Tlox nopmoii || C|,, maTpuusl

rq
ceR™ co crpokamu C,7€N, ,Mbl NOHMMaeM HOPMY BEKTOpA,

COCTAaBJICHHOI'O U3 HOPM CTPOK MAaTpHUIIbI, T.C.

|l =[0G Nl IC 1) -
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B npoctpancTse pemennii R" Hapsity ¢ HOpMmo# [, p €[1,00], Gynem

.
HMCIIONb30BaTh CONPSDKEHHYIO HOPMY /., Te 4uCna p M P CBS3aHbI

PaBECHCTBOM

1 1
—+

p p

-=1,

momaras p =1 mpu p=co, u p =00 mpu , - 1. Takum obGpasom, B
nocJICAYIEM CYUTaEM, YTO 06HaCTI)IO H3MeHeHI/Iﬁ Yucesl p U g ABIACTCA
OTPE30K [1,0], & CAMH YKCJIA CBS3aHbl yKA3aHHBIMH BBILIE YCIOBHSIMU.

Bo3mylieHnsi sseMeHTOB MaTpuilbl C Oy/leM OCYIISCTBISTh IMyTeM
CIOXKEHUs €€ C MaTpHIEei C'e R™". DTO 03HAYAET, YTO BO3MYILEHHAS
sagaga Z™(C+C") umeer Bun

(C+C")x > min,

a MHOKeECTBO €€ [-5(pextnBubix pemenuii — G™* (C+C").
JUis TIPOM3BONBHOTO & >0 3aJaidM MHOKECTBO BO3MYIIAKONIUX

—
—

marpull £ (&) ={C'e R™" : ||C'||, < &} co cTpokamu C,ieN,.

Cnenys [1], pamaycom ycroitumsoctn 3amaum  Z™°(C) (B
TEpMUHOJIOTUH [3] — paguycoM T3-yCTOHYMBOCTH) HA30BEM YHCIIO
supY, ecm Y # I,
0, ecm Y =,

e Y={¢>0: VC'eZ (&) (G™(C+C)c G (C))}.

p=p"(p,q)=

Takum obpaszoM, paauyc ycroiumsocty 3agaun Z ~ (C) ompenmenser
NpeNENbHBIA YPOBEHh BCEX TEX BO3MYLIEHHMH 3JIEMEHTOB MATpHUBI C,

KOTOPBIEC HE MPUBOLAAT K IMOABJICHUIO HOBBIX I-3(1)(1)CKTI/IBHBIX peHIeHI/Iﬁ B

BosmymienHoit 3anaue Z™' (C+C"). OueBuano, uto ecu B 3anaue 2" (C)
G ((C)=X, 10 mim mobeix C'e E,) u >0 nmeem

G™(C+C)YcG™(C), To ectb pamuyc yCTOWYMBOCTU TaKOH 3aj1auu
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Z"*(C) pasen Geckoneunoctu. 3anauy 2" (C), B koropoit G™*(C) # X,

Oyz;eM Ha3bIBaTh HETPUBUAILHOM.
Jlanee mosoxum

G™ (x,C)=G"* (C) " X(x,C),

. . C(x—x'
p=¢"(p)= min  max Glxox)
xgG"(C)  x'eG™ (x,C) iel, H x—x' Hp*
w=y" (p.@)=n"" | |" 9" (0) =
) . C(x—x
=n"” |1, |""  min max  min g,
xeG"(C)  x'eG™(x0) el || x— x' Il

y=rp.9)=Cll, -

OueBHUIHO, YTO ¢, y > 0.

Teopema. Ilpu niobbix meN, p,qe(l,=], u SEN, ona paduyca
VCMOUYMUBOCIU  MHO2OKpUMEPUATbHOU  Hempueuanvtot  3adayu 1T
Z"*(C) cnpaseonuswt oyenku

<P (P9 <7,
npuyem
< p" (p,q) <min{y,y},
ecu 2™ (C)=23"(C).

Cneocmeue 1. Ecnu 3aoava IUIIT Z™(C), CeR™, peN,
p.gell,o], SEN,, umeem eduncmeennoe I->¢hghexmusnoe pewierue
x’, me xX°}=G"(C), mo

P9 =¢" (p),
20e
- Gx-x")
" (p)= | min
xeX\{x"} iel; ||_x—x ||p*
Cneocmeue 2 [4]. Ilpu niobbix meN u p,qe[l,o] 014 paouyca

YCMOUYUBOCU  MHOSOKPUMEPUATILHOU HempUBUAIbHOU  OY1e8ou 3a0ayu
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Z;“(C), C ERW", noucka muodcecmsa Illapemo P(C) cnpaeedﬂuebz
OYeHKu
o™ (p)< p™ (p.q) <min{n"" m"" o™ (), 7(p,q)},

20e

) C(x—x'
q)m,l(p) = min max M,
xgP(C) x'eP(x,C) ieN, || x—x' ||p*

P(x,C)={x'eP(C) : Cx > Cx'}.
Cneocmeue 3. llpu nwobbix meN u p,ge[l,o] 014 paouyca
YCMOUYUBOCU  MHO2OKPUMEPUATIbHOU HempUBUATbHOU  Oy1e6ol 3a0ayu
Zy"(C), CeR™, noucka nexcuxozpaguueckozo mmoxcecmsa L(C)
Cnpasgeonugsbl OYenKu
P"" (p)< p"" (prq) < min {n"P ™" (%), 7(p,9)},

20e

. C(x—x'
P (p)= min  max LX)
¥el(C) xel(xC) || x—x H,,*

L(x,C)={x'eL(C) : Cx> Cx'}.

Cneocmeue 4 [5). Ilpu nobom m e N 014 paduyca ycmouuugocmu
MHO2OKpUmepuanbHoti nempusuansioii 6ynesoti sadauu Zy' (C), CeR™",
noucka mHoocecmea Ilapemo p(c) cnpasednusa ghopmyna

. . C(x—x'
P (0,00) = "' (0) =™ (0,00)= min  max min ’(—,)
#P(C)  wePr0) ieN, ||x—x"||
Cneocmeue 5 [5]. Ilpu n0b6om m e N 014 paduyca ycmouyusocmu

o o ~ m,m
MHO20KpUmMepuanbnot  nempuguaiviot  oynesou  saoauu Ly (C),

mxn
CeR , houcka JzeKcuKoepa(jmlteCKoeo MHOdHCecmea L(C) cnpaeedﬂuea

Gdopmyna
. C(x—x
) =y o) = min  max LX) g
weL(©)  welxO)  ||x—x"||,

p"" (00,00) = @

PaGoTta BeIMONHEHAa mpH (HUHAHCOBOW mMOANEpkKe beropycckoro
pecnybnukanckoro ¢onga ¢GyHIaMEHTaJbHBIX HMCCIEJOBAaHUM B pamkax
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cBoMecTHOro ¢ HanuonanbHoM akajgeMuell Hayk VYKpauHbl IPOEKTa
Ne @20YKA-005 “JIMCKpETHBIC CTPYKTYPHI, KOPPEKTHOCTb,
aJITOpUTMHUYECKAs CIOKHOCTb 3aJay AUCKPETHOW ONTUMHU3AIMU U TEOPUH
rpadoB”.
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Paccmampusaemca 3a0aua noucka onmumanbHuIX Mapuipymos 00CmasKu
2py306 ¢ ocpaHuyenuem Ha OnuHy npobeea MPAHCNOPMHLIX CPEOCMS.
3aodaua maxoeco muna omuocumcs ¥ NP-mpyousim 3aoauam. Iloxazamo,
umo paccmampusaemas 3a0aud Modicem Ovimb cOpMYIUPOBANA KAK
3adaya onmumuzayuu Ha Gpaemenmapnoi cmpykmype. Paccmompen
960TIOYUOHHBII — AeOpUmMM  HA  pasMeHmapHou  cmpykmype 07
OMbICKAHUSL CYOONMUMATLHBIX PeUeHUl 3a0au.

Knioueevte cnosa: cpag, 3adaua odocmasxu epy308, pacmenmapuas
CMpYKmypa, 3801I0YUOHHBIL ANOPUMM.

PaccmarpuBaercst knmaccuueckas 3anada qoctaBku rpy3oB (CVRP) c
JIOTIOJTHUTENIBHBIM OTpaHHUYCHHEM Ha JJIMHY mpobera TPaHCIOPTHOTO
cpencta[l]. Tlpeanonokum, YTO 3alaHO MHOXECTBO TOYEK JOCTaBKH
(xuentoB). Kaxias U3 3TUX TOUYEK OINPEACSICTCS CBOMMHM JCKAPTOBBIMU
KOOpJMHATAMH Ha IJIOCKOCTH. 3aTpaThl Ha MEPEXON U3 TOYKH i B TOUKY j
OTIPENISNIAIOTCS. IBKIUIOBBIM PACCTOSIHUEM MEXIy STHMU TOYKaMu (B
YaCTHOCTH, MOTYT COBMaJAaTh C 3THM paccTossHueM). Touka ¢ HomepoM 0
CUMTACTCS CKJIAZIOM (JIeTI0), B KOTOPOM COCPEIOTOYEH BECh HEOOXO MBI
JCTUMBIA TOBap B KOJJIMYECTBE JOCTATOYHHOM, 4YTOOBI 00ECHeUUTh
MOTPEOHOCTH BCEX KJIMEHTOB. KpomMe TOro — TOYka 3alpaBKH
TPaHCHOPTHBIX cpeAcTB. I[Ipober moOOro TPaHCHOPTHOTO CpEnCTBa
HAYMHACTCS M 3aKaHYMBACTCSA B ATOH TOUKe. J[JIs KaXKI0ro KIMEHTa 3a/1aHa
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moTpeOHOTH B ToBape. Kakmoe TpaHCHOPTHOE CPEACTBO MOXKET OBITh
UCIIONIb30BAaHO TOJNBKO OJMH Pa3 JUls NEPEBO3KU TOBapa IO HUKINYECKOMY
MapuIpyTy (HaunHaercs B Touke 0 1 3akaHuuBaercst B Touke 0). IIpu aTom
3aJaHbl OIpaHUYEHHs HA IPY30I0JbEMHOCTb TPAHCIOPTHOIO CPEACTBA U
MaKCHMaJlbHy10 JUIMHY npobera. Bece TpaHCIOpPTHBIE CPEACTBA CUMTAOTCS
OJVHAKOBbIMH, M HET OrPaHMYECHHH Ha KOJMYECTBO MCHONb3yEMBIX
TPAHCIOPTHBIX  cpeiacTB. O003HAUNM  TPy30HOABEMHOCTh  OIHOTO
TpaHCIIOPTHOTO cpencTBa (, a MaKCUMAaJbHYIO JIHHY Ipobera L. 3amada
COCTOUT B ITOUCKE ONTUMAJIILHOTO MapILIpyTa [yl TPAaHCIOPTHBIX CPEICTB C
LEeNbl0 MUHUMM3ALUM 3aTpaT ¥ BBINIOJIHEHHS YCIOBUH JIOCTaBKU.
Bo3moxen wu gapyrol KpuTepuil — KOJHMYECTBO HCHOJIb30BAHHBIX
TPAaHCIIOPTHBIX CPEACTB. MeTox, KOTOpHIH OyIeT pacCMOTpeH HIKe
MPUMEHUM KaK U AJIsl KpUTEpUss MUHUMU3ALUY 3aTpaT, Tak U AJsl KpUTEpHUs
KOJIMUECTBA UCIOJIb3yEMBIX TPAHCIOPTHBIX CPEJICTB.

ITycts umcno Touek paBHO #n. OmpenenuM MaTpully pPacCTOSHUM

{d;}i 0.1 - 30ECH  d;— PACCTOAHME MEXK/Y TOUKAMH C HOMEPAMH [ U j B

3BKJIMIOBOH METpHKE Ha IUIOCKOCTH. IlycTts Temepb P}, .4 —
MOTPeOHOCTH KaXKI0T0 W3 KIMCHTOB B TOBApe.. ECIIM YHCIIO TPaHCIOPTHBIX
cpenct Heorpanmueno, Vi=12,..n p.<G u d,<L/2, to Bcerna

CYLIECTBYET JONYCTUMOE pEUICHHE 3aJadyd, B KOTOPOM  YHCIIO
TPAHCHOPTHBIX CpPEACTB COBMNAJaeT C YWUCIOM KIMEHTOB. B 3ajaue
TpeOyeTcsi HalTW Takoe AOMYCTHMOE pEIIeHHE, KOTOPO€ MHUHUMH3HPYET
BCE 3aTparThl, CBSI3aHHBIC C JIOCTABKOM TOBapa MpH BBIMOJIHEHUU 33aJaHHBIX
OTpaHUYCHUH.

[Ipennonararorcss 3aJaHHBIMH 3aTpaThl Ha MPOOEr TPAHCIOPTHOTO

CpeacTBa — Z; Ha CIWHHUIlY IyTH. O6H.II/IG 3aTpaTbl OINPEACIIAIOTCA KakK

CyMMa 3aTpar M0 BceM MapuipyTam (IO BCEM TPAHCHOPTHBIM CPEICTBaM).
BO3M0)KHO OFpaHI/I‘leHI/Ie HAa MAKCUMAJIBHOC KOJIHUYECTBO TpchnopTme
cpeacts M.

[Tyctp mocnenoBaTeNbHOCTh TOYEK O,il,iz,...,ik,() 3a/1aeT MapupyT

OAHOI'0 TPAHCHOPTHOI'O CPEACTBA. Cne/:[yfomne OrpaHUYCHUS ABJIAIOTCA
KCCTKUMMU:
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p,+p, +tp <G
dy, +d,;, +..+d,_, +d, <L

04 1l 70 =

PaccmarpuBaembiii Bapuant 3anaun CVRP moxer ObITh npencTaBieH
KaK 3ajJjada Ha (QparMeHTapHOW cTpykType. B coorBerctBHu C [2]
(parMeHTapHOI CTPYKTypoH (X ,E) Ha KOHEYHOM MHOXecTBe X Oynem

Ha3bIBa€Th CEMEWCTBO TMOJAMHOXKECTB £ MHoXectBa X Takoe, 4YTO

VE €E,E #03ecE E \ {e} € E. OnHodzjieMeHTHBIE TOJMHOXECTBA —

3JIMEHTApHBIE (parMeHThl. BCskuii bakCHMalbHBIA TI0 YHCITY DJIEMEHTOB
(parMeHT MOXET ObITh HNOCTPOECH C MOMOLIbIO CIEAYIOLIEro 'KagHoro"
anroputMa [2]:

a)  DIEMEHTHl  MHOXECTBa X JUHEWHO  YNOPSIOYMBAIOTC;

6) Ha HayaTbHOM IUATe BHIOMpAETCS IYCTOE MHOKECTBO X, = ;
B) Ha IIare ¢ HOMEPOM k + 1 BBIOMpaeTcs HEpBBIA MO MOPSAIKY DIEMEHT
x € X\ X, raxoit, uro X, U{x}€E;

I) alrOpPUTM 3aKaH4YMBAeT pabOTy, €CIM Ha OYEPEJHOM IIare He yAaloch
HAWTH JIEMEHT C TPeOyEeMBIM CBOMCTBOM.

@parmentamu B 3amade CVRP Oynem cumrtaTh HadadbHBIE OTPE3KH
O00bEAMHEHUs] MapUIpYyTOB TPAHCIOPTHBIX CPEACTB B JOIyCTUMOM
PELIEHNH, KOTOPBIE PACCMATPHUBAIOTCA KaK YIOPSAJAOYEHHBIE MHOMECTBA
BepiuH. Torma anropuT™M IOCTPOEHHS JOINYCTUMOIO pEIIeHHs 0

3aJaHHOMY JIMHEHHOMY YIOPSIOYCHHUIO BEPIINH-KIUCHTOB Ij,lyseesl,

pabotaer ciexyromuM obpasoMm. IIpocMaTpuBaeM BepIIMHBI B 3aJaHHOM
MOpPSAJIKE U TEepeMeIaeMcsi OT OJHOW BEpIIMHBI K OYEpEAHOM, €ClU IMpHU
3TOM HE HapyIIAIOTCs YCIOBHSL:
1. ToBapa B TPaHCHOPTHOM CPEICTBE JOCTaTOYHO, YTOOBI
YAOBJIETBOPUTH NOTPEOHOCTH B OUEPEAHON BEPILIMHE-KIUEHTE;
2. JUIMHAa TOPONAEHHOTO MapuipyTa HE MpEBBIIIAET Pa3HOCTU
BeNUYMHBI L ® pacctosiHust oT Touku 0 10 ouepeqHOW BEpIIHHBI-
KIIMEHTA.
Ecnu xoTs Obl OHO M3 ATUX ABYX YCJIOBHI HapyLIENHO, TO TPAHCIIOPTHOE
cpencTBO Bo3Bpamaercss B Touky 0 (memo). IIporecc mpopomkaercst yxe
JpyTUM TPAHCIOPTOM.
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Takum o0pa3oM, ecii HEe HAPYIICHO OTPaHWYCHUE Ha MaKHUCMalbHOE
YHCIIO TPAHCIIOPTHBIX CPEACTB, TO B pe3ylbTare paboThl adropurma OyneT
MIOCTPOEHO JONYCTUMOE pEIIeHHE 3aJadd. EcaM 4Yucio TpaHCHOPTHBIX
CpenCcTB OyJIeT MPEBBIIICHO, TO K [IeJIeBON QyHKIMU J100aBiseTcs mrpad B
pasmepe U -AM , rtne AM  — BelMYMHAa TNPEBBILIEHHS YHUCIA
TPAHCIIOPTHBIX CPEACTB, a U — MOCTaTOYHO OOJBIIOE IMOJOXKUTEIHHOE
YHCJIO.

Hamuune ~ ¢parmeHTapHO  CTPYKTYpHl  IO3BOJSIET  CBECTH
paccmatpuBaeMsblii Bapuant 3agaun CVRP k 3apade moncka ontuManbHON
nepecTaHoBKH #-1 3memenra. [lpmueM memeBodt (yHkumed 3mech OymyT
BBICTYIIaTh CyMMapHBIE 3aTpaTbl Ha MapupyTaxX, OIpEAeTICHHBIX
COOTBETCTBYIOLICH NIEPECTaHOBKOH (C ydeToM mTpadoB).

Jnst  moucka ONTUMANbHONW TIEPECTAHOBKM OblIa MpUMEHEHA
METadBPHUCTUKA, COBMEIIAIONIAs METO/I HTEPATUBHOTO JIOKAJILHOTO MOUCKA,
W BapuaHT »JBOJIOLMOHHOTO alropuTMa. B kadecTBe METPUKHM Ha
MHOJKECTBE II€PECTAHOBOK B METOJ€ JIOKAJIbHOIO IOMCKA HCIIOJIb30Bajach
Merpuka 2-opt [3]. OBONIONMOHHBIA aJTOPUTM Ha MEPECTaHOBKAX
HCIIOJIb3YEeT FT€OMETPUUECKHIA OTiepaTop Kpoccosepa [4] u 2-opt MyTanuio.

PesynpTaThl TpUMEHEHUS BBINIEYKAa3aHHBIX AJITOPUTMOB Ha 0azax
TECTOBBIX 33a4 [5] mokas3aiau BBICOKYIO 3(PQEKTHBHOCTh NpEAIaraeMoro
MeTOZla NOUCKAa CyOONTUMANIbHBIX PELICHUWH 3alaud JOCTaBKU TIpy3a C
OrpaHHYEHHEM Ha JUIMHY Ipooera.
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Paccmampugaemcs  3a0a4a  ORMUMAIbHO20 PA3MEWeHUsi CKIA008 Ha
meppumopuu, Komopas 00CIYHCUBACCIL MPAHCTIOPMHBLIMU CPEOCEAMIU.
3a0aua  cocmoum 6  MUHUMU3QYUU ~ COBOKYNHBIX — 3ampam  Ha
CMpoOUmenIbemeo ckiaoo8 u 00CMasKy NPOOYKYuu K moykam nompeoieHus..
Ioxazano, umo 3adaua ceodumcs K 3adaue 6blOOPA ONPeOeNeHHO2O
ROKpbIMusl 2pagha 36e30amu u, makum oopazom, omuocumcsi K yuciy NP-
mpyouwix. Ilokazano, umo paccmampueaemas 3a0ada Modxcem Ovlmb
copmynuposana Kak 3a0aua  ONMUMUBAYUU HA  (PPASMEHMAPHOU
cmpykmype. Paccmompena KOMOUHAUUSL UMEPAYUOHHO20 —AN2OPUMMA
JIOKANIbHO20 NOUCKA U Memood UMUMAYUU Omdcuea Ons OMbLCKAHUSL
CYOONMUMATILHBIX PeUeHUll 3a0aUi.

Knwuesvie cnosa: cpag, 3adaua nokpvimus 36e30amu, QpacmeHmapHas
CMpYKmMypa, UMepamueHvlil  aleOpumm  JIOKAIbHO20 NOUCKd, Memoo
UMUmMAayUY OmaicUea.

PaccmarpuBaeTcs m3BecTHas 3a/ada pasMelieHus ckiaaos (warehouse
location proble). 3amaHo MHOXECTBO TOYCK, KaxkJas U3 KOTOPBIX
oTpeieIeTCsl AeKAPTOBBIMUA KOOPAMHATAMHU Ha €BKJIMAOBOW IIOCKOCTU. B
KXKIOH TOYKE OmNpeneNnsercss MOTPeOHOCTh B HEKOTOPOM MpoaykTe. B
HEKOTOPBIX TOYKaX MOTYT OBITh Pa3MEIIEeHBI CKIAaIbl, M3 KOTOPHIX MPOIYKT
Oyzer pocTaBiAThCS mNOTpeOUTENsIM. [IpuueM 3a KakIbIM  CKJIaJIoM
3aKperieHa OIpelesieHHas Tpynmna NoTpeOuTeneld, W STH TPYyNIbl He
nepecekaroTcs. Jms KakmoH TOUKM 3amaeTcs CTOMMOCTH COJCpIKaHMS
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CKkiama B 3TOoM Touke. Kpome Toro, ompeneieHa CTOMMOCTH JOCTaBKH
MPOAYKTa HA EAMHUILY PACCTOSHU. 3ajada 3aKrovaeTcs B BEIOOpE TOYEK
pa3MenieHus CKIAJ0B U 3aKPEIUICHUs] MOTPEeOUTENIeH 3a 3TUMHU CKJIaJlaMu
TakuM 00pa3oM, 4TOObI CyMMapHBIE 3aTpaThl (COAepkKaHWE CKJIaga |
JIOCTaBKa) ObUTM MHHAMAJILHBIMHU [1].

Ilycth YHCII0 TOYEK  paBHO n. Paccmotpum  Tpad

G=(,U),I1={,i=1,n},U={(@{j)el} Ha eBKINAOBOH IUIOCKOCTU C
BEpLIMHAMHU [ B 3aJaHHbIX Toukax. OmpeaenuM MaTpUlly pacCTOSHHN

(d;); j=02..n1> DA€ d;— PACCTOSHUE MEXKIY TOYKAMU C HOMEPAMH i M j B

eBKIMIOBOM  Merpuke. Ilycts  Temeps  {p}._, , — CTOMMOCTH
00CIly)KMBaHHsl CKIIAJl0B, PACIIOJIOXEHHBIX B COOTBETCTBYIOLIMX TOYKaX,
9.}, , — TOTPeOHOCTH KaXIOr0 M3 MOTpeOHTENell B ToOBape, ¢ —

CTOMMOCTBH JOCTaBKM C€IWHHUIIbI TOBapa Ha €AWHHUIY pPacCCTOSHHA. Taxum

06pa30M, BCIIMYMHA }’;l. ZCdl./.q/. — CTOMMOCTBb JOCTAaBKHU HeO6XO):[I/IMOFO

KOJIMYECTBa TOBapa W3 MYHKTA i B IMYHKT j. ECTecTBEHHO cyuTaTh, YTO
CTOMMOCTh JIOCTaBKM TOBapa CO CKJIaJa MOTPEOUTENI0, HAXOISAIIEMYCsl B
TOM ke camoi Touke paBHa (.

Kaxxnomy pebpy (i, j) rpada G npunuuem sec 7, . Becom 3Be3asl ¢

LIEHTPOM B TOUKE /) Oy/ileM Ha3bIBATh CyMMY BECOB BCEX peOep 9TOM 3BE3/Ibl

— BCIIMYUHY )z
0

Bribepem Habop HemepeceKaromMXcs 3Be3M, COACpXKAIIUX BCe
BepwuHbI rpada G, T.e. cyrpad rpada G, Kaxaas KOMIOHEHTa CBSI3HOCTH
KOTOpOTO sBIIsieTCs 3Be370W. Torma 3amady pa3MemieHus] CKJIAI0B MOKHO
MIPEJICTaBUTh B BHJIE MOJIETH TOKPHITHUS rpada 3Be3/1aMu U, TaKuM 00pa3om
OHa OTHOCHUTCA K unciy NP-TpynHbIx [2].

CymMMa BecOoB BceX 3Be31 IOKPHITHS SBISETCS KPUTEPUEM B
paccMaTpuBaeMoWd 3ajade  pasMenieHus  CKiIaAoB. LleHTpel  3Be3n
OTIPEETISIIOT TOYKH Pa3MENICHHsI CKIIA/IOB, a BEPIINHBI — 3aKPEIUICHHBIE 32
CKJIaJJaMH TIOTPEOUTEINH.

3amada pasMenIeHUs] CKIIAIOB MOXET OBITh NPEACTaBICHA TaKXe KaK
3aJaya Ha (parMeHTapHoi cTpykTtype. B cootBerctBum ¢ [3]
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(bparMeHTapHOH CTPYKTypo# (X ,F) Ha KOHEYHOM MHOXecTBe X Oymem
Ha3plBaTh ~ CEMEHCTBO  €ero  NOJAMHOXECTB  FE,  Takoe,  4TO

VE €eE,E #03ecE E,\ {e} € E. OnHO3IeMEeHTHBIC MOJIMHOMKECTBA U3

ceMeiictBa £ OyneM Ha3bIBaTh JIEMEHTAPHBIMU (parMeHTaMu. Beskwuii
MaKCHMAJIBHBIA [0 YHCIY JIEMEHTOB (pparMEeHT MOXKET OBITh IIOCTPOCH C
TIOMOIIBIO Clieayromero ">kaaHoro" anropurMma [3]:

a)  DIEMeHThl  MHOXecTBa X  JHMHEHHO  YNOPSAOYMBAIOTCS;
0) Ha HayalbHOM Iare BBIOWpaeTCS IIyCTOe MHOXKecTBO Xy=J;
B) Ha mare ¢ HoMepoM k + 1 BBIOMpaeTCsl MEePBBI 10 MOPSAAKY JIEMEHT
xeX\X; TakoH, 4TO BBIMOJHSETCS ycaoBue XU {x} €E. D10 ycnoBue Oyaem
Ha3BIBATh YCIIOBHEM MIPUCOCTUHEHHS,

I') alTOpUTM 3aKaHYMBaeT PadOTy, €CIM Ha OYEepPEeNHOM IIare He yAanoch
HAWTH IEMEHT C TPeOyEeMBIM CBOMCTBOM.

@parmeHTaMu B 3a/1aUe pa3MENICHUS CKIAIOB OyIeM cuuTaTh pedpa
rpada G. Ilo kaxa0My YIOPSIOUEHUIO pedep MOCTPOUM IMOKPHITUE rpada
G 3Be3aMU 110 CIICAYIOLIEMY TIPaBUITY.

BribupaeTcs nepBoe 1mo mopsiky pedpo, KoTopoe MbI OyzieM Ha3BIBaTh
pebpom-3aTpaBkoii 3Be3nbl. Crenyronmiee peOpo MPHCOCTUHIETCS K
HEpBOMY, €CIIM OHU UMEIOT OJHY OOILIYIO BEpIIUHY, KOTOpas Jablie OyaeT
paccMaTpuBaThCS Kak LEHTp 3Be3fbl. Ha kaxaom mare anropurMa
odepeqHoe pedpo TMPHCOEAWHSETCST JHOO K IIEHTPY YKE ITOCTPOCHHOI
3BE3[IBI, €CIIM 3TOT LEHTP MHIUICHTEH peOpy U Opyras BepIlnHa pedpa He
WHIUJIEHTHA HU OAHOMY M3 MPOCMOTpPEHHBIX pebep, nubo Kk pedpy-
3aTpaBKe, CIIM OJHA W3 BEPIIMH paccMaTpHBaeMOro pedpa COBIANACT C
BEPIINHOHN pedpa 3aTpaBKy, a Apyras BEpIINHA HE HHIUICHTHA HA OJHOMY
U3 YK€ NPOCMOTPEHHBIX pedep, OO 3T0 pedpo CTAHOBUTCS HOBBIM
pebpoM-3aTpaBKOid, €CITU €ro BEePIIMHBI HE WHIMIEHTHHI BEPIIMHAM YKe
MPOCMOTPEHHBIX pedep. Ecim jxe 00e BeplMHbI pedpa yKe UHIUICHTHBI
KakuM-TH00 U3 YK€ MPOCMOTPEHHBEIX pedep, TO paccMaTpHBaeMoe pedpo
npormyckaeTcs. Ha KakaoMm Imare Takoro ajlropurMa UMeeM HEKOTOPBIN
HaOOp HemepeceKaoImMxcs II0 BEpIIMHAM 3Be3[. B koHIe paboTHI
ITOpUTMA TIONy9aeM HEKOTOpoe MOKpHITHE rpada G 3BE3maMH, TO €CTh
JOIYyCTUMOE PEUIeHUE paccMaTpUBaeMOi 3a1a4n. JIerko BUIETh, YTO YHCIO
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IAroB TaKOTO aJrOPUTMA COBMAAAET C YMCIOM pebep rpada, TO €CTh paBHa
nn-1)/2.

MoskHO MOKa3aTh, Y4TO JIF0O0E JOIMYCTUMOE MOKPBITHE Tpada 3Be31aMu
MOXET OBITh PEaM30BaHO MPEIIOKEHHBIM aNropuT™MoM. Takum o0Opazom,
KaXXII0W MIepeCTaHOBKE 3JIeMEHTapHBIX (pparMeHTOB (pebep) COOTBETCTBYET
JOIMYCTUMOE PpCUICHUEC 3aJa4yu pa3MCUICHUSA CKIIaaoB. CHeHOBaTeHbHO,
3aJa4dya CBOOUTCA K HOI/ICKy OHTI/IMaJ'H)H()ﬁ HepeCTaHOBKI/I Ha MHOXECTBC

MEPECTAHOBOK P, 3HayeHue 1eneBod (YHKIMM Ha KOHKPETHOU

n(n-1) °

2
TIEPECTAaHOBKE — CyMMAapHBI BEC 3BE3J MOKPBHITHSA, KOTOPOE MOIy4YaeTCs
MyTeM TpUMEHEHHs (parMEeHTapHOTO aJIrOpuTMa TpU  33/IaHHOU
MIEPECTaHOBKE 3JIE€MEHTAPHBIX ()ParMEeHTOB.

Jlnst mowcka ONTHMAJIBHOW TEPECTAHOBKH OBLJIO PAacCMOTPEHO JBa
aNropuTMa:

[TepBBIli U3 HUX — WTEPATHUBHBIN aNTOPUTM JIOKAJILHOTO Tomcka [4].
HavanpHbIM  1marom anroputMa SBJISETCS  BBIOOD  IPOM3BOJIBHOM
MEPECTAaHOBKM B KA4eCTBE HAYAIBHOTO pEIICHHA. JTO pElIeHHE
paccmaTpuBaeTcsi Kak IEHTP Mapa B IPOCTPAHCTBE IEPECTAHOBOK C
MeTpukoil 2-opt. Ha kaxaom Imiare WIiercs nydliee pelIeHuE B IIape
paauyca 1 U IporCcXoIUT MEPEHOC LIEHTPA 11apa B HOBYIO TOUKY. AJTOPUTM
3aKaH4YMBaeT paboTy, €CM B IIEHTPE OYEPEJHOro Iapa JOCTHUTACTCS
JIOKaJIbHBI MUHHUMYM IIEeBOH (PYHKIIHH.

Bropoit anroputm — meron umuranuu orxura [5]. Ilpemioxena
MoOIUGUKAIMA 3TOTO METONa, KOTJa MPOCTPAHCTBOM TIOMCKA SBIISETCS
MHO>XECTBO ITEPECTAHOBOK.

Jlst IpoBepKU KaudecTBa pelleHus ObLT pa3paboTaH M MPOrPaMMHO
peanu30BaH reHepaTop TECTOBBIX 3a/1a4.

PesynbTaThl TpUMEHEHMs YKa3aHHBIX BBIIIC aNTOPUTMOB Ha 0azax
TECTOBBIX 3aJa4 ITI0Ka3ajdW JOCTATOYHO BBICOKYI 3(ddekTuBHOCTH
MpeajaraéMblX METOJIOB TOMCKa CyOONTHMANBbHBIX pEIICHUN 3a/aun
pa3MemIeHust CKJIAI0B.
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Paccmampusaemces  kombunuposannas 3a0ava NOUCKA  ONMUMATLHBIX
Mapwpymos 00CmasKy 2py306 ¢ YCAOBUAMU HA CPOKU 0ocmasku. 3adaya
maxkozco muna asigemca NP-mpyonoi. Iloxkasano, umo paccmampugaemas
3a0aua modxcem OvbimMb CHOPMYIUPOBAHA KAK 3a0aua ONMUMUIAYUU HA
@pacmenmapnoii cmpykmype. Paccmompen pad eubpuduvix anzopummos
OMBICKAHUS CYOONMUMANBHBIX DeUeHUll 3a0ay HA OCHO8e KOMOUHAYUU
dpazmenmaproco aneopumma u U3BeCMHbIX Mema38pPUCcux.

Kniouesvie cnosa: cpagh, 3adaua oocmasku 2py308, (pacmeHmapHasl
CMpYKmypa, aneopumm nepememanibix npblealowyux IsAcyuex, aneopumm
MYPABbUHOU KOTIOHUIL.

PaccmaTpuBaercst 3ajada MapIIpyTH3allid C BPEMEHHBIMH OKHAMH
(CVRPTW) B cneaylomieli IOCTaHOBKE: 3aJaHO MHOMECTBO TOYEK
IOCTaBKM (KJIMEHTOB), KaXgas W3 KOTOPHIX 3aJacTcsl TOYKOW C
JIEeKapTOBBIMM KOOpJHMHATAMH Ha IUIOCKOCTH. Touka ¢ HomepoMm O
CUUTAETCS CKIAJOM (IEH0), B KOTOPOM COCPEIOTOYCH JICIUMBIH TOBap B
KOJIMYECTBE JOCTATOYHOM, UTOOBI O0OCCIeuuTh TOTPEOHOCTH BCEX
KIMeHToB. Jmd KaXIoro KIMeHTa 3a/laHa IOTpeOHOCTh B TOBape H
BPEMEHHOE OKHO (MHTEpBaJ BPEMEHH) B TE€YEHHH KOTOPOTO TOBap JOJDKEH
OBITH OCTABJIEH KIMEHTY. TPaHCIIOPTHOMY CPEICTBY pa3peIieHO IPHOBITh
K MECTy HaXOX/ICHMS KIMCHTA JI0 Hadajla BpeMEHHOTO OKHA, HO OH JOJDKEH
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JOXKIAaTbhCA, IIOKa OKHO ((OTKpOCTCH)), LITO6I)I OCyH_[eCTBI/IT])
JOoCTaBKy. JlocTaBka He MOKET HAYaThCsl TOCIE 3aKPBITHS BPEMEHHOTO
okHa. TakuMm 00pa3oM, 3ajiaya peaau3alui pPacCMaTpPUBACT OTPaHUYCHHUS
BPEMEHHOI'0 OKHA Kak »ecTtkue. Kpome Toro, 3aana mpo0bKUTEIIbHOCTD
00CITy>)KUBaHHS JUTS KaXKJOT0 KIIMeHTa (Tociie MocTaBku). MiMeeTrcs Habop
TPAHCHIOPTHBIX CPEACTB OJWHAKOBOH Tpy30MOAbeMHOCTH G, KOTOpBIC
MOFyT 6I>ITI> HUCITIOJIBb30BAHbI JIA pCIHeHI/IH 3a1a4u. 3aL[aqa COCTOUT B
IIOUCKE OIITUMAJBHOIO MapmpyTa JJIs1 TpaHCHOpTHbIX Cpe,Z[CTB C LOCJIIBKO
OIITUMH3AIINU 3anaT W BBITIOJTHCHUA yCJ'IOBI/Iﬁ JOCTAaBKH. HpI/I 9TOM KaXXIa0¢€
TPAHCIIOPTHOE CPEJCTBO HCIOJB3yeTcss He Oojee oxHoro pasza [1].
MapipyT J1000ro TPaHCIIOPTHOTO CPEICTBA HAUMHACTCS M 3aKAHYUBACTCS
B Touke 0.

[lycte uymciao Toyek paBHO 7. OmpenenuM MaTpPUIy PacCTOSHUM

{d;} 202,01 - 30€CH  d;— paccTOsIHUE MEXK/y TOUKAMH C HOMEPAMU [ U j B

3ananHoi metpuke. Iycts Tenepb {p,},_,, ,,; — NOTPEOHOCTH KaXIOTO U3
KIMEHTOB B TOBape. BpeMeHHble OKHA 3a[al0TCs  HHTEpPBAIAMH
{87t s vy M 48}y — TPOJOIKHUTENBHOCTH OOCIYKHBAHUS
KIMEHTOB. ECIM  4MCIO  TPaHCHOPTHBIX  CPEIACTB  HEOTPAHUYEHO,
: ond

Vi=12,.,n p<G u d,/V<t", 1o Bcerna cymecTByeT JOMyCTUMOE
pelieHre 3aauk, B KOTOPOM YKMCIIO TPAHCIIOPTHBIX CPEJICTB COBMANAET C
YUCIIOM KIMEHTOB. B 3amaue TpeOyeTcs HaliTW TaKoe JOMYCTHMOE
pELIEHKE, KOTOPOE MUHMMHU3UPYET BCE 3aTPAThl, CBA3AHHBIE C JOCTABKOM
TOBapa IPY BHITOJHEHHUH 3aIaHHBIX OTPaHUYEHHIA.

CunTaroTCs 3aJaHHBIMH  CKOPOCTh V  TPaHCIOPTHOTO CPEJCTBA,

3aTpaThl Ha MPOOEr TPAHCIIOPTHOTO CPEACTBA — Z; HA CAMHHMILY IyTH, Zp —

3aTpaThl Ha OXHMJAaHME B €IUHUIY BpPEMEHM, Zg — 3aTpaThl Ha

oOcily’)kuBaHHe B eIMHULY BpeMeHH. OOIue 3arpaTbl Ha KOHKPETHOM
MaplIpyTe ONPEeNeNIIOTCA KaKk CyMMa 3aTpaT BCeX TpeX BHIOB. B03MOXXHO
OrpaHUYEHHE HA MAKCUMAIIbHOE KOJIMYECTBO TPAHCIIOPTHBIX CPEICTB M.

HyCTL B MOMCHT BpPEMCHHU Ti BBIIIOJTHCHA 3asdBKa KIIMCHTA H

TPaHCHOPTHOE CpPEACTBO INepemeniaercs B Touky j. Heobxomumoe wu
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JOCTATOYHOC yCJIOBI/Ie BBIIIOJTHCHUS 3a4BKH B TOYKEC ] 3a4ac€TCA
end

HEPABEHCTBOM 7, +d, / V <]

B stom ClIydya€ 3aTpaTbl COCTaBJISAIOT

BEJUYUHY
zLodij+zT~(theg—z".—dl.j/V)o5(tj7€g—rl.—d,.j/V)+zs-sj,

50) 1 ecmt=0
rae = .
A 0 ecut<0

3amava CVRPTW wmoxer ObITh MpeICTaBICHAa Kak 3aja4a Ha

¢bparmenTapHoil cTpykType. ®dparmeHTapHOIl CTpyKTypoi (x,£) Ha
KOHEYHOM MHOXeCTBe X Ha3bIBAETCsl CEMEHCTBO €ro IMOAMHOXECTB F,

Takoe, dTO VE eEE #0 3deck, E \{e} € E.  OnHodneMeHTHbIE

MOJMHOXECTBa M3 ceMeiictBa E OyzmeM Has3bIBaTh JIEMECHTapHBIMU
¢parmenTamu. Besknii MakCHManbHBIM TI0 YHCIY 3JEMEHTOB (parMeHT
MOXXET OBITh MOCTPOEH C MOMOIIBIO CIEAYIOIIEro '"KagHoro" anropurMma
[2]:

a) SJIEMEHTBI MHOXKecTBa X JIMHEHHO YIOPSI0YUBAIOTCS;
6) Ha HauyaibHOM IIare BBHIOMpPAETC MyCTOE MHOXKecTBO X() =J;

B) Ha IIare ¢ HOMEPOM k + 1 BBIOMpaeTCs MEpBBIA MO MOPSAIKY 3JIEMEHT
xe X\ X}, raxoii, uro X, U{x} ek ;

I') allTOPUTM 3aKaHYHMBaeT PadOTy, €CIM Ha OYepPEeIHOM IIare He yIaioch
HAWTH DJIEMEHT C TPeOyEeMBbIM CBOMCTBOM.

@parmenramu B 3amade CVRPTW Oyaem cuuTtaTh HadalabHBIE
OTPE3KU MapIIPyTOB TPAHCHOPTHBIX CPENCTB B JOIMYCTUMOM peEIICHUH,
KOTOpBIE pacCMaTpPHUBAIOTCS KaK MHOXECTBa BEpIIMH. Torma ajropuTMm
TIOCTPOCHHUA  JOMYyCTHUMOTO pEeHIeHHs 10 33aJaHHOMY JIMHEHHOMY

TIOPSIIOUEHUIO BEPIIUH-KIUEHTOB  Lj,L,,..0yl aboTaer CIEIYIOIINM
104

n—1
obpaszoMm. IlpocmarpuBaeM BepIIMHBI B  33JaHHOM IOpSAAKE |
nepeMelaeMcs OT OJHOM BEpLIMHBI K OYEpPEeJHOH, €cId IpU 3TOM He
HapyIIalTCs yCIOBHUA:
3. ToBapa B  TPAaHCIOPTHOM  CPEJICTBE JOCTATOYHO, 4YTOOBI
yJIOBJIETBOPUTH MOTPEOHOCTH B OUEPEHON BEPIINHE-KIIUEHTE;

4, DO0CTaBKa TOBapa OCYIIECTBIIACTCA 10 3aKPBITUA BpEMCHHOT'O OKHA.
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Ecmum xoTst OB OZHO W3 ATHUX YCIOBHS HApyIIEHO, TO TPAHCIOPTHOE
cpencTBo Bo3Bpamiaercss B Touky O(memo). Ilpomecc mpopomkaercst yxe
JOPYTUM TPaHCIOPTOM.

