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1. Introduction

Trajectory analysis and related algorithms have recently attracted
substantial attention, thanks to technological advances in navigation and
mapping systems. Nevertheless, some fundamental concepts are still
lacking a thorough study. The identification of a middle (representative)
trajectory in a bundle of trajectories is one of them. Without conscious
reasoning, a middle trajectory is a trajectory that lies in the middle of a
collection of trajectories. However, this definition is far from being
comprehensive.

1.1. Trajectory Definition

A formal definition of trajectory is specified in [1] as a time-stamped
path taken by a moving entity, represented by a sequence of 1 tuples of

points and time stamps (pg,tg), (P1,t1)s s (Pr—1,tn—1). Points have

spatial and temporal components. The spatial component typically
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represents atwo or three dimensional space. Here, we assume that the
space is two  dimensional. A bundle of m  distinct

trajectories Ty, ..., T,y —qwith the same start and ending points, therefore
results in an input size of 8(nm).

In an ideal situation, the time stamps of all trajectories in the bundle
are exactly the same, but this is usually not the case. Generally,
trajectories are collected with different or irregular sampling rates, at
different times, and data can be missing as well. In between time stamps,
we have no information about the actual movement path of the entity. The
standard assumption can be that the entity moves with constant velocity
from a time-stamped point to the next time-stamped point in a straight
line. This assumption leads to an approximation of the actual data, which
becomes more inaccurate when sampled at longer intervals. As a result,
the path of a trajectory is considered as a polygonal curve with n edges
that can self-intersect, and can have repeated vertices at the same location
if the entity stands still. The number of points defining a trajectory is
usually much larger than the number of trajectories in a bundle n == m,

1.2. Motivation

Various methods for trajectory analysis have been developed in
different fields of science including computational geometry and data
mining. Trajectory data sets can be analyzed in a variety of ways. They are
usually clustered into a collection of subsets that have a high similarity
regarding (a) certain property(-ies), such as location. Nevertheless,
processing large amounts of trajectory data is a challenge. Trajectory data
compression can be regarded as a solution to address this problem,
particularly for the trajectories with huge sampled data points to improve
the efficiency of computations. This compression can be carried out for
individual trajectories, but in most applications, the data contains similar
bundle of trajectories in terms of space and/or time, and as such, an
alternative method would be to compress a trajectory bundle to represent
similar trajectories with a single representative trajectory. We call this
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representative trajectory a middle trajectory without loss of generality.
Furthermore, using a single representative trajectory enables processing
data in a simple, robust and more predictive way. As an example, a
representative trajectory for an specific route can be used to predict where
a vehicle will be at a certain time. Alternative applications of middle
trajectories include clustering and visualizations. As an example, a middle
trajectory can act as the medoid in k —medoid clustering. In the context

of visualization, instead of showing a large collection of trajectories, one
may identify subsets of similar ones, and replace them by a middle
trajectory whose width is determined by the size of the subset.

1.3. Problem Definition

Given a set of m trajectories T = {Ty, ..., Thn—1} With the same source
and destination pointss andd, we want to find a representative
trajectory T, that minimizes a defined distance function to all trajectories

T;,0= 1 <=m in the set and T, contains points from input trajectories. In

case not specified otherwise, the distance function is defined as the
Euclidean distance between trajectories.

(a) Mean trajectory (b) Median trajectory

Fig. 1: Examples of (a) Mean trajectory (b) Median trajectory
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A representative trajectory has to be in the middle of all trajectories
in the bundle. However, we first have to define what is considered middle.
There are two main types of interpretations of what a middle trajectory is
for a set of input trajectories: median and mean trajectory [2]. They can
produce a trajectory that is in the middle, regarding space or time, or both.
There could be different interpretations for the definitions of mean and
median here compared to the standard arithmetic definitions of these
parameters, however the general intuition remains the same. The main
difference between a mean and a median trajectory is that the latter uses
only points of the input trajectories. An alternative definition for a median
trajectory is to use only the edges of the trajectories present in the input
set, or parts of the edges, and switch at intersections [1].

(a) Mean trajectory (b) Median trajectory

Fig. 2: Effects of outliers on (a) Mean trajectory (b) Median trajectory

Both mean and median trajectories have their own applications. Mean
trajectory which is based on the spatial component of the input trajectories
looks more accurate compared to a trajectory that is restricted to one of
the inputs. Nevertheless, there can be a strong reason why one prefers a
median trajectory over the mean one. A typical example would be for
moving objects that have to avoid obstacles. The same property should
also hold for the middle trajectory. If no information about the obstacles is
known in advance, then the only way to ensure that the representative
trajectory crosses no obstacle is to use parts of the original input
trajectories. On the other hand, if such information is known, then it may
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also be possible to use this information and make the mean path go around
the obstacles. Fig. 1 shows examples of mean and median trajectories. The
median one follows the existing trajectories and thus avoids potential
obstacles if any is defined. The mean trajectory does not necessarily
follow the input trajectories and may pass through obstacles. One major
disadvantage for mean trajectory is its sensitivity to outliers. Data sets of
input trajectories containing substantially diverging measurements will
influence a calculated mean trajectory. Fig. 2 shows an example of this
phenomenon.
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