Taxum o6pa3oM, eciii He HapyLIEHO OrpaHHYEHHE Ha MAKCUMAIbHOE
YHCIIO0 TPAHCIOPTHBIX CPENCTB, TO B Pe3yNbTaTe padOTHl anroputMa Oyner
MIOCTPOEHO JIOMyCTUMOE pelleHue 3agaud. Eciiu 4Yucio TpaHCIOPTHBIX
cpeAcTB OyJeT MPEeBBIIICHO, TO K LeeBoi QpyHKIUH no0aBisercs mrpad B
pasmepe U -AM , rae AM  — BelMuMHAa IPEBBIEHUS YUCIA
TPAHCIIOPTHBIX CPEACTB, a U — MOCTaTOYHO OOJBIIOE MOJOXKUTEIHHOE
Y1 CIIO.

Hannune ¢parmMeHTapHON CTPYKTypbl MO3BOJSIET CBECTH 3ajauy
CVRPTW k 3ajmaud moucka ONTHUMAaJbHON IEpEecTaHOBKH 71-1 3JEMEHTa.
[Tpudem neneBoit ¢pyHKImeH 30eck OyAyT BHICTYIIaTh CYMMAapHBIE 3aTPaThl
Ha MapuipyTtax, OIpElIeNeHHBbIX COOTBETCTBYIOIEH IlepecTaHOBKOH (C
ydeToMm mtpados).

Js TOoMCKa ONTUMAJIbHOW IMEPEeCTaHOBKH MOXKHO TNIPUMEHUTH PSA
METa’BPHCTHK, KOTOPBIE ONMUCHIBATINCE B paboTe [2].

B gactHOCTH, ObUIA peain30BaHa ABE TMOPUAHbBIE METAIBPUCTHKU:

1) MeTa’BpUCTHKA, COBMEILAIOIIAs METO/ UTEPATUBHOTO JIOKAIBbHOTO

[IOUCKA U aJITOPUTM IEpEMEIIaHHbIX NPBIraoIUX JArymek [3];
2) MEeTa’BpPUCTHKA, COBMEMIAIONIAsi METO] UTEPATUBHOTO JIOKATHHOTO
TOMCKA ¥ aJITOPUTM MYpPaBbUHOM KOJOHUH [4];

PesynpTaThl TpUMEHEHUS BBINIEYKAa3aHHBIX AJITOPUTMOB Ha 0azax
TECTOBBIX 3aiad [2,5] HOKa3aJy JOCTaTOYHO BBICOKYIO 3((EeKTHBHOCTbH
[peylaraéMoro MeToja IIOMCKa CyOONTHUMAaNIbHBIX pPELIeHUH 3aaadu
MapIIpyTU3aLUH ¢ BPEMEHHBIMH OKHAMHU.
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OPTAHIBAIIAHI ®OPMHU
IHTETPAIIIl ATPOITPOJOBOJILYMX PUHKIB
J0 I'NIOBAJIBHUX JIOTICTUYHUX JJAHIIOI'IB BAPTOCTI

C.0. KPAMCBKHUM

[HCTHTYT PHHKY Ta €KOHOMiKO-EKOJIOTTYHUX JOCIIKEHb
HAH Vxkpaiau

M. Oneca, Ykpaina

morsubs@i.ua

B Vxpaini naseni mooicnueocmi Onsi inmezpayii 6 2100a1vbHi aHYO2U
eapmocmi,  Hacamneped 6  CKIA0i  A2PONPOOOBONLYUX — PUHKIB.
Konyenmpayis yux cmpameziunux pecypcis y cmpykKmypHux niopo3oinax
a2ponpoO08OILYUX NIONPUEMCIME ) BCIX Ce2MeHmax 2100a1bH020 PUHKY 3
Gopmysannam — OUHAMIYHUX — KOHKYDEHMHUX  Nnepedaz  HAYIOHANbHUX
EeKOHOMIK Kpain-basyeanwns ix nionpuemcms. Lloomy npoyecy cnpusromo
HAsA8HICMb  PO36UHEHOI MPAHCHOPMHOL  IHppacmpykmypu, nepedycim
MOpPCbKUX 1 DIYKOGUX NOPMIB, 3ANYYEHHs I[HEECMUYIL, Yy MOMY HUCTI
iHO3eMHUX, 8 HAPOWYBAHHA  BUPOOHUYMBA  CITbCLKO2OCHOOAPCHLKUX
KYIbmyp, npoO0yKMUGHI 3emii, nioguujena poib 0epicasu 8 pe2yito8anHi
CmMpame2iyHux azponpoooobYUX PUHKIG. YV moul dce uac yei nomyxcHuil
nomeHyian GUKOPUCHOBYEMbCS  6pAll  He Pe3yIbMAmueHo, Umpamu
npunaoaioms 30Kpemd Ha CMEOPEeHHs JOSICIMUKU eKCNOPMHUX NOMOKIS,
6HACNIOOK 3A8ULYEHUX BUMPAM HA NOCTNAYAHHSA KIHYEBUM CHOXCUBAYAM.
Knwuosi cnosea: egexmusni nocicmuymi 1anyrocu, moeapHull PUHOK,
azponpooosobyull xab.

OcTaHHI JCCATHIITTS XapaKTePU3YIOThCSA SKICHOIW TpaHCHOpPMAIiero
MDXKHApOJHO1 Oi3HEC-IisSUIBHOCTI, 110 BUPAXKAETHCA MEpeayciM y iHTerparii
JIOTICTUYHHX JIAHIIOTIB y riIo0anbHi aHIord Baptocti (I'JIB) 3 meroro
3a0e3rneueHHs T7100aIbHOr0 KOHKYPEHTHOTO Jigepcta. Ilin riiobamsHIM
JIAHITIOTOM BapTOCTI CIiI pO3yMITH MOCIIIOBHICTh BUPOOHHYUX CTAJiH, 1110
BHUKOHYIOTHCSI B PI3HHX KpaiHax Ha Pi3HUX MiJNPUEMCTBAX, 00'€IHAHUX y
CKOOPANHOBAHY MEPEXY, y Pe3yNbTaTi SIKUX CTBOPIOETHCS T0JaHa BAPTICTh
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[1]. TonoBHa o3HaKa ri100aJbHUX JAHIIOTIB BAPTOCTI MOJSATAE B TOMY, IO
I700aMbHUI JTAaHIIOT TIEpeTHHAE€ KOPIOHM HE MEHIIEe ABOX 1HO3EMHHUX
kpaiH. B VYkpaiHi icHylOTP TMeEBHI INepelyMOBHI Ui iHTerpamii
arpompoJOBOJIbYMX PHHKIB B TI00albHI JAHIIOTH BapTocTi. Llpomy
MpoIieCcy CHPHUSIOTh HAsIBHICTh PO3BHHEHOI TPAHCIIOPTHOT iHPPACTPYKTYPH,
B IIEPIIIy Yepry MOPCHKUX MOPTiB, C(QOPMOBaHUI €KCIIOPTHO-OPi€HTOBAHMX
arpapHuid MOTEHIlia) (3€pPHOBI, COHSIITHUKORBI TOIIO), TUIOIOPO/IHI 3€MENTbHI
pecypcu  CUIBCBKOTOCIIONAPCHKOTO — NMPH3HAYEHHS, BIiJANOBIJHA yBara
JIepKaBH JI0 PETYJIIOBAHHS CTPATETIYHHX arporpoJIOBOJILYMX PUHKIB [2].
Baromuii BHecOK y pO3BUTOK KOHLENIIM JIOTICTUYHMX JIAHIIIOTiB
spiticiunu M. Toprep, B. Pocroy, J1. Tarmioni, M. Xecc, E. Xennmas,
T. Xomnkine, . Xrowmenc, €. Kpukabcwbkuii, B. I'eenp, 1. 'yxxBa, M.
[Tocran, B. Aunpiniayka, B. ITitepceka [3, 7, 10].

OnHOYacHO JOCHIDKEHSAMH THMTaHb EKCIOPTY arponpoI0BONBYHX
TOBapiB 3aiimanuchk Taki BueHi sk: T. Crapmken [4] Ta . Makkopmik [5],
O. Hikimmua [8]. Cmocrepira€TeCs CXOXICTh TOIVISIIB aBTOPIB Y
BHU3HAYEHH] MOHATTS JIAHIIOra TOBApHUX PUHKIB. BOHM BH3Ha4ai0Th HOTro
SIK CYKYIHICTb HisJIbHOCTEH MO0 (OpPMYBaHHA Y TOBapHHUX pPHHKAx
JI0JIAaHOT BapTOCTI, 1110 HANpaBlieHe Ha 3a0e3MeUeHHsI CIIOXKUBAHHS KiHIIEBOT
npoxykmii. M. bakep [6] ocoOnmBe 3HaueHHS MpUALISE BH3HAYCHHIO
MPONOBOJbYOT BapTOCTi, BIPOBAIKYIOYM IOHATTS LUKIY CTBOPEHHS
BapTOCTI MPOAYKIii, TOBapiB, mociayr. BiH oxomioe BUpoOHHUI,
MapKeTHHTOBl 1 JIOTICTHYHI TPOIECH, BiANIOBiNaNbHI 3a (OPMYBaHHS 1
peanizailito BiJIOBiIHOI BApTOCTI.

Bunuknenus Tta possutok [JIB, B mepmyy uyepry, moB’s3aHi 3
nisbHicTIO THK Ta Tio0aibHMX TOPTiBEIbHHX MEpPEeX. 3a JaHUMH
FOHKTA/I, mo 80% cBiToBOTO TOproBenbpHOro 00iry, nos’s3anoro ¢ ['JIB,
KOHTPOJIFOETBCS MPOBIIHUMU MDKHApOJHWMHU KOMTMaHisMu. B ckiami
arpomnpoIOBOJIbYMX PHUHKIB MPOBIAHY pOJIb MIOAO AKTHBHOI YYacTi y
CBITOBIl TOpTiBNII BiJirparoTh arpoTpeinepu. Jlo yucia HaHOLIBIINX
CBITOBUX arporpeiifepiB Hanexars Hanpukiaa, ADM, Bunge, Cargill,
Louis-Dreyfus (ABCD), sxi 6epyTh y4acThb y BUPOOHHITBI OCHOBHHX
arporpoIoBOJIbYMX  TOBapiB, BOJOMNIIOTH TOPHU3OHTAJIBHOIO  Ta
BEPTHKAIBHOK PHHKOBOIO BIIAJ0K0, MalTh TJIOOABHI CHCTEMH
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30epiraHHs ¥ nmoctaBku TipogoBoibcTBa [9]. IlutaHHsS po3poOKH
KOHILENTYaJIbHUX ~ 3acaja  iHTerpamii  MpoOmyKmii  BITYM3HSIHHUX
arpornponoBoibuux puHKiB y ['JIB B mepimy uepry CTOCYHOThCA
BU3HAUYEHHs 30BHIIIHIX MepeayMoB BxokeHHs y ['JIB, o0rpyHTyBaHHS
MPIOPUTETHUX PHUHKIB iHTerpamii Ta BU3HAYCHHS JIOTICTHYHUX
pe3epBiB y BHUPIMICHHI JaHOTO aKTyaJIbHOTO MHUTaHHS. B mepmry depry
3BEpTalOTh Ha cebe yBary BHUCOKI TEMIM 3POCTaHHS OOCSTIB CBITOBOI
TOpriBmi arpapHoio npoxaykiiero. 3a mannmu @AO, 3 1995 mo 2010 pp.
BOHH 3pO3JI OinbIl HiXK ynBiui Ta jocsriaum 1,5 tpnH. mon. CHIA. Crmig
BIIMITUTH  3pOCTAIOYMN  EKCIOPT IPOJOBOJBCTBA 13 KpaiH  mIo
PO3BHUBAIOTBCS,  SIKM ~ CTAaHOBUTH  BXE  MOHAJ  TPETUHY  Bif
3arampHOCBITOBOrO  oOcsary  [11].  Llpomy  TpeHmy  Bimmosinmae
30BHIIIHLOCKOHOMIYHA JISUTBHICTh BITYM3HAHHUX TOBapOBHPOOHMKIB. B
MepIly depry CIiJ akIeHTYBaTH yBary Ha MO3UTHBHY TEHICHIIIIO
nuBepcudikanii reorpagii mocradans, M0 BKpai BaXIIMBO AT IEPCICKTUB
iHTerpanii BiTYM3HAHMX ydacHUKiB puHKiB y ['JIB. Tak, 3a migcymMkamu
2016 p. kpainm A3ii cTamum KIOYOBUMH TapTHEpaMu YKpaiHH Yy
peTioHaJbHIA CTPYKTYpi TOBapooOiry CiIbCHKOTOCIOAAPCHKOI MPOAYKIIi,
yactka skux crtaHoBuTh 40,9 %. Ha xpaiam €C mnpumamae 31,5 %
BITYM3HSIHOTO TOBapooOiry, Ha adpukaHceKi kpainu — 13,4 %, xpaian CHJJ
- 6,9 %, CIIA — 1,1 %, Ha iHu1i kpainu cBiTy — 6,1 %. Haii0inb1mi yacTku y
30BHIIIHEOTOPTOBEIILHOMY 000POTI MiX YKpaiHOK Ta KpaiHamH CBITy 3a
nigcymkamu 2016 p. maroTh HacTynHi kpainu: Iamis — 8,57 %, €rumer —
6,86 %, Kurait — 5,76 %, Icnanis — 4,82 %, Typeuunna — 4,80 %, ITonbiia
- 4,50 %, Hinepnangu — 4,39 %, Itamis — 3,98 %, Ipan — 3,52 %,
Himeyunna — 3,17 %. [lpu mpomy, 3 yciMa muMH KpaiHamu (3a
BUKJIIOYEHHAM Himeuunan) Ykpaina Mae [IO3UTHBHE
30BHIITHLOTOPTOBENbHE calbo [12].

[lo-gpyre, B ckiaai BH3HAYEHUX IT'SATH MPOBITHUX THIIB YIPAaBIiHHS
I'J/IB (puHKOBi, MOIyNBHI, AOBipdi, 3arapOHHUIEKI, i€papXidHi), HAHOUTBII
CIIPHUATINBI MEPEIyMOBH JUISI BXOKEHHS y TJIO0ANbHI JIAHIIOTA MAalOTh
pUHKOBUH Ta MoayinbHUil ynpasiiHcbki Tunu [13]. Tun punkosux I'JIB
iCHy€ Ha OCHOBI 3B’sI3KiB Mi>K KOHTPareHTaMH, sIKi CKJIAJIMCh MePEBAYKHO Ha
CIIOTOBHX pHWHKaX. JIJs CIIOTOBMX PHHKIB XapaKTEepHI BiIHOCHO IPOCTi
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YMOBU BXOJMXEHHsA Ta Buxony 3 I['JIB. ¥V Bumaaxky MOIyJbHOIO THILY
ynpaBiiHHSA BXoJUkeHHS y [JIB MaloTh MOMHUT Ha OAHOTHITHY CcHEeIH(IYHY
npoaykuito [14].

[o-Tpete, Bu3HauaeThes no3utuBHUM BIuMB [JIB Ha (yHKIiOHYBaHHS
TOBapHUX PHHKIB, CYO’€KTH SKUX BHKOPHUCTOBYIOTH JaHy (HOpMy
30BHIIIHLOCKOHOMIUHKX 3B’s3kiB. Tak, B pomoBigax ODCP, COT wu
IOHKTA/] HaBOIATBhCS HACTYIHI apryMeHT Ha iX KOPHCTh: ONTUMAalbHE
3a0e3redeHHs IMIIOPTHHME pecypcaMy TOBAPHUX PHHKIB; 3piCT AOAAHOI
BapTOCTi B NpOIleCi 3MIHCHEHHS TOProBeNbHUX omepamiit (3a 1995 — 2009
p.p.. B Kutai — B 6 pasis, B [unii — B 5 pa3, B bpazuiii — y 3 pasu); 3pict
3alHATOCTI; 3HIKEHHS TOPrOBENbHHMX BHUTpAaT (B NESKUX BUMAAKAX IO
16%) Ta im. [15]. 3aranpuumii npuHOMn ¢yakmionyBanHs [JIB, sxwmit
MOJISITaE y peatizallii TOTOBOI MPOAYKIIT Ha 3acajiaX IMUPOKOT MiXKHAPOIHOT
Koormepalii, CTUMYJIIOE KOKHOTO 3 YYaCHUKIB MiIBUILYBAaTH BJIACHY YaCTKy
JOAaHOI BapTOCTI B KIHIEBOMY HpoAyKkTi. Y 1mux obcTaBHHAX
3aroCTPIOEThCS KOHKYpeHTHa OopoThOa 3a Micis BXxopkeHHs y ['JIB mo
Mipi HaOJIWXeHHsS 10 (IHINTHUX JIAHOK. Y IMX 00CTaBMHAX MOMIJIHMBICTH
iHTerpanii BITYM3HSHHUX arponpoaoBoibuuX puHKiB y [JIB mmsxom
HapOIIyBaHHS EKCIIOPTY NPOMYKIi 3 BHUCOKOI JIOJIAHOK BapTICTIO Ha
HAWOIMKYy Ta CEepelHI0 TEepPCHEeKTHBY BKpald oOMexeHa. EdekTuBHUMiA
cnoci® 1i mocsarHeHHsi momnsirae B opradizamii ['JIB, ¢imimmi cramii Ta
KOHTPOJb HajJ TOBAapHUMH NOTOKaMH Oyjae 3IifICHIOBaTUCh B Mexkax
HAI[IOHAJILHUX MEX arpolpoJIOBOJILYMX PUHKIB. Y IIbOMY BHUIIAJKy MOXKHA
Oyio Ou po3paxoByBaTH Ha OTPUMaHHS HaWOLIBIIOl YAacTKH JOJaHOL
Baprocti ['JIB. Ane B YkpaiHi cy0’€KTH rocofaploBaHHS, SIKi CIIPOMOXHI
MPUTATHYTH A0 cede MDKHAPOJAHY MEpeXy JOTICTUYHUX JIAHIFOTiB Ha
JaHui Jac BincyTHi [16]. OCHOBY ekcnopTy arpapHoi MpoAyKIlii OpMYyIOTh
CUIBCHKOTOCIIOAPChKI KYJIBTYPH 3 HU3bKOIO YacTKOIO JI0JIaHOi BapTOCTIi, B
MepIry 4epry 3€pHOBI KyInbTypHu (KyKypyn3a, NIICHHLS, SYMiHb, COf,
pinak), Ha axi B 2021 p. npunazgano 1o 91,6 % Bix 3aransHOi BUpydku. Sk
TIPUKJIAJl, OpraHi3aIliifHo-TIpaBoBOIO (DOPMOIO iHTErpallii 3epHOBUX KYJIbTYP
y I'JIB 3 BiAMOBiTHUMU OOMEXKEHHSMU MOXHA BBaXXKaTH HAIllOHAIBHY
kopropaniro «HiOymon», ska cheuiami3yerbcss Ha 0OCIyroByBaHHI
eKCITIOPTY TAaKUX IPOIOBOIBGYHMX TOBApax SIK 3epHO, SUMiHb, KyKypyI3a, Ta
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iH. [17]. Mepexa kopmopamii «HiOymon» o6’emaye 287 mpoBimHUX
mianpueMcTs 1 770 ¢imii, 3 sskux 6muzpko 70 % posramoBaHi B YKpaiHi, a
pewita — B iHO3eMHUX KpaiHax [18]. Pe3synbTaTuBHICTH (QyHKIIOHYBaHHS
kopropaiii «HiOynon» 3a0e3neuyeTsCcsi BUKOPUCTAHHS, CTAHAAPTU30BAHUX
JIOTICTHYHHUX TEXHOJOTIH aJanToOBaHWX JIO TapaMeTpiB TI00aTbHUX
MapIIPYTiB TOBapOpyXy. Takoxk BapTO KOMIUICKCHO MiAIHTH IO BUBYCHHS
MOJJIMBOTO, & TaK0X TMOTEHLIHHOTO PUHKY 30yTy Ta 3aBYaCHO BHPIIIUTH
NUTaHHA [oAo 30epiraHHs mpoxykiii. [IpoBeneHnit ykpynHeHHH aHaii3
EKCTIOPTHOI CTPYKTYPH arpornpoJOBOJILYAX TOBApIB HAJNaB MOXIIUBICTb
3pOOUTH BUCHOBOK, BIATOBIJHO 3 SIKMM IHTErpallis arpornpojOBOIBUUX
puskiB y I'JIB Ha cydyacHOMy eTami Ma€ HOJSATaTH y CTBOPEHHI MOpAn 3
36pHOBUMH  KyJIbTypaMH  yMOB  JJIsi  PO3IIMPEHHS  CHEKTPY
CLTBCHKOTOCIIOIAPChKOT MPOMYKINi s 3amydenHs no [JIB 3 momanbiimm
«ImiJ1’eMOMY JTOJIaHOT BApTOCTI MO JIAaHKaM rio0abHOTO naHiora [19].

Jlo 3arampHUX OCOOIMBOCTEH! JOTICTUYHOTO OOCITYyTrOBYBAHHS TOBapHUX
MOTOKIB TIepeNiYeHuX PUHKIB CJIiJ] BiTHECTH:

- HasBHICTh 3aKOHOMIPHOCTI IIEHTpali3aiii TOBapHHX MOTOKIB Ta iX
30CepeIKeHHsI B MMPOMKHUX LIEHTpax 30epiranHs, AOpoOKHU Ta PO3MOILITY
TIPOTYKIIiT;

- (bopMyBaHHS BIIHOCHO HEBEJIMKWUX TOBAPHHX MAapTid MPOIYKIIi, 110
IiIBUIIy€ 3arajbHi BATPATH Ha TOBAPOPYX;

- 3aJEeXHICTh PE3YIBTATUBHOCTI  JIOTICTUYHOTO  OOCIyTrOBYBaHHS
TOBapHUX IIOCTa4YaHb BiJi BUKOPUCTAHHS IEHTpalli3oBaHUX (HopMm
IUIAaHYBaHHS TOBapHUX IIOTOKIB, BKJIIOYAIOYM I1HCTPYMEHTH HACKpPi3HOI
B3a€EMOJIi1 MDXKJIAHKOBUX BiJTHOCHH;

- JuBepcudikalis KpaiH-CIIOKHBaYiB MPOAYKIi, 1o mnoTpedye
MONTAOJICHNX MAapKETHHTOBUX JIOCHIHKEHb BIJIHOCHO BUMOT CIIOKHBAYiB 3
ypaxyBaHHSIM MHUTHHUX Ta IHIIKUX Oap’epiB KpaiH iMITOPTEPiB;

- BUCOKHMH piBE€Hb KOHKYPEHIii IIOJO CTBOPEHHS HOBUX MPOIYKTiB
CIOXKHMBaHHS, IO TIependadae 3a0e3MeueHHsl JOCTYNMy JO CY4YacHUX
BHUPOOHWYHX TEXHOJIOTIH;

- HeoOXigHicTh (OPMYBaHHS THYYKHX JIQHLIOTIB TOBapopyxy y
BiJINIOBITHOCT1 JIO OOCSTiB, HOMEHKJIATYpH, HANPsMiB TOBAPHUX MOCTayaHb
3 ypaxyBaHHAM BUMOT KpaiH-IMIIOPTEPiB Ta HOPM MI>KHAPOJIHOI TOPTIBIIi.
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OpmHUM 3 TEPCICKTHBHUX JIOTICTHYHHUX PE3epBiB iHTErpamii TOBapHUX
notokiB 'y ['JIB HaMu poO3TJsImaloThes arporpojoBObul XaOw. 3riJHO
3arajJbHONPUNAHATOTO  ySIBIIEHHS NPOBiAHA  BIAMIHHICTH Xaly, fK
opraHizaliifHo-norictuyaoi (GopmMu 00CIyroByBaHHs TOBapHHUX MOTOKIB,
MoJISITae y HaJlaHHI PI3HOMAHITHOTO KOMILICKCY JIOTICTHYHHUX Tociyr [20].
Ileit KOMIUIEKC TIIOCIYI Ma€ BIANMOBIOATH MaKCHMAaIbHO IOBHOMY
3a0€3MEUYCHHI0 PI3HOMAHITHUX BHUMOT KIIEHTIB JI0O TOTO YH IHIIOTO
TOBAPOIIOTOKY. Y BiATIOBITHOCTI 3 BHIIE BKAa3aHUM, ITiJ] arPOIPOJOBOIBYIM
xaboM OynemMo pO3yMIiTH OJWH 3 BHIIB MYJIbTUMOJAIGHUX JIOTICTUIHUX
LEHTPIB, KU Mae cTpareriuHe reorpadivyHe po3TallyBaHHS Ha OCHOBHUX
TPaH3UTHUX LUIAXaX TOBAapoOpyXy, Ta iX MEpeTHHiB, Ma€ PO3BUHEHY
JIOTICTHYHY 1HQPACTPYKTypy 3 HalaHHS KOMIUIEKCY pI3HOMAaHITHHX
JOTICTHYHHUX IOCIYT Ta CIPOMOXKHIH THYYKO pearyBaTH Ha OOCSTH,
HOMEHKJIATYPY, HampsSMH TOBapHUX IIOCTAa4aHb 3 YpaxXyBaHHSIM BHUMOT
KpaiH-iMmopTepiB, HopM MikHapoaHoi Toprisiai (IHKOTEPMC-2020 [21])
TOIIO. 3 ypaxyBaHHSM JIOTiICTUYHOI crienn(iku 00CITyroByBaHHs PUHKIB IO
JIOCTIKYIOTBCS, a TaKOX MiJBUIICHOT 3ayexHocTi iHTerpamii y ['JIB Big
YMOB IUIaHYBaHHS, MapKeTHHTY, iH(popMauiiHOro 3a0e3MeueHHs! TOILO
aBTOpPCBbKAa TOYKa 30py TMOJSATae y HEOOXIJTHOCTI TEePIIOYEPrOBOrO
30Cepe/KCHHST YBar Ha (POpMyBaHHI CHCTEMH OOCITyTOBYIOYHX (DYHKITIH
arporpoAOBONEYHX XabiB B SKOCTI OCHOBH U1 HACTYIIHOTO BHU3HAYCHHS
BUPOOHMYOI CTPYKTypu XaOiB. Takuil moeTamHuiél MiAXiJ HAAACTh
MOJJIMBICTh C(HOPMYBaTH ONTHMAaIBHY BHUPOOHWYY CTPYKTYpy xabiB 3a
rnapaMeTpamMi TPOIYCKHOI  CIIPOMOXKHOCTi, TOBapHOI  criemiaii3aii,
TEXHOJIOT1YHUX Tpo1ieciB Tomo [20].

Tunosa CEKTOpHA CTPYKTypa 00CITyTOBYIOUHX ¢byHKIin
arpornpoI0BoJIb4Oro Xady HajaHa Ha puc. 1. Bona Bkimouae:

- CEKTOp MapKeTHHIOBHX TIOCHYr 3 aHali3y Ta IPOTHO3yBaHHS
napameTpiB Ta ymoB Bxo keHHs B [JIB (1);

- CEKTOp 3 MPaABOBOTO CYNPOBOKCHHS JOTOBIPHHUX BiIHOCHH, QYHKIIT
SKOTO TIOB’sI3aHi 3 YKJIaJaHHAM yron 3 ydacHukamu [JIB, BupimeHHsIM
CHIpHUX NHUTaHb TOLIO (2);

- CEeKTOp KOHCYJBTaTUBHHX IMOCIYT Ui CyO’€KTiB arponpoI0BONBYHX
PUHKIB 3 uTaHb BxopkeHHs y ['JIB (3);
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- CEKTOp IUIaHyBaHHS TOBAapHHX I[IOCTa4aHb, CIPSIMOBAaHHWA Ha
Y3TOJDKEHHSI IIaHIB TOBAPHUX MMOCTAYaHb MPOMYKII] 3 TUTAHAMY 1HO3EMHHX
yuacHukiB ['JIB (4);

- CEeKTOp IHCTUTYHIMHOTO 3a0e3MeYeHHs Ta  BIPOBAHKCHHS
peTIaMEeHTHAX, HOPMAaTHBHO-TIPABOBHX, PO3MOPSAHUX, INPOTPaMHHUX Ta
IHIIAX ~ JIOKYMEHTIB iHTerpamii cy0’€KTiB arponpoIOBOJIBYMX PHHKIB Y
I'JIB (5);

- cektop iH(opMariifHOro OOCIYrOBYBaHHS YyYacHHKIB depe3
NpUETHAHHS /O CNCKTPOHHHMX IUIaTGopM  MIDKHApOIHOI  TOPTIBII,
Hanpukiaj, a0 enekrponnoi wiargopmu World Trade Platform — eWTP

(6) [21].

3.30Ha MHTHOTO"
EOHIpOoar0Y

1 Cextop MapKkeTHHI OBHX | Al'pOlTpO,Z[OBOJ]B‘IHﬁ' 4 CeKTop-IIaHyBaHHL
nocayr Y =
Xaoy

I D —— =
2.-CekTop MiKHAPOIHOTO| d 2
FOPHIHYHOTO"
CYIIPOBOIKEHHS
ltoroeopief L 4 "y v

"‘ 5.CekTop -06coyroByBaHHAY 6."30Ha PHHKOBOI" ‘
indpacTpyrIypHy
V|

Puc. 1. TumoBa cekTopHa CTPYKTypa 00CIyroByrOUnX (QyHKIIiH
arpompoaOBOIEIOTO Xa0y

* ABTOpCBKa po3podKa

Jlo mpoBiAHUX pe3yJbTaTiB BUKOPUCTAHHS OOCIYTOBYHOUMX (DYHKIIiiH
CJIIJT BITHECTH:

- BIATBOpIOBabHHN e(dekT, skuidl Oyne MoNsTraTH B OOIPYHTOBAaHOMY
HapOIIyBaHHI JIOJAHOI BAPTOCTI MO Mipi moriubieHHs interpanii y ['JIB;

- JIOTiCTUYHUH eeKT BiJ y3ro/KEHHS IIapaMeTpiB JIAHOK JIAHLIOTIB y
BiAmoBiHOCTI 3 mapamerpamu ['JIB;

- CKOHOMIYHHH e(eKT, KU Mojira€ y CKOPOYCHHI CyMapHHUX
JIOTICTUYHUX BUTPAT Ha iHTerpaiito y ['JIB;
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- colliaIbHU# e(eKT B pe3ynbTaTi CTBOPCHHS JOJATKOBUX POOOUYHMX
MiCIIb;

- eKONOTriYHMi eQeKT BiA BIPOBAaPKEHHS pecypco3depiralounx
JIOTICTUYHUX TEXHOJIOTif, BHUKOPUCTaHHI 30ipHUX NapTiii TOBapopyxy,
MIPOBEJCHHS 3arajJbHAX €KOJIOTO OpPIi€HTOBAHUX 3aXOMiB 3 CKOPOUCHHS
NIKIIJTMBUX BUKWIIB Yy HaBKOJMIIHE cepenoBuine [22]. IlinBuineHHIO
pe3yIbTaTUBHOCTI iHTerpamii arpompojoBoibunx puHKiB y TJIB Mmae
CIIPUATH PO3POOIl €KOHOMIYHOI CTparerii iHTETpamiiHUX IIPOLECIB, SKa
Mae 0a3yBaTHCh Ha METOJIUYHUX IIOJIOKCHHAX 3 OIIHKH EKOHOMIYHOI
e(eKkTUBHOCTI (OIOKETHOI, MiANMPUEMHHIIBKOI, HAPOHOTOCIIOAAPCHKOT)
MIPONOHY€EMUX JIOBIOCTPOKOBHUX PillICHb.

BucHoBKHM. Y OCITIKEHH] 3aIPOITOHOBAHO KOHIEITYaIbHAN TIX1 10
IHTerpallii arpornpoaoBOJIbUNX PUHKIB B TJIOOATBHI JIOTICTHYHI JIAHIIOTH
BapTOCTI NUIIXOM CTBOPEHHS arpornpoioBOibuuX XadiB. OcoOiuBICTH
JaHO1 KOHIEIi moJsrae y popMyBaHHI MEpEX CIeliani30BaHuX Xa0iB, AKi
MaroTh OOCIYTOBYBaTH TOBAapHI MOTOKH CIIOpiMHEHMX pUHKIB. OCHOBY
arpomnpoJIoBOJIbYMX XabiB  MarioTh (OpMyBaTH JIOTICTHYHI  (PYHKIIII,
MOB’s3aHI 3 MapKETHHTOBOIO [iSUIbHICTIO, IHCTPYMEHTaMU HACKPi3HOTO
IUTAHYBaHHS TOBapHUX IOCTa4YaHb, 1X IHCTHUTYIIIHHUM CYNPOBOKCHHSM.
Ile no3BonuTh 3a0e3meynTH e(EKTUBHI JIOTICTHYHI MapIIpyTH TOBAPHUX
MOCTayaHb, TOCUJIMUTH KOOTEPAIiliHI 3B’SI3KM MK JIAHKAMH JIAHITIOTIB,
BCeOIYHO BPaxOBYBaTH  OCOONMBOCTI BHMOT 1HO3EMHHX CIIOYKHBYHX
PHHKIB.
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AHAJII3 CTIﬁKOQ:I‘I I PEI'YJISIPU3AIISI BEKTOPHUX
3AAY OIITUMI3ZALII 3A MOXKJ/INBUX 3bYPEHb KPUTEPIIB

T.T. JEBEIEBA, H.B. CEMEHOBA, T.I. CEPT'I€EHKO
[actutyT KibepHeTHKH iM. B.M.I'mymkoBa

HAH Vxkpainu, Kuis, Ykpaina

nvsemenova@meta.ua, lebedevatt@gmail.com,

taniaser62(@gmail.com

Ompumano Ho8i pesyromamu w000 cmitkocmi ma pezyrapuzayii
6eKmMOpHUX  (bacamoxpumepitinux) 3a0ay onmumizayii 3a MONCTUBUX
30ypeHb  6XIOHUX OAHUX BEeKMOPHO20 Kpumepiio, WO CKIA0AEMbC 3
Kéaopamuunux Yy JiHIUHUX QyHKyiu. J{oéedeno cmilikicmb 3a0au 3
K8AOpamuiyHuMy  Kpumepiamu NOWYKY pO36’A3Ki8, ONMUMATbHUX 3d
Cnetimepom. Y paszi onmumizayii 3a Ilapemo pospobaeno nioxio 0o
peayaapuzayii 3a0ay 3 TIHIUHUMU KPUMEPIATbHUMU (DYHKYIAMU.

Kniouogi cnoea: eexmopna 3adaua onmumizayii, Ilapemo-onmumanvhi
poss’asku, muodxcuna Crevmepa, cmiuKicmb 3a 8eKMOPHUM Kpumepiem,
30VpeHHsl BXIOHUX OAHUX, Pe2yIAPUZAYISL.

[TpomoBxyroun TOCTIKEHHS, OMUCaHi, 30KkpeMa, B pobortax [1 — 9],
OTPUMAHO HOBI pE3yNbTATH IIOAO IMHTaHb CTIMKOCTI Ta peryisipu3amii
BEKTOPHHMX 3a/ad ONTUMIi3amii 3a MOXIUBUX 30ypeHb BXIIHUX JaHUX
BEKTOPHOT'O KPHUTEPil0, SKUH CKIAJAEThCS 3 KBAJAPATUIHUX UM JIHIHHUX
¢yskuid. JloBeeHO CTIHKICTh 3afad 3 KBaIpaTUYHUMH KPUTEPIsIMH Y
BUIIQJIKY MOILIYKY PO3B’S3KiB, oNTUMabHUX 3a CnelitepoM. s Bumaaky
ornrumizamii 3a [lapeto po3polbiieHo migXix A0 perymsipusamii 3amad 3
JHIHHAMHA KpUTEPIATbHUMH ()YHKIIISIMU.

Po3rnsiHeMO BEKTOpHY 3a/1a4y ONTHMI3aIlil BUTIISITY

O(F, X): max{F(x)| xe X},
ne, X #<, X — MHOXHHA TOBUTBHOI CTPYKTYPH, MOXIIHBO THCKPETHOI, 3
#i-BuMipHOTO HiiicEoro mpoctopy R”, F(X)=(f,(x), £,(X),.... f,(x)),
1 . e
f;:R" = R' — xpanparnuni pynxuii pursay f;(x) =(x,Dx)+(c,,x),
n i
CI. = (Cil7""cin) ER . Di = |:d;k:| = Rnxn ,

ieN, ={1,...,€}, J-keN, ={l,...,n}.
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Iin po3p’s3aHHAM 3amgadi Q(F,x) OydeMo pPO3yMITH BifIIyKaHHS
JIeSIKOT TIIMHOKHHA MHOXHHU CliefiTepa

SUF.X)={xe X| o(x,F,X)=@}, ne
o(x,F,X)={ye X|F(y)>F(x)} . 3okpema, sikmo moBa Gyse it mpo
3aja4y BimurykaHHs MHOXKuHE [Tapeto

P(F.X)={xeX| n(x,F,X)=0}, ne
m(x,F.X)={ye X|F(y)2 F(x), F(y)# F(x)}, To Taky 3azaay 6ynemo

nosnadatn  O,(F,X). 3amauy wa mimmykamas wmHOxuHE CleiiTepa

nosnasatumemo Oy (F,X).

Jns 3agaui Q(F,Xx) SIK BXiIHI JaHi, 0 MOXYTb 3a3HAaTH 30ypeEHb,
OyzeMo po3miaaaTH Koe(illieHTH BEKTOpHOro Kputepiro F. Habip Takux
BXimunx gamux nosHauumo u=(D,C)eUcR™ xR™, ne U —
HpOCTIp BXiJHUX [JaHUX 3aadi, IO CTOCYIOThCS BEKTOPHOTO KPHUTEPIIO,
D=(D,...D,)e R"™, C=[c,]er™. Kpim I03HAYCHb

F(x)=(f;(x), f,(x),..., [, (%)) , 6ynemo KOPHCTYBATHCS ~ TAKOXK

nosuauennsmu  F (x) = (1" (x), £, (x),..., f,'(X)), 1O YTOUHIOKTH, SKUi
came elleMEeHT I i3 MpOoCTOopy [/ BXIJHWX NaHWUX BIANOBiAA€ 3ajadi, 10
PO3TISLIAETHCS,

Jnst Habopy BXimHMX naHUX u € U 1 Oyab-gkoro umcima o >0
BU3HAYNMO MHOXHHY 30ypeHHX BXIIHUX JAaHUX

O5(u) ={u(é) eU ‘ ||U(5) —u” < 5} . 3amaua 31 30ypeHHMH BXiTHUMH
JaHUMH — MaTHMe  BUDIAL  Q(F,), X):max{F,, (x)|xe X},  7ae
u(8) € Os(u), F, 5 (x) = (F"(x), £ (3),e0s £ (3) -
Bagauy Oy (F,,X) (O,(F,,X)) 6yaemo BBaxatn CTiliKoOI0 32
BEKTOPHUM KpUTepieM, AKIIo V& > 0 35 >0 Take, mo V() € Oy(u)
s> X) = O,(SI(F,, X)) (Binnosixguo

BHUKOHY€ETbCs yMoBa SI(F,

u
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P(F,5,X) < O,(P(F,, X)), ne Og(B)z{xeR” ig”x— ¥ <ef.

3a3HauuMo, 0 CTiKicTh 32 BekTopHUM KpuTepieM 3agaui Oy (£, X)
(Op(F, X)), ne i e U , 03Hauae, 10 TOYKOBO-MHOKHHHE Bi0OpaKeHHS
SI:U—2%, u— Sl(u)=SI(F,,X) (BiamoBinHO BiI0OpaskeHHs
P:U—2", u—Pu)=P(F,,X)) € HaniBHenepepBHUM 3BepxXy 3a

XaycnopdoM y Touri u .

JloBeZlecHO HacTymHE TBEpP/PKEHHs IMOJI0 CTIHKOCTI 32 BEKTOPHHUM
kpurepiem 3anaui Oy (F],X) ua immuykanns muoxunu Creiirepa.

Teopema 1. Slkmo jomyctuma muoxuna X s3amaui O(F,X), ne
uelU, € KOMOAKTOM, T0 V& >0 35>0 take, mo Vu(d)e€O;(u):
SU(F,;.X)c 0,S((F,.X).

[Migxig mo peryssipusamii MOXIJIHWBO HECTIHKOI 3a BEKTOPHUM
kputepiem 3amaui Op(£,X) sampomoHoBaHO [y YACTKOBOTO BHIAJKY,
KOJIM KpHTepii F CKIagaeTbes 3 JHIMHUX (yHKIiNT ﬁ(x)z(q,x),
ieN,. Ina Takoi 3aqaui HaGip U BXiIHMX NAHMX, AKi MOXYTh HiJJIAraTH
30ypeHHI0,  CKJIaJaeThCsl 3  €IeMeHTiB  wmarpuii C,  TOOTO
u=CcU c R" .Ilosnaunmo Taky 3amauy Op(F.,X).

Sxkmo npunyctutn, mo 3amaua Op(Fp,X) criiika 10 36ypeHs
eJleMeHTiB Matpumi C , TOII B pe3yibTaTi ii pO3B’S3aHHS OTPUMAEMO

PO3B’S3KH, OJIM3BKI IO ICTUHHUX, HABITh y BHIIQJKY, KOJM MAaIOTh MicCIe
JIOCUTh HEBEJIMKI MOMWIKK y noaanHi mMatpuuli C . Ilpote, skmo 3amadya

O.(F.,X) me e crifikolo, Tomi 3a o3HadeHHAM 1 Je>0 VS >0

3HANAEThCS MAaTPULA C(é) € 05 (C) = {C(5) eU ‘ "C(é) - C" < 5} , IS SIKO1
P(Fp5, X)\O,P(F.,X)# . YV TakoMy BUNIaAKy MiJl 4ac PO3B’si3aHH:

samadi Oy (Fis,X) 3 MOKIMBAMH  30ypeHHSAMH  (IIOMIJIKaMH,

HETOYHOCTSIMH) Y BXiJJHAX JaHUX BEKTOPHOTO KPHUTEPIIO iCHY€ BipOTiIHICTH
orpumaru Taki ii Ilapero-omrmmanbHi po3B’si3km, siki He € Ilapero-
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ontumanbaumu s 3anadi O, (F, X) . 1106 3an06irTtu 1boMy y BUNAJKY,
KOJIM MHOXKMHA X € KOMITAaKTOM, IPOIOHYETHCS MEPEHTH Bijl PO3B’I3aHHS
moxuBo Hectikikoi 3amaui  Op(F,X) onTumizauii 3a Ilapeto mo0
pO3B’A3aHHSA HAmeBHO cTikoi 3amaui O, (F C,,X ) Ha BiIIIyKaHHS
PO3B’S3KiB, ONTUMATbHUX 3a CleilTepoM, B sSIKId MaTpUIsl C° KOeQillieHTIB
BEKTOPHOTO KPHUTEPiI0 € CHCHiaIbHUM YHHOM 30ypeHor0 (3MIiHEHOIO) y
MOPIBHAHHI 3 MOYaTkoBolo Marpuueio C . [lo Toro 3, Oynb-sxuit
ontumansHuil  3a  Creifrepom posp’sasok  3agaui O, (F ” 5 X ) 3
MO>KJIMBUMHU 30ypEHHSIMU y MaTpUIll C* OyJe Halexatu &-OKOJY MHOXKHHH
PO3B’SI3KIB MOYATKOBOI 3a/1a4i QP(FC,X), TOOTO OJIM3BKHMX IO ICTHHHHX,

HaBiTh KOJIM MArOTh MiCIle HEBENIMKi 30ypeHHs y MOAaHHI MaTpuLi C’ .
Jns  oOrpyHTYBaHHS 3alpONIOHOBAHOTO CHOCOOY — perymsipu3ariii

moxuBo Hectitikoi 3anaui Op(F,X) 36ypumo matpuimio C, 3MiHMBIIM
ee . v T

KoXkeH ii Bektop-pajgok C; (i €N,) ma takmit: ¢/ =¢, —Tw, 1e r ¢ R' —

napameTp 30ypEHHS, w e R” — BHYTPIIHA TOYKA OMYKJIOi OOOJOHKH

MHOKHHH ~ {Cj,...,C,}  BeKTOpiB-paakiB Matpumi C, = > e,
ieN,

Z H; =1, Iul>0 (ZEM)
ieN,

Teepmkenna [1, 3]. [Jna Oyap-skoro ¢ <0 CHOPaBIKY€EThCS
BritoueHus SU(F,.,X) c P(F., X).

3rigHo 3 Teopemoro 1 1 TBEpIKEHHSM 2 OTPUMAEMO HACTYIHUM

BHUCHOBOK, SIKMH OOIPYHTOBYE MPABOMIPHICTH 3arpOIIOHOBAHOTO MiAXOIY
JIO0 pEeTyIsApH3allii MOKIIMBO HECTIMKOT 32 BEKTOPHUM KpPUTEPIEM BEKTOPHOI

samaui Op(F,X).
Teopema 2. fkmo momyctuma MHOXHHa X 3amadi QP(FC,)() €

KOMIIAKTOM, Tl V7 <0 i Ve >0 35>0 take, mo VC (5)e€0;(CT)
MAaIOTh MiClle BKJIIOUECHHS

SUF.. . X)CO,SUF.. X)cO,P(F.,X).

(0)
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In this paper was developed a mathematical model of the process of
damping of a multi-mass rail transport system using roller impact
absorbers. An extreme variant of the dynamic load of the transport system
in the process of its collision with a railway car-stopper is considered. The
differential equations of motion of the transport system, which describe this
process, are formulated. Using the obtained equations, a series of
numerical experiments were carried out for various parameters of the
transport system. The laws of the influence of the design parameters of the
roller impact absorber and the conditions of the impact of the system on the
dynamic state of the transported cargos are established. The evaluation of
the effectiveness of the use of roller impact absorber in terms of reducing
the dynamic loads on the transported structures was made.

Keywords. Process of damping, transport system, turnstile, roller impact
absorber, coupler of rail cars, dynamic loads, longitudinal inertial forces

Introduction. In the modern practice of railway transportation of
various cargoes, significant amounts constitute building structures. Rail
transport becomes especially indispensable in the case when it comes to
transporting large-sized reinforced concrete structures over long distances.
For example, such transportation on a large scale must be realized in the
process of building power plants, industrial enterprises, railway and
automobile bridges [1-12]. For large-sized reinforced concrete structures,
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the problem of maintaining their quality at the stage of railway
transportation is even more acute. For example, during transportation by
railways of CIS countries (Ukraine, Belarus, Russia, Kazakhstan) destroys
or suffers significant damage about 5% of large reinforced concrete
structures that require major repairs before they must be installed on the
future structure [1-6].

The reason for this situation is that on the couplings of platforms large
structures are fixed and transported mainly on a "rigid" scheme [3, 9-12].
According to this scheme, one end of the long structure is rigidly fixed
relative to one support platform, and the support of the other end is carried
out movable, with a small free movement (maximum value A =0,15m )

relative to the second coupling platform. Such a scheme makes it possible
to implement compression-stretching of the absorbing devices of self-
couplings between platforms without the transfer of longitudinal forces in
them to the transported structure (cargo). Usually this free travel is not
enough and when it is selected, there is a hard blow to the load-bearing
beams of railway platformsthe, which leads to damage to the fasteners and
the destruction of the transported cargo.

As the range of large structures is quite wide, their mass transportation
is carried out with the help of universal railway platforms and open cars,
which are not equipped with special movable load-bearing beams.
Therefore, in order to preserve the quality of particularly sensitive cargo at
the stage of transportation, universal platforms are additionally equipped
with special load-bearing shock-absorbing units [1-8]. Dynamic problems
of this type are described and solved in the framework of the theory of
oscillations and the theory of impact of solids with the involvement of the
theoretical foundations of the dynamics of wagon-cars. We note here only a
small part of a number of works that considered various problems of
scientific research on forced oscillations, shock and post-shock transients in
railway transport [13—19]. Basically, scientific research and technical
solutions in the field of car dynamics are aimed at studying and reducing
dynamic loads on railway cars, and not on transported goods. Therefore,
mathematical models and calculation schemes developed in the framework
of these dynamic studies do not allow to objectively assess the level of

193



dynamic loads on transported large loads and structures of supporting
platforms [4-8, 10—14, 17]. That is why in this part of modeling the process
of contact of the mechanical system "coupling of two load-bearing crews —
large cargo" requires a shift of emphasis in the study of assessing the level
of dynamic loads on transported structures, not just their bearing platforms.

Formulation of the problem. This paper considers the dynamics of a
mechanical system with roller shock absorbers (turnstiles) that implement
kinematic connections. Technical solutions of the line of such turnstiles are
protected by patents of Ukraine for inventions [2, 3]. Turnstiles are simple
in production and operation, are effective at amortization of longitudinal
blows, provide reliable return of freights to initial position.

Consider the longitudinal vibrations of the transport system “large-

sized construction with a mass 74 — turnstiles with roller impact absorbers
— a coupler from two railway platforms with masses 7, and m,” after an
impact with a rail car-stopper with a mass 74 (with the possibility of its

post-shock movement in a single composition) (Fig. 1).

n. Z;A

Fig 1. Diagram of impact of the transport system

After the impact, the coupling of the two bearing wagons and a rail
car-stopper are connected by a non-releasing elastic-friction connection and
then are moved together. This scheme reflects the real picture that occurs
during the sorting and maneuvers of rolling stock and is the most
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disadvantageous (extreme) in terms of the level of dynamic loads and the
integrity of building structures during transportation. The construction of a
mathematical model of the dynamic behavior of the transport system was
carried out under the following assumptions:

- the damping system under study is a mechanical system of coupled
solids;

- sliding friction is described in accordance with the Coulomb-
Amonton law;

- clastic-frictional connections between load-bearing cars are
implemented by automatic couplers, the operation of which is described in
special manuals [20, 21]. The elastic component of the intercarriage elastic-
frictional bonds will be modeled using the following dependencies:

P =0,5-K,, (x—x,).

J

where K,,, is the rigidity of one absorbing device
(K, =17 Mn/m) automatic coupler; damping in the absorbing device

was taken into account for the well-known model [21]: dissipative
resistance is proportional to the relative speed of the respective cars with a

damping coefficient (viscous resistance) C, =0,26 Mn-s/m ; as a result,

the deformation-force characteristic of the couplings, taking into account
the damping of their absorbing devices, is modeled according to the
following formula:
0;=0,5-K,, (xz _xj)+q'j (Xi_)?/) (1)

- the upper support frames of the turnstiles move progressively and
their masses are related to the mass of the load; the masses of the lower
support frames rigidly connected to the crews of the coupling - to the
masses of the respective platforms;

- railway track is absolutely rigid,straight and placed on a horizontal
surface;

- the vertical dynamics of carrying wagons (oscillations on springs)
is not taken into account;
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- rolling friction when moving rail cars with masses m, and m, on a

railway track and rollers when rolling on cylindrical grooves of the upper
support frames is not taken into account;

- friction in the cylindrical joints of the rollers is not taken into
account;

- small angles ¢, of rotation of a large-sized cargo are considered

relative to its center of mass Oy (which is the case in practice).

On the basis of research [1 - 8], the model of a rail car-stopper was
taken as the calculation in the form of a separate rail car with an increased
mass m, =146,7m and a sliding friction coefficient 4 =0,15. It was

shown [3 - 8] that such a simulation scheme of a rail car-stopper gives
results that are quite close to the experimental ones.

The aim of this work is to assess the effectiveness of the functioning
of roller impact absorbers when transporting heavy and large-sized cargos
by rail.

Definition of dynamic equations of motion of the transport system.

The construction of the differential equations of motion of the
damping system will be carried out using the theoretical-methodological
approach developed earlier in publications [1 - 3]. This approach is based
on Appell's formalism for nonholonomic systems [22].

In further transformations, we need some geometrical and kinematic
relations. We formulate them below.

First, we introduce a coordinate system as shown in Fig.1. Let us write
expressions for radius vectors that connect the center of mass (CM) of a
large cargo with points of tangency of the rollers and cylindrical grooves

(Fig. 1):
B, =[1+ql —(h+zl)(p5;0;—(h+21+(l+%)¢5)]’ 2)
Pr=—[1-q,+(h+2,)p:0,h+z,—(I-q,) ;] (3)
where ¢, = Rsin (7:): 4 =§sin(774) 2z, =E(l—cos(773));z2 =E(1—cos(774));
h — half the height of the load; / — half the length of the load,; R=R-r.
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Now we write down two vector kinematic relations reflecting the non-
slip conditions between the rollers and the cylindrical support surfaces:

Vi+@s] % P, = X0 + @y ] x iy, 4)
Vit s X P, = %0 + @, xril, , (5)
where i, = [sin(m); 0; cos (77, )] , i, = [sin(m); 0; cos (7, )] are external
unit normals at the points of contact of the corresponding grooves; 7,, 7,

are the angles of deviation of the corresponding unit normals from the
verticals O,Z, and O,Z, .

We rewrite the vector relations (4) - (5) in scalar form:

i —ps[h+z+(1+q,) 0 | =% — Ri, cos(n,). (6)
Z—¢s[1+q,—(h+z)p; | =Ri,sin(n,), (7)
i =@ h+z,—(1-q,)p; | =%, — Rij, cos(n,), (8)
z+@[1-q, +(h+z,)p |=Ri,sin(n,) . )

Let us proceed to the definition of the dynamic equations of motion
of the system. Taking into account the specificity of connections in the
system, for this we use the Appell formalism [22] with the construction of
the corresponding acceleration function.

We write the expression for Appell's acceleration function [22],
provided that the masses m;, m, of the rollers are infinitesimal

m, [m;, — 0,m, [m, = 0,m, /m; — 0,k =3,4
compared with the masses of the cargo my and the carrying wagons m,, m, :
. . 22 w2 .. ..
mx, | X, s (x5 + Z5) Js%z i méx(f (10)
2 2 2 2 2
For the damping system under study, we introduce four independent

S:

generalized coordinates x,, x,,7;, X, that correspond to the number of its
degrees of freedom. Let us free ourselves from the dependent velocities X,

z,, ¢s and 7,, using the kinematic relations (6) - (9). As a result, we get:
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7'74=st73+(21+6121];q2)(x1—xz)’ (11).

where F, =§[(22 -z, =2l )sin(n,) - (21 + g, — g, ) cos(n, )},

ZN:E[(Z2 —z,—2lgp;)sin(n,) - (2 +q, —qz)cos(m)}.

The expression for 7j, has the form:

7, =fq773 +fx (jél _552)"'fsv > (12)

Where

TCH = E; +(2l+% _%)(xl —562);
O, =[1y-DF, +(d, - 4,)(% - %,)]- ZN ;

pobp 2ta-g, O DZN-TCH,
"OZNT Y ZN 7Y ZN ZN>

DF, = R[ (2, — 2, —21g, )sin(n,) ~ (¢, - d, )cos(n, ) +

+(2, — 2, — 21, )cos (1, )iy + (21 + g, — @, )sin ()7, |5
DZN =R[(2, - 2 - 2I¢,)sin(n,) ~ (d, — 4. )cos(n, ) +
(2, — 2, — 21y )cos (1, )i, + (21 + g, — g, )sin ()73, ]

Next, we define an expression for ¢, :

. E(m Sin(’h) - 773 Sin(ﬂs ))

= . 13
i 2+4q,—q, (3
Using expressions (12) and (13), we write the equations for ¢, :
¢5=¢I]‘ﬁ3+(px.('§él_jé2)+§0xv’ (14)
whore g, <)) Sosin()
2l+q,—q, 2l+q,—q,
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o =% f,, sin(n, ) + 175 cos(n, ) =15 cos(1;)
a 2l+q,—q,

(CL -4, )(774 Sin(774 ) B 773 Sil’l(773 ))
(20+q,—q,)

Now we define the expressions for ¥, and Z; through the

accelerations 7, X,, X, of independent generalized coordinates 7, x,, X, ,

which are included in the Appell acceleration function (10). Using relations
(12) and (14), we write the equation for X, :

i, = KXS, i, + KX5, % +KX5, -% +KXS,, (15)
where KX5 =HZ, ¢, —Rcos(n,); KX5, =HZ, @, +1;KX5, =-HZ,-¢,;

KX5g, =HZ¢ 9, +R7732 Sin(773)+¢5 [Z.l + 4,05 +(Z+Q1)¢5:| 5
HZ,=h+z+(l+q)o;.
Similarly, we obtain the expression for Z;:
Z,=KZ5, -ij, + KZ5, - (%, — %,) + KZ5,, (16)
where KZ5, = LQ, ¢, + R-sin(1,); KZ5, =LO, ¢, LO, =1+q,—(h+2z)¢;;

KZ5;, = LQ(p Dy, +§7732 005(773 ) + s [% — 405 — (h + Z1)¢sj
After substituting expressions (14) — (16) into the acceleration function
we obtain a new Appell function S*, in which we retain only those terms
that contain the second derivatives of independent generalized coordinates

(that is, accelerations). The new Appel acceleration function in independent
generalized coordinates is:
* 2 ) %) e e o oo
S = Ax, X+ Asz2 + A,]773 + AXIZ)clx2 + AXI,]xlr]3 +
T RS (L))
+ sznxzry3 + BX] X, + BX2 X, + B,7773 + Txé

where the quantities Ay Ay A, Ay Ay, Ay By s By, B, are expressed

X2 7Xon 2

in terms of the parameters defined above: KX5 X5 KX5 x,» KZ5,, KX5,,
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K7Z5,, KX5g,, KZ5;, and others. Let's write the Appel equations in a

n
general view:
éi=&;é¥=ﬂqéi=&;éi=3y (18)
%, ' OX, > OX, o,
We write the expressions for the generalized forces Py , Py , Py ,F;:

PX1 =0, =04 _msg'DX1 _Cq (25% - X _)'Cz)EX1 +Cz7 ().Cs _x1)> (19)

PX2 = Cq (xs _5‘2)_ Cq (25% - X _j‘z)Ex2 _msng2 -0y (20)
})7]3 :_(msg.Dlﬂ +C1] (2x5 _xl _)’CZ)EIﬂ)’ (21)
PX(,:le_FT : (22)

Performing the differentiation in accordance with (18) using relations
(17), (19) - (22) after some transformations, we obtain the nonlinear
differential equations of motion of the transport damping system:

24, -5+ Ay -E + Ay, 5, =P, ~ B, . (23)
AXIZ xl + 2AX2 x2 + AXz’] 773 = PXz _BXz : (24)
Ay X+ Ay, X +24, 7, =6, =B, (25)

mX, = Py . (26)

The result of the numerical analisis of the dynamics of the
transport damping system. The solution of the nonlinear system of
differential equations (23) - (26) was carried out by numerical methods
using the MathCAD software. The system parameters were taken as
follows:

L=12m; h=1,5 m;l=6 m; mg=m,g=0,25Mn; C; =O,26Mn's/m;
C,=30Kn-s/m; mg =0,8 Mn; mg =1,46 Mn; K, =17 Mn/m.

The graphs (fig. 2) reflect the processes of change in time 7' of the
velocities of all CM of the system. As follows from the graphs, for wagons

(X,, X,, X,) this change occurs very quickly, at the same time as for cargo

(X, 5 ) this process develops much slower. In addition, from the graphs in
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Fig. 2, we can conclude that the movement of the wagons practically
does not affect the movement of the load, which smoothly rises along the
turnstile rollers upwards.

2.5 LKL A.%5.%
2 N T T 20 T T T
~
S
= A .
I % \\ -
- _ ._ .
ole Dt n
S
- -
-1 | | | =40 : : :
0 03 e 0o 12 T 1] 03 08 09 12 T
Fig.2. Graphs of the dependences of Fig.3. Graphs of the dependences of
velocities ( m /s ) of the CM of the accelerations ( m / s* ) of the CM of the
damping system over time T (s) system over time T (s)

This “cut-off” of the movements of the load-carrying platforms and
the cargo explains the reason for the very small acceleration of the latter
(about 3.3m/s*) compared with the accelerations of the rail cars (about
23m/s*) shown in Fig. 3 (which was to be expected). For the considered
design variant, the greatest acceleration of the cargo CM is seven times less
than the greatest accelerations of the platforms carrying it.

The graphs (Fig. 4) show the processes of change in time 7 of
displacements A,, and A,, centers of mass of the cargo along the
turnstiles' rollers relative to the coupling crews. The maximum value of the
indicated displacements does not exceed 0.573 m . The parameter R can be
considered as a regulator of the longitudinal inertial forces acting on the

Fig.4. Graphs of relative displacement
dependencies (in m ) of the load center on

the turnstile rollers on the front A and

rear A, platforms against time 7 (s)




cargo being transported. In addition, the time to reach maximum values A,
and A,, much longer than the time at which the relative interwagon

displacements reach their maximum.

Conclusions. It is noted that the main destructive factor in the process
of transporting large-sized cargos by rail are longitudinal inertial loads. The
indicated problem of reducing their level is proposed to be solved by using
special devices - turnstiles with roller impact absorbers. As a result of
studies of dynamic processes occurring in the transport system, the
following phenomena, have been identified.

The nature of the influence of the design parameters of roller impact
absorbers and the conditions of the system collision on the dynamic state of
the transported structures is established. It is shown that the value of the

design parameter R=R-r of the impact absorbers has a significant effect
on the level of dynamic loads, namely: with an increase in the parameter

R, the level of longitudinal inertial loads significantly decreases.

It has been established that dynamic loads on transported cargoes can
be reduced by more than 14 times compared with existing traditional
schemes and methods of fastening structures. Such a decrease in the level
of longitudinal dynamic loads on the transported cargoes is achieved
through the implementation of significant relative movements (up
toA=0,9m) the cargo on the impact-absorbing roller turnstiles. In

addition, the use of a movable method of securing cargoes eliminates
tensile dynamic loads on reinforced concrete structures.

According to the results of studies of dynamic processes in the
transport system, we can draw the main conclusion. In order to significantly
reduce the level of longitudinal transport loads on transported large-sized
cargoes, their fixation with respect to the wagons carrying it should be
carried out in "movably-adjustable" (as opposed to the existing "hard"
method).
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B PAMKAX CXEMbI JU®PEPEHIIUAJIBHOM UTPHI
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B cmamve paccmompena npoyedypa moodenuposanus npoyecca mopeoguix
onepayuii ¢ kpunmosamomamu. Tloxazano, umo ynpagisiemocmes OAHHO20
npoyecca Mmodicem Obimb ORUCAHA C MOYKU 3PEHUsl USPO8020 NOOX00d.
Hoeusna moldenu 8 moM, 4moO OHA OMAUYAEMCS OM CYUeCmEYIouux
n00x0008 pewienuem OUIUHEUHOU Oudepenyuanvholl uspvl Kauecmed ¢
HEeCKONbKUMU ~ MEPMUHATbHBIMU No8epXHOocmAmMU.  Hailoeno peuteHue
OunuHelinol  Oup@epeHyuarpbHoll  uepbl  Kauecmeda ¢ - 308UCUMBIMU
osudicenusimu. Pesynomamul pabomul 0aiom uHCMPYMeHm H000epICAnUs
BATIOMHOU CMAOUILHOCIU, KAK HA DbIHKe MPAOUYUOHHBIX 8ATIOM, MAK U
Ha pbiHKe KPURMOBANIOM.

Kniouegvie cnosa: xpunmosanoma, OUmkouH, ueposas mMooenb, NHOKYHKd-
npooasica Kpunmoeaon.

1. Beenenune

B coBpeMeHHBIX YCIOBHSAX BCe OOJbIee paclpoCTpaHEHHE B
9KOHOMHMYECKOW U (PHHAHCOBOW cdepaX MHOTMX TOCyIapcTB MHpa
nonyqa}oT TaK HA3bIBACMBIC 3J'I€KTpOHHI>IC JACHbI'U, HOJ'Iy‘II/IBHII/Ie Ha3BaAHHUC
KpI/IHTOBaJ'II-OT. I/I y>1<e cef/’mac MOXHO yTBep)KI[aTI), YTO HUCIIOJIB30BAHUEC U
JanbHEHIee pa3BUTHE ITUPPOBBIX BATIOT OyJIET CYNIECTBEHHO BIUSTH Ha
SKOHOMHKH CTpaH MUpPA B yKe HeJaliekoM OyaymeM. OnHuM u3 (GakTopos,
CHOCOGCTByIOHlI/IX 3TOMy, SABJISICTCSA BIIUSTHUEC KpI/IHTOBaJHOT Ha
KanmuTaJu3alio dKOHOMHK TocyaapcTtB. Ha cerogHst kamurtammsariust
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JNIEKTPOHHBIX  JIeHEer (KPUNTOBAIIOT) CO3JaeT  MPEONOCHUIKH  JUIS
pacmmpeHHss SKOHOMHK TrocymapctB. KpmmrtoBamora — 3T0 ocoboe
JJIEKTPOHHOE IUIATEXKHOE CPEACTBO, KypC KOTOPOrO IOAJEPKHUBACTCS
TOJNIBKO crpocoM U mpenanoxeHueMm [1]. Takue >neKTpOHHBIE JIEHBIM B
MOJABJIAIOLIEM YHUCJIE CTpPaH II0Ka HE PEryJIMpYIOTCS HHU OIHOU W3
rocyJapcTBEHHBIX cucTeM. OHAKO CUTYyals HaunHaeT MeHAThcs. U yxe B
OTACNBHBIX  CTpPaHAX HAYMHAIOT TEPEXOMUTh K  HCIOJb30BAHHIO
KPUITOBAIIOT. A TOKa (yHKIMA HaOmomaTeNell M KOHTPOJEPOB, Kak
TIPaBUIIO, JIEXKHUT HA TMOJB30BATENSAX CETH W BIAACNbIaX KPUNTOBATIOT [2].
B KOHTekcTe HSKOHOMHMYECKMX OTHOLIEHWH KPHUIITOBAJIOTa MOXET
BBICTYyNIaTh KaK HWHBECTHUIMEH, Tak ¥ OOBEKTOM HWHBECTUIIMOHHOM
JeATEITLHOCTH.

KimroueBoit nipopsiB 6utkonHa (BTC) 3akirodancs B TOM, 4TO 3Ta
TEXHOJIOTHUS MO3BOJISUIA IBYM JIIOAIM OOMEHHMBATHCS NE€HbraMH HalpsMylo,
0e3 mocpegHMKA U JeNaTh 3TO MONHOCTBIO B IdpoBoit dhopme. CeromHs
6omee 100 000 opraHm3anuii NPUHAMAIOT K oOIUiaTe OWTKOWHBL. Ecim
paccMaTpuBaTh TJ00aNbHBI PHIHOK, TO K TaKUM KOMIIAaHUSIM MOXHO
otHectu: Overstock.com (KpymHEHIINI PO3HUYHBIA TOPTOBel, KOTOPBIA
MpUHUMaeT K oruiate OuTkomHbl), Virgin Galactic, Wordpress, PayPal
(eBay), Tesla, Microsoft, Dell, AirBaltic, Air Lituanica, LOT u ap. JIpyroii
OILMEN MCIONb30BaHUsI OUTKOMHOB SIBJISIETCS IOKYINKa MOJAPOYHBIX KapT
B TaKuX MarazuHax kak Walmart, Amazon, Target u Nike.

KpunroBamora  sABIsE€TCA  HEOThEMJIEMOH  COCTaBIIAIOIIEH
COBPEMEHHOI MHPOBOI (puHAHCOBOM CHUCTEMBI. PazBurue
COOTBETCTBYIOUIMX PBIHKOB, B YaCTHOCTH, CIpPOC M NpPEIJIOKEHHE Ha
MEPBYI0 KPUIITOBATIOTY bitcoin U Apyrue WHCTpyMeHTHI (altcoin) ceifuac
mpeBbimaer 200 mmH. gomr. CIIA B genp. OpHAako WCHOJIB30BaHHE
KPUITOBAIIOTHl KaK WHBECTULMOHHOIO akTuUBa TpedyeT OOOCHOBaHUS
BO3MOXXHOCTH TIPUMEHEHUS KIACCHUYECKUX METOAOB PHCK-MEHEIKMEHTa
[3], nmoprdenbHOro aHanm3a, WTPOBBIX Mojened [4] m ToMmy momoOHOE.
Kitaccuueckas nopTdenbHas Teopus [1] u MIpeIbIIyIIne
9KOHOMETPHYECKHE HCCIEIOBAHUS KIIOYEBBIX PBHIHOYHBIX TEHACHIUH
MOKAa3bIBAIOT, YTO I OLCHKH (PUHAHCOBBIX CBOMCTB aKTHBa Pa3lU4HOM
OpUPONBl  HEOOXOMMMO  IIPOAHAIM3UPOBATH  TUHAMHUKY €ro  IIeH,
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COOTBETCTBYIOIIHME JOXOJHOCTH OT KYPCOBBIX Pa3HHMII, & TaKKE YTOUYHHUTb
TOPU30HTHI TUTAHUPOBAHUS (meecoobpa3HOCTH MIPUMCHEHHUS
CTaTUCTUYECKHX METOJOB). PBHIHOK KPHUNTOBAIIOT OTHOCHTEIBHO HOBBIM.
Hecmotpss Ha T1O, uTto bitcoin Obu1 co3man eme B 2009 roxy,
WHBECTHIIMOHHBIE CBOMCTBA 3TOT0 aKTHUBA MOJIHOLEHHO MPOSIBUINCH TOIBKO
B 2017 roxy. B wactHoctH, BamoTHbie tapel BTC-USD, ETH (Ethereum)-
USD wu ppyrue HammM CcBO€ TPEACTAaBICHHE Ha MEXAyHapOAHOH
¢uHaHCOBOMT mH(popMarmoHHOW Iwiomagke Yahoo Finance, dro
JIOTIONTHUTEIGHO ~ TMOJTBEPXKIACT  MNpPU3HAHUE W MHBECTHIIMOHHYIO
3HAYUMOCTH COOTBETCTBYIOIIIX aKTHBOB.

B nporuiecce nmpuHATHS pelieHust 00 UHBECTULUSAX B KPUIITOBAIOTY
ClleyeT TPOBOOWTH AaHANNW3 XapaKTepHBIX YepT U OcoOEHHOCTeH
KPHUIITOBATIOT B Mupe. Yarie Bcero MOTCHIINAIBHBIN HHBECTOP HCIONB3YET
IUGPOBYIO BATIOTY KaKk MHBECTUIMH (Harmpumep, outkounsl, nanee BTC),
korja npuoOperaet nudpoBbie TOKeHHI (tokens) kommaHuu. Takue TOKEHBI
MOryT OBITh JTHMOO KPUIITOBATIOTON (cryptocurrency), WIH LIEHHOCTHIO
(Asset). Ilo cytu, pa3HHIa MEXIy TOKCHOM-KPUIITOBATIOTOW M TOKCHOM-
LIEHHOCTBIO CBOJUTCA JIMIIb K TEXHUYECKUM acCleKTaM: B asset, B OTIHYHE
OT cryptocurrency, HET COOCTBEHHOTO OJioK4eliHa (pacmpeneneHHON Oa3bl
naHHBIX). To ecTh BHITYCK TOKCHA-IIEHHOCTH OCYIIECTBISIETCS C TIOMOIIBIO
CIIeIHATIBHBIX TIAT(QOPM ¢ COOCTBEHHBIM OJIOKYCHHOM.

2. O630p JuTEpaTYypHI

AHanu3 Hay4YHBIX NOyOJNHKAlWiA ITOKAa3bIBaE€T, YTO BOIPOC
MPUBJIEKATEIbHOCTH HMHBECTHUPOBAHUS B KPHUIITOBAIIOTHI HCCIIEAOBaH
HEIOCTaTOYHO. B OCHOBHOM HCCIEIOBaHUS COCPEIOTOYECHBI HAa TaKOM
BOIIPOCE KaK BOJATIIHLHOCTh KPUIITOBANIOTHI, YeMY ITOCBSIIICHEI PaOOTHI [5-
7]. Toutn xaxnwldi U3 aBTOpoB padoT [7-10] paccmarpuBaetr BTC, kak
IbTEPHATHBY TPAJUIMOHHBIM JEHbIraM, MOJYEPKHBAs TMEPCIEKTUBHI €ro
JATLHEHUINEr0 PaclpoCTPAHCHUsI W WCTIOJNB30BaHUS B DKOHOMHKE B POJIH
MUPOBOH BaiOThl. Bmecte ¢ TeM OOJBLIMHCTBO YYEHBIX M HPAKTUKOB
OTMEYAIOT 3HAYUTENBHYIO BOJATHIBHOCTh KPUNTOBAIIOTHL. A 3TO Jenaer
BTC wu gpyrue KpuUITOBAIIOTHI JOCTATOYHO PHUCKOBBIM OOBEKTOM
HWHBECTUPOBAHMUSL.
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YcnemHoe pa3BUTHE SKOHOMHKH Jr000oro rocymapctBa [10,11]
HEBO3MOKHO 0€3 cTaOWiIbHON BanroThl. OCOOEHHO 3TO BaXKHO B HACTOSILEE
BpeMsl, KOTJa rocylnapcTBa MNPUCTYNWIM K UUGPOBON TpaHChOpMaLUU
OKOHOMMKH. ,Z[.]Iﬂ noaacpIKaHus CTa6I/IJII>HOCTI/I HaHHOHaﬂbHOﬁ BAJIFOTHI
pa3pabaThIBalOTCST  pa3NUyYHBIE MOJNCTH €€ IOAACPKAHMSA, KOTOpEIe
VYUTHIBAIOT, HApSAy CO CTaphIMH (pakTOopamu, HOBEWINHE, CBSI3aHHBIC C
MepexoJoM B DJIOXy TNOBceMecTHOW wuHpopMmaruzanuu. [Ipu sToM,
HauOOIBIIYIO IICHHOCTh MPEACTABISIOT MOJICNIHU, TIO3BOJISIOLINE TPUMEHSTh
TPAMBIC METOABI MOAACPIKAHUA BaJIOTHOM CTa6I/IJ'IBHOCTI/I. Nmenno Takas
MOJIeJIb IIpeAiaraeTcs B JaHHOH pabore.

Bce Bpille ckazaHHOE W MPEJONPENENWIO LEeNd  HaIIero
WICCIIEIOBAHMSI U €r0 PEJICBAHTHOCTb.

3. Ieap wmccaenoBanusi: pa3padoTka MoOIeJHM TOProBbIX
onepauuii ¢ KPUNTOBAIIOTAMU.

4. MeToabl 1 MOJEIHU

Mojesib TOProBuIX ONepanuii ¢ KpUNTOBATIOTAMMU

Cuntaem, 4TO B TOPTOBBIX OMEPALUAX HA PhIHKE BAJIOT YYaCTBYIOT
JIBA WTpOKa. OTO OOyCIIaBIUBAeTCSl TEM, YTO HECMOTpS Ha TO, YTO
KpUIITOBAOT AocTtaToyHo MHoro, Hampumep: ADA, BTC, DOT, EOS,
ETC, ETH, LINK, LTC, XRP wu Japyrux, TOpPrOBBIE CECCUHU
MPOU3BOMATCST C TMapaMd BaJOT, BBIOPAaHHBIX 1O TEM WM JAPYTHM
cooOpaxxeHnssM. WTak, OIMH WIPOK MOKYIAeT KPHIITOBATIOTY — OWTKOWH
(BTC1), mpyroit urpok ee mponaer (mokymaer kpunrtoBairoTy (BTC2)).
Ilepen nHawamom TOproBoil ceccun yctaHoBieH cnoT-kypc BTC1 mo
otHomenuo k BTC2: 1btc2=k,,, . B momenT ¢ =0 (Hauanga TOpros) UrPoK

I umeer x (BTCI1) mist mokynku kpuntoBamotel (BTC2), a urpok I umeer
y (BTC2) pgns mokynku kpuntoBamotel (BTC2) (mponaxku

kpuntoBamoTel BTC1). [IpuBenem ommcanue MoJEIH TOPTOBBIX ONEparuit
C BBIOpaHHBIMHM KpunToBagtoTamu. B moment t=0 wurpoku [ u II,
TIOTIONHSIIOT WMeroIuecs y Hux o0wvembl kpunroBamor BTC1 u BTC2
x(0) ( BTC1) u y(0) (BTC2) u pacmonararmT CIeAyIOIUMH 00beMaMu

kpunroBamor BTC1 u BTC2 — o -x(0) u S-y(0), coorBeTCTBEHHO (& H

£ - temnbl pocta 06bemMoB BTC1 u BTC2). IToToM UrpOKH BBIIEINSAIOT,
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cootBerctBeHHO, u(0)-a-x(0) (0<u(0)<1) BTC1 wu v(0)-8-y(0)
(0<v(0)<1) BTC2 na mokynky BTC2 u BTCI. IIpeanonaraercs, 4to B

MOMEHT NPOBEJICHUSI TOPTrOBOI cecCHM Kypchl MOKYNKU U mpopaxu BTC2

cocraBuim k,, 1 k Torna, o6semst BTC1 nu BTC2 y urpokos [ u I B

prod *
MOMEHT BpeMeHH [ OyIyT OIpelessaThCs CIEAYIOIIeH CHCTEMOi
TP PepeHINATEHBIX YPaBHEHHN:
dx /) dt =—x(t) + a - x(0) —u(0) - & - x(0) - [1 = (ky,, / & ,,,,)] +
v(0)- - y(0) - [Kyer =K por 15
dyldt==y(0)+ - y(0)=v(0)- B y(0)-[1 = (K, / Ky )]+
u(0)-a - x(0)[(/ kyoy) = (1/ k)]s

OTH COOTHOIIEHUS O3HAUAIOT cienyromee. Mrpok I, ynpasnsrormmi
kpunroBamorod  BTCl1, Bemenster wuwacts kpunrosamoTsl BTCI

(1)

@)

u(0)-a-x(0) Ha mnokynky kpunroBamoTsl BTC2. Ha BeigeneHHyto
BEJIMYUHY KPUITOBAIIOTHI BTC1 OH MOKyITaeT

senmunny [u(0)- - x(0)/ k,.,,]  xpuntoBamorsr BTC2, xortopyio emy

npoxaer urpok II mo kypcy npopaxu kpunrosanotst BTC2 £k,

rod

KOTOPBIA CIOXWICS Ha 3TOM TOproBoi ceccuu. To ecth, urpok I, BMecTo
maccel kpunroBanmoTsl BTC1 #(0)-« - x(0), xoTopyr0 OH BBLACIHI Ha

nokynky kpunroBamotsl BTC2, npuobpen kpunrosamory BTC2, 06bem
KOTOpBIX ouenusaercs B (k,,, / k,,,)-u(0)- - x(0) xpunrosamorsl BTCI.
B pesynbrare, mepBbiii urpok (mamee PL 1) mocne mpoBeNeHUS UM

npouenypsl nmokynku BTC2, umeer 31eKTpOHHBIX (PMHAHCOBBIX PECYPCOB
(manee ®duP) B BTC1->kBuBaneHTe,
pasaoM & - x(0) —u(0) - & - x(0) - [1 - (k,,, / k ,,,4)] . [Tomumo noxynku BTC2
urpokom PL 1, Ha TOpProBol ceccMu MNPOUCXOAUT mpomaxa BTC2
(moxynka kpunroBamiorel BTC1) BTOpeiM urpoxom (mamee PL 2). Ha
nokynky kpuntoBamotrel BTC1 PL 2 seigenserv(0)- 5-y(0) BTC2,
koTopele PL 1 mokymaer y PL 2 mo Kypcy HOKYyNKH K

pok
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CrnenoBatenbHO, TMOCIE MPOUEAYpsl Tpoaaxu urpokom PL 2 BTC2 B
ooveme v(0)-F-y(0), y urpoka PL 1 nobGaBurcs ®uP Ha BennuuHy
v(0)- - y(0)-[k,,, —k,,], B BTCI- oxpupanente. Torma, y wurpoka
PL 1, nocne npoBeaenust Toproeoit ceccun, GuP, 8 BTCI-skBuBanenre,
Oyzer:

a-x(0)—u(0)- - x(0)-[1-(k,,, / k,,,)]+

V(0)- - y(0)-[Kyer = Kpyou -

Amnanornuno ooctout aeno ¢ GuP urpoka PL 2. Ha BeineneHHYyIO Ha
nmokynky kpunroBaimoTel BTC1 Bemwuuny v(0)- - y(0) BTC2, urpok
PL _2 nokynaer xpunrosamory BTC1 B o6seme v(0)-5-y(0)-k,, ,uto
npuBoAUT K ToMy, uro @uP urpoxa PL 2, B BTC2, ymeHsiiarcs Ha
senmuuny v(0)- - y(0)-[1-(k,, / k)] . Kpome Toro, ¢ yuerom Toro, uto
UIPOK p; | «camocTosTenbHoy nokynan BTC2 y urpoka PL_2, BTC2-
SKBHUBAJICHT ®uP YBEITHYUTCS Ha
senmanny u(0) - o - x(0)-[(1/ k,,,,) = (1/ k,,,,)]. Takum 06pasom, 1o uroram
TOproBoil ceccuu, y urpoka PL 2 ocranercs ®uP, B kpunrosaiore
BTC2, B 00beMe, KOTOPBI COCTABUT:

B-y(0)=v(0)- B-y(0)-[1=(k,p / Ky )]+
u(0)- & - x(0)-[(1/ Ky ) = (1/ k)]s
OTcrozia ONy4nM, YTO CKOPOCTh U3MEHEHHsI KPUIITOBAIIOT OyAeT
3a7aBaThes cucTeMoi muddepeHnnansHpIx ypasHeHui (1), (2).
Torzna, B MOMEHT ¢ BO3MOXXHBI CIEIYIOLIME BapUaHTbl yCJIOBHI:
1) x(#) > 0,y(t) =0, 2) x(1)=0,y(t) > 0;
3) x(1)=0,y(r) = 0;4) x(z) = 0, y(r) ~ 0;
[lepBoe ycnmaBuTe oTpakaer ciydaid monHoi nponaxu BTC2, uto
O3HayaeT — TOPropas ceccusi 3aKOHYMIach. BTopoe ycnoBue — 310 ciyyaii
nonHoM mpogaxu BTCI1, uro o3Hauaer — TOproBas CecCUsl TaKxKe

3aKOHYMJIACh.  IpeTWil ciaydaili — BO3MOXCEH JHMIIb (QOpMaIbHO, a
(aktuuecku HeT. OH COOTBETCTBYET, CUTYAIMH TOJHOH Tiponaxu u BTC2
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u BTC1. Toprosas ceccust 3akoHuMIack. OTMETHM, 9TO (pasa o0 TOM, 4TO
TpeTuii BapuaHT (PAaKTHYECKH HEBO3MOXKEH, O3Ha4aeT cleaylomee. B
COOTHOLIEHHUAX 3aJ0KEH NPUHIMI COXPAaHEHHsS JIEHEXKHOH Macchl.
CnenoBarenbHO, OJHOBPEMEHHOE yMEHbIIEHHWE «a0 Hyms»  DuP
HEBO3MOXXHO. UYeTBepThId Cily4ail COOTBETCTBYET CHUTyallud, KOrja y
ArpokoB octanmuck u kpunroBamora BTC1 u kpunroBamrora BTC2. To
€CTh, JUIsl TAaKOM CHUTyalluM TOproBas ceccusi mnponoykaercs. Wrposoi
MOAXO0Jl JaeT BO3MOXKHOCTh IO JAaHHBIM O HavalbHbiXx @OuP (kak
kpunroBantorel BTC1, tak u xpunrosamorsl BTC2), Temnax ux pocra,
cinoxuBiuxca kypcax BTC1 (Tak ¥ MOKYNKH, MPOAAaXH KPUITOBATIOTHI
BTC2 Ha ToOproBoil ceccuu), BBIYHCIATH BpeMs BO3MOXKHOW MOJHOM
npogaxn kak BTC2, tak u BTC1. Takyke MOXHO HaXOIWUTh ONTHMAIIbHBIC
CTpaTeruu ympasieHus. Kpome TOro, oH mo3BoJI€T ONpenesuTh 00JIaCTH
HavanbHbIXx @uP (BTC1 u BTC2) cTopoH, y4acTBYIONIMX B TOPTOBOM
cecCHM, OOJaNaroNIMX CBOMCTBOM: €CIHM TOProBasl CECCHsl HAdajgach C
oobemamu BTC2 u BTCI1, npunamiexamux gaHHod obiactu ®uP, To B
OJIUH U3 MOMEHTOB BPEMEHH BO3MOJKHa IoJiHas npogaxa uian BTC2, nin
BTC1, nu0o TOpProByr CEeCCHI0 MOKHO MPOJOJKATh KaK YTOAHO JOJTO.
Hns storo pemaercs nuddepeHnranbHas Wrpa KadecTBa C JIByMs
TEepMHUHAIBHBIMA TTOBEPXHOCTSAMH. PerreHne mogoOHON 3a1aui CBOAUTCS K
OTIPEICJIEHNIO MHOYKECTB MIPEANOUYTUTENLHOCTH CTOPOH, a TaK)Ke CTpaTerui
WTPOKOB Ha TOProBOH ceccud (YMpPaBISFOIIUX BO3ACHCTBHI), MPUMEHSIS
KOTOPBIE BO3MOXKHO TOJTYYCHUE UCXOJIOB, MPEAMOYTHTEIBHBIX ISl KaXKI0H
CTOpoHbI. 110 MHOXECTBOM NpPEANOYTUTENBHOCTH JIIOOOH W3 CTOPOH Ha
TOPTOBOM CECCUU, MOAPa3yMEBAETCS MHOKECTBO MOJHON MPOJAXKH BaTIOThI
(BTC2, BTC1) mpoTHBONOI0KHOM CTOPOHOH TaHHOTO Mpoliecca.
B pabote npuBoauTCs perreHre Takod auddepeHIaIbHON UTPHI.

4.1. IlocTaHoBKA 3a1a4u

[IpuBeneHHyr0  BbILIE MOJENb TOProBOW ceccuu  Oynem
paccMaTpuBaTh B paMKax CXeMbl MO3UIIMOHHON TU(QepeHInaIbHON UTrPbl
¢ monHoil wuHpopmammenr [12-14]. B pamkax 3TOH cxembl JaHHas
Ipoluexypa «IOpOXKAAeT» ABE 3aaud — C TOUKU 3PEHMs [IEPBOTO MIPOKa-
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COIO3HHKAa M C TOYKH 3PCHHUS BTOPOIO HIPOKa-COIO3HHKA). Bcnencteue
CUMMETPUYHOCTHU JIOCTaTOYHO OTPAHUYUTHLCS OJHOW M3 HUX, HAIIpUMED - C
TOUKH 3pEHHs IEepBOTO UIPOKa-COIO3HUKA. /[l »3TOro ompenenum
CTpaTeTuH IEPBOTO HUIpoKa-coto3Huka. OOoznaumm uepe3 7 =[0,+o)
MHOJKECTBO, XapaKTepU3yIollee U3MEHEHUE BPEMEHHOTO ITapaMeTpa.
Onpenenenne. UYucrtoil crpaTerueil nepBoro UrpoKa-cOH3HUKA
HaspiBaeTcss QyHkumus w71 x[0,1]x[0,1]—[0,1], craBsmas COCTOSHHIO

HHpOpMALIUU (To3utum) (#,(x(0), ¥(0))) 3HAYCHUE

u(t,(x(0), ¥(0))) : 0 <u(z,(x(0), y(0))) < 1.

Takum 00pa3zoM, YUCTOM cTpareruell MepBOro UrpoKa-COIO3HUKA
SBISIETCST (PYHKUHMS, CTaBsIas COCTOSHHUIO WHPOpPMAnWM B MOMEHT f
BernuuHy u(t,(x(0), y(0))), onpenemnsrontyto oobeM KpuntoBamotsl BTCI,
KOTOPYIO OH BBIAENWJI AJIs MOKynku kpuntoBantoTel BTC2 Ha TOprosoii
ceccun. B oTHomeHWHn WH)OPMUPOBAHHOCTH UTPOKa-MPOTUBHUKA (B
paMKax CXeMbl IIO3MLMOHHONW WIPbI) HUKAKUX MPEINOJIOKEHUH He
JeNIaeTcsl, YTO SKBUBAJIEHTHO TOMY, YTO UI'POK-IIPOTHUBHUK BBIOMpPAET CBOE
YIpaBJSIIoOLIee BO3/ACHCTBUE v(t) Ha OCHOBAHUH JI000H WHGpOpMaIUH.
MHoOXEeCTBO ~ NpPEeANOYTUTENBHOCTH  HEpBOro  HMrpoka W,  Oyner
ompenenarsca Tak. W, — 370 MHOXecTBO HauanbHbIX ®PuP (x(0),(0))
WUTPOKOB, O00JaalOUIMX CBOHCTBOM: JUIA  TakuxX HadaibHblx OuP
CYLIECTBYET CTpaTerus MepBOro Urpoka, KOTopas Ajsl JIOObIX peann3anuii
CTpaTeruu urpoka PL 2 «mIpuBOAWUTY» B OJMH U3 MOMEHTOB BPEMEHH !
cocTosiHue cucteMel (x(¢), y(¢)) B Takoe, Ipu KOTOPOM OYyJET BBIMOIHATHCS
ycioue 1). Ilpu srom y urpoka PL 2 He CylIeCTBYET CTpaTeruu,
KOTOpast MOXKET «IIPUBECTH» K BBHITIOJIHEHHUIO YCIOBUH 2) uin 3) B OJMH H3
MPEIIIECTBYIOIIMX MOMEHTOB BpeMeHH. CTpaTerusi NepBOro Wrpoka,
obnajaromas yKka3aHHbBIM CBOMCTBOM, Ha3bIBAaeTCsA ONTUMAIbHOU. Perienue
3ama4yu 1 3aKirodaeTcs B HAXOXJICHUH MHOXECTBA MPEIIOYTUTEILHOCTH
[IEPBOI'0 UI'POKA U €0 ONTUMAJILHBIX CTPATErui.

4.2. Pemienue 3agaum 1
Bsenem 0003HaueHHMS:
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Sl = 1 - (kpok / kbtcl);sz = (1 / kbtcl) - (1 / kprod )’

81 =81 K138y =85 - Ky

Bo3MOoHBI (MOTEHIINATIBHO) YETHIPE CITyYast:

a) s, >0,s,<0;0) s, <0,s, > 0;

B) 5, > 0,5, >0;c) 5, <0,s, <0;

B cmydae a) M TpM yCIOBMM: S >=Q—«Q-S, MHOXECTBO

OpEANTOYTUTEIIBHOCTH IIEPBOT'0 UTPOKA-COIO3HUKA 6y,ueT TaKHM:
W, = {(x(0), »(0)): (x(0), ¥(0)) € R, y(0) < ¢ - x(0)},
rae g =(—a-s2)/(,8—a+a-s'2).
B cnysyae a) wm mnpu ycmoBuu pLoa-a- S; MHOKECTBO

2
IPEeANOYTUTENBHOCTH MEPBOr0 MrpoKa-coro3Huka W, Oyner R;.B obeux

CllydasiXx ONTHMAlbHAas CTPAaTerdsi MNEPBOrO HIPOKA-COIO3HUKA OymeT
BBIJICJICHHE MM BCEX CPEICTB Ha IOKYIKY KPHITOBAIIOTHI Yy HIPOKa-
MPOTHBHKKA, & Y UTPOKA-TIPOTUBHHUKA — OTKA3 OT MOKYNKH KPUITOBAITOTHI
urpoka-coro3uuka. OrTmeruMm  ciepyromiee — oOcTosATeNnbCTBO.  Jlyu
y(0)=¢q-x(0) mpu (x(0),y(0)) € R} sBAsSETCA PABHOBECHBIM, T.€. €CIH
HavajbHbIe (PHHAHCOBBIC PECYPCHI HTPOKOB MPUHAJUIEKAT 3TOMY JIydy, TO Y
UTPOKOB CYIIECTBYIOT CTPATETHH, ITO3BOJIIOIINE WIPOKAM KakK YTOTHO
JIOJITO HAXOAMTHCS HA ITOM JIyde. DTO MO3BOJIUT MIPOKAM MOAICPIKUBATE
OTHOIIIEHHE KPHUIITOBATIOT MOCTOSHHBIM KaK YromHo nouro. B ciydae 6)
MEPBBIA UTPOK-COIO3HUK p; | HE MOXKET «IOCTPOHUTHY CBOE MHOXECTBO

MIPEIOYTUTENBHOCTH, TaK KaK IPU TaKOM COOTHOILEHHM IapaMeTpOB
CUTyallls CTaHOBHUTCA NPEANOYTHTENIbHOM g wurpoka PL 2 w,
CJIEZIOBATENBHO, NIPU PELICHNUH 3a1a4H 2, ¢ TOUYKU 3pEHHs BTOPOTO MIPOKa-
coro3Huka PL 2 (pemieHHe KOTOPOW IPHUBOIUTHCS HE OYIET) WIPOK
PL 2  coBeplIeHHO aHAJOTMYHO HaWJIeT W CBOE  MHOXECTBO
MPEANOYTUTENFHOCTH, U CBOIO ONTHUMAaJbHYIO CTpaTerutro. B ciyuae B)
MHOXECTB MPEINOYTUTEIFHOCTH Y WIPOKOB HET, TaK KaK IMPH TaKOM
COOTHOIIIEHUH [TapaMETPOB Y HUX OyAyT B Hanmn4uu 1 Kpunrosaiaota BTCI
u kpuntoBaora BTC2, kak yroJgHo 10iro.
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Coydaif ¢) HeBO3MOXKEH, TaK KaK IO ONPEIEICHHIO KypC MOKYIKA
BTC2 He MoxeT ObITh OOJBIIE Kypca ero MPOJaXKH.

5. BeiBoabI

Paccmotpena wurpoBas Monens TOPrOBOM CECCUM HA PBIHKE
KpunroBamoT. IlokazaHo, 4TO YHpaBIsieMOCTb IIpoliecca Ha TOProBoil
CECCHM MOXET OBITh OMHCAaHa C TOUKM 3PEHUS HIPOBOTO IIOAXOAA Ha
OCHOBE PELICHUsI CHCTeMbl OWIMHEHHBIX ypaBHeHuil. HoBusHa mopmenu B
TOM, YTO OHA OTIMYAETCAd OT CYLIECTBYIOIIUX IOAXOJ0B pELIEHUEM
OunuHedHON JudQepeHInaIbHOH WIPhl  KauecTBa C  HECKOJIbKHUMHU
TepPMUHAILHBIMU TIOBEPXHOCTAMHU. HalifileHo pelieHre HOBOW OMIMHEHHOM
mddepeHnInaTbHO  UTphl  KadecTBa C  3aBUCHMBIMH  JIBIDKCHUSIMU.
[IpuBenennsle B paboTe pe3yibTaThl, MOI'YT OKa3aTbCs IOJIE3HBIMU JUIS
MPEJOTBPALICHUsI CUTyalluld KypcOBOM HECTaOMJIBHOCTH HAa pbIHKE
WHBECTHUIMH B KPUIITOBAIOTHI.
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A CONSTRUCTIVE MARTINGALE REPRESENTATION
OF BROWNIAN FUNCTIONALS
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The well-known Clark-Ocone formula (1984) allows constructing a
constructive martingale representation for stochastically smooth Brownian
functionals. In the case of stochastically non-smooth functionals, if the
conditional mathematical expectation of the functional with respect to the
natural filtration of the Brownian motion is stochastically smooth, one can
use the Glonti-Purtukhia generalization (2017) of the Clark-Ocone
formula. Here we study functionals to which the above results cannot be
applied and derive a constructive martingale representation.

One of the important properties of the Itd stochastic integral is as
follows: the It6 stochastic integral of a square-integrable adapted integrand

f(t,w) with respect to the natural filtration 3’ =o{B :0<s<t} of a

t

t
Brownian motion B as a process J.O f(s,0)dB (w) is a martingale with

respect to the same filtration. On the other hand, according to the well-

known Clark formula (1970), the inverse statement is also true: if F is a

B -
'

adapted process w(:,-) € L,([0,7]x€), such that (P-a.s.) the integral

3, -measurable random variable with EF’ < oo, then there exists the J

representation: F' = EF + J.OT v (t,w)dB,(w) holds.

However, this result says nothing on finding the process w(¢,®)

explicitly. In this direction we are familiar with one sufficiently general
result, the so-called Clark-Ocone's formula ([1]) by which for the
stochastically smooth (in Malliavin sense) Brownian functionals:

w(t,w)=E[D’F|3’)(w), where D’F is the stochastic derivative of the
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functional F . Unfortunately, the class of functionals to which the Clark-
Ocone formula can be applied is limited by the condition that they must be
Malliavin differentiable. On the other hand, even though the Clark-Ocone
formula gives the construction of the integrand, there are problems with
practical implementations.

Another distinct method of finding an integrand w(¢,w) belongs to

Shiryaev, Yor and Graversen (2003, 2006) when the functional F is of
"maximal" type. With the above-mentioned functional they linked the
associated Lewy's martingale and used the generalized Ito's formula. Later,
using the Clark-Ocone formula, Renaud and Remillar (2007) established
explicit martingale representations for Brownian functionals, which also
depend on the trajectory (in particular, the considered functional is a
continuously differentiable function of three variables, the arguments of
which are the Brownian motion, its maximum, and minimum).

Our approach within the classical Ito's calculus allows one to construct
v (t,w) explicitly by using both the standard L, theory and the theories of

weighted Sobolev spaces if the functional F' has no stochastic derivative
(see Jaoshvili, Purtukhia (2005)). It is known that the event indicator does
not have a stochastic derivative if the probability of an event is not equal to
zero or one. Consequently, one cannot apply the Clark-Ocone formula for

the indicator 7, whereas our approach allows one to obtain the

Br<x} >

x—B

T
. . X 1
following representation: 7, _ :@(—j— —go(—fjdwt, where
e JT !.\/T—z N

@ is a standard normal distribution function and ¢ is its density.

We study the issues of constructive stochastic integral representation
of stochastically non-smooth functionals, which are interesting both for the
development of stochastic calculus and from the point of view of their
practical application in the problem of modern stochastic financial
mathematics. In the work of Glonti, Purtukhia (2014), they developed a
method for obtaining an integral representation using the Trotter-Meyer
theorem, which establishes a relationship between the predictable quadratic
variation of a semimartingale and its local time.
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Next, it turned out that the requirement of smoothness of the
functional can be weakened by the requirement of smoothness of only its
conditional mathematical expectation (see, [2]). It is known that if a random
variable is stochastically differentiable in the sense of Malliavin, then its
conditional mathematical expectation is also differentiable (see, Nualart,

2006). In particular, if FeD, , then E(F|3’)eD,, ~and
D[E(F|3))]=E(D,F|3]),,(t). On the other hand, the conditional

mathematical expectation can be smooth even if the random variable is not

stochastically smooth. For example, it is known that /,, _, ¢ D, , but for

x-B
N/
generalization of the Clark-Ocone formula ([2]) is valid: Suppose that
g(t)=E(F|3’) is a Malliavin differentiable functional ( g(z,) € D,,) for

all  1e€[0,7): E(I{BT<”|SZB):<D[ ]eou. The  following

almost all 7€[0,7). Then we have the following stochastic integral
T

representation: g(T)=F =EF + J'u?de (P-as.), where
0

u = liTrnE[Q g®) 3] in L,([0,T]xQ).

Of course, there are functionals that do not satisfy even the weakened
Glonti-Purtukhia condition. In particular, when taking the conditional
mathematical expectation of such a functional, a term similar to the original

functional is separated from it. Such, for example, is the integral over the
T

Lebesgue measure qu (w)ds of a process u (w) that does not satisfy the
0

Clark-Ocone condition, but satisfies the weakened Glonti-Purtukhia
condition, and the corresponding representation for it was obtained in [3].

Another functional of this type: [

(B} (B, = max B,), which we learned

about from Andrei Ionescu (PhD student at King's College London), for
which we are grateful.
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Proposition. If BtT = max (B, — B,) then (P -as.) the following
se(t,T]

relation is valid E[/ RAE I{B*< \

{Br<a} P(B T—a B).

Proof. Indeed, using the Markov property, one can check that

E[I{B;Sﬂ} |StB]:E[l{B <a} | 2 ’] E[I{B <a} {B/ p+B,<a} |Bt,Br]
- I{sta}E[I{B;Tgafgt} |Bt’Bz ] ZI{BfSa}E[I{BZTSa—B,} |Bt] =
P( t,T _a_Bf)'

(B<}

Theorem. The following stochastic integral representation is valid

* T 1 [a—B j
I . =P(B.<a)-2|1 . s |dB P-as.).
{Br<a} (Br <a) '(l; (B'<a) T—s(p el it ( )

Proof. We introduce the notation
Stx,y)= E[I{B;Sa} | B =x,B =y].
It is not difficult to see that

uZ

e "™y .

1 a—x
6%, 9) = Iy Py <a-xi =1, —

f( y) {y<a} { T } {yf}\/mi(ajix)

It is clear that for all y: f(,,y)eC"((0,T)xR), B is an

increasing process. Therefore, according to the Ito formula, taking into
account that the part of the bounded variation of a continuous martingale is
equal to zero, for all # <T we obtain that (P -a.s.)

E[I{B;sa}|st]:f(t t> t) P(B <a)+jf(s B:)dB$:

:P(B§§a)—2j1{3<a}ﬂ (\/_de

Passing now to the limit in the last relation at + — T, we can complete
the proof of the theorem.
Acknowledgment. Supported by project CPEA-LT-2016/10003.
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DESCRIEREA EVOLUTIEI VIRUSULUI COVID-19
iN REPUBLICA MOLDOVA iN BAZA MODELULUI DINAMIC
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The COVID-19 pandemic has been affected all countries around the
World inclusive Republic of Moldova. In this respect, studying evolution of
this virus in time using dynamic compartmental models for analyzing
current situation and proposing some measures _for medical authorities is of
the stringent necessity. Such models are frequently utilized in determining
infectious disease dynamics. Using advantage of the availability in time of
the statics data concerning this virus, dynamic compartmental model will
be used to be done analyses of the infection situation evolution in Republic
of Moldova is the main objective of this article.

Key words: evolution, virus, dynamic model, vaccination.

Problema examinarii evolutiei imbolnavirilor cu virusul COVID-19 in
vederea elabordrii masurilor efective pentru contracararea ei atat din partea
autoritatilor, cat si din partea populatiei este pe larg discutatd si cercetata
[1-5] Modelul epidemiologic este frecvent folosit in studiul pandemiei
actuale COVID-19. Folosind disponibilitatea in timp real a informatiilor
referitoare la evolutia pandemiei care include date raportate zilnic privitor
la numarul cazurilor noi inregistrate, si datele cumulative ale celor decedati
ce ale celor recuperati. si modelul comportamental elaborat in [1], se va
incerca adoptarea acestui model la efectuarea analizei evaludrii situatiei cu
infectia COVID-19 in Moldova in perioada 11 ianuarie-17 februarie 2022.
In acest model este examinata populatia protejatd P , cea infectatd depistata
Id si cea infectatd dai ne depistatd / , concomitent este inclus procesul de
vaccinare. Fluxurile dintre compartimente sunt normalizate prin parametrii
modelului.
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Variabile necunoscute ale modelului
pP_ Populatia protejata
S_ Populatia suspecta
E _ Populatia expusi riscului de imbolnavire
I _Infectati responsabili pentru raspandire
1, — Infectati depistati
R _ Total recuperati

D _ Total decedati
N=S+E+I+I1,+R+D

Parametrii modelului

@ — Factorul de protectie S —> P

k pg — Rata de transmisie £ —> S

k _Rata de transformare S = E

7, — Perioada de incubatie a virusului
7,y — Rata de transmitere { — 1,

d Fractia din I celor depistati

[ - Fractia din I celor decedati

Tz — Timpul de recuperare

Tp— Timpul specific de deces

kpp — Timpul specific de reinfectare
V —vaccinati zilnic

Se presupune ca la prima aparitie a virusul 1n tard, numarul initial de
suspectati a fi infectati se egaleaza cu toatd populatia tirii. Cum numai
oamenii sunt informati de prezenta virusului, ei tind s se protejeze de sine
statdtor i, in consecinta, devin parte a compartimentului S(#) din P(?)
rata acestei tranzifii se va considera proportionala numarului celor real
infectati depistati si , asa numitului, factor de protectie. Acest flux apare ca
un efort al celor care urmeaza masurile sanitare de distantd sociala, impuse
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sau de guvern, sau personal de fiecare individ in functie de percepere a
riscului de infectare.

ds, Iz,

Figurl. Diagrama comportamentald a modelului

In linii mari, se presupune ca starea de constientizare a populatiei va
influenta dinamica imbolnavirii in urma infectérii. La fel poate fi un flux

involuntar de la S(¢)citre Pa unei parfi a populatiei care fizic sau
geografic este izolata de virus.
Multiple explozii pot fi explicate considerand fluxul din P(¢) citre S(¢)cu

rata K, , specifica pentru fiecare explozie. Aceste fluxuri sunt consecinte

ale relaxdrii guvernamentale si/sau individuale ale unor sau tuturor
masurilor de distantiere sanitara si sociala.

Din compartimentul celor suspectati, indivizii evolueaza apoi, contactand
persoanele infectate, din compartimentul [(¢)spre cei expusi pericolului

223



E(t), infectati insd ne contagiosi. Aceastd tranzitie se produce la rata &,
produsul al contactelor zilnice cu probabilitatea contactelor generatoare de
infectie. Persoanele expuse pericolului infectarii evolueaza spre /(¢) intr-un
timp 7,, legat de perioada de incubatie a virusului. Din /() o parte d este

depistata si transmisa catre [, (f)cu un timp 7,,, in timp ce restul

persoanelor sunt vindecati si merg spre R(#) cu un timp de recuperare 7, .

Diferenta dintre cei infectati identificati si cei ne identificati este cruciala in
descrierea dinamicii COVID-19 deoarece persoanele ne identificate
contribuie pe larg la raspandirea bolii.

In modelul se presupune, ci persoanele identificate nu mai raspandesc
boala. In prezentul model se admite cd persoanele depistate pe larg

contribuie la raspandirea bolii. Din compartimentul /,(¢), o parte la
decedat si devine o componentd a compartimentului D(¢), in timp ce

fractia 1—/ este rata celor recuperati intr-un timp caracteristic 7. In final,
vaccinarea §i pierderea imunitatii pot fi calculate cunoscand numarul celor
vaccinafi v, la care se aplica rate de re infectare kpp, In tranzitia de la
R(t) spre P(1).

In model se elimina calea prin care o parte din persoanele infectate nu
infecteazd populatia suspectatd. Prin urmare, se admite ca decesele vin
exclusiv din compartimentul celor infectati depistati, [, (#). Modificarea
in cauza nici intr-un caz nu ignord importanta actiunilor umane asupra
dinamicii COVID-19, prin testarea (reflectatd in parametrii d i 1,(t)),
perceperea riscului (reflectatd in ¢ ) si masurile de distantiere
sanitare/sociale, la fel ca i protectia totald, (reflectata in P(¢) ). Aditional in

model se include procesul de vaccinare.

Descrierea matematicd a celor sapte compartimente incluse in model
necesiti urmitorul set de ecuatii diferentiale. In final, vaccinarea si
pierderea imunitatii.

kyp —rata de re infectare in tranzitia din R(¢) catre P(t)
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kpg —rata tranzitiei din P(¢) catre S(Z)
k —rata tranzitiei din /(¢) spre E(¢), celor infectati ne contagiosi
— perioada de incubatie a virusului
T, — timp de recuperare
7, —timp de depistare
T, —timp de deces
k, — procentajul al cazurilor activ infectati spitalizati
k-, — procentajul al cazurilor activ infectati in ICU
Tp, ~ timpul de externare
TRy ~ timpul parasiri ICU
dP(t)
dt
ds (t)
dt

aEG _ L S(t)——E(t)
dt T,

di() _ 1E() {(1 d)+_}1(t)

dt Tr Ty

= kppR(t) =k ps P(1) — v (2)

Pt~k SO

A0 _d {(1 D, }, ©
dt Ty Tq Tp

dl:jgt) :L[(l_l)jd(z)+(l—d)1(t)]+ O(t) — kpp R(2)
T
ab) _, d
dt _kTD fa@-
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Pentru a complecta informatia pentru cazurile cumulative de infectati,
N, (¢) , numai fluxul care merge spre [, (¢) e necesar de a fi considerat,

ceea ce conduce la ecuatia (8)

dN,,(t) d
Pl 4y (8)
dt Ty
Cazurile zilnice depistate se obtin prin derivarea cazurilor totale depistate
dN , (¢ d 1-d d
Id( ) — E(f) _ ( ) +— N[d (f) (9)
dt 7,7, Te T,

Prin analogie , se obtin cazurile zilnice ale deceselor prin derivarea
cazurilor totale de decese confirmate

dNID(t): ld [(t)_|:@+L}NID(Z) (10)
T

dt Tt Tr D

Obiectivul de baza al autoritatilor din sanatate consta 1n evitarea colapsului
serviciilor spitalicesti In perspectiva cresterii dramatice a pacientilor cu
COVID-19. Este interesant de a urmari evolutia in timp a numdrului
cazurilor de spitalizare si numarului pacientilor in terapie intensiva ICU.
Cele din urmd fiind fractii din populatia infectatd depistatd. Ecuatia
diferentiala care caracterizeazd fluxul la si de la aceste compartimente
poate fi inscrisa ca

O 1,01, a
dt Tan
dI]CU ® = kICUId(t)_' 1 IICU(t) (12)
dt TRI('U

]éh si k jcy Sunt parametrii care includ procentajul cazurilor activ infectate,
directionate spre spitalizare sau ICU . Iar 7, si 7 Re, —CStE timpul la care

pacientii parasesc starile de spitalizare sau ICU respectiv.
Parametru | Valoarea
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t, 11/01/2022
S, 2 597100
I, 1139

T 3,5 zile

d 0,25

Ty 6,25 zile

1 0,02

Th 14 zile

Tabelul 1. parametrii care nu pot fi estimati independent prin completarea
setului de date ce corespund celor infectati, decedati, spitalizati. Populatia

totala a Republicii Moldova S,

Rata modificarii numarului total de infectati (depistati si celor ne depistati)
se calculeaza prin

dN, () _ 1

—E 13
P (1) (13)

Pentru a solutiona modelul prezentat se va examina varianta discreta a
modelului. In acest context sistemul de ecuatii (1-13) se va inscrie in felul
ce urmeaza, formand un sistem de ecuatii ordinare in diferente finite. Ca
modelul obtinut sa fie solutionat este necesar sa se determine valorile
parametrilor inclusi in model, la fel si valorile initiale ale variabilelor
necunoscute din model, la momentul #,. O procedura speciald se va utiliza

in vederea rezolvarii sistemului de ecuatii obtinut.
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P(t)) = P(t,) + kppR(2)) — kps P()) — V(1)) (14)

S(a)=S<to)+kpsP(rl)—k%S<m (1s)
E(t) = E(ty) +k—5(1,)~ L E(1) (16)

N T,
1(r1>=1<r0>+TiE<rl) [“T 9, : }m) a7

1,t)=1,(t,)+— I(t) {(1 l)+—}] () (18)
7]

z-R D

R(,) = R(ty) +——[(A= DI, () + (1= d)I(1)]+ 0(t,) — kgp R (1) (19)

7
D(¢t,) = D(t, )+k I () (20)
Ny () =Ny (t) +— I(f) 21)
T
d 1-d
Na(t) = Ny (i) +—— E(t) - {( ) } Nat) @)
Tt TR Tld
16 =1 (1) + by Ly () ~—— 1, () (3)
Rh
1
]ICU (tl) = IICU (to) + kICUId (t1) _T—[ICU (tl) (24)
Ricy
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1
Nr(tl):NT(to)+T_E(t1) (25)
!
Pentru solutionarea sistemului de ecuatii ordinare obtinut se va utiliza

procedura SOLVER din aplicatia Excel.
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NOETHER CRITERIA FOR PERTURBED
SINGULAR INTEGRAL OPERATORS

NEAGU V.
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Chisinau, Republic of Moldova
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Here are presented some generalizations and refinements of the article [1]:
examples of integral (non-compact) operators with point wise singularities
which are admissible perturbations of the Noetherian operators are
constructed,; a connection between the regularizes of the perturbed and
original operators is established and the equality between the indices of the
perturbed and the original operators is proved. The presented results are
based on the formulas obtained in this paper for the composition of an
operator  with  the  Cauchy  kernel and  the  operators
with point wise singularities.

Keywords: Perturbed singular operators, noetherian conditions

1. Introduction
We remind that an operator 4 e L(B) admits regularization if there

exist operators M ,M, € L(B) such that AM, =1+T, (left regularization)

and M,A=1+T, (right regularization), where 7, and 7, are compact

operators in space B . The class of operators admitting regularization is of
particular interest, since the operators of this class have the following
properties (F. Noether's theorems):

1) The equation Ax =y is solvable if and only if its right-hand side is

orthogonal to all solutions of the equation A @=0. This condition is

equivalent to the condition that the set of values of the operator A is a
subspace, or the equality

ImA= ﬂ Ker f

feKerA'

is true.
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2) The equations Ax=0 and A ¢ =0 have a finite number of linearly

independent solutions.

Operators with properties 1) and 2) are called Noetherian operators
and represent essential generalizations of the class of operators of the form
I +T,where T is a compact operator for which the well-known Fredholm
theorems hold. If conditions 1) and 2) are satisfied, then the number

dim Ker A—dimKer A" is called the index of a Noetherian operator 4 and
is denoted by Ind A.
Let us denote by the N (B) the set of all Noetherian operators acting

in a Banach space B and let H be a Hilbert space. It is well known that if
an operator K € L(H ) and has the property A+Ke N (H ) for every

AeN(H),then K is completely continuous.
And what will be, if we require that the implication 4e N (H )
implies "A+K e N(H)< AeN(H)", but say, for all singular integral

Noetherian operators. Is K necessarily completely continuous in this case?
It turns out that it is not necessary. Examples of such operators can be
found in [1], [2-4], and such examples are given in this paper.

2. Perturbation of Noetherian singular operators

In the monographs of N.I. Muskhelishvili and F.D. Gakhov, an
operator is called complete singular integral operator if it has the form

(40)(1)=a(r)+~| K=o ;. (1)

iy Tt
where a(t) and k(r,t) are functions satisfying the Holder condition on I”

and I"x I, respectively, and the integral is understood in the sense of the
principal value. The operator A4, defined by equality (1), can be represented

in the form A=al +bS+T, where b(t)=k(t,¢), and T is the integral

operator with kernel

k, (r,t)=7riw. ()
r_
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In the case when k(7,t) satisfies the Holder condition on I'x I, the

kernel (2) has a weak singularity; therefore, the operator 7' is completely
continuous in the space L, (F ) . Due to this, the operator A4 is Noetherian

in the space L, (r ) , if and only if the operator 4, =al +bS is Noetheran.

Operator 4, is called the characteristic part of the operator A. In this

connection, Noether's theory of singular operators was developed mainly
for characteristic operators. Significant successes have been achieved in this
direction: there are obtained criteria to be Noetherian for such operators
with piecewise continuous coefficients, with coefficients having

discontinuities of almost periodic type, with arbitrary coefficients from
L (F ) . However, in many problems of mechanics, physics and other areas

o0

that lead to singular equations, not characteristic operators appear, but
complete ones. In this regard, it becomes necessary to study the complete
singular operators (1) with functions and k(‘r,t) not necessarily satisfying

the Holder condition. The main difficulty here is that the operator 7 with
kernel (2) may turn out to be not completely continuous (not compact) or
(more importantly) ceases to be an ® -admissible perturbation

Let's show this on an example. Let I, be the unit circle, y(¢) be the
characteristic function of the {Im t> 0} Nr,; k(r,t) = ;((t) - ;((r), Ael

(49)(1) = 2p(1) + L [ EE020E)

Ty Tt
In this example, k(t,t) =0, therefore, the characteristic part of the operator
A is a scalar operator (Aogo)(t) = lgo(t) . The operator A4 in this example
can be represented in the form 4=A71+ yS— Syl , whence it follows that
it belongs to the algebra 4, , generated by singular integral operators with
piecewise continuous coefficients. It was shown in (2) that on the algebra

A, one can introduce the symbol (}/,’#) ((t,y) el x [O,l]) , which on the

generators of S and al takes the form
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Vi (a]) =

a(t+0) 1, (1) +a(t=0)(1=1, (1)) (a(t+0)=a(t=0))h, (u)| (3)
)~

B

(a(t+0)=a(t=0)), (x) a(t+0)(1- 1, () +a(r=0) £, (1)
where
Sirllﬂeig(ﬂfl) [Qz—ﬂ(p_z)], for p#2
fp(,u)z sin @ 2 > “4)
i, for p=2
and 1, (y) — 1is some fixed continuous branch of the function

() (1=, (1)

In particular, for the operator A=Al+ S-Syl with p=2 we
have: dety, ,(4)=A% for t=+l and dety, ,(A4)=A%+4u(1-pu) for
t=%1. An operator A is Noetherian in L,(I") if and only if

A? +4,u(l—y)¢ 0 for all ye[O,l]. This is equivalent to A =t , where

IS [—1,1].
Thus, for A=rzi, where 76[—1,1]\{0}, the operator A is not
Noetherian, but its characteristic part 4, is Noetherian. This implies that
the operator M =A-4, is not a @ -admissible perturbation of the

characteristic part of the operator A. This also implies that M is not
compact.

For this operator, we managed to obtain criteria for Noetherian
property due to the fact that we embedded it in the algebra 4, (see [5-6]).

You can do the same with some other complete operators. This work will
describe one class of such operators.

In what follows, we will consider the perturbation of the characteristic
operators by operators of the following form

ch ) (M 0)(t) (¢, €L, (T)). (5)
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where

(0)0) =L [ ae(eery ©

and o, (:t O) are some complex numbers. First of all, note that if the
function 7-¢—¢, vanishes at some point (T,t)ef x I, then the

corresponding operator M, is not compact. This follows from the
following theorem.
Theorem 1. Let I'y={z|z=t-q, tel'}. If I'NI,#D, the

operator M is not compact in the space L, (F )
Proof. Suppose that the operator M is compact in the space L, (I7).
Let y=I"(NT, and ¢, be one of the intersection points of the contours I”
with ", . In the space L, (I") consider the singular operator defined by the
equality A=al +bS,, where a(t) and b(t) are continuous at each point
tey) {to} and satisfy the conditions:
a(t£0)£b(1+0)=0,
(a(ty—0)+b(t,—0))/(a(ty—0)=b(t, —0))=i and
(a(ty+0)+b(t,+0))/(a(ty +0)=b(z, +0))=1.

Under these conditions, the operator A4 is not Noetherian [6] in space

L, ( 7/) . Operator R, acting by rule

(Ro)(1)=(p(1)-0(t - ), (teT),
is the reversible operator from L(L2 (7)., (T )) Let yeL,(I) and
consider the equation
Ap=ap+bS,p=y .
This equation can be rewritten as a system of two equations: in one
equation ¢ € I", and in the second equation ¢ € [’,.
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a(t)p(t)+ b(t)j¢(r)dr+ bi(;) I f(—ft) dr=y(t), tel’

i Tt
(ol P [ B0 o)
oY Tt wioY Tt ’ g
r I
In the integral I Mdt we change the variables 7 — 7 — ¢, and in the
Ty

second equation of the resulting system, replace ¢ by ¢ —«, . We get

al(t)(/’l(t)+b17£;)j¢:(_l;) dz'+b17£it) szt(_rlk dr=y,(t), tel

0 (1) (1) + 2 ;r(l-t) e S) dr+ ﬂ(ir) : _fplt(_flk dr=y, (1), tel

B

where the notation f;(1)=f(¢), f,(¢t)=f(t—e) (t€I) is used. Thus,

the operator RAR™" has the form

al+BS,  BM,
b,N, a,l +b,S,

RAR™' = , ®)

.lg:(_rt)dfﬂ (Nk(P)(f):%l o(r) dr,tel.
a;(t+0)+b,;(t+0)
aj(t_o)_b(z_o)*( _ﬂ)aj(t+0)—bj(t+0)
(tel, 0<pu<l, j=12),

=0

then the operators a1 +b,S ( j= 1,2) are Noetherian in the space L, (F ) .

Then equality (8) (taking into account the compactness of the operators
M, and N,) implies that the operator A is Noetherian in the space

LZ(F ) The resulting contradiction proves that the operator M, is not
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compact in the space L, (F ) Since, in addition, the operator M, is
bounded in all spaces L,(I") (1< p <c0), by virtue of M. Krasnoselsky's
theorem [7] M, is not compact in any space L, (F ) The theorem is

proved.

3. Main result

In order to present the main results, we need to introduce some
notation.

Let I, ={¢ci¢=t-a;,tel} an FPr={cic=t+a,tel}. If the
contour /', has no points in common with /", then, obviously, the operator
M, , defined by equality (6) is completely continuous in the space L, (I)

and does not affect the Noetherian character of singular operators of the

form 4y =aP+bQ+T (P=%(I+S), Q=%(1—S)j. In this connection,

in what follows we will assume that the numbers ¢, (k = 1,...,m) are such
that '\, # . For the sake of simplicity, we will assume that I” is the
unit circle: I"={z:[f|=1} . We also note here that the results of the paper

are valid for any closed Lyapunov contour /", with the property that I”
and I, intersect at a finite number of points.

Let t,El),t,(cz) be the intersection points of the contours /” and I,
(k=1,...,m) and t,(f),t,(f) points of intersection of the contours 7" and P :
t,@ = t,El) +a, and t,(f) = t,(f) +a, . Let N, denotes the set of all functions

from L, (F ), tat are continuous in some neighborhoods u(t,gj )> of points

) (j=1,23,4). Let aeN, and u{)(j=1,2,3,4) be some

neighborhoods of points t,((j ) , in which the function a(t) is continuous. Put
Y0

¥ = U ”k] )
J=1
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Theorem 2. Let a € N, then there exists a function a, € N, such that
a,(t)=1 for te I'\y, and the operator N =M al —a, M, is completely
continuous in L, ().

We denote by l,(;) (753)) the part of the contour ", lying inside the

region bounded by the contour I, (: {E:é=t-a;, 1€ F})

(Pu (={¢: ¢ =t+ay,rer})), and let (1 = 1)) (fo) =r\i§j)).

Theorem 3. The following equalities hold
M,S=hM,, SM, =M, hl
where

5(0)
hk(t)z{l fortel,gl) () = 1 fortel,

b k " .
-1 fortel,gz) -1 fortelf)

Corollary. Theorem 2 implies the following equalities

M P=5:My, M,Q=(1-5k)M,,
~ ~ ©
PM, = M Sil, OM, = M, (1-5 )1,

where o, = 1+2hk and Sk = 1+2hk .

In what follows, we will assume that the numbers «;, (k = 1,...,m) are
such that I, NrNe, =g (jok=1,...,m).

Theorem 4. Let acel, (F ) , then the operators
M ;aM, (j,k =1,...,m) are completely continuous in the space L, (F) If

a,beN,, then the following operators are also completely
continuous: Pa Qb M, QaP b M,, M, aP bQ, M, a Q bP, Pa M, bQ,
Qa M, bP.
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Theorem 5 (main). Let a,be ﬂ N, and ¢, eL,(7") In order for
1<k<m

the operator

m
A=aP. +bQ, + ) ¢M, (10)
k=1

to admit regularization in the space L, (I') it is necessary and sufficient

that regularization was allowed by the operator

A, =aP +bQ. (11)
If the operator A admits regularization, then
Ind A= Ind A,. (12)

The proof of this theorem uses the following lemma.

m
Lemma 1. The operator H =1 +ZCkMk admits regularization in
k=1

the space L, (") and its index is zero.

4. Example
Let =2 and a,=-2. In this case [1=1,, [I2=1I],

nLNIrNr:={-1 and

(Ml(ﬂ) = £ (p(r)

11 o)
dz, (M =— dr.
ﬂirr—t—Z ¢ ( 2(0) g

mdr—t+2
r

We denote by K the operator K=M,+M, and by N - the set of

piecewise continuous functions on I and continuous at the points 7 = £1.
Theorem 6. Let a,beN. For the operator A=al +bS+K to be

Noetherian in the space L,(7"), it is necessary and sufficient that the
operator A, =al +bS to have the same property. If operator A, is

Noetherian, then Ind A= Ind A,.

The proof of this theorem is based on a number of properties of the
operator K , which we establish in the following lemmas.
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Lemma 2. For every function he N there is a function heN such
that the operator Kh—-hK is compact in L,(/7). Moreover, if

h(t+0)#0(te "), then h(t+0)=0 too.

This statement is easily deduced from [5].
Lemma 3. The following relations are valid:

SK =K, KS=-K, K?=0. (13)

n
Proof. Let (p(t):Z:aktk — be a trigonometric polynomial,
k=-n

Z:aktk and ¢_( Z:aktk Then (Sq)(t)=¢, (t)-¢_(t) and
k=-n
for each point t e 7"\ {1,—1} the equality

t):—ziak [(t+2) +(t-2) ]

k=-n
is true. It is easy to show that SK¢p = K¢g and since the set of trigonometric

polynomials is dense in the space L (F) then SK = K . Further we have

KSp=K(p :—ZZak[t+2 2)} “Ko.

k=-n
So KS =-K . The last relation from (13) easily follows from the first two
lemmas. The lemma is proved.
Note also that the statement of Lemma 1 holds for operators of the
form F =1+ fK (f eN).

Lemma 4. The operator F =1+ fK is Noetherianand Ind F =0.

Proof of the theorem 6. If the operator A, =al +bS is Noetherian in
L,(7"), then (see [5]) the conditions a(t+0)+b(t£0)#0 and
a(t£0)-b(t+0)=0(tel) are true. Let f denote the function
f =1/(a+b)(eN). Based on Lemmas 2 and 3, we see that the operator A
can be represented in the form A=Ay (1 + fK)+T, where T is a compact
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operator. By Lemma 4, the operator F =17+ fK is Noetherian and
Ind F = 0. Therefore, operator A is also Noetherian and Ind A= Ind 4, .

The sufficiency has been proven.
Let us prove the necessity of the conditions of the theorem. Suppose
that the operator A=al+bS+K is Noetherian, and the operator

Ay =al +bS is not Noetherian. Let & be a positive number such that all
operators A', satisfying the condition ||A—A'||< ¢, are Noetherian and
Ind A'=Ind A. Just as in [2], we can construct two Noetherian operators
B;=a;l+b,S (j=12), such that |4, B;| <& and Ind B, #Ind B,. By

virtue of  what was proved above, the operators
A;=a;l+b;S+K (j=1,2) are Noetherian and Ind 4, =IndB,.

Therefore, Ind A #Ind 4,. And since "A— Aj” <e(j=12), then

Ind A4, = Ind A,. The resulting contradiction proves that the operator A4, is
Noetherian. The theorem is proved.

References

1. Vornicescu G., Neagu V. Noetherian criteria for some perturbed
integral operators. Studia Universitatis, Moldova State Universyty. 2020,
pp-17-25.

2. Krupnik N. ®-admissible perturbations of generalized operators of
local type. Izv. Vuzov., 1985, Ne3, pp.29-39.

3. Vasilevski N. On a class of singular integral operators with kernels of
polar-logarithmic type. Izv. Akad. Nauk SSSR, Ser. Math. 1976, Nel, pp.133-
151.

4. Neagu V. Essential spectrum of perturbed singular integral operators.
ROMAI Journal, 2014, Nel, pp.105-121.

5. Krupnik N. Banach algebras with symbol and singular integral
operators. Birkhduse, Basel-Boston, 1987, 138 p.

6. Gohberg 1., Krupnik N. Banach algebras generated by singular
integral operators. Colloquia mathematica societatis Janos Bolyai 5.
Hilbert space operators. 1970, Tihany (Hungary), pp.240-263.

7. Krasnoseliskii M. On a theorem of Riesz. Dokl. Akad. Nauk SSSR,
1960, 131, Ne2 , pp.246-248.

240



THE INDEPENDENCE NUMBER
OF THE GENERALIZED WHEEL GRAPHS W, ,

O.S. PICHUGINA,

National Aerospace University

”Kharkiv Aviation Institute”, Kharkiv, Ukraine,
University of Toronto, Toronto, Canada
o.pichugina@khai.edu

D.I. SOLOMON,

Academy of Transport, Informatics and Communications,
Chisinau, Moldova,

atic@mtc.md

P.I. STETSYUK,

V. M. Glushkov Institute of Cybernetics,

Kyiv, Ukraine stetsyukp@gmail.com

It is known that the maximum independent set problem (MISP) is
polynomially solvable for perfect, t-perfect, h-perfect, and W -perfect
graphs. The paper discusses the polynomial solvability of MISP for a
Sfamily of generalized wheel graphs W}, which are joints of an odd cycle

Cy., and a clique K,. We justify that, for any Wy, the Shor's bound
v, (G) is exact, wherefrom it follows that MISP is polynomially solvable
on graphs of this type. The bound v, (G) utilizes an equivalent MISP-

reformulation as a polynomial optimization problem with two groups of
Sfunctionally redundant constraints and its dual. It is shown that the
polytopes of perfect, t-perfect, h-perfect, and W -perfect graphs are

obtainable from the W} . -graph's polytope by relaxing a part of its
constraints whence the polynomial MISP-solvability on these classes of
graphs is also followed.
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1. Introduction

Combinatorial Optimization problems are widespread in modeling of
real-world problems of Geometric Design and Operational Research. A
significant contribution to Combinatorial Optimization and Computational
Complexity Theory was made by N. Z. Shor.

He proposed an original technique for obtaining dual bounds on the
optimal value of the objective function in quadratic optimization problems
[1].

This technique includes an algorithm, called the r-algorithm [2], for
obtaining the quadratic dual bounds by solving auxiliary non-smooth
continuous optimization problems. Another component of the approach is
searching for superflows constraints for the initial problem and then
utilizing them to refine the dual bounds. A wide application area of the
technique of Shor's dual bounds is Combinatorial Optimization,
particularly linear and quadratic binary optimization. Replacement of the

binary condition xe€ B, ={0,1}" by quadratic functional dependencies
X —x, =0, =1,n underlies the possibility of solving binary optimization
problems as quadratic ones.

In this work, we show the application of Shor's technique of dual

bounds for solving the maximum independent set problems (MISPs) on
undirected graphs and investigating the complexity of the solutions.

2. Problem statement

Let G=((G),E(G)) be an undirected graph with vertex set
V(G)=A{l,...,n} and edgeset E(G)cV(G)xV(G).
An independent set (stable set) S in G is a subset of V(G), whose

elements are pairwise nonadjacent.
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Let S(G) be a set of all independent sets in G. Then
VS eS(G),Vi,jeS,i# j: the condition {i, j} ¢ E(G) holds.

The maximum independent set problem (MISP) is to find an
independent set S €S(G) of maximum cardinality. A maximal
independent set (MIS) is an independent set that is not a subset of any other
independent set, i.e., MISP is a problem of finding an MIS S~. The size of
a maximum independent set is called the stability number of G and is
denoted by a(G) . Thus the MISP consists in finding the stability number.

MISP can be modelled as follows: find

a(G)=|S"| = max $|.

SeS(G)

2.1 The polytope STAB(G) and its relaxations

STAB(G) =conv{y(S):S €S (G)}
is a polytope of incidence vectors of independent sets in G (here, y(S) is
an incident vector of S'). Some valid inequalities of STAB(G) are
(vertex constraints): 0 < x, <1,i = I,_n;
(edge constraints) : x, + x; <1,(7, ) € E(G);
(clique constraint) : z x, <1L,VO eQ(G);
il (0)
(odd-cycle constraints) : Z x; <k,VC,,, € C(G),

ieV(Cyeir)

(odd-wheel constraints): > x,tkx; <k, W, e W'(G),

i€V(Coyy)
where Q(G),C(G),W'(G) are sets of cliques, odd cycles and wheels in
G.

Taken in different combinations with vertex constraints, these
constraints induces a relaxation polytope LSTAB(G), which coincides with

STAB(G) for a certain family of graphs called L -perfect. Among them are

perfect, t-perfect, h-perfect, odd-wheel perfect graphs. Identity
LSTAB(G) = STAB(G) reduces solution of a MISP to its linear relaxation
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over STAB(G), but three latter groups of constraints are, generally, are of
an exponential size. Nevertheless, a MISP is polynomially solvable by
polynomial optimization tools, particularly, by Shor's dual bound approach.
It utilizes quadratic formulations of MISP, having the form of
(quadratic vertex constraints): x’ —x, =0,i = Ln;
(quadratic edge constraints) : x,x; =0,(i, j) € E(G);

(superflows constraints) : x,x; +x,x, <X,

k=1,n,, ) E(G).

We extend a set of known so far L -perfect graphs on which MISP is
polynomially solvable by extending wheel constrains to generalized odd-
wheel constraints:

D x4k Y x, <kWi, eW(G),
iV (Cypr) eV (Q,)
where k,pell, W(G) is a set of generalizes odd wheels that are join of
an odd cycle and a clique. Justification of the polynomial solvability is
based on utilization of derived discrete optimization MISP-formulations.
These new MISP-statements were obtained by applying a technique if
continuous functional representation of combinatorial sets.

Summary

This work is dedicated to applying Shor's technique of quadratic dual
bounds to MIS problems and deriving classes of polynomially solvable
MISPs.

In particular, the paper substantiates the polynomial solvability of

MISPs on odd wheel-perfect graphs ,,,, and their generalizations, such

as generalized odd-wheel perfect graphs W, .

The theory of continuous functional representations of discrete sets
was applied in designing a variety of different formulations of MISP. These
results underly the theoretic justification of the polynomial solvability of
MISP for some classes of graphs. In such a way, we provide a new proof of
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MISP polynomial solvability for perfect, ¢-perfect, & -perfect graphs and
substantiate this for the first time for a family of W), -perfect graphs. In
particular, with the help of functional representations' techniques, all known
so far continuous, binary and partially binary mathematical models were
constructed, and several new models were obtained. Based on this, new
families of superflows constraints of the polytope STAB(G) of incidence
vectors of independent sets in a graph G were also derived. Expectedly,
these families of constraints will allow proving a polynomial solvability of
other classes of graphs, in particular, superclasses of W}, -perfect graphs.

The presented technique of obtaining new mathematical formulations
of COPs and the models themselves has theoretical value. In the future, the
results can be applied in computation experiments to identify more efficient
models in certain cases of input data.
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O-D MATRIX APPROACH FOR MODELING
OF INTERNAL AND EXTERNAL FREIGHT FLOWS
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Summary. The article considers the possibility of using a well-known
technology for modeling logistics flows as an OD matrix. This approach
involves dividing the territory into several zones (regions), which are
further considered as a whole as origin and destination points of cargo
flows. An additional task is to determine the factors that affect the
magnitude of flows between zones. The article describes the algorithm for
applying the OD matrix for modeling regional cargo flows in Ukraine. The
features of the application of the algorithm for export-import, transit and
urban transportation are indicated.

Keywords: cargo flow, OD matrix, cargo flow modeling, zoning

Regional freight transportation by road ensures the satisfaction of
demand for goods within the country and is necessary for the smooth
operation of manufacturing and service enterprises. Forecasting the demand
for transportation between regions and the subsequent planning and
organization of freight flows are important economic tasks. In this regard,
reliable mathematical models are needed to predict regional freight traffic
by road transport based on annual (quarterly) statistical data for the regions
of Ukraine [1].

Warehousing facilities, distribution and consolidation centres play an
important part in contemporary supply chains. The distribution and logistics
process includes the management of inventory, transportation, and final
product delivery. These processes interact with one another to produce an
integrated supply chain (Fig. 1). The efficiency of design and management
of these processes determine the extent to which the supply chain can meet
the required indicators of sustainability.
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Fig. 1. Freight modeling framework [2]
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This research treats production and consumption locations as well as the
volume of goods produced and consumed as a given. Depending on the
dataset, a match between production and consumption locations may need
to be made in the form of trade flow estimation. Given the trade flow
between production and consumption points (or terminals and places of
rework, where goods are consumed for further production), the logistics
model translates the trade flow into transport flow. The transport flow
consists of direct shipments, or shipments via one distribution center or a
number of distribution centers.

The essence of a logistics choice model is to take Production-
Consumption (PC) trade flows as the input and estimate transport Origin-
Destination (OD) flows as the output.

Points of origin and destination in the model are usually grouped into
zones, the links between which are analyzed as between aggregated units,
and not as between many physical points of origin and destination.

Zones are generally divided according to several criteria, such as
homogeneity, concordance with natural boundaries, and compatibility with
the main available data sources [3, 4, 5].

At the regional level, it is convenient for Ukraine to consider regions as
zones according to the regional division. Of course, when assessing
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logistics flows within the city, a more detailed clustering of the territory
should be used depending on the number of inhabitants, the number of
registered enterprises (acting as both sources and sinks of traffic flows).

It is also possible to connect interacting modes of transport, which, of
course, greatly complicates the model, since it involves active consideration
of the features of the functioning of various modes of transport, their
coordination and synchronization.

1a: Regionalization of

—_— interregional trade flows
N 1b: Modeling of

B ~— distribution structures
2: Modeling of

' g multimodal networks

3: City logistics

Fig. 2. Structure of hierarchy of transport system [6]

Consolidation centers can be considered as additional, artificially
created sources and sinks of cargo flows. It can also be called a distribution
center, a warehouse, a fulfillment center, a cross-dock facility, a bulk break
center, and a package handling center.

Therefore, due to the need to obtain reliable origin—destination (O-D)
demand flows, much of the literature has dealt with origin—destination (O-
D) flow estimation and forecasting.

Ideally, origin-destination (OD) data for passenger and trade flows
should be collected through OD surveys carried out in many different parts
of the network using a significative sample size. Such data is not available
in Ukraine. To fill this gap, the WB team sought collaboration from
Kyivstar [7], one of the largest mobile operators in Ukraine, which kindly
provided data on the OD flows of mobile phone users. Kyivstar specialists
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built OD matrices of their subscribers’ movements, travelling between
zones, by tracking signals of their cell phones, registered by Kyivstar base
stations in different locations. The method of using data from mobile
operators was also used by the authors [8], as a result of which the actual
OD matrix was obtained.

The data on the movements of cell phones has many shortcomings. It
does not provide information on vehicle types, number of passengers per
vehicle and depends on the number of cell phones per traveler, if any. For
these reasons the data is used here as a proxy for movements in general, and
in the transport model discussed later, as a source for a prior matrix which
is adjusted later.

& Donetsk

12088
2

magnitude
5252 25000

— 25001 - 50500

- 0o - 1570

Fig. 3. Movements of cell phones in Ukraine [World Bank team using
data provided by Kyivstar]

As one would expect, the main desire lines radiate from the main cities,
with a strong density in the western part of the country. Most of the
intensive OD pairs have a relatively short distance (about 100 km) except
for Kyiv-Odessa with more than 8,000 movements per day. For
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comparison, the M-05 linking Kyiv to Odessa carries on average 17,000
vehicles per day, but only a proportion of these will travel the entire
distance.

Of course, the data obtained in this way is quite informative for
assessing the congestion of the road infrastructure by vehicles. Based on
such data, it is possible to understand the demand for movement in certain
directions, which will allow you to effectively plan the increase in capacity,
evaluate the effectiveness of investments in road sections. For example, the
authors [9] successfully used flow modeling using OD matrix for road
infrastructure management. Ultimately, such an idea of the demand for road
routes will make it possible to build a rational investment policy, which will
positively affect not only domestic, but also export-import and transit flows.

However, from the point of view of zoning the territory of Ukraine to
determine the optimal location of consolidation centers, data from mobile
operators is redundant, since it contains data on the movement of not only
truck drivers, but also cars and buses. Thus, Kyivstar data mixes freight and
passenger traffic data, which does not allow using them in a pure form for
modeling regional cargo flows in Ukraine.

One of the ways to take a cut by cargo flows is to use data from special
Internet platforms in which cargo and transport are searched for in
directions, for example, https://lardi-trans.ua or https://della.ua.

Further, the following algorithm is proposed for constructing a
mathematical model of cargo flow between the regions of Ukraine:

1. Make a matrix of distances between regions. Since the main points of
attraction for each region are their regional centers, we can take as a basis
the matrix of distances between regional centers.

2. Get statistics on the Internet platform with the search for goods and
transport on the demand for the transportation of goods from each to each
region, taking into account intra-regional transportation [4]. This stage can
be passed with the receipt of the number of applications for transportation,
or the total volume of cargo requiring transportation. For example, with the
aim of obtaining a network of consolidation centers, the most informative
would be the differentiation of cargoes with a full vehicle load, which does
not imply the possibility (and expediency) of consolidation - the so-called
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FTL (Full-Track-Load) - and cargoes up to 5 tons and up to 20 m® , which
will allow you to combine them with other similar shipments to
destinations.

3. Analyze the factors that can influence the volume of cargo traffic
from or to the region. The performed in [4] correlation-regression analysis
made it possible to establish the functional dependences of the demand for
road transportation of goods to and from the Ukrainian region, namely, the
multiple regression equations. The main factors that have the greatest
impact on interregional transportation are determined, namely “Gross
regional product (UAH million)” and “The average distance from the
region to other areas, km”.

4. Consider various versions of regression models (linear, power,
multiplicative, logarithmic) in order to determine the version of the model,
the error of which will be the smallest in comparison with real data. The
values of the regression coefficients can be determined using the MS Excel
Solver add-in. The selection of the model must be made for the function of
cargo flow from the region and to the region. It is likely that the factors of
greatest influence will be identical for these two models, but the values of
the coefficients fitted using the calibration may differ.

It should be noted that some authors, for example [10] use floating car
data (FCD) technology to determine shipment fractions based on model
scaling, without calibration. Automated technologies (Automated Vehicle
Monitoring Data) are proposed for use in [11], however, applying the
technology only to individual vehicles.

5. Create a probability distribution matrix of cargo flows for each pair of
areas. Calculate real data on cargo flows from each zone to each zone.

Using the same algorithm, the main international directions of cargo
flows can also be estimated.

For example, according to [12], the three leading countries in Ukrainian
exports are China, Poland and the Russian Federation. Germany takes the
place of Poland in imports (Fig. 4).
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Fig. 4. Top 10 external markets of Ukraine in 2020:
a) export markets; b) import markets

The zones of origin and destination of goods can be both individual
regions of countries and entire countries. In the first case, the centroids are
the main cities of each region, while in the case of considering an entire
country as a zone, it is advisable to take its capital as a centroid. According
to the chosen approach, the distance between centroids is also determined,
which is further included in the model of export and/or import flows.
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Paccmampusaemcs  meuenue,  Komopoe — Go3HUKaem @  3a0aue
CONPANCEHHO20  B3AUMOOEUCMBUS  BA3KO20 MENIONPOBOOHO20 2a3a U
MEeNnIonPOBOOHOU CMEHKU, C PA3TUYHBIMU HAYATLHLIMU MEMNEPamypamu.
Hccnedyemes ounamuxa GO3HUKAIOWUX MedeHUll NPU MAIbIX nepenacax
HAuaibHblX — MeMNepamyp ¢ yuemom GNUSIHUS apghexmos
MenionpogooHocmu, — a3kocmu U akkomooayuy. Hecmayuonapnvie
meyenus onucwisaromes ypagnenusimu Hasve — Cmokca 6 oOHoMepHOM
cnyuae, JTUHEAPUIOBAHHLIX OKONO 3HAYEHUl NAPAMEMpPO8 6 HAYALILHOM
cocmoanuu. Ha ocHoée  nonyueHHvIX — AHATUMUYECKUX — peuleHull
auHeapusosannvlx ypasHenuti Hasve — Cmoxca ananuzupyemcs énusnue
aphexmos axkkomooayuu Ha pazeumuyu medeHus U Xapaxkmep usMeHeHus
memMnepamypbl U Menio8020 HOMOKA HA NOBEPXHOCMU PA30eia 2a3a U CINEHKU.
Kniouegvie cnoea: oonomepuvie HecmayuoHapHvle MeYeHUs peanbHO20
easa, ypasuenus Hasve — Cmoxca, s¢pgexmvr menionpogoonocmu,
aAKKOMOOayull, GA3KOCMU, MAJlble B03MYUeHUs. NApaAMempos 2a3d.

Beenenne

TeueHust peanbHOrO TIa3a BO3HUKAOT B Pa3IMYHBIX KOHTAKTHBIX
cucTeMax ras — TBepAoe TeJo, KOTOpble IIMPOKO BCTPEUAIOTCS B IPUPOIE U
TexHuke. Ilpu »>ToM Ha mpouecc (QOPMUPOBAHHS TEYECHUH BIHSAIOT
TEIUIONPOBOIHOCT, BS3KOCTh, aKKOMOJAIMA W Jpyrue 3PQeKTe. ITo
o0yciaBnuBaeT HEOOXOAMMOCTb MCCIEIOBAaHUS AMHAMHKH TEUeHUH C
YU4eTOM  BIHSHUS ¢usuueckux 3¢ eKToB, COIIPOBOXKIAIOIINX
B3aUMO/ICIICTBHE T'a30BbIX MMOTOKOB C Pa3IMYHBIMM Iperpagamu. MeTosl
MaTeMaTHUYECKOrO0 MOJAEIMPOBAaHUs CTajdd MOIIHBIM HMHCTPYMEHTOM,
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MTO3BOJISTIOIIUM peIIaTh Pa3HOOOpa3HBIC 3a/1a9l MEXAHUKH CIUTOIIHBIX Cpell
[1-4].

B HacTosmelt paboTe HCHOIB3YeTCsl NPHONMKEHHBIA MOAXOM IS
ONMCAaHUSl CTPYKTYpbl BO3HHUKAIOLIETO TEYEHUS C YYETOM BIMSIHUS
3 PEKTOB BI3KOCTH, TEIUIONPOBOTHOCTH WM AKKOMOJAIMH, Ha IpHMepe
pelleHust 3aJadyd  CONPSIKEHHOTO B3aWMOJEMCTBUS IOTOKAa BSA3KOIO
TEIJIONPOBOAHOTO ra3a W  TEIJIONPOBOJAHOM  CTEHKH, HadajbHas
TeMIepaTypa KOTOPOH OTIMYAaeTcsl OT HadalbHOM Temmeparypsl rasa [3].
Ilpu pemenuu 3amad C paspblBOM HAYaIbHBIX JAHHBIX BO3HHUKAeT
0COOEGHHOCTh B IMOBEJSHMU peEIIeHUus B HadanbHOH aze. IloaTomy
ONpeZIeNICHHBII MHTEpPEC MPEACTABISIET aHAIM3 pEIICHUH B HAaYaJIbHOM,
Hanboiee MHTCHCHBHOW (ha3e B3aMMOIEHCTBUS M pa3BHUTHs TeueHHH. [Ipn
MalbIX BpEMEHax MPUXOOUTCA paccMaTpuBaThb 00JacTH  MoOpsAAKa
HECKOJIbKUX JJIMH CBOOOJHOro mpobdera Monekyi. s aHanu3a JUHAMHUKH
(hopMHpOBaHUST TakUX oOOJacTell TeueHHss HEOOXOIMMO HCIOJb30BaTh
MOJIEJIX BSI3KOTO TEIUIONPOBOAHOIO ra3a M CHUCTEMY IOJIHBIX YpaBHEHUI
HaBpe — CTOKCa, yCNEIIHO MOJENUPYIOMIUX 3aKOHBI COXPAHEHHUS MacCChl,
MMITyJIbCa W JHEPIMM B IIHPOKOM JHAla30HE W3MEHEHUs NapaMeTpOB.
Pacnipenenenne  temmepatypbl  CTEHKE  MOAETUPYETCS  JIMHEHHBIM
ypaBHeHHeM TerutonpoBoaHoctr [5]. CoBokymHOCTh ypaBHeHWH HaBbe —
Crokca Juid ra3a M ypaBHEHHEM TEIUIONPOBOAHOCTU MJISI CTEHKH, C
3aJaHHBIMM  HAYalbHBIMA W TPaHUYHBIMH  YCIOBUSIMH  00OpasyeT
MaTEMaTHUYECKYI0 MOJEIb, KOTOpas HCIOJIB3YyeTCs [yl MCCIENOBaHUs
JUHAMHUKU BO3HUKAIOLIETO HECTAL[IOHAPHOI'O TE€YEHUSI PEAJIbHOTO Ta3a.

PaccmaTtpuBaercss ciydail Majoro ckKadyka HadalbHBIX TeEMIIEpaTyp,
KOTOPBII IPUBOJIUT K (DOPMUPOBAHUIO TEUEHUI C MATBIMU BO3MYIICHUSMH
rmapaMeTpoB. Bo3HHKarolee Te4eHUe ONUCHIBACTCS CHUCTEMOW ypaBHEHUH
HaBpe — Crokca, B OJJHOMEpPHOM ciydae, KOTopasl JMHEapu3yeTcs OKOJIO
3HauUEHUI MapaMeTpoB B HayalbHOM cOCTOSHUU [3,0]. AHanuTudeckue
pelleHys] JIMHEApU30BaHHOM CUCTEMBI NO3BOJSIOT YCTAHOBUTH OCHOBHBIE
XapakTepHble  OCOOEHHOCTH  BO3HHMKAIOIIMX TEYEHHH B  BSI3KOM
TEIUIONPOBOHOM Ta3e MpH €ro B3auMOJEHCTBHU C TEIJIONPOBOAHOM
XOJIONHOW Win ropsyeil creHkoi. Ilpy 3ToM HarIsgHO MOYXHO MPOCHIEAUTh
JUHAMUKY Pa3BUTUSA CTPYKTYpBI I10JI TEUEHUS, & TAKXKE OLIEHUTH BIHUSHUE
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TETUIONPOBOIHOCTH, aKKOMOJAIUK M JPYIHX JNCCHIATHUBHBIX (DaKTOPOB.
OtMeTHM, 4TO NMHEAPU30BAHHBIE PEIIECHUS MPEACTABISIOT ONpPECICHHbIH
UHTEpeC MpHU pPa3paboTKe M OTIAJKE BBIUUCIUTEIBHBIX aJTOPHUTMOB JUIS
MPOBEJEHUS] YUCIEHHBIX SKCIIEPUMEHTOB C MCIIOIb30BAHUEM HENUHEHHBIX
ypasHenwmit HaBbe — CToKkca.
IlocTanoBKa 3a7a4H, KOHLENINSA PELICHUS U AHAJHN3 Pe3yJIbTATOB
IIycts B HauanbHbIE MOMEHT BpeMeHM t=0 MOTOK NOKOALIErocs

COBCPUICHHOI'O rasa, 3aHMMAOIIHI IOJYIIPpOCTPAHCTBO x>0 C

TIOCTOSHHBIM TTOKa3aTesleM aqnabathl y , ¢ JaBnenreM P° U TeMIepaTypoit

0 v v
T°, mOpuxogUT B KOHTAKT C HENPOHHUIIAEMON U  HEIOABMKHOMN
TEIUIONPOBOAHOM CTEHKOM, KOTOpas 3aHMMaeT MOIYNpocTpaHcTBO X <0 ¢

HAYATLHOI TemmepaTypoit T,. .

3mech W B JanbHeimeM BepxHMA HHAEGKC «0» HCHOIb3yeTcs A
0003HaUeHNS 3HAYCHNUS [TApaMETPOB B HAYAIBHBII MOMCHT BPEMEHH.

TepMoruapoaAMHaAMUYECKUE MPOLIECCHl B3aUMOJIEHCTBUS ra3a U CTEHKH
npuBoIT Tpu t>0 K BO3HUKHOBCHHIO HECTAIIMOHAPHBIX TEUCHHIH,
KOTOpBIE OIMUCHIBAIOTCS B paMKaX TEOPHH CIUIOMIHOW Cpellbl CHUCTEMOM
nonHbIX ypaBHeHnid HaBre — Ctokca B ogHOMepHOM ciydvae [1,3]. Ilpwm

MajoM TMepenane HayaibHBIX TEMIepaTyp T /To ~1 Bo3MymieHUA

[apaMeTpoB ra3a Majlbl W KaXIbpll Tra30lMHAMUYECKMH IapaMmerp
MPEJCTABIsIeTCs B BUAE CYMMbl JBYX BEIMYHMH, IEpBas U3 KOTOPBIX
COOTBETCTBYET 3HAYCHMIO IapaMeTpa B HAa4adbHOM COCTOSIHAHU, a BTOpas
BBIPa)KAaeT MaJIO€ HECTALlMOHAPHOE BO3MYIIECHUH, KOTOpas B JaJbHEHIIEM
OTMEYaeTCsl HWKHUM uHAekcoM ¢&. B ypaBHenusx Hasbe — Crokca
JlaBlieHUe, TeMIlepaTypa U Opyrue rnapaMmeTpsl ra3a MpeicTaBisieTcsl TaKoi
cymotii. [locie oTOpackIBaHUS YIEHOB C MOPSIIKOM MAJOCTH BBIIIE IIEPBOTO,
MoJIy4yaeM JIMHeapu30BaHHYI0 cuctemy ypaBHeHuii HaBbe — Crokca st
BO3MYIIICHHS TTapaMeTpoB Taza [3,6]:
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apg+ Oaue

=0
ot ot (l)
o Ou,  Op, 0 0%u,
Zoe 2P oy L
ot ox ox~
v OT op, 0 07T,
c £ = Ltk £
P o T o ox?

p,=Rp°T, + RT "p,

31ech ¥ B JajbHEHIIEM UCTIONB3YIOTCA 0003HAUEHHS: U — CKOPOCTh, P

— JaBJeHWE, L — IUIOTHOCTh, 4 — KOIDQHUIHUEHT BS3KOCTH, k —
KOO(PUIMEHT TEIUIONPOBOJHOCTH, ¢, — YJAENbHAs TEIIOEMKOCTh IPHU
IIOCTOSIHHOM JIaBIEHUWH, R — YyHuUBepcalbHas ra3oBas IIOCTOSHHAs.

Cucrema ypaBHenuil (1) 3ambIkaeTcs ypaBHEHHEM COCTOSHUS — JUIS
HJICAJILHOI'O ra3za

p=RpT,
KOTOpasd NpeACTaBJICHA B ITMHCAPU30BAHHOM BHUJEC.

Pacnipenienenne  Temmepatypsl  creHkd 1, (4,X)  omuchBaeTcs

ypaBHEHHEM TEILIONPOBOIHOCTH TBEPAOro Teia [5]
oT o'T
e @)
ox Ox

e a. — Kod(hUIMEHT TeMIEpaTypONpOBOHOCTH MaTepuana CTeHKH, a

HWO)KHAM UHIIEKCOM « W », 3]IeCh M B TaJIbHEHIIIEM, TIOMEUAIOTCS BEITUYHHBI,
OTHOCSIIITHECS K CTECHKE.

I'paHuuHble yCcmOBUS 3aJalOTCSI Ha JIOCTATOYHOM YHAICHHH OT
MMOBEPXHOCTH CTEHKH ( X — 100 ) M HA MMOBEPXHOCTh pa3JieNa ra3a u CTCHKH
(x=0).

IMpu x — foo mapaMeTphl ra3a CTPEMATCS K 3HAYCHHIO 33JaHHOMY B
HaYaJbHBIX YCIOBUSIX.

B 3agmauax coONpsDKEHHOTO B3aMMOJACHCTBHS HEOOXOIUMO 3a7aBaTh
yCIIOBHE, Ha IOBEPXHOCTH X =0 .

Korma mpeneOperaercss BIUSHHEM aKKOMOJAIMH, Ha MOBEPXHOCTD
x=0 craBaTCsl YCJOBUS MPHIUMAHUS W HENPEPHIBHOCTH TEMIIEPATyp

TCIIJIOBOT'O ITOTOKA:
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u (0,0)=0, T,(0,¢)=T°"+T,(0,¢)
. aTw(o,z)_k0 oT, (0.¢) 3)
Yo ox
Onnaxo HECTaUMOHAPHBIC TCYCHHUA, BBI3BAHHBIC CKAYKOM Ha4YaJlbHBIX

TEeMIepaTyp, NPEICTaBIAI0T Cyry00 HEpPaBHOBECHBIMH COCTOSHUSIMH
cpenpl. IlosTomy BMecto ycioBus (3) HCIONB3YIOTCS U ApYyTHe
COOTHOIICHHMS, OoJee TOYHO YYHTHIBAIOIIHE (DU3UKY B3aUMOMACHCTBU
MOJEKyNl Tra3a W TBepmoro Tena. Ilpm ydere BmmsHHA 3((heKTOB
aKKOMOJaIUH, Ha TpaHuLe x =0, HCIOIb3yeTCs YCIOBHUE:

VT, 0T, (0.0)

TO
0 kU
)4

T°+T,(0,t)-T,(0,t)=—-a

__2-ry |aR
r c 2 )

P

ox
“)

rae » — ko3 UIMEHT aKKOMOIAIIHH.

VYpaBuenus (1) u (2) oOpasyrorT cucremy anddepeHIraIbHbIX
YpaBHEHMI B YaCTHBIX MPOU3BOJHBIX C MOCTOSIHHBIMH KO3 (HUIIMEHTAMH,
KOTOpasi TIOJUIC)KUT PEIICHUIO MPH 3aJaHHBIX HAaYalbHBIX W TPaHUYHBIX
ycloBusiX. AHamuTudeckoe pemieHue 3amaun (1)—(4), xak ¢ yderom
BIMSIHASA AaKKOMOJAUMHM, TaK W TpH NpeHeOpeeHUH aKKOMOJAIHEH,
yaaeTcs MOJIYYHTh C MOMOIMIBIO anmapara UHTErpalbHBIX MpeoOpa3oBaHuit
Jlarumaca. Takue permenus npuBeaeHs! B [3, 6] npu uucne [Ipanarns Pr = 1,
KOTOpBI ONM30Kk K 3HaueHHM0 Pr s Bo3myxa. B wactHOCTH,
pacrpeneeHue TEMIIEPaTyp ra3a U CTCHKH OIHCHIBACTCS BEIPAXKCHUSIMHU:

T(t,x)=T"+T,(t,x) )
T, (t,x)=T)+T, (t,x) (6)

W

rze Majble BO3MYyLICHUs Temreparyp 7, (t,x) u Tg(t,x) OTIPENEIIAIOTCS

ws
W3 aHajguTH4YecKoro pemenns 3amaun (1) —(4) ¢ COOTBETCTBYIOUIMMH
TPaHUYHBIMU YCIOBUAMU [3].

Ha ocHOBe W3BECTHBIX aHANUTHUECKUX pewmeHu [3,6] Haxoaum
ACUMIITOTHYECKHE BBIPAXEHUs IJI paclpelieleHus TeMmIepaTyp rasa u
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CTCHKH MpU Maibix BpemeHax (t<1l), xorma Hambojee HWHTCHCHBEH
MPOLECC B3aUMOICHCTBHSL:
0e3 ydeTa aKKOMOJIAIHH

h X
T(t,x)~T°——=—erfc 7
(t.x) sy +1 (Zao\/;t] @
T (t,x)=T? h erfc il 8
R v b ®

C YYE€TOM BJIMAHUA aKKOMOIAIIUH,

T(t,x)~T° —&[2\/2@’2 —derfc(b)} 9)

a| \z
T, (LX) ~T? +ai{2\/%ebzw —d, erfc(bw)} (10)
2

311ech UCIIONB3YIOTCS CIeAyIomue 0003HAUCHHUS

=T-T, h, = d=—2 ,dwzm
h, hs\y -7

d d, , _NTK @k a4

b:

T bW:_y a, = , S= ’
2t 2t7 7 p° s a,k° % 2o

Ha ocHoBanuu ¢opmyn (7)—(10) HaxomuMm BbIpaXCHHE U aHAU3a
W3MeHeHus TeroBoro notoka g (X, t). Ha npumep, aj1st creHkH
(x,t)~—k aT, (x.t)
g, (X t)~ w ox
[Tpu npeHeOpekeHUN BIHUSAHUEM aKKOMOJAIMK M3MEHECHHUE TETUIOBOTO
MOTOKa Ha IIOBEPXHOCTh CTCHKH OIUCHIBACTCS, Ha oOcHOBaHHHU (8),
BEIPOKCHUEM
K, h 1
a,()=-———t 2 &
a7 s\y +14t
N3 dopmyner (11) cnegyeT HeorpaHMYEHHOE BO3pPACTaHWE TEIIOBOTO
motoka mpu t— 0, BEI3BAHHOTO pa3peIBOM HAYaJbHBIX TEMIIEPATYP.
[MosTomy pemieHHe, MOXeT OBITb HCIONB30BAHO O OMPEACTICHHOTO
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MOMEHTa BpEMEHH. B CBOIWO ouepenb, 3TO BBI3BIBACT OIPEICIICHHBIC
TpeOOBaHUS MPH pa3pabOTKe CXeM YHCICHHOTO pacyera.

W3 popmyn 6e3 yueta akkomonanuu (7)—(8) mosryuaeM HENPEPHIBHOCTh
ToJIe TEMIEepaTyp Ha MOBEpXHOCTh x = 0. OIHAKO NpH ydeTe aKKOMOJAINN
Ha rpaHune x =0 MMeeT MeCTO CKadeK TeMIIepaTyp IpH MajbIX BpeMeHaX,
JUTS omricanus Kotoporo u3 popmy (9)—(10), momygaem BeIpaskeHUE

T(1,0)-T,(0) . 2(s\r+1)

=1- Jt

T°-T) a7

210 BBIpAXXCHUE, OIUCBIBAET HN3MCHCHHE BO BPEMCHH CKaydKa

TEMIICPATYP Ha MOBEPXHOCTH pa3e€ia ra3a 1 CTCHKH X = 0.

BriBOADBI

[lpuBeneH NPUONIKEHHBIH IOAXOJ, C WCIONBb30BAHUEM CHCTEMBI
nonHbIx ypaBHeHuil HaBbe — CTokca B OTHOMEPHOM Cilydae, Ul aHaau3a
(¢bopMHpOBaHUS TEYEHWH B JAMHAMHYECKMX KOHTAKTHBIX 3aJaudax
COIPSDKEHHOTO B3aUMOIEUCTBHS PEAJbHOI0 ra3a M TEIUIONPOBOAHOIO
TBEPJOro Teja MpU MaJoM Iepenaje HadajdbHbIX Temreparyp. Ha ocHoBe
JIMHEApU30BaHHBIX AHAIMTUYECKUX PEIICHUH W WX aCHMITOTHYECKHX
MpUOJIMKEHUI TPOBEACH aHajiu3 BIUSHHUA >(PQPEKTOB aKKOMOJAIMH Ha
pa3BuUTHE TEYEHUIl BI3KOrO TEIUIONPOBOAHOrO rasza. B ciyuae
npeHeOpexxeHnst dpQPeKTaMu aKKOMOJAIMU Ha TpaHHIE pasjesia raza H
CTEHKH HMEET MECTO HEOTpaHHYCHHOE BO3PACTaHHWE TEILUIOBOTO IIOTOKA,
00yCJIOBJIEHHOTO Pa3pblBOM HaudalbHBIX TemmepaTyp. [Ipu ydere BIusHUS
3¢ PEeKTOB  aKKOMOJAIMM MOJyYEeHO aCHUMIITOTUYECKOE BBIPAKEHHE,
KOTOpPOE OIIMChIBAET H3MEHEHHME CKauyka TeMIlepaTyp Ha IIOBEPXHOCTb
CTCHKH TIPU MaJIbIX BpEeMEHaXx.

PaboTa BhIMONHEHA TpU monAepkke HarumoHanbHOrO ATEHTCTBA IO
Hayxe u Pa3zsututo Momnnossl, B pamkax rpanta Ne 20.80009.5007.13.
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CJIABKA 3BDKHICTH METO/JIY OIIEPATOPHOI
EKCTPATOJISIII JUISI BAPIAIIIITHUX HEPIBHOCTEM
B BAHAXOBHUX ITPOCTOPAX

B.B. CEMEHOB, C.B. IEHUCOB, O.C. XAPbKOB,
KuiBchkuii HamioHANBHAN YHIBEPCUTET

imeHi Tapaca LlleBueHka,

Kuis, Ykpaina

semenov.volodya@gmail.com

Poboma npucesiuena 00CniONCeHHI0 HOBUX TMEPAYIUHUX ACOPUMMIE OJisl
PO38 A3aHHS 6aPIAYIIHUX HEPIBHOCMEN 8 PIGHOMIPHO ORYKIUX OAHAXO08UX
npocmopax. Ilepwuii  areopumm — mooughikayis «forward-reflected-
backward algorithm», wo euxopucmogye y3azanvheny npockyiio Anvbepa
3amicme  mempuyHoi. [pyeuil aneopumm € a0anmueHuUM 8apiaHmom
nepuiozo, 0e BUKOPUCIMOBYEMbCA NPABUNIO NOHOBNCHHS BEAUUUHU KPOKY, WO
He BUMA2a€e 3HAHHA NINUUYEsUX KOHCMAHM ma AiHitiHo20 nowyKy. /na
sapiayitiHux HepieHOCcmel 3 MOHOMOHHUMU, TINWUYEBUMU ONepamopamu,
wo Oiromb 8 2-pIBHOMIDHO ONYKIOMY MdA PIBHOMIDHO  21A0KOMY
banaxogomy npocmopi, 008edeHO meopeMu Npo CAAOKY 30idcHiCmb
memooie.  Taxooc Ons  nepuwioco — ancopummy — 008e0€HO  OYIHKY
eghexmugHoCmi 8 MepMIHax QYHKYIi 3a30py.

Kniouogsi cnoea: eapiayiiina HepigHicmb, MOHOMOHHUU ONEpPamop,
y3aeanbHena Npoekyis Anvbepa, 2-pieHOMipHO OnyKIUU  OaHAxo8uu
npocmip, PIBHOMIPHO 21a0Kull OaHAxXosull npocmip, aieopumm, ciabxa
30icHicmb, yHKYIs 3a30pY.

Bapiamiiini HepiBHOCTI natoTh yHi(ikoBaHHMH 3aci0d (opMyItOBaHHS
0araTbOX aKTyaJbHHX 3aJad MaTeMaTH4HOi (i3UKH, ONTHMAaIBHOTO
KepyBaHHS Ta JociikeHHs omepamiid [1, 2]. CTBOpeHHS Ta JAOCIHIKSHHS
AITOPUTMIB PO3B’s3aHHS BapiallifHUX HEPIBHOCTEH Ta ONM3BKUX 3a/1ad €
HanpsAMOM MPUKIIAIHOTO HENiHIHOTO aHali3y, 0 aKTHBHO PO3BHBAETHCS
[3]. 3ayBaxkumo, 110 YACTO HEMIAJKI 3a/ayl OMyKJIOi ONTUMI3allii MOXKYTh
e(pEKTUBHO pO3B’SI3YBaTHCS, SKIIO IX TepedOpMyITIOBaTH Yy BHTIISI
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CIIUTOBHX 3amad 1 3acTOCYBAaTH AITOPUTMH PO3B’S3aHHS  BapiamiifHHUX
HepiBHOCTEH [4]. 3 MOSIBOIO IeHEPYIOUHMX 3MaraJlbHUX HEHPOHHHX MEpex
(generative adversarial network, GAN) Ta iHImIKUX MoJeiel 3MarajibHOTO
HABYAHHS CTIMKMHA iHTepec [0 aJrOpUTMIB PO3B’SA3aHHS BapialliftHUX
HEpIBHOCTEH BHHHUK 1 B CEPEJOBHIIl CHEIIaliCTiB B Taly3i MallHHHOTO
HaBYaHHSA [5].

VY naniif poOOTi, IO MPOAOBXKYE UK cTaTtel [6—8], 3ampomnoHoBaHO Ta
JOCII/DKEHO HOB1 iTepamiiiHi aJrOpUTMH JJIsI PO3B’SI3aHHS BapiallifHIX
HEpiBHOCTEH B pIBHOMIpDHO ONYKIMX OaHAaXOBHX IpocTopax. llepmmit
anroput™ — moaudikamis meroxy «forward-reflected-backward algorithmy
[9], mO BHUKOPHUCTOBYE Yy3arajibHEHy MpPOEKIiI0 AJsbbdepa 3aMicTh
MeTpu4HOi. [Ipyruii anropuT™M € amanTHBHUM BapiaHTOM NEpIIOTo, e
BUKOPHCTOBYETHCS IPABIJIO IOHOBJICHHS BEIUYMHH KPOKY, IO HE BUMAarae
3HAHHS JINIIAIEBUX KOHCTAHT Ta JIIHIHHOTO MOIIYKY.

Juis  BapiamifHUX HEpIiBHOCTEH 3 MOHOTOHHHMH, JIIIIWIEBUMHA
ollepaTopamMy, IO IiIOTh B 2-piBHOMIPHO OIYKJIOMY Ta pPiBHOMIpPHO
rmagkoMy OaHaXOBOMY MPOCTOpPi, IOBEICHO TEOPEMH TIPO  CIaOKy
301KHICTP MeTOHIB. TakoX Ui MEpLIOro alIrOPUTMY JOBEISHO OLIHKY
e(eKTUBHOCTI B TepMiHaxX (YHKIIII 3a30py.

CriouaTKy HaraJlaéMo JeKUTbKa MOHITh Ta (aKTiB TeoMeTpii OaHaXOBHX
MPOCTOPIB Ta HENIHIMHOTO aHalli3y, 110 HEOOXiHI uis (pOpMyITIOBaHHS Ta
JIOBeJICHHS pe3ynbTatiB [10—14].

s E* -

Hexait E — niificHuii GaHaxoBWH MpOCTIp 3 HOPMOIO ||
o . * . * *
cnpsbkeHud 1o E 1mpocTip, <x ,x> — 3Ha4yeHHS QyHKHmioHAMy x € £~ Ha
enementi x € £ . Hopmy B E* 6yzmeMo mo3Ha4yaTu ||||*
Hexaii S, = {x ek: ||x|| = 1} . banaxoBwuii npoctip £ Ha3uBarOTh CTPOTO
: X+y
OITyKJIMM, SIKIIO A1s BCIX X,y €S, Ta X#) MaEMO ”TH<1 Monyib

OHYKJ'IOCTi IpoCTOpy E BU3HAYa€THCSA TAKUM YHHOM

55(5):inf{l— cx,yeS,, ||x—y||=g} Vee(0,2].

X+y
2
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Banaxosuii npocTip £ HA3MBalOTh PIBHOMIPHO OMyK/INM, KO Oy (£)>0
IS BCIX &€ (0,2] . banaxosmuit mpoctip E Ha3uBaiTh 2 -piBHOMIPHO
ONyK/IMM, SKIO icHye Take ¢ >0, mo &, (¢)>ce’ mm Beix €€(0,2].

OueBnaHO, MO 2 -PiIBHOMIPHO OIYKIIMH IPOCTIp € PIBHOMIPHO OMYKIIHM.
Bimomo, 1110 piBHOMIpHO ONYKJIHI OaHaXOBUil MPpOCTip peduiekcuBHUiA [12].
banaxoBwmii ipoctip £ Ha3WBAIOTh MIIAJKUM, SKIIO TPAHUTISL

RN
t—0 t

(M
icHye Ui Beix x,y €S, . banaxoBuii npoctip £ Ha3HMBarOTh PiBHOMIPHO
rIIagkuM, Ko rpasund (1) icHye piBHOMIpHO IO X, Y € S, .

Binomo, wo rinebeprosi mpocropu ta mpocropu L, (1<p<2)e 2-

pIBHOMIPHO ~ONYKIMMH Ta PIBHOMIDHO Iuajkumu (mpocropu L,

PIBHOMIpHO THaJIKi VISl p € (1,00)) [12].
bararo3naunuii oneparop J: E — 2%, mo nie 3a MPaBUIIOM
3

HA3WBAIOTh HOPMAJII30BaHUM JyaJIbHBIM BinoOpaxeHHsM [12]. Bimomo, 110

*

X

Jx:{x* ek : <x*,x>:||x||2 =

[12]: sikmo mpocTip £ TIAAKHHA, TO BigoOpaxkeHHs J OJHO3HAYHE; SKIIO
mpoctip £ CcTporo omykJInH, TO BioOpakeHHs .J 1H’€KTHBHE Ta CTPOTO
MOHOTOHHE; SKIIO mpocTip E pednekcuBHUH, To BimoOpaxeHHS J
CIOp’€KTHBHE; SIKIIO MPOCTip £ PIBHOMIPHO TNTAAKHH, TO BifoOpaskeHHS J
PIBHOMIpHO HeTlepepBHE HA OOMEXKEHUX IMiIMHOXKHWHAX F .

Hexaii E — rmagkwii GanaxoBui mpoctip. PosrnsHemo BBeneHuit Sl.
Annbepom [10, 11] pyHKionan

¢(x,y) :||x||2 —2<Jy,x>+||y||2 Vx,yeE.

3 03HaUYEeHHS ¢ BUIIJIMBA€ KOpUCHA 3-TOYKOBA TOTOXKHICTE:

$(x,y)—p(x.2)—¢(z,y)=2(Jz=Jy,x—z) Vx,y,z€E.

Sxmro nmpocTip E cTpOro onykIwid, To sl X, y € £ MaemMo

¢(x,y)=0 & x=y.
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Jlema 1 ([13]). Hexaii E — 2-piBHOMIpHO ONYKJIMHA Ta TJIaJKHUHA
6anaxoBuii mpoctip. Tomi st neskoro 4 >1 BUKOHYETHCSI HEPIBHICTD

p(xy)zufv-y VryeE. )

. m _
Mot 6anaxosux mnpocropis £, L, ta W, (1<p<2) maemo u=-5
. dns rime0epToBOro MpPOCTOpY HEPIBHICTH NIEPETBOPIOETHCS Ha
14 0 2
TOTOXHICTh 3 £ =1.
Hexaii K — HemopoxHs 3aMKHEHa Ta OIYyKJa IMiJMHOXHHA
PeIIEKCHBHOTO, CTPOTO OITYKJIOTO Ta TIAAKOTo mpoctopy E . Bigomo [10,
0 A7 KOXKHOro x € £ icHye eauHuil eneMeHT z € K Takuif, 1o
11], E K ,

¢(z,x) :irellf(‘ ¢( y,x). Lleit enement z mosHa4aloTh I1.x, a BiAMOBITHUIHA
»

oneparop I1, : E— K Ha3uBalOTh y3araJlbHEHOIO Ipoekmiero £ Ha K
(yzarampHeHoro mpoekmieto Anboepa) [10, 11]. 3ayBaxkumo, mo sSkmo £
rinebeproBuil mpoctip, To I1, chiBmagae 3 METPHYHOIO INPOEKIIIEI0 Ha
MHOXHHY K .

Jlema 2 ([11]). Hexaii K — 3amMKHEHa Ta ONyKJa IMiJMHOXHHA
pedIIEKCHBHOTO, CTPOTO OMYKIOrO Ta TIagKoro mpoctopy E, xeE,
ze K. Toni

z=I,x < <Jz—Jx,y—z>ZO Vyek.
HepisnicTs Jiemu 2 piBHOCHIIBHA Takii [11]:
¢(y,HKx) + ¢(HKx,x) < ¢(y,x) Vyek.

OCHOBHHUM €JIEMEHTOM PO3IJISIHYTHX HHUXUE aJTOPUTMIB € O0UMCICHHS

3a faHUMH ToukaMu x € E ta x* € E* HOBOi Touku x' = HKJ_1 (Jx— x*).

3 nmemu 2 Ta 3-TOYKOBOI TOTOXKHOCTI BHUIUIMBAE (yHAAMEHTAJbHA IS
aHaJli3y aJroOpUTMIB HEPIBHICTh

¢(y,x+) <¢(y.x) —¢(x+,x) +2<x*,y —x+> Vyek.
PosrnsiHemo BapialliiiHy HEpiBHICTb:
3Ha™H x € C : <Ax,y—x>20 VyeC, 3)
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ne C — HETMOPOXHA IMiIMHOXKHHA 2 -piBHOMIPHO OIYKJIOTO Ta PiBHOMIpHO
rmankoro Gamaxosoro mpoctopy E, A — omepatop, mo jie 3 E B E.
MHox#uHY po3B’s3KiB (3) mO3HAYHMO S .

[Mpunyctumo, 110 BUKOHAHI Taki yMOBHU: MHOXHHAa C C E — omykia Ta

3aMKHeHa; onepatop A:E — E — MoHOTOHHMii Ta jinmuuesuii Ha C (3
KOHCTaHTOI0 L >0 ); MHOXHHA S HE MOPOXKHS.
Bapiauiiiny HepiBHicTh (3) MOxHa cHOpMYIIOBaTH AK 3aAady IMOLIYKY
HepyxoMmoi Touku [11]:
x=I.J" (Jx—/iAx) , 4)
ne A > 0. DopmynroBaHHA (4) KOPUCHE, OCKUIBKH J1a€ OUEBUIHY
aropuTMivny ifero. Cxema

xn+1 = chil (an - A'A'xn) (5)

BUBYANACH I OGEPHEHO CHMILHO MOHOTOHHHX omepatopiB A:E —E.
Ane s JNNIIUIEBIX MOHOTOHHUX OMNEpaTopiB cxema (5) B 3araibHOMY
BHITAJIKy HE 30iraeThesl.

OpHI€I0 3 OCHOBHHX TEOPETHYHUX 3a/a4 € OIliHKa YHUCla ITeparii
AITOPUTMY, IO HEOOXiAHE MAIsI OTPHMAaHHA HAONMKEHOTO PpO3B’SI3KY
3agaHol skocTi. SkicTe HaOmmkeHoro po3B’si3ky x e C  BapiauiiiHol
HepiBHOCTI (3) OyaeMo OIIHIOBAaTH 3a JIOMOTOK0 HEBiJI €MHOI (QYHKIIiT
3a30py

gap(x)=sup(Ady,x—y). (6)

yeC
O4eBHUIHO, 1O JJIS KOPEKTHOCTI 03HAYCHHS QYHKIIT 3a30py (6) HeoOXiaHa
oOMesxeHicTh gonycTuMoi MHOXKHHU C .

Jlema 3. Hexaii onepatrop A — MoHOTOHHUH. fIkio x € C — po3B’sA30K
(3), To gap(x)=0. HaBnaxu, sxmo aist x € C maemo gap(x)=0, 10 x —
po3B’s130K (3).

Juis po3B’sa3aHHs BapiauiiHoi HepiBHOCTI (3) MPOMOHYEMO HACTYIHHN
QITOPHUTM ONIEPATOPHOI EKCTPATONIAIIIT.

Amnroput™m 1. Obupaemo x, =x, € E, A, >0. [loknadaemo n=1.

1. Obyucnumu
m, =72, (Ax, - 4x,_, ),
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=T (U, = A, A%, —m,).

2. AHxwo x,,, =x,=x,_,, mo CTOII inaxwe noxnacmu n:=n+1 ma
nepetimu 00 1.

Axroput™ 1 € moaudukaniero «forward-reflected-backward algorithm»
[9] mnsa 3amad B OaHaXOBHX MPOCTOpax, IO BUKOPHUCTOBYE y3aralbHEHY
npoekiito Ansbepa [11] 3amicts MeTprunoi. 30kHICTh «forward-reflected-
backward algorithm» B rinebepToBOMy mpocTopi goBeaeHa B [9].

ITpaBuiio 3ynuHKN OOTPYHTOBYETHCS TOTOXHICTIO (4), M0 piBHOCHUIIBLHA

Bapiauiitniit HepiBHoOCTI (3). [lilficHO, IpH BUKOHAHHI X,,, =X, =X

x, =T1.J 7" (Jx, — A, 4x,) , 3Binku y, €S.

MaeEMO

n-1

Y Bunaaky oOMeXeHOCTi AomycTuMoi MHOXMHH C  JOBEJEMO, IO

anroput™y 1 HeobXiaHo 3pobutn O(LL2) irepamiii i OTPUMAHHS TOYKH
xeC 3 gap(x)<e, £>0,ne D=sup,, . p(a,b)<+o.
Teopema 1. Hexait (xn) — TIOCJITOBHICTb, IO MOPOHKEHA AITOPUTMOM

1. Mpunyctumo, mo 4, e( >2/4L] Toxi Ans MOCHIIOBHOCTI 4e3apiBChKUX

N
anl l"xnﬂ
N
Zn:I /I”

CepelHiX z,,, = Mae MicClie HEPIBHICTb

gap(zy..) S~ supg(v.x,).
Z ﬂ yeC
Hacmigok 1. Hexait (x,) — mNOCHiZOBHICTB, IO MOPOWKEHA
1 . . . .
amroputvom 1 ¢ A, =——. Tomi MId MNOCIHiNOBHOCTI ~cepeaHix
2ulL
Zyy = an X,,, Mae MiCIe OIliHKa

L
gap(zNH) < W'usup¢(y,xl) )

yeC
[epetinemo n0 noBeneHHs cinabkoi 301KHOCTI anroput™my 1. B sikocti
¢yHskuii JIsmyHoBa obepeMo
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V,=¢(z,x,)+ 2<mn,xn —z) + A, LP(x,,x, ),
e zeS.
Mae micrie

Jlema 4. g mociigoBHOCTI (xn), 0 TMOpPO/DKEHA alrOpuTMOM |,

BHUKOHY€THCSI HEPIBHICTh
#(z.x,,, ) +24, <Axn —Ax,,,x,, — z> + pA, Lé(x,.,,x, ) <

n+l2

< ¢(z, X, ) +24 <Ax"71 - Ax,,x, — z> + pd, Lp(x,,x, | ) - (7)

_(1 - /u/?’n—lL - luﬂ“nL) ¢('xn+l > xn ) >
ne zeS.
Teopema 2. Hexaii C — HEmopoXHA OMyKJIa Ta 3aMKHEHA MiIMHOXHHA
2 -piBHOMIPHO OIYKJIOTO Ta PIBHOMIPHO IJIAJKOTO OAHAXOBOTO MPOCTOPY
* o . o .
E, A:E— E — MOHOTOHHMM Ta JIMIIMIEBUA HA MHOXXMHI C omepaTop,
S# . llpumyctiMo, 1o HOpMali3oBaHe gyaibHE BimoOpakeHHS J

CCKBEHINHO CJTa0KO HemNepepBHE Ta TOCHIIOBHICTh (/1) Taka, IO

i
0<inf, 4, <sup, 4, <57 . Toxi mocrinoBmicTh (xn), 0 MOPOJKEHA
anroputMoM 1, crnabko 36iraroTbes A0 I€SKOI TOUKU z € S .

VY pumaaky C = FE Bapianiiina HepiBHiCTh (3) HaOyBae BUIIIALY
OIIEPaTOPHOTO PiBHIHHS

3Ha™H xe E: Ax=0. ®)
Hns (8) anroputm 1 mpae Takuit itepaniiHuiA mporec
J‘xn+1 = Jxﬂ - ﬂ’nA‘xn - j’rt—l (Axn - Axn—l ) b (9)

SIKMA 301KHUH JTUIE 32 YMOBH MOHOTOHHOCTI onieparopa 4 . Metoj

Jx,,, =Jx, — A, Ax,

y I1bOMY BHIAAKy MOXe cl1abko 30iraTHCh JHMIIE B €ProgdYyHOMY
po3yMiHHI. A 32 00’€eMOM HEOOXITHUX AJS 3[1IICHCHHS iTepaIliifHOro KpoKy

n+l

obuwciieHs nporec (9) Mae epeBaru Hajl eKCTarpaieHTHUM METOI0M
an% =Jx, —A,4x,,

(10)
Jx,, =Jx, — A, Ax

1>
n+y

Ta HEABHUM METOAOM, IO BUKOPUCTOBYE PE30JILBCHTY
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X, =(J+4,A4)" Jx,.
Cxemy (9) MOXHA TIOJJATH Y BUTJISIITI JIBOSTAITHOTO TIPOLIECY
Jx, =Jy, — A, Ax, |,
I =, = A, 4x,.
To6T0, 3a BimcytHocTi oOMmexeHb (C =FE) anroput™m 1| chiBnagae 3
ITOPUTMOM E€KCTPATIOJIALI] 3 MHHYJIOTO [7].
IMapamerpun 4, anroputmy 1 3amaBajack BHXOISYHM 3 YMOBH

0<inf, 4, <sup, 4, <5,;. Tobro, BUKOpHCTOBYBanach indopmauis 1po

KOHCTaHTH JIIIIHUIIEBOCTI oriepaTopa A .
BimmroBxyrouuchk Bin amroputMy 1 Ta pobit [6, 7] y crarti [§]
o0y Iy/I0BaHO AITOPUTM 3 QJAlTHBHUM BHOOPOM BENHYMHH A

., 0 HE
BUMarae 3HaHHS JIIIWIEBHX KOHCTAaHT Ta IpOLEXyp THUILy JIiHIHHOTO
monryky. Y naHid poOoTi moBememMo 30DKHICTE JAHOTO AITOPUTMY 32
ZIOTIOMOTOIO JISITyHOBCBEKOT'O aHai3y.

IMpumyctumo, 1mo BigoMa Juie KoHcTanTa 4 >1 3 emu 1.

1

Anroput™ 2. Obupaemo x,=x, €E, T€ (O’E) ma wucno A =A4,>0.

Toxnaoaemo n=1.
1. Obuucaumu
m =A

n n—1

(Ax, —A4x,.,),
X =T J 7 (Jx, = A, Ax, —m,).

2. Axwo x,,, =x, =x,_, mo CTOII, inaxwe nepetimu 0o 3.

n-1’

3. Obuucrumu

X X

n+l ~ n

min< A ,r——————
At = ||Axn+1—Axn

*

, SKkmo Ax

n+l

# Ax,,

A, iHaKme.

n

Tloxnacmu n:=n+1 ma nepeitmu 0o 1.
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[MocmioBHICTH (ﬂn ), 0 3aJIA€EThCS HA TPETHOMY ETalli iTepamiiHoro
KpOKYy B airoputmi 2, He3pocTaoda Ta OOMeXeHa 3HHU3Y YHCIOM

min {/L ,f} . Otxe, icaye lim A4, > 0.

n—>0

B sixocTi ¢yskii JIsmyroBa o6epemo

W, = ¢(z,xn)+2<mn,xn —z>+ry%L¢(xn,xn_l),

n
ac ze S .
Jlema 5. Jlns 1mociigOBHOCTI (xn), IO MOPOKEHA AITOPUTMOM 2,

BUKOHYETbCS HEPiBHICTb

AL A
VV;HISVVn_ I_Tﬂi_l_fﬂl ¢(xn+]’xn)'

n n+1
Teopema 3. Hexait ¢ — HemopoXHS OIMyKiIa Ta 3aMKHEHA ITiAMHOKHHA
2 -piBHOMIpHO OMYKJOTO Ta PiBHOMIPHO TJIaAKOTO 0aHaXOBOTO MPOCTOPY
E, A:E —> E° — MOHOTOHHWH Ta JIMIIMIEBUAN OMEPaTOp, S = & .
[Mpumyctumo, 110 HOpMaii30BaHE AyajbHE BiIOOpaKEHHS J CEKBEHLINHO

ciabko HerepepBHe. Tozmi  MOCTIIOBHICTH (xn), o TMOpPOKEHa

AITOPUTMOM 2, cJTaOKO 301ra€Thes 10 ASSIKOi TOYKH ; e § .
s onepaTopHOTo piBHSAHHA (8) anroput™ 2 Ja€ Takuid iTepanidHui

OIEY
an+l = an - //LnAxn - //Lnfl (Axn - A'xnfl ) H
. X . —X
min<{ A r|”+1—" akmo Ax ., # Ax
ﬂ, _ no A A > n+l n°
n+l T || X1 = AX, ||
A, iHaKIIe.
Jlitrepatypa

1. Nagurney A. Network economics: A variational inequality approach.
Dordrecht: Kluwer Academic Publishers, 1999. 325 p.

2. Kunpepnepep M., Crammakkes [. BBemenue B BapuanmoHHBIC
HEPaBEHCTBA U UX npuioxkeHus. Mocksa: Mup, 1983. 256 c.

270



3. Facchinei F., Pang J.-S. Finite-Dimensional Variational Inequalities
and Complementarily Problem. V. 2. New York: Springer, 2003. 666 p.

4. Nemirovski A. Prox-method with rate of convergence O(1/T) for
variational inequalities with Lipschitz continuous monotone operators and
smooth convex-concave saddle point problems. SIAM Journal on
Optimization. 2004. Vol. 15. P. 229-251.

5. Gidel G., Berard H., Vincent P., Lacoste-Julien S. A Variational
Inequality Perspective on Generative Adversarial Networks. arXiv preprint
arXiv:1802.10551. 2018.

6. Vedel Y., Semenov V. Adaptive Extraproximal Algorithm for the
Equilibrium Problem in Hadamard Spaces. In: Olenev N., Evtushenko
Y., Khachay M., Malkova V. (eds.) Optimization and Applications.
OPTIMA 2020. Lecture Notes in Computer Science, vol 12422,
Springer, Cham, 2020. P. 287-300.

7. Semenov V. V., Denisov S. V., Kravets A. V. Adaptive Two-Stage
Bregman Method for Variational Inequalities. Cybernetics and Systems
Analysis. 2021. Vol. 57. Issue 6. P. 959-967.

8. Vedel Y., Semenov V., Denisov S. A Novel Algorithm with Self-
adaptive Technique for Solving Variational Inequalities in Banach
Spaces. In: Olenev N. N., Evtushenko Y. G., Ja¢imovi¢ M., Khachay
M., Malkova V. (eds.) Advances in Optimization and Applications.
OPTIMA 2021. Communications in Computer and Information Science,
vol 1514. Springer, Cham, 2021. P. 50-64.

9. Malitsky Y., Tam M. K. A Forward-Backward Splitting Method for
Monotone Inclusions Without Cocoercivity. SIAM  Journal on
Optimization. 2020. Vol. 30. P. 1451-1472.

10. Alber Y., Ryazantseva 1. Nonlinear 11l Posed Problems of Monotone
Type. Dordrecht: Springer, 2006. 410 p.

11.Alber Y. I. Metric and generalized projection operators in Banach
spaces: properties and applications. In: Theory and Applications of
Nonlinear Operators of Accretive and Monotone Type, vol. 178. New
York: Dekker, 1996. P. 15-50.

12.Beauzamy B. Introduction to Banach Spaces and Their Geometry.
Amsterdam: North-Holland, 1985. 307 p.

13. Aoyama K., Kohsaka F. Strongly relatively nonexpansive sequences
generated by firmly nonexpansive-like mappings. Fixed Point Theory Appl.
2014. 95. https://doi.org/10.1186/1687-1812-2014-95.

14.Xu H. K. Inequalities in Banach spaces with applications. Nonlinear
Anal. 1991. Vol. 16. Iss. 12. P. 1127-1138.

271



PO 3AJAYY IIEPEJIIKY
CYHEP-®IBOHAYYI-T'PAIIO3HUX I'PADIB

M.®. CEMEHIOTA,
JIbotHa akanmemist HAY,
KponuBaunpkuii, Ykpaina
marina_semenyuta@ukr.net

Bseoeno  nowsmmsa  cynep-®ibonauui-epayiosnoi  mampuyi  ma
MPUKYMHUKA. 3anponoHO8aHo nioxio 00 po3e si3Ky 3a0ayi nepenixy cynep-
Dibonauui-epayiosnux epagis.

Knwuosi cnosa: cpag, cynep @ibomauui epayiosna posmimxa, cynep
Dibonauui epayio3nutl MpUKymHUK.

3amadya ONTUMAIBHOI PO3MITKH €JIeMeHTiB rpada € OjHI€l 3
KIIACHYHMX 3a]lad JUCKPEeTHOi omnTumizamii. PosrisgatnmMemMo CKiHUYeHi
HeopieHTOBaHI rpadu, sKi He MICTAThH METJIi, KpaTHI pedpa Ta i30J1b0BaHi
BepmmHu. Iligx onTuManbHOIO po3MiTKOIO (abo HyMmepaliew) rpada
PO3YMiIOTh IPUCBOEHHA HOMEPIB HOTO BEpIIMHAM TaKUM YHHOM, 1100 cyMa
MOJIyNiB PI3HUII MK HOMEpaMH CYMDKHHUX BEpIIMH Oyia MiHIMalbHOIO.
Jlo TakuX pO3MITOK HAJICKHUTH Tpalio3Ha, 3arponoHoBana A. Poca B po6oTi
«On certain valuations of the vertices of graph» 1967 poky. IH'ekTuBHY
byukmiro  f:V —{0,1,...,q} Ha3uBarOTH TPamiO3HOI PO3MITKOIO Tpada

G=(,E) poamipy ¢, SKII0O BOHA IHAYKy€e TaKy peOepHY PO3MITKY

fTE—{L2,.q}, mo f — Giexuin i f (w)= f(u)- f(v)| nns
Oynp-IKHX CYMDKHHMX BepmiuH u,ve€V . I'pad — rpamio3Hui, sSKmo BiH
JIOTTyCKa€e Tpamio3Hy po3MiTKy. [logiOHIMMHU 10 rpaiio3HOl € PO3MITKH, sKi
MPEJCTaBISIOTh COO0I0 BioOpaskeHHS MHOKMHHU BEpIIMH i/abo0 pebep Ha
MHOXUHY, 1[0 CKJIAIA€ThCS 3 €JIEMEHTIB NEBHOI IOCIiTOBHOCTI. IHTepec
BUKJIMKAIOTh BJIACTHBOCTI rpadiB, A SIKHUX IFO TTOCTIIOBHICTH YTBOPIOIOTh
yrcna Didonauui. yHkiito f Ha3UBaIOTH cynep-DibOHaUYI-TPAIi03HO0

po3mitkoro rpada G po3mipy ¢ , Ko f — iH’€KIs i3 V(G) B MHOXXHMHY
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\Fo. FLFy By, Fyf, e Fy=0, F=1 F=1 F=2 ..

F,=F,_,+F,_,, a  TOopomKeHa  Helo  pebepHa  po3MiTKa
f*(u,v)z |f(u)—f(v)|, e (u,v)e E(G), € Oiexmiero i3 E(G) Ha
MHOXXHHY {Fl I, F5, . L F, g } I'pad, mo nomyckae Taky po3Mmitky f,

Ha3uBaloTh cynep-Pibonaydi-rpauio3HuM. binbme iHdopmanii 3 1bporo
MUTAaHHS MOXKHA 3HaWTH B [1, 2].

HaituacTime 3py4HO MaTH CIIpaBy He 3 po3MidueHUM Tpadom, a 3 Horo
MaTPUYHUMH TIpeJICTAaBICHHAMH. Hampukiaza, 3a IOMOMOTOI0 TIpario3Hol
MaTpHLi 1 IPalio3HOr0 TPUKYTHUKA 3HANIEHO PO3B’A30K 3a/adi Iepertiky
HE TUTbKU TPAIliO3HUX, a i FApMOHIHHKUX Ta eneranTHUX rpadis [3]. Kpim
[BOTO, TpaIio3HI MAaTPHUIli 3aCTOCOBAaHO JIIS JIOBEJCHHS ICHYBaHHS
Tpamio3HHX 1 O-pO3MITOK A HMEeBHUX THHIB rpadis [4]. Y manii poboti
pO3IIISLIAEThCS 3aadi nepeniky cynep-didonauui-rpanio3aux rpadis. s
X PO3B’SA3KY 3alpPONIOHOBAHO i AX1]] aHAJIOTIYHUNA TOMY, 1[0 OMHCaHO B [3].

Mpunycrumo, mo G =(V,E) — cynep ®ibonauui rpauiozHuii rpad
nopsiAKy p 1 posMmipy ¢ Ta f — HOro BepUIMHHA pO3MITKa.

OTOTOXKHIOEMO BEPIIMHHU 3 IX MITKaMH.

JlBi cynep-@iGonauui-rpaniosni posmitku f; i f, rpapa G

BBXKAIOTh CKGIGAICHMHUMU, SKIIO BAKOHYETBCS OJIHA 3 YMOB:

1) icaye aBromopdism A rpada G mpu sxomy f1(u) = f5(A(u))
s kosxkuoi Bepumman U € V(G);

2) A —Totoxue BinoGpaxenns i f(u) # f>(A(u)) nns 6ymp-sxoro
ancna sepuma U €V(G) ta fl* (u,v)= f; (A(u,v)) nna xoxuoro
peopa (u,v) € E(G), ne fl* if 2* BianoBinHi pebepHi posmitku G .

3anamo marpumo B(G)=(b;), ne by =1, sxwmo icHye pebpo
uve E(G) pna sxoro f(u)=F; i f(v)=F;, inakme b; =0 nus

0 <1, j <q iua3Bemo ii cynep-Dibonauui-epayiosnoro.
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Hdna rtpada G  mobymyemMo TpUKYTHY KOHQITypamito, sKy
Ha3uBaTUMEMO cynep-DiboHayyi-epayiosHuM MPUKYMHUKOM, HACTYITHUM
YUHOM:

— obupaemo enementd matpuni B(G), po3TalIOBaHI BHUIIE TOJIOBHOI

JliaroHai, BOHU YTBOPIOIOTh TPHKYTHY TaOJIHUITIO;

— B KIITHHII I1i€l Tabnwi, mo Biamosimgae eaementy B(G), piBHOMY

OJIMHUIT, 300paKyEMO KPAIIKy, BC1 1HIII 3aTHIIIAEMO MTOPOKHIMHU.

Ipuxnan cynep-®idonaudi-rpariosnoro rpada pasoM 3 Horo cymep-
®i6oHaYdi-TPaIlio3HIM TPHKYTHUKOM IIPECTaBICHO Ha pHc. 1.

Fa i F, F Fy Fs
Fs 0 o o .
Fl
Fs 3 F, F, | e
Fs .
F4

Puc. 1. Cynep ®ibonauui rpanio3nuii rpag Ta BigIOBiTHAN
cynep ®idoHaUUi TpaIlio3HUN TPUKYTHHK

Cynep-®i6oHaui-rpaio3Huit TPUKYTHUK cynep-Didonauyi-
rpamio3Horo rpaga G TOpAOKY p 1 pO3Mipy ¢ MICTUTh JiaroHali:

dy,d,,....d ¢ - Jliaronans d; (popMyeThCst 3 KIITHHOK, 1O BiINOBIIAI0TH

enementam b; 3 i—j=q-k+1, ne 1<k<g. Taxum unHom, d

CKJIaJIa€ThCsl 3 k KIITHHOK. BijbIml TOro, Ha ¢ —2 MEpIIHUX JiaroHaAX

TOYKH MOXYTh 3HAXOAUTHUCS JIMIIE Yy KIITHHKAX IEPHIOro (BEpXHBOIO)
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ps/Ika TPUKYTHHKA. IM BilNoBinaroTh enementu by j=l,ne 1< j<q.Tlpu

upoMy, ans cynep-PiboHauui-rpanio3sHoro rpada 3aBXKAW BHKOHYETHCS
ymoBa: by, =1. Bei iHIII TOYKM PO3TAIIOBYIOTHCS HA AlaroHamsx d, ;i

d ¢ 3 YPaxyBaHHsM BiacTuBocTed uncen Pidonayyi. Ha puc. 1 Binmosinua

obnacte BujieHa KoibopoM. KinmbkicTe cynep-PiboHauydi-rpario3Hux
TPUKYTHHUKIB 3 ¢ JiaroHaJsIMH JOpiBHIOE uuciy cynep-Pibonaydi-
rpalio3HUX  PO3MITOK TpadiB po3mipy ¢. 3HalgeMO KIUIBKICTb
3a00pOHEHHUX KIIITOK, TOOTO THUX SKIi HE MOXHAa BHUKOPUCTATH HJIsd
3allOBHEHHS TOYKAaMH. TpPUKYTHUK, yTBOpeHW# 13 cymep DiGoHaudi
TPauio3HOro TPUKYTHHKA, BUAAIECHHAM NEPIIOTO psijika i iaronanei d,_; i

d, wHaseemoO 3a0oponenum. KilbKiCTb KIITHH B HBOMY JODIBHIOE

q> -5 +6
2
3amady KOHCTPYKTHBHOTO TIepeliky pi3HHX cymnep-DPibonaudi-
rpaiio3Hux rpadis B 3arajJbHOMY BHUIJIAII PO3B’A3aTH JOCTATHBO CKIIAIHO.
PosrnsHemo 11 st rpadie po3mipy m’saTh. Bei HeizoMopdHi rpadu po3mipy
g =5 upexcrarieHi B [5], X KUTbKICTh TOpiBHIOE 12.

. 3anuimaerses 3q — 3 KIITHHKA JJIA IO AAJIBIINX ZlOCJ'Ii,I[)KeHL.

CrouaTky 3HaiieMo Bci cyrnep-DiboHavi-rpaIio3Hi TPUKYTHHUKH 3
q =5 toukamu. Yuciao crocobiB PO3MICTUTH y TEPLIOMY PSAKY ILBOTO

TPUKYTHHKA I’ ATh TOUOK OPiBHIOE 1; 9oTnpu Toukd — C 2 ;Tpu — C f ; IBi

- C}‘; OIHy — OJHMM crmocoOoM. J[Isi KOXKHOTO 3 LMX BUMAIKIB iCHYE

KiTbKa BapiaHTiB A PO3CTAHOBKM TOYOK, IO 3ajumimiucs. Bci BoHH
HaBeseHi Ha puc. 2. OTxe, ICHY€e BiCiM Hei3oMOppHHX 3B’sA3HUX rpadis 3 5
pebpamu, 110 JomycKaroTh cynep-DiOoHauvi-rpariosHy pO3MITKy, BOHH
300paxkeHi Ha puc.3.

[Mosnaunmo uepes SF(G) — 4YHCIO HEEKBIBAJICHTHHUX CyIep-
®diboHayui-rpanio3Hux po3mitok rpada G . dns rpadis Ha puc. 3 MaeMo:
SF(G)=1; SF(Gy)=1; SF(Gy)=1; SF(G4)=8; SF(Gs5)=5;
SF(Gg)=3; SF(Gy)=1; SF(Gg)=4.
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Puc. 3. HeizomopdHi rpadu po3mipy

JloBenu HacTynHe TBEPAKEHHS.

Teepaxenns 1. IcHye BiciM HeizoMophHHX rpadiB po3Mipy I’ ATb, IO
JIOMyCcKaloTh cymnep-DidoHauyi-rpanio3Hy-po3mitky. Uncio pisHuX cymnep-
®diboHauyi-TpaIfio3Hux rpadiB po3Mipy I’ SITh JOPIBHIOE 24.

Teepuxenns 2. s wuxny C, maemo SF(C,) =1.

HMosenennst. Luxkn C, nomyckae cynep-@i0oHauui rpauiosty

poamitky mpu ¢ =0(mod3) [2]. 3amoBHumo 3¢ —3 He 3abopoHeHi
KIITUHKH cynep-Pi0oHadi-rpanio3Horo TpUKyTHUKA. SIKIIO eeMeHT by =1
MaTpuLi B(Cq), TO Ha OCHOBI BinacTuBocTed uwncen @iOoHauui, 10

3a0opoHeHHX Tpeba BigHecTH mie ¢ —1 KIITHHKH, MO BiAMOBIJAIOTh

q
eneMeHTaM bia, bygi3g, D3giert, D3sagrts bq—l,q’ ne — s=1, 29---35—1,
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marpuii B(C,). 3amumaerses ¢ —1 kaitMHKA i 3anoBHeHHS g — 1

TOYKaMH, 11O MOXKHaA 3pO6I/ITI/I €IMHUM CITOCOOOM.

AHQJIOTIYHHUN pe3ysbTaT OTpuMaeMo nipu by=1. Tak sk 3aMiHa MITKU
BepuMHN F| Ha F, W HaBOakW NPUBOAWTH N0 CKBIBAJICHTHOI cymep-
®iGonauui-rpauiostoi posmitku C, , to SF(C,)=1.
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INPOI'HO3YBAHHS IOIIUTY B YMOBAX HEBU3HAYEHOCTI
IPU IIVIAHYBAHHI JIAHIIOI'IB IOCTAYAHHSA
IIJ 9AC 3AITYCKY CTAPTAITY

A.1. CHMOHOB

IactutyT KiOepHeTHKH iM. B.M. [tymkoBa
HAH Vxkpainu, M. Kuis, Ykpaina
denys.symonov(@gmail.com

Posenaoacmvca npoyec ananizy ¢akmopis, wo 6naueaomv Ha AKiCMb
NIAHY8AHHA ~ NONUMY — HA  HPOOYKYil0 — GUPOOHUYMSEA  CMApmany.
Ilpedcmasnena yYomupboxemanua MoOelb aHANIZY —ATbMEPHAMUBHUX
8apianmie iMOGIpHICHUX NOOIU mMa MemoOdi8 peazy8aHusi Had HUX, a MAaKOI’C
Memooie 0OpanHs HAUKPaAw020 6apianmy npocpamu eUpoObHUYMEd.
Kniouoei cnoea: nanyioz nocmauauua, yinbosa QyHKyis, aumanis
ANbMEPHAMUB, MHOICUHA IMOBIPHOCTNHUX NOOTi, MHOJICUHA ANbMEPHAMUB
peazysamnHs.

Crapran (start-up) — KOMIaHis, siKa JUIIE MMOYWHAE TparroBatu [1].
I'pyHTyrounch Ha  (QOpMalbHOMY  BH3HA4YCHHI, MOXXHa  3pOOUTH
MPUIYIIEHHs, IO IIaHyBaHHS BCIX MPOIeciB HOBOI KOMITaHii 3aCHOBaHE Ha
OeHUMApKiHI 1 MpPUMYIICHHSAX, MOB'I3aHUX 3 BHCOKHM CTYICHEM
HEBU3HAYEHOCTI, a 3aBAAHHA IIPUIHATTA PilICHb B YMOBaX HEBU3HAYCHOCTI
CTOCOBHO DI3HMX MOJENCH CHUCTEM JIOTICTUKH MOXYTh  iCTOTHO
BIIPI3HATUCS OJMH Bif OJHOTO. 30KpeMa, e MOXe OyTH OOYMOBIICHO
cnenn¢ikoro ¢GaxTopiB, BUMAJAKOBUU BIUTUB SKMX MOTPIOHO BpaxoBYBaTH
[2].

YrpapiiHHS JaHIFOTAaMU [TOCTaYaHHs, 3aCHOBAaHE HA MPOTHO3YBaHHI
MOMUTY, Ma€ CTaTH OCHOBOK IUIAHYBaHHA MiJNPUEMCTBA, IO IparHe
MaKCUMI3yBaTH JOXiJ. 3alie)kKHO BiJA BHIY PHHKY TOBapy MOXe
BIJPI3HATHUCS CTPYKTypa JaHIora rocradanHs. Hampukman, st ToBapiB
kareropii FMCG mnaHImor mnocrayaHHs BiJl BUPOOHHMKA JI0 KiHI[EBOTO
CHOXHBa4ya MOXe MPOXOJUTH 4Yepe3 IUCTPUO'IOTOPIB, ONTOBUX TOPTOBIIIB
Ta po3MpiOHN Mara3uHH, IO 3HAYHO MIABHINYE CKIAIHICTh MPOTHO3yBaHHS
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MOMUTY Yepe3 CKIaJHICTh KOMYHIKAIlii Ta po301’KHOCTI BIACHHUX IHTEpECiB
Yy KOXKHOT JIaHKH JIAHIIOTa TIOCTAYaHHs, SIKi KOHTPOJIIOIOTh Pi3HI 0co0H, 110
npuiiMaroTh pimeHHs [3].

Uepe3 HeCTIMKICTh PUHKY 30yTy MOXIIHMBI KOJHMBAHHS CIIOKUBYOTO
nornuTy. HaBiTh HE3HAYHI 3MiHH TIOMTUTY MOXYTh MIPU3BECTH JO CEPHO3HHUX
3MIiH Yy 3aMOBIICHHSX, PO3MIOICHHX Bropy IO JIAHIIOTY IIOCTAYaHHS.
BaxiuBUM YMHHUKOM, IO BIUIMBAa€ Ha OOCAT MPOAAXiB, € HAsBHICTbH
TOBapiB-CYOCTHTYTiB. 3MiHA XapaKTEPHCTHK OJHOTO TOBAapy MOXYTh
BIUIMHYTH Ha OOCATH TMpOAaXy IHIOIOrO, a OOMEXeHa JOCTYIHICTh
inopMmariii 1OJ0 TepeBar CHOXKWBa4iB, MaiOyTHBOTO CTPYKTYpPHOTO
po3moAiTy MpoAaxiB 3a BUAAMH TOBapiB Ta IUIAHIB KOHKYPEHTIB
YCKJITHIOE TIPOIIeC TIPOTHO3YBAHHS [Tl HOBHX YYaCHUKIB PHHKY.

3po0uMO TPHITYIICHHS, 10 BCi JaHKW JIAHIIOTA ITOCTaYaHHS MaloTh
OJIHy METYy — MaKCHUMI3yBaTH OOCST MPOJaxXiB TMPOIAYKTY, BUPOOIECHOTO
KOMIIAHI€I0-CTapTalioM. TakuM 4YHHOM, «3arajbHa) IIbOBa (DYHKILiS
MaTHMe TaKWid BUTIISIII

n
F(P)=>Y P.*Q —TC —> max (1)
i=1

nopu 06Me)KeHH$[XI
n
z Qxl S QD’
i=1
n
D P <Py
i=1

i TC, <TR,

i=1

pe P, —npubyrok; P, — wiHa mponosuuii; F, — uiHa nonury (iHa, sKy

S,
3rOfIeH IUIATUTH CIIOXWBad); (), — 00’eM Tpomo3miii 3 ypaxyBaHHIM
ToBapiB-cyOCTUTYTiB; (O, — 00’eM momuty; 7C, — 3araibHi BHUTpaTH
(cobGiBapricth); TR — CYyKyIHHIA JOXiJ.
CroxuBay 3allikaBJCHWI B 3aJ0BOJICHHI BJIACHUX MOTped, Ta
MiHiMi3aril BUTpaT Ha iX mpuadanHsa. ToOTO 3 miboBa (QYHKIIS 3 MO3MIIT
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CIIOKHBa4dya 6y)le MaTHu HaCTyHHI/Iﬁ BUTJTIA, 3@ YMOBHU BUKOHAHHS 06Me)KeHL
31 CTOPOHHU BUPOOHHUKA (TIOCTAYaTHbHHUKA):

F(P,,):E":Q*QV—TCamm )

i=1

BupoOHuitBo TOBapiB Mae 0Oe3niu (pakTOpiB, sKI BIUTMBAIOTH Ha
cobiBapTiCTh Ta, BiAMOBiAHO, MpUOYTOK BupoOHMKA. Ha mpuOyTok Takox
BIUIMBA€E CITiBBiJHOIICHHS IIONHUTY Ta MPOIO3HIIii, JOCTYIHICTh CHPOBUHH,
CKJIaJIHICTh JIAHITFOTIB TIOCTaYaHHS Ta 1HIN (aKTOpH. BiAMOBIIHO, KOXKHUIA
BUPOOHHMK Ma€ BiacHe OaueHHs Ha Te, AKHi ToBap Oa)kaHO BUPOOIATH,
3Bigcu 1 (opmyeTbca 00’eM MpOMO3MMii 3 ypaxyBaHHSM TOBapiB-
cyberuryris O, .

Po3paxyHOK mpIOPHTETIB albTEPHATHB HpOrpaM BUPOOHHITBA
MOIJIMBO BHUKOHATH 3a JOMOMOIOI0 METOAY IapHUX IOPIiBHSAHB, IO
MOJISiTa€ B IEPETBOPEHHI MepeBar, 10 MICTATHCS B MATPHIII albTEPHATHB, B
CKaJISApHI OoliHKH [4]. TakuM YMHOM OTPUMYEMO HOPMaITi30BaHHI TTOKa3HUK
anbTepHATHB BUPOOHUIITBA TOBAPIB B Jiara3oHi:

a)iz{a)i:a)ie[o,l];Za)izl}, 3)

==, “4)

Je a, — TIeBHAa albTepHATHBA BUPOOHUILITBA TOBAPY/TIPOAYKTY.

Iro 3agayy MOMIJIMBO IIEPETBOPUTH B OaraTOKpUTEpialbHY, Ta
BHPIIIYBATH 32 JOMTOMOTOK) METOJIIB MAaTEMAaTUYHOTO MPOrpaMyBaHHs. AJie
3arajibHa CHCTEeMa TUIaHyBaHHsI JIAHIIOTa IOCTaYaHHs CTapTamy nepeadadae
BUKOHAHHS JOJaTKOBUX MPOLEAYP, MO0 OOYMOBJICHO BHCOKHM CTYICHEM
HEBU3HAUEHOCTI Ha paHHIX eTanax (pyHKI[IOHYBaHHS KOMIIaHiI HA HOBOMY
pusKy. Cepen HEOOXiTHUX MPOILIETYP MOKIMBO BU3HAYUTH:

1. Bu3HAYUTH MHOKHMHY IMOBIPHICHHX MOJIH S Ta SIBUII, IO MOXYTh
BIUTMHYTH Ha WIJIbOBY (YHKINIO (JOCATHEHHS OaXKaHOTO pe3yNbTaTy).
EneMeHTH MHOXWHHM MOJiH TMOBWHHI MaTH BUTJISAA LLTICHOI (3aKiHUEHOT)
TPy albTepPHATHBHUX BapiaHTIB po3B’s3Ky moniil. Ilepenbadaerscs, mo
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OJTHOYaCHE BWHHKHCHHS JBOX, a0o0 OinbIle, ambTepHATUBHHUX MOJIIH He
MOJKIJIHBO, aJie 000B’I3KOBUI HACTYII OJTHIET 3 aJIbTEPHATHUB.

S={8,:V(j)S,NS,, =2; j=Ln} (5)
2. BU3HAYUTH MHOXHHY aJbTCPHATUB pearyBaHHs Ha TOIT S.
R= {R,. : Ry Ry ... Ry 5 V(i) Ry =, izl,_m} (6)

3. Bu3sHaunTH OdiKyBaHe 3HAYCHHs IimboBOi ymkuii F (P)

3alIexHO BiJ GakTopis 1.1 Ta 1.2, Ta Mo0yIyBaTH MaTpHIIO A:

S, S, S
Rs1 El(Py) Ez (R) Fin(PI)
A:Rsz le (R) Fzz (R) FZn (R) (7)

R, F.(R) Fu(R) - F,(R)

4. OOpatu HaWKpallli aTbTEPHATURH 3 YCIX MOXKIIUBHX BapiaHTIB.

[licnsa pospaxyHKy MaTpulli ajlbTepPHATHB, Ta OOpaHHS IEKiIBKOX
«HaWKpammx»,  BHPOOHHKY  HEOOXiAHO  CIJIaHYBaTH  PO3MOALT
MPOXYKTOBOTO  MOPTQEN0 3  ypaXyBaHHSAM BJIaCHHX  yIOIOOaHb
(po3paxyHOK MPIOPUTETIB), Ta O4IKYBaHb/yI0100aHb CIIOKUBAYIB.

Cepen; IHCTPYMEHTIB TIJBUILNEHHS SKOCTI IUIAHYBaHHS MOXJIMBO
pEKOMEHIyBaTH JOJATH B TMpOIeC aHalizy MmoTped Ta ymomobaHb
CTIIOXXHMBAYIiB 1HCTPYMEHTH IMOBEIIHKOBOI ekoHOMikH (aBT. Richard Thaler)
Ta po3paxyHOK ¢yHkmii kopucHocTi (John von Neumann, Oskar
Morgenstern). Bukopuctanus nomaTkoBoi iH(opMarii MO3UTHBHO BILUTHBAE
Ha SIKiCTh IIPOTHO3HOI MOJIET Ta CIPHUSIE MiABUIIEHHIO SKOCTI IUTaHyBaHHS 1
3MEHIICHHIO PH3HUKHU B YIIPABJIiHHI JIAHIIOTaMH OCTaYaHHS.
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HOBBIE BAPUAHTBI METO1OB E)JIJII/IHCOI/IJIOBI

ILLU. CTEHIOK,

WuctutyTt xubepueruku umenn B.M. ['mymikosa
HAH VYxpaunsi, Kues, Ykpanna
stetsyukp@gmail.com

A. DULIEP,

WNHCTUTYT BBIYUCIUTENBHON MaTeMaTUKN

TEXHUYECKOTO YHUBepcureTa Jpesnena, ['epmanms
Andreas.Fischer@tu-dresden.de

0.H. XOMIJIK,

Wncruryt xubepuernku nmenu B.M. I'mymkoa
HAH VYxpaunsi, Kues, Ykpanna
khomiak.olha@gmail.com

s munumusayuu GbINYKIOU DYHKYUU OM N NEePEeMEeHHbIX NPediodiCeHbl
anzopummol em80b u em99b. Ancopumm em80b ecmv memoo s1.1uncoudos
6 B -¢opme (Xauusn, 1980), 20e nx n-wampuya B onpedensem 3ameny
nepemennvix. C €20 NOMOWBIO MONMCHO HAUMU NPUOIUNCEHUEe K MOUKe
MUHUMYMA C OYeHb GbICOKOU MOYHOCMbBIO, Ye20 HeNb3sa coelams ¢
nomouibio memooa auncoudos 6 H -ghopme, 20e roppexmupyemcs

cummempuueckas mampuya H = BB". Ancopumm em99b sgnsemcs B -
Gdopmoti  memooa  INAUNCOUO08  ONsL  ANNPOKCUMAYUU — MHONCECHEA,
NONYHYEeHHO20 6 pe3yibmame NePeceyeHus n -MEepPHO2O0 wapa U Habopa
onpedensemvix eunepniockocmei (Cmeyiok, 1999). Ezo npedenvbHulii
8APUAHM CXOOUMCS K MOYKe MUHUMYMA He bonee Yem 3a i umepayuil.
Kniouegvie cnosa: suvinyxnas Qynkyus, mMemoo 31IUNCOUO08, ONepamop
pacmaxcenuss — npocmpancmea, H- u  B-gpopmer  memooos ¢
npeodpazosanuem nPOCmpancmaad.

! Pa6ora noxnepxana VolkswagenFoundation (rpant Ne 97775)
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3apaua. Ilycts f(X) — Bbmykmas dymkumsa, xeR", g(x) — ee
cyOrpamuent  g(x)eR", wMunumansHoe 3mawenme = f(X).
[IpeanonokuM, 4TO TOYKA MHHHMyMa X — eaMHCTBeHHas. TpeGyercs
HalTU TaKyl0 TOYKY X:, U1 KOTOpPOH f(X:)— f'<e, rne >0 —
3aJIaHHOE JIOCTATOYHO MAJIOE YHCIIO.

I[J'ISI HaXoXICHUA TOYKH XE pacCMOTpUM JIBa HOBBIX aJIFOPpUTMa

metoma asumunconnoB (ellipsoid method). Ilepseiii amroput™m Oymem
HaspBaTh anroputMom em80b, a Bropoii — amropurmom em99b. 3nech
cuMBOJa «b» o3Hauyaer, 4yTo 00a anropuTMa OyAyT MpeAcTaBieHbl B B-
dopme, TOe KOppeKTHpyeTcss Nxn-marpuna B, koTopas ompenerser
3aMeHy TmepeMeHHbIXx X=By, rme y=Ax — o0Opa3 Toukm X B

IpeoGpa3oBaHHOM MPOCTPAHCTBE MepeMeHHbIX, A= B™.

Aunroputm em80b — MeTox 3JUTHIICOMIOB, KOTOPBIH MNPEUIOKHIH
nezasucumo JI.b. FOqur n A.C. Hemuposckuii [1] u H.3. lllop [2]. On
ucrnonsdyer B-hopMy MeToda BIUIMICOMIOB, KOTOPYH [UIS 3aJadu
JUHEHHOro mporpamMmupoBanus ucnoib3oBan JL.I'. Xauusa B 1980 romy
[3]. Ona moctpoena momo6HO Tomy, kak H.3. Llop moctpomn B-dopmy
CBOETO BapHaHTa METOMAA DIUIAINCOUIOB B cTaTthe [2]. Ee BorumcmurensHas
peanuzanus mpeacTaBjieHa B mporpamme emshor [4, 5].

B 1981 rony B ctatke [6] M. I'protmens, JI. JloBac u A. CxpeiiBep
paccMaTpuBaau Meton iumncouzioB B H-dbopme, rae KoppekTHpyeTcs
cuMMeTpHueckas Matpuna H = BB'. VcioBuMcs 3TOT BapHaHT MeToza
SIUTHIICOMIOB Ha3bIBaTh anropurMom em81lh. Ha mpumepe TecTOBBIX 3amayu
MOKaXXEM, YTO C €ro MOMOIIBI0 HENb3s HAWTH TOYKY MUHHMYyMa C OYCHBb
BBICOKO# TOYHOCTBIO, YTO ITO3BOJISET clenarh anroput™ emaob.

Anroputm  em99b  sBisercst B -dopmoii MeToma  3IIIMIICOMIOB,
OIMMCAaHHBIX BOKPYI TIepecedeHus IMmapa W Habopa oOIpenensieMbIX
TUIEPIUIOCKOCTEH [7], Ha KaXAOW ero HTepanud OO0beM JIOKATH3aIUu

TOUKM X yMEHbINAETCA B @ pa3, Tjae a >1 — kod(hDUIMEHT pacTsKeHus
mpocTpancTBa. Ecinn ¢ =00, TO KOMUYECTBO MTepaluii anrropurmMa em99b
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COBMNAJaeT C KOJIMYECTBOM MTEpaluii IMPEeAeNbHOr0 BapHaHTa MeEToJa,
npegioxxennoro H.3. lopom B 1970 roxy [8].

Anroputm em99b mcnonbsyer smadenne f° um wmeno m(m>1),

Takue, 4To Cyorpaauent §(X) yAOBICTBOPSET YCIOBUIO

(x—x*)Tg(x):m(f(x)—f*), vxeR". (1)
Ycenosuto (1) ynoBnerBopsitoT auddepeHIUpyeMble  OAHOPOAHBIE (C
NOKa3aTesieM ¢ ) BBIINYKJIble QYHKIUH (M = o ), KBaJpaTH4HbIE BHITYKJIbIE
¢yHKIMH (M =2), HEKOTOPBIE KIACCHl KyCOYHO-JTMHEHHBIX BBITYKJIBIX
GbyHKIHHA ¢ OCTPBIM MUHUMYMOM (M =1).
Anropurm em80b
(B-dopma MeTona dyummnconnoB, XauusH, 1980)

Iar 0. BoiGupaem TouKy X, € R" u paguyc I, Takumu, 4To0bI

||XO - X*" <T1,. Boibupaem ¢ >0, monaraem B, =1, n k:=0.

War 1. Berancmum (X)) 1 g, =g(X, ). Ecan “BkTgk“sg/ro , TO
OCTAHOB: k™ ==k, X! =X, .
War 2. Busmenen x,_ = — B & e & = PO
! [B:
n-1

n
ﬁ By + m—l (B& )&

lar 4. Ycranaenueaem K = k +1 u nepexomum k Illary 1.

Ilar 3. O6uoBsiem B, ., =

KommenTapuii. Ha xaxaoii k-oif wurepammm amroputMa Nxn-
MaTpunia B, ompenenser 3ameHy nepeMeHHBIX X=B,y, rme y=AX —
o0pa3 TOYKH X B NPeoOpa30BaHHOM MPOCTPAHCTBE IEPEMEHHBIX,
A =B, ! Ha xamoit MTepauuy peann3yercsi cyOrpamdeHTHBIH CIyCK C

IOCTOSIHHBIM ~ [maroMm N, =1, (n +1) UL BBITYKIOW  (DyHKIUH

@(y)=f(B,y) B npeobpasoBaHHOM NPOCTPAHCTBE IEPEMEHHBIX.
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JeiictButensHo, ecmu 0be gactu Gpopmynsl X, = X, —h B, &, yMHOXHTBH
clieBa Ha MaTpuLy A, , TO HOJIy4UM

Vo = A = A~y =y, —hy 08Dy 80D

REICY/ 9. (vl
rae g,(y,) = B, g, (X,) €cTb CyOrpasHeHTOM (QyHKIHH go(y) =f (Bky) B
TOYKe Y, = A X, TPOCTPAHCTBA NIEPEMEHHBIX Y = A X .

OueBnIHO, 4TO 06HOBIeHHe B-Marpuisl (cm. Ilar 3) Tpebyer O(n?)
ornepanuii. IT0 O00YCIOBICHO HCMOJIB30BAHHEM OIEPATOPa PACTSHKCHHS
npoctparctBa R, (&) :R" — R", koTopslit onpezeseH Kak

R,(&)=1,+(a-1&&", )
rae £eR", ||§|| =1 — nanpasnenue pacTsokenns, a |, e R™ — equnnanas
MaTrpuiia.

Teopema 1. TlocneoBaTeNbHOCTE — TOYEK  {X, }E:o , KOTOpYIO

rexepupyet anroput™ em80b, yIoBIeTBOPSET HEPaBEHCTBAM
1A (x =x)|<r, A =B k=01,2..k" 3)

Ckopocth  cxomumoctd  anroputma  em80b  ompenensiercs

OTHOILLIEHHEM odbeMa  IuIMIICOMIA E = {X : ||A< (x, — X)|| < ro} ,
nokamusytomero X Ha K-if wuTeparmm, Kk 006beMy OJTHTICOMIA
E={X:|A (X -X[<r}, noxamsyomero X ma (k-1)-i
urepamyn, 1<k <k’

Teopema 2. Ha kaxmoii mrepanmu Kk, rme 1<k < k*, OTHOIIIEHHE

00BEMOB SJIIITUIICOU 0B Ek )48 Ek71 €CTh BCJIMYMHA IMOCTOSAHHAs U paBHAA

_wlI(E) _ o1 n Y 1
qn_voI(EH)_ n+1[ﬁ} <exp{ 2n}<l' @

Juis nreparan k™ umeem X = X,. , Tak kak f(x.)—f"<e.
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Amroputm  em80b  moxuo mpeactasute B H-dopme, rae

KOppEeKTHpyeTcsi cuMMeTprdeckas matpuna H = BBT. H -dopmy merona
SIUTHTICOUIOB OyJIeM Ha3biBaTh anroputMoM em8Llh. Drot BapuaHT MeTona
JJUTUTICOMIOB HUCTojib3oBaH B [6] (aBTopel — Grotschel M., Lovasz L.,
Schrijver A.) nns 060CHOBaHUS MONMHOMHAIBHBIX AJITOPHUTMOB PELICHUS
koMOuHaTOpHBIX 3ama4 (GLS, 1981).
Anroputm em81lh
(H -dopma merona smaunconnos, GLS, 1981).

IITar 0. BeiOupaem Touky X, € R" u paguyc r, Takumu, 4To0b!

“XO - X*HS I, . Beibupaem ¢ >0, momaraem H, =1, u k:=0.

n

Iar 1. Beranemnm f (X ) u 9, =9(x ). Ecan (/g) H, g, <é&/r, , 1O
OCTAHOB: k™ =k, x" =%, .

I
Ilar 2. Beraucnsiem X, , =X, ——2—H, &, tme & = 9

n+l \’gIHkgk

2
Ilar 3. O6HOBIIsIEM Hkﬂ;zzn— Hk——2 H & & H, |
n< -1 n+1

Ilar 4. YcranasmBaem K = K +1 u nepexomum k Ilary 1.
C nomouipro anropurMa €m80b MOXHO HalTH TOYKY X, C OYCHB

BBICOKOH ToyHOCTBIO & ~107™° +107"°, 4yero Hemp3s cuenath ¢ MOMOILIBIO
anmroputMa €m81lh. DTo MOATBEPKAAIOT BHIYMCIUTENBHBIE SKCIIEPUMEHTHI
JUTSL IBYX BBIMYKJIBIX KYCOYHO-THHEHHBIX (HYHKITHIH

fl(x)=zn:i|xi—14 u fz(x)=i10"1|xi—l|,

* * * * N T
mis koropeix  f = f(X)=1, =f,(x)=0, x =(11...,1) . Dynkuus
f,(X) sBusercs OBp@KHOM, CTelleHb BBITAHYTOCTH €€ IOBEPXHOCTEH

ypoBHs s 3amaHHOro n paBHa 10" — OTHONIEHHME MaKCHMAIbHOTO
KO3(HUITUCHTA ITPU |Xn —l| K MUHUMAaJIbHOMY IIpU |X1 —]4 .

BoluncnurenbHble 3KCIIEPUMEHTHI MPOBOAWINCH HA IEPCOHAIBHOM
koMmmbioTepe ¢ npoueccopom AMD Ryzen 5 4500U 2.38 GHz, 16 GB B
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cucreme Windows 10 ¢ momomnsro GNU Octave Bepcun 6.2.0. Pe3ynpraTsr

.
MIPU Pa3IMYHBIX 3HAYCHUSAX &£ MpeJCTaBieHbl B Tabmunax | u 2. 3gech &

[ * *
— KOJIM4YECTBO HTCpaluM, 3aTpadC€HHOC Ha IIOHMCK TOYKH X _, fl(xg) n

f2(x:) — sHauenns Qyskumit f)(x) u f,(x) Ha wrepamum k', |Bk _
eBKJIM/I0BA HOPMA MATPHIILI B Ha UTepaluu k .
TABJIMLIA 1. CpaBaenue anroputmosB em80b u em81h ninsn =5
Anropurm em80b Anroputrm em81h
e |k A [ e ] AR ] -

1.0e-01 268 5.0e-03 1.3e-03 268 5.0e-03 1.3e-03

1.0e-02 | 422 1.3e-04 4.7e-05 422 1.2e-04 4.8e-05

1.0e-03 | 534 1.3e-04 4.8¢-05 | 470 | 9.2¢-04 1.5¢-04

1.0e-04 | 633 1.6e-05 3.4¢-06 | 470 | 9.2¢-04 1.5e-04

1.0e-05 | 713 2.1e-07 4.7¢-08 | 470 | 9.2¢-04 1.5e-04

& K A (xg) ||xZ —x' || P £ (xg) ||x;‘ —x' ||

1.0e+01 | 251 2.1e-01 5.0e-02 251 2.1e-01 5.0e-02

1.0e+00 | 375 2.4e-02 4.9e-03 362 1.6e-01 3.9¢-02

1.0e-01 | 488 1.4e-02 6.0e-03 406 | 3.1e-01 6.4e-02

1.0e-02 | 583 1.7e-03 1.5e-04 | 406 | 3.1e-01 6.4e-02

1.0e-03 | 718 1.5e-05 3.8e-06 | 406 | 3.1e-01 6.4e-02

U3 tabn. 1 BugHo, uto anroputM em81lh He criocoOeH pemnTs 3a1aqy

IPH ManbIX 3HaueHusAX € ~ 107 +107 (BbIIEIEHO KUPHBIM).

B Ttabn. 2 moxaszaHo, 4ro B-dopmMa METOAA AILIMICOHIOB SIBISACTCS
YCTOWYMBON U1 HAXOXKICHUS NPUOMIKEHUS K TOYKE MHHHMYyMa
BBITYKJION (DYHKIIMH C OYEHb BBICOKOH TOYHOCTBIO.

TABJIMLA 2. Cpaaernne anroputmoB em80b u emshor amst n=25

AnroputrM em80b Anroputrm emshor

By

k

‘ S A G I col Ak |
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1o 16215 3.5e-05 | 3.1e-05 | 16215 3.5e-05 | 7.2e-11

10 19060 8.8e-08 | 3.1e-06 | 19060 8.8e-08 | 7.3e-13

10 21887 3.8¢-07 | 3.4e-07 | 22033 3.8e-07 | 6.5e-15

1o’ 27701 3.8¢e-09 | 3.2e-09 | 27731 3.9e-09 | 7.0e-19

10" 36387 1.5e-12 | 3.0e-12 | 36453 1.7e-12 | 6.0e-25
10" 41845 4.4e-16 1.9e-14 | 42000 2.9e-15 | 3.8e-29
10 41912 0.0e+00 | 1.8e-14 | 42106 | 0.0e+00 | 3.3e-29
1071 41912 0.0e+00 | 1.8e-14 | 42106 | 0.0e+00 | 3.3e-29

BrruncnuTensHble SKCIEPUMEHTHI MMOKa3bIBaloOT, YTo Ipu n =10+ 25
anroputMel em80b u emshor MOXHO yCHEIIHO TPUMEHATH I

HAXOKJIEHUsl TOUKH X, Tpu oueHb Mmambix &~107""+107". Tak, mus
n=25 BpeMms pemieHUs 3amaud U3 Tabi. 2 000OMMH METOJaMHU TPH
MaKCUMaJIbHOM TOYHOCTH COCTaBMIIO MeHee 4 cekyHa. V3 Tabauubl BUANM,
uTo Tpebyercs 4.6n° wuTepauuii, uTOOBl B JecATH pa3  yJIydIIHTh

OTKJIOHCHHE HaiiICHHOTO0 PEKOPAHOro 3HaueHuss QyHKUuH f (x) oT ee

ONTUMAJIBHOTO 3HaueHHs f (Pe3yIbTaT COITIACYETCs C TEOPEMOii 2).

Crnenyer 3aMETHUTh, YTO HA COBPEMEHHBIX KOMIBIOTEPAX C IIOMOIIBIO
METOJIOB 3JUTUIICOMIIOB B B-popMe MOXHO pemarh MPaKTHYSCKUE 3aJ1adu
ONTUMU3ALMK TpU  KoIWyecTBe nepemMeHHbIx n=50-+100, ecamn
BBIUMCIIEHHE 3Ha4eHUsl QYHKLUUHU U ee CyOrpaaueHTa ecTb Mano3aTpaTHOH
10 BpeMeHH Tpolierypoit. Tak, Hanpumep, npu & = 107" BeIUKMCTUTENBHBIE
3aTpaThl «Ha aJrOpPUTMHUYECKHE omepanuu» mnporpaMmel em80b mpu
MHUHUMH3AIIHA «HEOBPA)XXHOH» (GYHKIUH f, (xim) g 50 mepeMeHHBIX
coctaBuiu 9.95 cek. (162034 urepanwmii), anst 75 mepeMeHHBIX — 25.69 cek.
(358623 wrepammit), mis 100 mepemennbix — 107.79 cek. (630570
UTepaLuii).

Humxe mi1s HaXOXIEHHUS TOYKH x: omuIeM anroput™M em99b,
KOTOpBIi siBrsieTcss B-opMoii MeToAa DIUIMIICOUIOB, OMUCAHHBIX BOKPYT

nepecedeHus mapa U Habopa THIEPIUIOCKOCTEH. ANTOpUTM HCHONb3YeT
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sHaHWe 3Havennst f ; 3agamHoe wucno M (M=>1) — Takoe, 4TO
cyOrpaaueHT g(x) yaoBierBopsieT ycnosuio (1); a>1 — xo3¢pdunmeHt

pacTsHKEHHs TPOCTPAHCTBA (IOMYCKASTCSl @ =0 ).

Asroputm em99b (a >1)

(B-hopma MeTo/1a DIUTUTICOUIOB C U3BECTHRIMHA M U f7)
Iar 0. Betbupaem touky X, € R" u paguyc r, Takumu, 9T00BI
HXO - X*“ <1, . Boibupaem ¢ >0, nonaraem By =1, u k=0
IMar 1. Beraucmam f = (%) u g, =9(x). Ecn f, — f" <&, 10
OCTAHOB: k™ =k, X =%, .

m(f, —f")

BT
Iar 2. BeraucusieM X, ; = X, _WBkgk, rie & =X Ok

8o

Iar 3. O6HoBnseM Matpuny B, , =B, + (l - lj( B )< -
a

Ilar 4. O6HOBIsIEM pajuyc I, = |17 — m (f f*)
oy

Iar 5. YcranasmBaem K = k +1 u mepexomum k Ilary 1.
Ha kaxnoii nteparuu aaropurma em99b nxn -marpuna B, cesizana
C 3aMeHOil mepemeHHBIX X =By, A =B !, Ee oGuopnenue (Illar 3)

tpebyer O(n?) omepammii, uTo 0GYCIOBIEHO HCIOIB30BAHUEM ONEPaTOpa

pacTsDKeHHMsT ~ NIPOCTPAHCTBAa.  BenwmumHa miara B HalpaBICHHUH
HOPMHPOBAHHOTO CyOrpajueHTa B MpeoOpa3oBaHHOM IPOCTPAHCTBE
MepeMeHHBIX cBs3aHa ¢ marom [omsika (Armona-MorkuHa-11lenbepra)

m(f, — f7) Bkgf(xk) - m(f ) g(p(yk)
"Bk gk” ||Bk gf(xk)" ||Bk gk” "g(,,(Yk)”

rae g,(y,)=B;g,(x) ects cyorpamuentom dynkmmn ¢(y)=f(B,y) B

Yir = AcXia = Y —

TOYKe Y, = A X, IPOCTPAHCTBA MEPEMEHHBIX Y = A X .
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&

Teopema 3. Tlocie/0BATENLHOCTh  TOYEK  {x,f, , KOTOPYIO
reHEpUPYET aIropuT™ em99b, yI0BIETBOPSIET HEPABEHCTBAM
||Ak(xk_x*)||Srk> Ak:BI:l’ k:051,2,”‘3k*- (5)

Ckopocth  cxomumocTh  airoputmMa  em99b  onpenensercs
OTHOIEHHEM  00beMa  3JUIMICOMAA E = {x : ||Ak (x, — x)” < rk} ,
JOKaNM3yIONEro TOUKy X Ha k-l HTeparuu, K 06BbeMy OJUIMIICOMNA
E = {x:"A,H (x,, —x)|| < r,H} , nokamusylomero x  Ha (k—1)-if
uteparmn, 1<k <k,

Teopema 4. Ha kaxmoit urepanuu k, rie 1<k <k, orHOmeHHUE

00BbeMoB »yunconsioB £, n E, , ecTh Bemu4ynHa

qk(a)zwzi[r_kj Lo ©)

vol(E, ) al\r a

* S %
s urepauun k'  uMeeMm X, =X,., YUMTBIBAs, 4TO f (xk,)— f <e, ecan

B,{Tg(ka)HSg/rk.Ean a=w,10 k <n.

B Ttabn. 3 mpuBemeHsl pe3ynbTaThl paboThl anroputMa em99b 1o

HAXOXKICHUIO ToukH X, npu & =10 wis dynxunmii f;(x) u f,(x) npu
n=100+500 u n=3+8. 3mech k*(a) — KOIMYECTBO HUTEpaluil Hpu
ae {2,10,100,106,10‘2} , & — paJyc mapa Ha uTepaiuu k .

TABJIMLIA 3. Urepauuu em99b st f; (x) u f, (x) npu £ =10"°

fr(x), =0, m=1,x,=(0,..,0)", r, =3,

n | A | K@ | Fao | Ko [Kaeny | g

3 1.11e+02 21 10 6 3 2.449¢+00
5 1.11e+04 53 21 13 5 2.000e+00
8 1.11e+07 128 50 28 8 1.000e+00

F(x), 7=0, m=1,x,=(0,..,0)", 7, =25,
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n | h(x%) | k'@ | k@) | k@oo) | k(o) v

100 | 5.05e+03 1028 447 238 100 2.291e+01
200 | 2.01e+04 2255 929 497 200 2.062e+01
500 | 1.250e+05 | 6303 2558 1273 500 1.118e+01

W3 Ttabn. 3 BHOHO, YTO KOJIMYECTBO WTepamuii amroputma €m99db
YMEHBIIIAETCS 10 Mepe yBeIuueHWs KOd(PQPHUIHCHTAa PacTHKEHHS
MPOCTPAHCTBA (¢, @ MPH OYCHb OOJNBIIMX 3HAYCHHUAX « KOJIHYECTBO
UTepaluii PaBHO KOJIUYECTBY MEPEMEHHBIX N (CM. TeopeMmy 4, «eciu

a=00, 10 k" <n»). TIpu 5TOM 111l «CHUITBHO» OBpaxkHOi Qynkuuu f, (X)
J0cTaTouyHo BhIOpaTh Kodddurment a =10, a ana «cmaboy» OBpakHOI
dyuxumu f,(X) nocrarouno seGpars o =10°.

B mocnemnem ctonbue Tabn. 3 OTpaXkeHO Kak yMEHbIIAeTCs rk*

(paguyc murapa Jokajgu3alMu oOpaza TOYKH X B MPEoOpa3OBaHHOM
MPOCTPAHCTBE IMEPEMEHHBIX HA  3aKIIOYUTENBHON  WTepalud) 110

OTHOUICHUIO K HAYAJIbHOMY PaanycCy [, I mIapa JOoKaIu3aluud TOYKA X* .

Crnenyetr OTMETHTb, YTO MIPH OJTHOM U TOM XK€ & BCJIMYHHA rk* HE 3aBUCHUT

OT TOT0, KaKoe 3HaueHHEe KOA(PPUINCHTA ¢ MCIIOIB3YEeTCs.

Eciu o =00, TO KONMU4ECTBO MTepalmii anroputma em99b cormamaer
C KOJIMYECTBOM HTEPALUii «IIPEEIbHOr0 BapHaHTay Il METO/ia, KOTOPBIH
H.3. lllop mnpemioxui Ui BBITYKIBIX (YHKIMH C TaKk Ha3bIBaeMbIMU
moctossHHBIME pocta M u m [8, 9].

Teopema 5 (Ilop, 1970). Ilycts f (X) — BBINyKJIas (QYHKIHA,

xeR", B okpectHocTH S, = {X : “X— X*H < r} cyOrpagment g (x)
YIOBJIETBOPSIET ABYCTOPOHHEMY HEPABEHCTBY

m(f (x)—f (x*))s(gf (x), x—x*)g M (f (x)—f (x)) . (D

rae M >m — nonoxkuTenbHble KOHCTaHTBI. Ecin craproBas Touka X, € S, ,

B, =1, —eauHnuHasg NxnN-mMaTpuLa, TO METOJ
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2Mm f(xk)_f(X*)

Kpert = X — BiSis By =BiaRy (5), (8)
Moam |5le ()
B g (x
gk :ZITL(IJ’ ﬂk ::L<1, akzm, k:0,1,2,... (9)
g, T M —m

TeHepupyeT  TMOCIEN0BaTENbHOCTL  {x, }::0, KOTOpasi  yJIOBJIETBOPSIET
HEPABEHCTBY
* -1
HAk (v —x )HSr, A =B, k=012, (10)

Jis BBIMyKJIBIX (QYHKIOUA ¢ KOHCTaHTamMmH M W m Teopema 5
olpeneNseT BapHaHT CyOrpagHeHTHOTO MeEToJa C  pacTsDKEHHEM
IIPOCTPaHCTBA B HAIpaBIEHUM CyOrpaJueHTa, KOTOPBI cXomuTcs Cco
CKOPOCTBIO T€OMETPHYECKOH IPOTPECCHU MO OTKIOHEHHWIO HAMIYUIIETo

JNOCTUTHYTOTO 3HAueHus f (x) or omrumansHoro f = f(x). Dro

oOecrieurBaeT HepaBeHCTBO (10), B COOTBETCTBHHM C KOTOPBIM 00BEM

SNUIMIICOM A, B KOTOPOM JIOKANIM3YeTCS TOUYKA X , YOBIBAET CO CKOPOCTBIO
—-m

M+m

JleiicTBuTensHO, U3 HepaBeHcTBa (10) claedyeT nokanmsanmus X B

FeOMeT’pH‘IECKOﬁ IporpecCruu CO 3HaMCHATECIICEM

smmncoune  E :{x:”Ak(xk—x)”Sr} C IIEHTPOM B TOYKE X.

OtHomeHne o0beMOB mmmmcounoB £, , n E, 3amaercs ClexyOINM

PaBEHCTBOM:
VOZ(E“l):IBk:M—m. (11)
vol(E,) M +m
B kaxaoM u3 1npeoOpa3oBaHHBIX IMPOCTPAHCTB  IEPEMEHHBIX
SJUTHTICOU, TOKANH3YIOMMi 06pa3 TOYKH X , €CTh ITAapoM pammyca r, n
paadyc He MEHsSeTCs IpH TIepexojie B OdYepenHoe IMpeodpa3oBaHHOE
MIPOCTPAHCTBO TIEPEMEHHBIX. 3aMETHM, YTO B airopuT™Me em99b 310 HE Tak,

paanycChbl aHAJIOT'MYHBIX IAPOB MOHOTOHHO YMEHBIIAIOTCS.
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Ecmm M =m, to u3 (11) cnexyer «mpenenbHBIA BapuaHT» METO/a
(8)+9), mns xotoporo KOIPPUIMEHT PACTHKEHHUS ¢ =oo, WIH K
B, =p=0 mna Becex k=0,1,2,.... Ing KBagpaTUYHOH IOIOKHUTEIHHO-
onpezeieHHOW (YHKIIMM MOXHO BbIOMpaTh M =m=2. Jlns KycodHO-
nuHEHOW (yHKIuH, HanrpaduK KOTOPOH IpencTaBiseT coOoi KOHyC ¢

o * *
BEPLIUHOMN B TOUKE (x f ), MOJKHO BbIOUpaTe M =m =1. DTUM ciydasm
COOTBETCTBYIOT aJTOPUTMBI, KOTOPbIE CXOHATCS 3a YMCIO LIaroB, He
MpeBBIIAIOIIEeEe 7. PellleHne HEBBIPOKICHHONW CHUCTEMBl »n  JIMHEHHBIX

YpaBHEHUH C »n HEU3BECTHBIMU (ai,x)+bl.=0, i=1,..,n, MOXHO

3aMCHUTHh HAXOXKXIACHHUEM MHUHHUMYMa f(x) =max
1<i<n

(a;.x)+b,|. Ecmu B3sth

/=0, B, =0 u mpumenuts merox (8), (9), TO MOIyYUM AaITOPHTM,

COOTBETCTBYIOUIMM M3BECTHOM KOHEYHOM IpOLEAype pelIeHUs IMHEHHbIX
anredpandecKuxX CUCTEM — METOY OPTOTOHAIN3ALMU IPaJIUEHTOB.
BeiBoabl. IIpemnoskensl ABa HOBBIX BapuaHTa METOIOB JJIMIICOMIOB
— anroputMbl em80b 1 em99b 11 MUHUMH3AIMK BBITYKJIOW (QyHKINH OT
n nepeMmeHHbIX. OHU TpencTaBieHbl B B-hopme, rie KOppeKTHpyeTcs
n x n -MaTpuua B, xoropas omnpezensdeT 3aMeHy IepeMeHHBIX. [lokazaHo,
YTO C UX HOMOIIBI0 MOXXHO HAWTH NpUOMIDKEHHE K TOUKE MHHHMyMa
BBIITYKJION (DYHKIIUM C OYE€HBb BBICOKOH TOYHOCTBHIO, YETO HENB3s CAETATh C
MOMOIIBIO 3THUX JK& MeToAoB B FH-popme, TOe KOppEeKTHpyeTcs

cuMMmerpuueckas Matpuna H =BB'. Merogsl B H-popMe MOKHO
WCIOJIBb30BaTh AJIS 3a7ad MaJIOM pa3MepHOCTH, TaKHe KaK 3aa4d IIOCKOTO
MecTonosnoxkeHus. Jlaxe Ha 3amadax «HEOOJIBLIOTO» pa3Mmepa OHH
CTPaJArOT YHUCIEHHOW HEYCTOMYHMBOCTBIO U HU3KOW MPOU3BOAUTEIBHOCTHIO
Ha IpaKTHKe.

Anroputm em80b sBiseTcs OIHOW W3 MaJlOW3BECTHBIX (HopM
KJIACCHUYECKOTO METOJa 3JUTHIICOMMAOB, T VIS TOTO, YTOOBI Ha MOPSIOK
VIIYYIIHTh OTKJIOHCHHWE HAWIEHHOTO PEKOPJHOTO 3HadeHHs (yHKIIUU

.
f (x) OT ee ONTUMANBLHOTO 3HAueHHs [  HyxKHO caenath 4.6n°

urepaiui. AnroputM em80b MOXHO YCHNEIIHO MNPUMEHATh JUIS
MUHUMH3ALUH BRITYKION QyHKIMH, Koraa n=10+25. DTo NOATBEPKACHO
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pe3ynbTaTaMi  BBIYHCIHTEIBHBIX  OKCIIEPUMEHTOB JJIsi  ONTHUMH3AINN
«CHIIBHO» U «CJ1a00» OBPaKHBIX HETJIAAKAX (QYHKITHH.

Anroputm em99b sBisiercs B-dopmoit MeTona SJUIMIICOUIOB IS
anmpOKCUMAIIMA MHOYKECTBA, MOJYYCHHOTO B pe3yJibTaTe MepecedcHus n -
MEpHOro TIapa W Habopa THIepIuiockocTeil. Ha kaxmoil ero urepamuu
00bEeM JIOKANU3alui TOYKH MUHMMYyMa yMEHbIIAeTcsd B @ pas, rae o >1
— Kod(pULIMEHT pacTsHKEHUs MNPOCTpaHCTBA. llpenenbHBbId BapHaHT
anroputMa em99b (COOTBETCTBYET @ =0 ) CXOAUTCS K TOYKE MHHHUMYMa
He Ooniee, 4eM 3a n HUTEPALH.

PazButue wuzeld merona 3IUIMIICOMIOB, IOCTPOCHHUE YCKOPEHHBIX
MoIupUKAIIMKA METOJOB DJUIMIICOMIOB M HCCIECIOBAHHUE WX CBS3U C 7-
anroputmamu  1llopa-XKypOeHko ¥ JIpyrMMH MeTOJaMH MUHHMH3AIUH
Hernaakux (QyHKOUH MokHO Haith B kHure [10]. B Hell 3HaumTenbHOE
BHUMaHME YZAEJSeTCs CIeUUalbHBIM BHJAM OJHOPAHTOBBIX JIMHEHHBIX
OIEepaToOpoB U OOOCHOBAHUIO HA WX OCHOBE CyOrpaMEHTHBIX METOMOB C
npeoOpa3oBaHUEM TPOCTPAHCTBA, JJISI KOTOPBIX CKOPOCTh CXOJMMOCTH HE
XyXke, 4eM B 3((EeKTUBHBIX Pealn3alusaxX r-alropuTMOB.

ABToOpBl BBIpaxaroT OnarogapHocTh JKypOenko H.I'. 3a monesHble
3aMeYaHusl, KOTOPBIE MO3BOJIMIIH YIIyYIINTh U3JI0KEHUE MaTepraa.
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AJITOPUTM PEAJIIBALII METOJY MEPEBAT IIO/I0
BU3HAYEHHS MICIISI PO3TAIIYBAHHS JIOTICTUYHOT O
OB’EKTY B MEJKAX BU3HAUYEHOiI TEPUTOPII

O.M. CYMEIIb

XapkiBcbkuit iHCTUTYT [IpAT «MAVYII»
XapkiB, Ykpaina
Sumets.alehander@gmail.com

Pezionanvui po3nodinbui nro2icmudni yeHmpu NOGUHHI CIAmu KIoYo8UMU
ingppacmpykmypuumu 06 ’ekmamu npu peanizayii [epocasnoi cmpamezii
pecionanbHo2o po3sumky Ha 2021-2027 poxu. [Ipome na yeii momenm uacy
3AMUMAEMbCA  HEGUPIUIEHUM NUMANHA  PO3POOKU Memo00N02ii NOuYKy
HaubibW OOYLNbHUX MICYb PO3MAULYBAHHS MAKUX YEHMPIE HA Mepumopii
Kpainu. 3 Mmemolo GupiuleHHA Yb02O NUMAHHA ) CMAMMi 00CTIONHCEHO
Memoo nepegaz 3 0210y HA MONCIUBICIG 1020 BUKOPUCIIAHHSL OIS BUPTULEHHS
NPAKMUYHUX 3a0a4 102iCmu4Hoi cnpsamosanocmi. Becmanosneno, wo oanuti
Memoo YIIKOM 3A0080bHAE BUPILUEHHIO 300ai NOWYKY HAUOLIbUL OOYINTbHUX
MiCYb pO3MAULYBAHHS PeSIOHATLHUX POZNOOLILYUX TOICMUYHUX YEHMPI6 HA
mepumopii Kpainu.

Y x00i oocnioocenns suznaveni ¢gpazu i rpyHmogHo onucawui ix emanu
0714 peanizayii anzopummy 8UKOPUCMAHHI Memooy nepesaz OJis GUPIenHs
3a60aHHA  NOWYKY MICYA PO3MAULYBAHHA JO2ICMUYHO20 00 '€Kmy Ha
nocicmuunomy nonieoni. Onucano 3micm Oil (pobim) 3a emanamu
npoyeoypu 6ubopy Micys po3MAUY8AHHA JOSICMUYHO20 00’€Kmy Ha
nonepeoHbo 0bpamit mepumopii.

Il naounocmi cucmemuocmi ti KOMIAEKCHOCE Oltl, W0 NOGUHHI 6y0ymb
BUKOHAHI 011 8UOOPY MicYsi PO3MAULY8AHHSI HAUIOHATIHUX, DPeLiOHATbHUX
PO3NOOLILYUX  JIOZICIMUYHUX YEHMPI8 HA JIOZICMUYHOMY NOJMICOHI  KpAiHu,
NOCHIO0BHOCMI  IX BUKOHAHHS, PO3POONEHO GIONOGIOHUL  ANOpUMM 3
BUKOPUCTNAHHAM Memo0y nepesae.

Kniouogi cnosa: pezionanvhuil po3snodiibyutl J02ICMUYHULL YeHmp,
nozicmuyna ingppacmpykmypa, memoo nepesaz, AicOPUmMM, J102ICHMUYHULL
NOJI2OH.
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AxTyanbHicTe npodaemu. KapmuHanbHi 3MIiHH CBITOBOTO PHHKY
JUKTYIOTh HEBIJKJIAIHO HEOOXITHICTH PO3BUTKY PETiOHIB, IO BHKIHUKAE
000B’s13K0BE pedopmyBaHHA 1H(pPaCTPyKTYpH JIOTiCTUKU Ha
pETiOHAJBHOMY, [EpKABHOMY Ta MDKAEpKaBHOMY piBHiIX. OCHOBHOIO
MPUYMHOIO BKa3aHOTO € epepo3noIil (piHAHCOBHX 1 MaTepialIbHUX TOTOKIB
Ha CBITOBOMY pHWHKY: OCHOBHI MatepiadbHi W (PIHAHCOBI IOTOKH
30cepekytoTbes B TpukyTHUKy CIIIA — €Bpona — Jlanekuit Cxijn, T00TO B
rnobanpHIN €Bpasifickkoi Mepexi. YKpaiHa B JaHOMY TPHKYTHHUKY €
BY3JIOBUM  IEHTPOM  (IIEHTPOBHM»)  TPAHCIOPTHUX  KOPHUAOPIB
€Bpasiiicbkoi Mepexi. Kpim Ttoro, VkpaiHa Oepe akTHBHY y4yacTb Y
PO3BUTKY Mepexi €Bpomnelcbkux 1 €Bpoas3iaTChbKUX MIDKHAPOTHHUX
TPAHCIIOPTHUX KOPHIOPIB. A TOMY BCi TJI00ANTbHI 3MiHH CBITOBOT'O PHHKY
OJTHO3HAYHO CTOCYIOThCS 1 YKpaiHu. OcTaHHE MiATBEPIKYE HEOOXiqHICTH
(hopMyBaHHS ISl «IICHTPOBOTO» €Bpa3iiichkoi Mepexi (TyT MaeThCsl Ha
yBa3i YkpaiHa) HOBoi JorictuuHoi iH(GpacTpyKTypH, sika Oyne 3maTHa
OIIEpaTHBHO pearyBaTH Ha 3MiHM (opmary MaTepiadbHUX 1 (piHAHCOBHX
MOTOKIB, M0 MPOXOIITh uepe3 Ykpainy. lle 1O03BOMHTH aneKBaTHO
KepyBaTH JIOTICTUYHMM HABaHTAXEHHSM, K PETiOHAJbHUX PHUHKIB, TaK i
PHHKY YKpaiHH B IIIOMY.

OTxe, PO3BUTOK TepHUTOPIi (1 30KpeMa KOXKHOTO PETiOHy) MOB’A3aHUi
3 pedopMyBaHHSIM JIOTICTUYHOI iH(GpacTpykTypu B YKpaini. Ha 1ei
MOMEHT 4acy YHCebHA KiJBbKICTh JOCHIAHUKIB i €KCIIEPTIiB €IMHA B AYMIIi
Ipo Te, MO YJOCKOHAJICHHS JIOTICTHYHOI 1HPpacTpyKTypu Mae Ga3yBaTuCs
Ha (OpMyBaHHI JIOTICTUYHHUX KJIAacTEpiB i, MepIil 3a BCe, perioHaJbHHX.
Taka rinore3a Mae mpaBo Ha XKUTTA. THUM made, WO B YKpaiHi BKke €
MPUKIAAd  CTBOPEHHS  PI3HOTO  POJY  KJIAcTepiB,  HaNpHUKIa]
(dapManeBTHYHHUX, arpapHux 1 T. iH. [IpoTe, SKIIO BECTH MOBY TIpPO
PO3BUTOK TEPUTOPIH HAMIOI KPaiHH, TO TIMOTETUYHO [[IKaBHM OPIEHTHPOM €
opraHizaiisi perioHaIbHUX PO3NOAUTEYHX JoricTHuHUX HeHTpiB (PPJILL). I
TOJOBHE — BOHM MOXYTh CTAaTH KIIFOYOBUM CIIEMEHTOM 1 pETiOHAJbHUX
KJIACTEPIB, 1 APOM PO3BUTKY PETiOHIB KpaiHU.

Jnst Vkpainu opranizamis PPJII] moku mo 3anuimaerbcss HOBUM i
BaXXJIMBUM HAIpPSAMOM «MOJepHi3alii» norictudaoi iHdpactpykTypu. To x
3 BIICBHEHICTIO MO)KHA KOHCTaTyBAaTH, IO B YMOBaxX IIEPEX0Iy €KOHOMIKH
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Ha IHHOBAaI[IMHUH IUIX PO3BHUTKY, BCTYIYy YKpaiHM Ha MIIIX iHTETparii 3
eBporeichkuM Oi3Hec-nipoctopoM PPJIL] y 3aranmbHii cucteMi JOTiCTHYHOT
1HPPACTPYKTYpH PO3IIISAAIOTHCS SIK HaWBaXJIMBIIKK (haKTOp COLiajIbHO-
€KOHOMIYHOT'O PO3BUTKY TEPUTOPiil i €eKOHOMIYHOTO 3POCTaHHS AEpKaBH.
Orxe, mnHTaHHI pPO3pPOOKM METOHOJIOTII MO0 BHU3HAYCHHS MICILI
posramryBanHs PPJIL] y mexax BuW3HaueHOi TepuUTOpii € aKTyaJlbHHM 1
noTpedye IPyHTOBHOTO A0CiikeHHs. Ha mymMKy aBTOpa, Taka MeTOI0JIOTis
MOBHHHA OYTH TPOCTOIO 1 3pO3YMUIOIO JUIS MPaKTHKIB. BukoHaHHS i€l
BAMOTH MOXe OyTH 3a0e3ledeHO BUKOPHCTAHHSIM METOJAY IepeBar sk
MIATPYHTS Al po3poOKH alropuTMy BH3HAYEHHS MICIS pPO3TallyBaHHsS
PPJILI Ha noricTHYHOMY TOJITOHI KpaiHu.

AHAJ3 OCTaHHIX doCTiIKeHb. AHam3 TyONiKaliid BITYU3HIHHUX 1
3aKOpIOHHUX BYeHHX, 30Kkpema JlobanoBa O.A. [1], Heiimana Jx.,
Moprenmrepna O. [2], JIproica P.JI. 1 Paiiha X. [3] Ta iHImMX HayKOBUX
poOiT [4-8], HagmaB MOXKIUBICTH 3’SCYBaTH, IIO IepeBara MbOTO METOAY
MOB’S3YETBCSA 3 1HAWMBIIOM, TOOTO 0c00010, [0 TpUiiMae pillICHHS.
[lepeBara y naHoMy pa3i pPO3MISAAETbCA SIK MOXJIMBICTH OCOOH, IO
npuiiMae pillieHHA, NPUIHATH OCTAaHHE HAa OCHOBI OOpaHOi HUM CHCTEMH
nepesar.

Ha nymky LlBetkoBa B.Sl., MeToa mepeBar siBisie OO0 CYKYIHICTb
dopmamnizoBaHnx 1 He (opMarizoBaHMX METOJIB 3 BKIIOYCHHSIM
KOTHITUBHOTO aHaNi3y, 0 BUKOHYE 0c00a, sika mpuiiMae pimenHs [9].

3 orJsily Ha BUINEBKA3aHE CINIIYE, O 3arajbHOI0 KOHIETINIEI METOLY
TIepeBar € rmepexiJi BiJl YUCTO aNrOpUTMIYHUX 200 aHANITHYHUX METOIIB 10
€BPUCTUYHHUX 1 BKJIIOYEHHS ocobu (rpymu ocib), mo npuiiMae pilieHHS
0e3rmocepeIHbO B AITOPUTM MIPUHHATTS PillICHHS.

IToHATTS mepeBarw TiCHO TOB’S3aHE 3 MOHATTSAM KOPHCHOCTI ¥ 3
¢dynakmiero xopucHocti [10]. Cenc BBemeHHs (YHKII KOPHCHOCTI
CKJIaJa€ThCsl B MiABUIICHHI cTyneHs (opmainizaiii KpUTepiro mepesar,
30KpeMa JI0 Mepexoy B €IMHMI IPOCTip MapaMeTpiB JUIsl OLIHKH IIepeBaru
BEIIUYHH, 1110 MAIOTh Pi3HI HIKAIXA BUMIPY 1 Pi3HI OJUHHUII BUMIpY.

Bubip cucremu i KpuTepiiB mepeBar 3iMCHIOETHCSA 3 YPaxyBaHHSIM
LiJeH TOCIiPKEeHHS 00’ EKTY.
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OmiHka TmepeBarn 3AIHCHIOETHCS HAa OCHOBI TOpPiBHAHHSA 200
criBcraBieHHs. CHIBCTaBICHHA MOXE OyTH MNpsSMHM a00 HENpsSMUM,
MOBHUM 200 YaCTKOBHM.

[IpsmMe cmiBCTaBNeHHS BHKOHYETbCA TOHI, KOJM € MOXIIUBICTD
CHIBCTaBUTH 00’ €KT, [0 aHANI3YETHCS, 3 THIIUM 00’€KTOM. 3a MOXKIIMBOCTI
CITIBCTAaBJICHH 32 BCiMa IMapaMeTpaMHU CIIiBCTABJICHHS € TIOBHHUM, B 1HIIIOMY
BUIAJIKy BOHO € 4YacTKOBUM. [IOBHE CHIBCTaBJICHHS MOJJIHBE 32 YMOBH
HasBHOCTI monsi mepeBar [17], sike €, 3a mymkoro llBerkoBa B.A. [11],
OKpPEMUM BUIIAJKOM 1H(OPMAIIHHOTO OIS,

Henpsime cmiBcTaBieHHs BIINOBiA€ BUMNAJAKY MOPIBHSIHHS JIBOX
00’€ekTiB a00 X iHPOPMALITHUX KOHCTPYKLIH uepe3 MpOMIXKHHIA 00’ €KT.

Ilpy  BuKOpHCTaHHI  METONIB  IepeBar Il  IOPIBHSHHS
BHUKOPHUCTOBYETHLCS HE TUTBKH YMCIOBUH BUMIPHUK (KOPUCHOCTI), a 1 OLIBII
IIUPOKE KOJIO MOHATh, TAKUX K 1H(QOpMaIliiiHa BiamoBiaHicTh [ 13], mimsoBa
(YHKITIOHATBHICTh, HECYNCPEUHICTh, Y3TOKEHICT TOmO. IHIMME
CIIOBaMH, B TEOpii ImepeBar IOITyCKAIOThCs SIK KUTBKICHI, TaK 1 SIKiCHI MipH
MOpiBHSIHHA. TakUM  YMHOM, JaHWM WiAXiJ HaJga€ MOMIIHMBICTh
BUKOPUCTOBYBATH SKICHY 1 cinabko ¢(opmanizoBaHy iHpopMaLito, IIo
JIO3BOJISIE MOTO BHKOPHCTOBYBATH IPH BHPIIICHHI TPOOIEMH BEIUKHUX
nmanux [12].

Meron mepeBar pO3IMIMPIOE MOXJIMBOCTI 0araTOKpHUTEpiaJbHOTO
BHOOpPY 3a paxyHOK BUKOPHCTAHHS YaCTKOBO PAHKOBAHOI 1 CyMepeunBol
iH(popMaii.

I HacamkiHenp, TiepeBaror0 JAHOTO MIAXOAY MO0 BHOOpPY Micus
posTanryBaHHs JIOTiCTHYHUX 00’€kTiB (JIO) HalioHaJBHOTO 1 PETiOHAIBHOTO
PIBHIB € TOIA, 110 BiH 3aCHOBAaHWI Ha PaH)KHPYBAHHI aJbTEPHATUB (MOMKIIMBUX
pillieHs MO0 BUOOPY MICII PO3TAIllyBaHHs), SKi BHKOHYIOTHCS HE OJIHIEIO
0c00010, a TPYNOoIO eKcriepTiB. 1Ipy IbOMy KOXKHHH 13 €KCIepTiB (He3aIekHO
BiJl IHIIMX) BUKOHYE paH)XyBaHHS aJbTepPHATHB, TOOTO BKa3ye, fka i3
AITbTEPHATHB, HA HOTO JYMKY, € KpaIlIOIo, a Ka — HACTYITHA 3a Heto 1 T.1. To XK,
UL TPaKTHYHOTO 3aCTOCYBaHHS OIMIIEMO METOOWKY BHOOpPY MicCIs
PO3TalllyBaHHS JIOTICTHYHOTO O0’€KTy 3a YMOBH BHKOPHCTAHHS METONY
TriepeBar.
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Buxozstau 3 Toro, mio Oyb-ska METOIUKA IPUHHSATTS YIPABIIHCHKOTO
pillleHHS Ha PI3HUX pIBHAX YOpPaBIiHHA, 0a3yeThCsl Ha MOMEPETHBO
(dopmarnizoBaHoMy (po3poOIEHOMY) AITOPUTMI, € HEOOXIAHICT OMHCY HOTo
CTPYKTYpH 1 3MiCTOBHOTO HATIOBHEHHSI.

@opMyTIOBaHHSI MeTH JOCTII’KEHHS: PO3POOHUTH  ANTOPUTM
peamizamii MeTOmy IiepeBar IIOJO BH3HAYCHHS MICIS pO3TaIlyBaHHS
JIOTICTUYHOTO 00’€KTYy y Me)kaxX BH3HAYEHOI TepUTOpii (HA JIOTICTUYHOMY
TOJIICOH1).

Bukiaan OCHOBHOI'O MaTepiajy  JOCJTiI:KeHHS. BuxkoHnani
JOCIIIKCHHS MIPAKTUYHOTO 3aCTOCYBAaHHS METO/AY MEpeBar 10 BUPIIICHHS
3aBJIaHb PI3HOI CHPSMOBAHOCTI, IO ONUCAHI B YHCICHHUX MyOJiKaIisax
BITYM3HSHUX 1 3aKOPIOHHUX JochigHukiB [1; 4-8 Ta iH.], Hamamm
MOXITMBICT CHCTEMaTH3yBaTH BCI IIPOMO3HUIIi MO0 BHKOPHCTAHHS
JOCIIIXKYBAaHOTO METOAY. 3 OIIAY Ha pe3yJIbTaTH CHCTEMaTH3allil aBTOp
JIMIIOB O BUCHOBKY, IO 3aCTOCYBaHHS METOAY TepeBar J0 BHPIIICHHS
3aBmaHHS BHOOpPY Micus posramyBanHs JIO y Mexax oOpaHoro
JIOTiICTHYHOTO TIOJIITOHY TPYHTYETHCS Ha BHKOHAHHI IEBHUX KOMILICKCIB
poOiT, sKi 3a GopMaIbHUMHU O3HAKAMU MOKHA PO3MOJUINTH Ha TpH (a3u
(puc.1):

— (aza miaroropua, y Mexax sikoi GOPMYITIOETHCS METa JTOCIIKSHHS
1 BUKOHYETBCS MIATOTOBKA JO BHKOPUCTAHHS METOAY IepeBar y BHOODI
Micug po3ramryBaHHs JIO Ha 06paHOMY JIOTICTHYHOMY TIOJIITOHI;

— (¢a3za oOrpyHTYBaHHS BHOODPY, Y MEXaX SKOi BHKOHYIOTHCS pOOOTH
3 BHOOpY MOTEHIIHHOTO Micus posramyBanHs JIO Ha JOTiCTHYHOMY
MIOJIITOHI KpaiHu (periony);

— (ha3a mepeBipKU 1 IPUHHATTSA OCTATOYHOTO PIIIEHHS, Y MeXax sIKOi
BUKOHYETBCS IPYHTOBHa TIEpEBIpKa Y3TOJKEHOCTI JYMOK EKCHEpTiB 1
NPUIHATTS OCTATOYHOTO PIIICHHS WIOAO0 MicIs po3ramryBaHHs JIO Ha
BHU3HAYEHOMY JIOTICTHYHOMY TOJITOHI.
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®asza 1. PopmyntoBaHHA MeETH i NiATOTOBKA A0 BUKOPUCTAHHA MeToay
neonesar v BubH0oDi micua no3TawveaHHa /10

o)

L ®dasa 2. ObrpyHTyBaHHA Micua po3TawysaHHA /10 Ha
NOTiCTUYHOMY NOAIroHI KpaiHu (perioHv)

®asa 3. [NepesipKa y3roaXeHocTi AYMOK eKCnepTiB i
NPUIAHATTA OCTAaTOYHOTO PileHHA WOoA0 MicLA
po3TawyBaHHA J1O Ha BU3HAYEHOMY NOTICTUYHOMY NOAIrOHi

)

N

Puc. 1. ®a3u peanizanii afropuT™My BUKOPHCTaHHS METOY IepeBar
JUIsl BUPIILICHHS 3aBJaHHA NOLIYKY Micls po3tamrysanus JIO Ha
JIOTiICTUYHOMY TIOJIITOHI

Busnaueni ¢asm BriIO4aOTh y cebe 1Mo Kimbka eTamiB, SKi
KOHKPETU3YIOTh CHPSMOBAHICTH [Iii II0JI0 BUKOPUCTAHHS METOMY IepeBar
IUI  BHpIOIEHHS 3aBmaHHA BHOOpY Micms posramryBanHs JIO Ha
JOCTIiKYBaHOMY JIOTiCTHIHOMY TIOJITOHi. [XHi KiNBKiCTh i Ha3BH TIOAHO Y
CHCTEeMAaTH30BAHOMY BUIJISAI Ha pHC. 2.

HeranizoBana indopmariis 3a ¢a3amu i iX eranamu BiIOWBA€ CUCTEMHHI
TIIXI 70 TIpoLiecy BUOOPY MICIISl PO3TAITyBaHHS HAIIOHABHUX, PEriOHATBHIX
PO3MOALTFYMX IIEHTPIB 1, 30KpeMa JIOTICTHYHMX 30H Ha JIOTICTUYHOMY TIOJITOHI
KpaiHu. 3 METOI TOJAJBIIOI MPAKTUYHOI peasti3allii OMMCaHOl MpOIeaypr
BHOOpY € HEOOXimHICTh METaNBHOTO Omucy miii (pobiT), mo OymyTs
BUKOHYBaTUCS y MeXaxX KOKHOI (a3u i KokHoro eramy. Jlanuii omwic st
HAOYHOCTI MOAHO y BUIIIs N Tabmw (tadm. 1).
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ETAMU ®A3

v

v Y
Pazal $aza 2 Paza3
v v v
Eman 1 Eman 1 Eman 1
DopmynioBaHHA Bubip noTeHLiiHMX MicLb Mepesipka y3roa-
MEeTU JOCANIAKEeHHS po3sTalwysaHHA /IO (anbTepHaTMB) EHOCTi AYMOK
\ 4 Ha NIOTiICTUYHOMY NOJITOHI KpaiHK eKcnepTis
(perioHy, TepuTOpii rpomagm)
Eman 2 A 2
+ Eman 2

Bubip i opmysaHHs
rpynu eKkcnepTis Ans

v

Eman 3
Bubip dpakTopis, wo
MaloTb BN/MB Ha
Tononorito 1O

Eman 2
PaH»KyBaHHA anbTepHaTMB 3a
nepesaroto WAAXom nobyaosu
MaTpUL,i OLIHOK

MPUAHATTA pilleHHA
npo po3miweHHA J1O

v

v

Eman 4
Bu3HaueHHA cTyneHs
BnAuBY GaKTOPiB Ha
Tonosorito /10 i BUGip
HaMBiNbLL 3HAYYLWLMX

Eman 3
MNepeTBOPEHHA MATPULL OLLIHOK
anbTepHaTMB

v

Puc. 2. Etamu a3 peanizamii anroputMy BUKOPUCTAHHS METOAY IIEpeBar

Eman 4
Mowyk cymun nepeTBo-peHnx
OLIHOK 3@ KOKHOIO i3 06paHux
anbTepHaTMB

v

Eman 5
3HaxXoAKeHHA CyMM BCiX OLiHOK
06paHuX anbTepPHATUB

v

Eman 6
MoLwyK Bar KOXHOI anbTepHaTUBMK

v

Eman 7
Bubip anbTepHaTvBy, Lo
€ HalBINbL NPUIAHATHOKD

JUTS BUPILLIEHHS 3aBAaHHS MOIIYKY Micus po3tairysanHs JIO
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Tabnuys 1

3micT aiii (po6iT) 3a eTanmaMu mpoueaypu BUOOPY MicUsl pO3TALIYBaHHS
JIO Ha JoricTHYHOMY NOJIrOHi

da3za Etan 3MICT OCHOBHHX POOIT, 110 BUKOHYIOTBCS

1 2 3
Eman 1. AHai3yeTbes cxema TIepEeMIILICHHS
@opMymOBaHHS | MaTepialbHUX IIOTOKIB HA  JIOTICTHIHOMY
METH TIOJITOHI  KpaiHW a00 KOHKPETHOIO pETiOHY
JOCII IKEHHS (perioHiB), OITUCYETHCS KOHIIEILIIS
JIOTICTHYHOTO 3a0e31e4eHHst 00paHoi TepUTOpil
JUIS TIOJAIIBIIOTO il YCHIIIHOTO PO3BHUTKY, Ha
OCHOBI 4OT0 (hOPMYITFOETBCS METa CTBOPSHHS
Mepexi JIO y Mexax BH3HAYEHOTO TIONITOHY.
@DopMyITIOIOTECS ~ 3aBIaHHA  JIOCIIDKEHHS

BIJIITOBITHO /10 HOTO METH
Eman 2. Obwupatotbest  ¢axiBii, mo o00i3HaHI 31
Bubip i cdeporo NOoricTUKH, (QaxiBi 3 AEpKaBHOTO
dbopmyBaHHS VIOpaBIiHHS Ta PO3BUTKY TepHUTOpii. 3a
TPYITH €KCHEPTiB | MOMEepenHho  NPUHHATAMH  KPHUTEPisIMU
Qazal | 10 BUKOHAHHS | GOPMYETbCA TIpyna EKCHEepTiB 3 0OpaHHUX
JIOCITI PKCHHST (haxiBIris. Peanizyetbcs nporieaypa
O3HAWOMIICHHSI ~ €KCIIEPTIB 3 METOI0
JOCIHIDKCHHS. Ta IIePeTiKOM 3aBlaHb, IO

noTpeOyI0Th BUPILICHHS
Eman 3. I'pynoro ekcnepTiB BH3HAYAETHCS MEpeITiK
Bubip dakTopiB, | ¢pakTopiB, 10 BIMBAIOTH Ha MPOCTOPOBE

[0 MAIOTh BILIUB
Ha TomoJoriro JIO

posmimenHs JIO y wMexax BH3HA4YEHOI
TepuTOpii

Eman 4.
Busnauenns
CTYIICHS BIUIUBY
¢axTopiB Ha
tomosorito JIO i
BHOIp HAWOLIBII

Busnavaetbes X CTYITIHD BIUTMBY BH3HAYEHHX
(haxropiB Ha posramyBanHs JIO y Mexax
o0paHoi TEPUTOPIi. BignosinHo 7o
copMyIIHOBAHOT METH 1 3aBJIaHb OOMPAIOTHCS
(bakTOpH, IO MarOTh HAHOUIBIIMI BIUIMB Ha

tononorito JIO i ski MatoTh 00OB’I3KOBO OyTH
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Daza 2

3HAYYHIUX BpaxoBaHi y Tmporeci Bubopy — Micrs
po3TantyBaHHS O00’€KTy Ha JIOTICTUIHOMY
TIOJIIrOHi

Eman 1. OOuparThCs TOTEHIIHHO MOMIIHMBI MICIs

Bubip noren-
IWHUAX MICLb
pO3TalryBaHHS
JIO
(amprepHaTuB) Ha

posramryBanHa JIO y Mexax oOpaHoi

TepuTopii  (JIOTICTUYHOTO  TOJITOHY) 3

ypaxyBaHHSIM CXeMH nepeMilleHHs

TOBapPHUX IOTOKIB, IXHBOTO 30CEPEIHKECHHS
BiAMOBIIHOT

Ta PpO3NONLTY, HasBHOCTI

JIOTICTUIHOMY JIOTICTUYHOI iH(QPACTPYKTYpHU Ta CTYTEHS il
MOJITOHi KpaiHH | PO3BUTKY
(periony)
Eman 2. [3 MHOXMHM  momeperHbO  OOpaHHX
PanxxyBanHs MOTEHIIMHUX Micup posramyBanHs JIO

aNbTep-HATHB 32
TepeBaror
LUISIXOM [TO0YI0BH
MAaTpHIIi OI[IHOK

BUKOHY€TBCA  IXHE  paHXyBaHHA 3
BUKOPHUCTAaHHAM METOAY IIE€PEBAr HUIIXOM

MoO0yJOBH MATPHIIi OLIIHOK

Eman 3. VY  BINNOBIZHOCTI A0 3MICTy peaizaiii
[lepeTBopenHs METOY nepesar BUKOHYETbCS
MaTpHIIi OIIIHOK | MEePEeTBOPCHHS MaTpuIi OIIIHOK
ANbTEPHATHB aNbTEPHATHB

Eman 4. PeanizyeTbcs mpouenypa MOLIYKY CyMH

ITomyk cymu
IepET-BOPEHNUX
OILIIHOK 33 KOXXHOIO
13 00paHux
albTEpHATUB

HNEPETBOPEHUX OI[HOK 3a KOXHOK 13
00paHMUX aTbTEPHATHUB y KiNBKICHIA (opmi

(4ncenbHO)

Eman 5.
3HaxODKEHHSA
CyMH BCIX OIIIHOK
o0OpaHux
ANbTEPHATHB

BusHavaeThcsi cyma BCiX OINIHOK OOpaHHX
aIIbTEPHATHB
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Eman 6.

BusnauaroThcs Baru KO)KHOT AJIbTCpHATHUBU.

[Momyk Bar Ilpumimka: TpU LBOMY aKLEHTYETbCA
KOXKHOT yBara Ha IIepeBa)KHOCT] Bar ajJbTepHATUB
AIbTEPHATHBH
Eman 7. BukonyeThcs BHOIp anbTepHATHB, SKi 3a
Bubip CBOEI0 Barow € HAHOUIbII TPUHHATHUMH
AIBTEPHATUBH, IO € | JJIST TMOJANBLIOTO PO3MIIALY 1 PO3pPOOKH
HafOLTBIIT BiJITIOBIJTHUX PEKOMEHIAIlii
TIPUIHITHOIO
Eman 1. BukoHyeTbcs  mepeBipka  y3rOIKEHOCTI
IlepeBipka y3roA- | AyMOK EKCIIEPTiB HA OCHOBI PO3pPaxyHKY
JKEHOCTI JYMOK KoedillieHTa KOHKOpAAIii
eKCIIepTiB
Pasa Eman 2. DOopMyIIIOETbCS  3arajlbHUl BHUCHOBOK 3a
3 [TpuiinsaTTs pe3yibTaTaMyu BUKOHAHOTO JIOCHIJHKCH-HS 1

PpileHHS mpo
po3mimienns JIO

BIJINIPAIbOBYIOTECSA  PEKOMEHIAINT  I110J10
BHOOpY uucenbHOI KinbkocTi JIO 1 6akaHux
MICIIb IXHBOTO PO3TAIlyBaHHS Yy MeXax
obpanoi
TIOJIIFOHY )

TepuTOpii (;roricTHyHOTO

Ircepeno: pospobrero asmopom.

JIyisi HAOUHOCTI CHCTEMHOCTI ¥ KOMILUIEKCHOCTI JIiiA, 1110 TIOBUHHI OyIyTh

BUKOHaH1 11 BUOOpY MicLsl pPO3TallyBaHHS HaliOHAJBHUX, PEriOHAJbHUX
PO3MOALTEYMX TEHTPIB Ha JIOTICTHYHOMY IOJIIOHI KpaiHH, MOCIIIOBHOCTI iX
BUKOHAHHS, aBTOPOM PO3POOJICHO BINMOBIIHUI aNropuT™M, SIKMHA y BHIJISII
CXEeMH MOJaHo Ha puc.4.
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A .
1 OPMYNOBAaHHA METU | NOCTAaHOBKaA 3aBAaHb

I T T=-======-= 1
2 L
Bubip i popmysaHHa ! KopurysaHHa |
l 1
' rpynu M
Pasa v | ekcnepriz |
niarotoeya 3 . | mmmmmm
Bubip dakTopis, Wwo matoTb ——— | .
4_: KopurysaHHa |
BMN/IMB Ha : 1
' nepeniky ,
v ' ¢akropis |
4 BusHaueHHactynewa | T T T TTTT
y BnAuBy ¢akTopiB Ha Tononorito /10 i
A v
5 | Bubip noTeHLiMHMX Micub po3TawyBaHHaA /1O
(anbTepHaTMB) Ha NOTICTUYMHOMY MOIFOHI KPATHK
6 PaH)XyBaHHA anbTepHaTWB 3a
nepesaroto WAsxom nobyaosu
v
7 |NepeTBOpeHHA maTpuLi OLIHOK
Paza *
obrpyHTy- 8 MowyK cymn nepeTBopeHmx
BaHHA BUGOPY
OLIHOK 33 KOKHOI0 i3 06paHux
v
9 | 3HaxoXKeHHA CYMM BCiX OL,iHOK
1 ToLWyK Bar KOXHOT
11 Bubip anbTepHaTUBMK, WO €
v HalbiNbLW AOUiNbHOW (HaNbinbw

v

Puc. 3. ATropuT™ BUKOpHUCTaHHS METOAY IepeBar Iyl BUpIIIEeHHS
3aBJaHHA MOUIYKY Micus posramryBanHsg JIO Ha JoricTHIHOMY
ITOJTIroHi Kpainu (periony) (apxyut 1)
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MepesipKa y3roa-

®asa YKEHOCTi AYMOK
i CTyniHb y3roaKeHocTi
. . ekcnepris
nepesIipKku I HenoctaTHA
NPUAHATTA
OCTaTO4HOrO CTyniHb y3rogxeHocTi
nillleHHs NOCTATHSA

13 MPUAHATTA pilleHHs

Puc. 3. AIropuT™M BUKOPHCTaHHS METOY TIepeBar sl BUPiIIeHHS
3aBJaHHs MMOLIYKY Miclg po3TanryBanHs JIO Ha JoricTHYHOMY
NOJIroHi kpainu (periony) (apxyu 2)

Ha nymky aBTOpa, came Iieil alrOpuT™M MOXKe OyTH TOKJIaJeHO B OCHOBY
METOJMKH BUOOpY Micus po3ramryBanHs PPJIL] Ha soricThaHOMY mOJITOHI
KpaiHu.

BucHoBkn

1. ¥V crarTi JOCTIPKEHO METOJ IepeBar 3 OnIiLy Ha MOXJIMBICTH HOTO
BUKOPHCTAHHS ~ JUI1  BHUPIMIEHHS  NPAKTHYHUX 334849  JIOTICTHYHOL
CIIPSIMOBAHOCTI. BCTaHOBIIEHO, 10 JaHMI METOJ] € IPOCTUM Y 3aCTOCYBaHHI i
LJIKOM 33J0BOJIbHSE BUPILLIEHHIO CHOPMYITHOBAHOT METH AOCTIPKEHHS.

2. Busnaueni ¢as3u i iX eramu peaiizallii alropuTMy BHKOPHCTAHHS
METOIy IepeBar J0 BUPINICHHsS 3aBOaHHS IONIYKY MICISI PO3TAallyBaHHS
norictmaaoro 06’ekty (PPJIL) Ha OTiCTHYHOMY TMOJIITOHI.

3. IpyHTOBHO oOmHcaHO 3MicT Hili (poGiT) 3a eTamamu MPOLENYPH
BUOOpY Micls po3TtamyBaHHS JorictuuHoro o0’ekty (PPJIL]) Ha
JIOTICTUYHOMY TOJIITOHI.

4. Po3poOiieHO anroOpUTM BHKOPUCTAHHS METOLY IiepeBar Jo
BUPIIIEHHS 3aBIaHHS HOIIYKY MICIS PO3TAIIyBaHHS JIOTICTHIHOTO 00’ €KTY
(PPJILL) Ha Teputopii kpainu (perioHy).

HanpsiMoM moaanpLioro IOCIIKEHHS € anpoballisi 3apornoHOBaHOTO
QITOPUTMY Ul TIOUIYKY HaWOUIbII OPUAATHUX MICIb PO3TAllyBaHHA
perioHaNbHUX JIOTICTHYHUX IIEHTPIB Ha TepuTopii YKpaiHM B paMKax
peamizanii [lep>kaBHOI cTparerii perioHaIpHOrO po3BUTKY Ha 2021-2027
poku [14].
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THE SOLVING METHOD OF MULTICRITERIA LINEAR
FRACTIONAL OPTIMIZATION PROBLEM IN INTEGERS

TKACENKO ALEXANDRA,
Moldova State University,
Chisinau,, Moldova
alexandratkacenko@gmail.com

In the current paper we propose a method for solving the multicriteria
model of linear fractional type in integers with the same denominator of
interactive type. Thus, the decision maker, initially assigning a certain
utility to each criterion, will finally build a uni-criterion model of linear
fractional  optimization in integers. The imposition of each criterion
quantified in the synthesis function remains at the discretion of the decision
maker, the optimal values and weight being calculated in whole or real
numbers, which does not change the optimal solution of the model. To this
end, the decision-maker has at his disposal a selection of combinatorial
values of the objective functions, which depends on the number of criteria
in the initial model.

The theoretical justification of the algorithm is brought in the paper. The
algorithm was tested on several examples, which proved its veracity.
Keywords: Multi-criteria model in integers, efficient solution, optimal
compromise solution.

Subject classifications: 90C10, 90C27, 90C29

1. Introduction

The major importance of using mathematical optimization in

integers is due to the need to obtain integer solutions in various modeled
practical situations. Among the practical fields of application of the solution
of the optimization model in integers, a special place belongs to the problem
of one, two and three-dimensional cutting [1], [4]. A number of studies can be
listed here, such as: dynamic memory allocation, solving problems on
multiprocessor systems and general positioning problems (Coffman et al.
1978, Garey and Johnson 1981, Coffman and Leighton 1989, Dyckhoff 1990).
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The two-dimensional variant of the cutting problem is of NP complexity due
to its to its combinatorial explosion with increasing size of the problem (Garey
and Johnson1979). The exact methods were investigated by Gilmore and
Gomory (1961) and are considered the first methods actually applied in the
tailoring industry. There is a growing interest in multi-criteria optimization
issues in whole numbers, especially from an application point of view. For
such a model in [5] an efficient solution algorithm is proposed. But when the
problem is of multicriteria type with linear fractional criteria and linear
constraints, this effort is further amplified. I would like to mention that such
optimization problems appear especially when calculating for example the
production efficiency of some types of whole type products in relation to the
expenses and other similar characteristics. That said, the condition that the
decision variables belong to the set of integers creates a major difficulty, the
problem gaining another level of complexity and is solved in a longer time
[1], [4]. The scientific research study for this field remains open [2], given that
there is a wide range of multicriteria models of fuzzy, etc., which for
application reasons must be to be solved in whole numbers.

2. Problem formulation
The integer multicriteria linear fractional optimization problem is
described by a set of linear fractional objective functions and of linear
constraints, such as equations and / or inequalities, including on the variables
constraints of non-negativity and integrity. I would like to mention that in the
model proposed for the study, the denominators are identical. The decisional
problem with an infinite number of variants is described as follows:

F)=E—, k=lr M
Zd_/.x_,,+d0
Jj=1

A-x<b, xeZ"

max

n
. Zc.x.+c
{mm} W ko —
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where: A:{aij} ~is an array of size X" (m<n), Cz{ckj} ., is an array

i,j k.j

of size " * 1 (r < n), d is a " -dimensional line vector, x is a " -dimensional

column vector, and b isa M dimensional column vector.
The interpretations of the parameters ¢,, may be the most different,
according of their practical meanings such as unit cost or benefits, but d has

the significance of production costs, or other meanings similar to them.
Their significance determines the type of the corresponding objective

function, minimum or maximum. Analogously, the elements of the matrix 4,

a; . . j .
' represent the specific consumption of the resource J for the production of

a product unit of type ¢, and the elements of the vector b represent the
available by types of resources.

We note that in model (1) it is possible to have some criteria of minimum
type and others of maximum type, for example, maximizing benefits, profit or
others or minimizing costs, depreciation, loss or others.

3. Theoretical landmarks
In order to solve the multicriteria optimization model in integers (1),
we will propose some analogous approaches to those in real numbers.

1. The solution x" € Z* is the vector that optimizes a synthesis function
of r objective functions, ie: h(F)=h[F,,F,,...F,], in which A(-) it can be
defined in several, various ways [5].

. * . . . . . . . .
2. The solution x € Z" is the vector which minimizes one criterion in
the form:

#(x") = minh(y, (x= X,),op, (x-X,),

T
X<=(x1j,x2j,... X, ) )

in which, "’ T j=Lr is the optimal solution to the

problem with a single objective function, F, and y, is a distance type

function between vector *€D and optimal solution X . for the

corresponding criterion F), .
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3. Thesolution x" e Z" is the vector which belongs to a set of effective
whole-type points.
Because the model (1) is of multi-criteria type, it’s known that such
kind of model rarely admits the optimal solutions in integers.

Definition 1. The basic solution X  of the model (1), where

X" eZz",is called optimal overall if it is the optimal solution for each of
criteria.

By solving model (1) we will assume the construction of a finite set
of its efficient integer solutions known again as a Pareto-optimal or non-
dominated solutions [5], solutions of the best compromise. We will
further propose the definition of the efficient solution for the multicriteria
linear deterministic problem in integers.

Definition 2. The basic solution X , where X € Z*, of the model €))
is an basic efficient one if and only if it does not exist any other basic

solution X € Z*, where X = X , which would improve the values of all
criteria and at least one criterion would be strictly improved.
We propose the same definition in a more rigorous form.

Definition 3. The basic solution X~ of the model (1), where

X" eZ", is one of the optimal (best) compromise solution if it is located
closed to the optimal solutions of each criterion.

4. Combinatorial synthesis algorithm for solving the linear
fractional multicriteria optimization in integer
One of the most important problems that arises when solving the
multicriteria optimization problem in integers using the methods of synthesis
functions is: what kind of optimal solutions of each criterion we will use to

build the synthesis function of all criteria, these being in R* orin Z*, so that

the final model solve it in Z*? In this justified paragraph we will answer this
question.

In order to solve the multicriteria model of linear fractional optimization
with the same denominator in integers of type (1) we will apply the method of
synthesis functions, namely we will use the method of maximizing global
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utility, which we will achieve in two stages. In order to solve the proposed
model, we assume that the denominator, which is the same for all criteria,
keeps the sign constant on D (we assume that the positive sign), i.e.:

Ddx;+d, >0
j=1

= = >
foranyx‘ED,where:D ] Ax b,x_O}'
Stage I
1. At this stage we will solve 27 unicriteria linear fractional

programming problem from model (1) of type: F; =optim Fj(x) and
xeD

FP = pessDim F;(x), on the admissible domain:

D={xeR| Ax<b, x>0};
2. Next we will solve 2r more linear fractional programming problems

of the type: F; =optiDm F;(x) and Ff =pess;'m F;(x), on the admissible
Xe Xe

domain:
Dz{er+ | Ax<b, xZO};
We will use the adapted simplex algorithm to solve the fractional linear
uni- criterion optimization problems [6].

3. We will combinatorial select the vectors of optimal values and
corresponding to the pessimistic values of the objective functions, some

calculated on Z™, others in R*. The number of such combinations is finite
because the size of the problem is finite. These can be described as follows:

AR (RE) (AR (AE)
R IRE) | B[R

E&) e@) m@))  e@)
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FrR)) () (R (R Fr(z)

rele)| | rele)| el | rele)

\ V..V

) ) ee) )
The number of such vectors is: N(V)=C} +C; +...+ C[, the same as

the number of vectors with pessimistic value records of the criteria.

Stage 11

1. By selecting one of the vector records of the values of the objective
functions and the vector of the corresponding records of the pessim values, we
will construct the synthesis function, which expresses the summary utility of

G= Z(%‘F]‘ +5;)
the criteria: = , which must be maximized. The coefficients
{(0! e p ; )}j:ﬁ are determined by applying the global utility maximization
algorithm, described above.
We would like to mention that the model obtained is the same as the
linear fractional type.
2. We will determine the optimal solution of the next model:

ma})szzr:(aij(X)+ﬂj), where: D = {x/A~x=b, er*}, that is
Xe ]=1

the optimal compromise solution for model (1). Either that is it X " We will

calculate the values of each objective function in this solution and we will
Fx')

build the next vector of records of the criteria: | F» (X *)

Theorem For a set of a priori utilities assigned to the criteria in model (1),
the solution of the optimal compromise of the integer model remains the same
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for any vector of the optimal records of the combinatorial criteria calculated in
R orin Z*.

Proof. Let X elﬁ. be a solution of the optimal compromise for the whole
type model (1), which records the smallest distance to the optimal whole type

solutions of each criterion. We will assume that the synthesis function of the
final model was constructed using a combination of optimal values of the

objective functions from model (1), some being solved in R*, othersin Z*.
F(R") Fr(R")
Let: F, (R+) — vector of the optimal and pessim Fy <R+)
F.(z7) Fr(RY)
recorded values of objective functions.

We will assume that for another recording values of the objective
functions from the model (1), different from the previous one, let it be:

Flz*) Fr(z7)

F, (R+) , and corresponding vector of the pessim values | £5’ (R+) , the

F.(z) Fr(z')
objective synthesis function registered another solution of the optimal

compromise in integers, different from the first, either it is X ;,f If

X ;ﬁ. =X esz, then there is at least one coordinate after which these vectors

differ. Therefore, at least for one criterion, let it be with indexes i, the

distance between its optimal solution in integers and the new solution is
smaller than the previous one, i.e. the relationship 1is fair:

p(X elff,X Z)> p(X jﬁ.,X :), where X: is optimal solution in integer of

criterion f;, which contradicts the assumption that X ;ff is the solution of the

optimal compromise in integers for the model (1), which had to be
demonstrated. So, our assumption is wrong. Therefore, the model (1) admits a
single solution of the optimal compromise in integers, regardless of the
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configuration of records of the optimal values of the criteria in R* or Z*,
used in the construction of the synthesis function of the model.
Remark 1. For any vector of combinatorial records of the values of the

objective functions of the unicriteria models of the problem (1) in R* or in

Z", and for their utilities, the optimal compromise solution of the model (1)
in integers remains the same.

Remark 2. For any new set of initial utilities assigned to the criteria in
model (1), applying the method of maximizing the maximum utility we will
obtain a new solution of the optimal compromise in integers for all the criteria
of this model.

5. Conclusions

In the proposed paper is developed an efficient algorithm for solving the
linear fractional multicriteria optimization model with the same denominator
in integers. We focused on the use of the methods of synthesis functions,
namely the method of maximizing the global utility in solving the multicriteria
model of linear fractional type in integers, which leads us to determine an
optimal compromise solution, closest to the optimal solutions in integers of
each separate criterion. To determine this, the decision maker can use both the
optimal value of each criterion in integers and in real numbers, both positive.
The set of all possible combinations of such vectors for recording the values
of the objective functions as well as the weight values was exploited.
Regardless of the configuration used to construct the synthesis function, its
optimal solution in integers does not change. So, the decision maker can select
the most advantageous values for calculating the objective functions -
synthesis, which is a very important moment that certainly increases the
efficiency of the algorithm.

Example
For the following linear model of multicriteria optimization in
integers find the solution of the optimal compromise using the method of
synthesis functions, for the proposed utilities of criteria.

min F(X)— X, +2x, —x,
1 2x, +x, +3x, +2
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mas F(X)— 2x, —3x, + 2x,
1 2%, +x, +3x;, +2

maxFX—

5x, +2x, =3x,
2x, +x, +3x, +2}
2x, +5x, +x, <25
3x, +3x, +2x, <18

2x, +3x, +2x, 210

x,eZ”
F, F F, E? EY FY
U =4 |U-=8 U,=9 | u=1| U=2] U=2
Solving procedure:

Using the proposed algorithm we obtained eight synthesis functions
according of table of proposed utilities for the model criteria. These are the

next:

_1,73x +1,63x, +1,09x,

F(U) — max

2x; +xy +3x3 +2

1,83x; +1,75x, +1,13
F(U)== HTLPH TN max

2x; +xy +3x3 +2

1,85x +1,8x, + 1,15
Fé(U):, x1+,x2+, x3_>max

2x + %, +3x;+2

1,85x, +1,8x, + 1,15
F,(U)== N0 TN L, max

2x +x, +3x;+2

1,73x% +1,63x, + 1,0
FS(U)z ,73x, +1,63x, +1, 9x3—)max

2x, +x, +3x; 4+ 2

L,7x +1,57x, +1,07
Fy(U)== GTLOTH TN max

2x; + %, +3x3 +2

1,83x, +1,75x, + 1,13
F(U)== 4 +LTox +LI3% | e

2x + %, +3x,+2
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~L,7x% +1,57x%, +1,07%,
2% + X, +3%; + 2

R (V) — max

Solving in turn these 8 problems of linear fractional programming in
integers in the same admissible domain, we obtained the following solutions
of the optimal compromise:

Xelff ersz = XSff :Xe4ff :Xesff = Xerf :Xe7ff :XSff =
=X ={ =2,% =1 =3]
We calculated the values of the utility functions, which are the following:
F(U)~0.52; F,(U)~055; F;(U)~056; F,(U)~056; F;(U)~052;
Fs(U)~051; F,(U)~055; F,(U)~ 0,51 and obtained the next values of

o . 2 7 3
each criterion: { —,—,—}.
{16 16 13}
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