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Abstract 

A linear programming approach for determining optimal 

stationary strategies for the stochastic control problem on 

unichain network with average cost criterion and infinite 

time horizon is proposed.  
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We consider the stationary stochastic discrete optimal control 

problem on decision network  , , , ,C NR G X X c p  [1]. This network is 

determined by the directed graph  ,EG X , the disjoint subsets 

,C NX X X , the cost function NEEc :  and the probability 

distribution function  : 0,1Np E   on the set 

  ,N NE x y E x X   . CX  represents the set of controllable states 

in which the transitions of the system to the next state can be controlled by 

the decision maker at every discrete moment of time and NX  represents 

the set of states in which the decision maker is not able to control the 

transitions because the system passes to the next state randomly.  

Let : Cs X X  define a stationary strategy for the control problem 

on decision network R . We can determine the graph 

      , , , ,s s N s CG X E E E x y E x X y s x     , that 
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corresponds to a Markov process with the probability matrix  ,

S s

x yP p , 

where  
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. 

In the considered Markov process for an arbitrary state Cx X  the 

transition   ,x s x  from the states Cx X  to the states  y s x X   is 

made with probability 
 ,

1
x s x

p   if the strategy s  is applied. For this 

Markov process we can determine the average cost per transition for an 

arbitrary fixed starting state ix X . For this, we can determine the vector 

of average costs 
sw  which corresponds to the strategy s , according to the 

formula 
s s sw Q  , where 

sQ  is the limit matrix of the Markov process 

generated by the stationary strategy s  and 
s  is the corresponding vector 

of the immediate costs, i.e. 
 

, ,

s s s

x x y x y

y X x

p c


  . A component 
s

xw  of the 

vector 
sw  represents the average cost per transition in our problem with a 

given starting state x  and a fixed strategy s , i.e.   s

x xf s w . In such a 

way we can define the value of the objective function  
0xf s  for the 

control problem on a network with a given starting state 0x  when the 

stationary strategy s  is applied. 

The control problem on the network R  with starting state 0x  consists 

of finding a stationary strategy s  for which    
0 0

minx x
s

f s f s  . 

We assume that R  is a perfect network which means that in graph 

G  for an arbitrary stationary strategy s  the subgraph 

 ,s s NG X E E   is strongly connected. So, the Markov chain induced 

by the probability transition matrix 
sP  is irreducible for an arbitrary 

strategy s .  
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At first we formulate an algorithm for determining the optimal 

stationary strategies for the control problem on perfect networks. Then we 

show that the proposed algorithm can be extended for the problem if an 

arbitrary strategy s  generates a Markov unichain. For a unichain control 

problem the graph 
sG  induced by a stationary strategy may not be 

strongly connected but it contains a unique strongly connected component 

that is reachable from every state x X . 

Let s  be an arbitrary strategy. Taking into account that for every 

fixed Cx X  we have a unique    y s x X x  , then we can identify 

the map s  with the set of Boolean values ,x ys  for Cx X  and 

 y X x , where 
 

 
,

1

0
x y

if y s x
s

if y s x


 



. 

Theorem 1. Let    , , ,x y C xx X y X q x X     be a basic 

optimal solution of the following linear programming problem: 

Minimize    
 
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C N
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Then the optimal stationary strategy s  on a perfect network can be found 

as follows: 
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where  ,Cx X y X x  . Moreover, for every starting state x X  the 

optimal average cost per transition is equal to  ,q   
 for every 

x X . 

For a unichain control problem the algorithm based on Theorem 1 

determines the strategy s  and the recurrent class X 
. In this case the 

remaining states /x X X   in X  correspond to transient states and the 

optimal stationary strategies in the states /x X X   can be chosen in 

order to reach X 
. Therefore, the linear programming model from 

Theorem 1 can be used for determining the optimal stationary strategy for 

an arbitrary unichain control problem. 

We solve the linear programming problem and find a basic optimal 

solution ,q  
. Then we find the subset of vertices 

 0xX x X q     which in G  corresponds to a strongly connected 

subgraph  ,G X E   . On this subgraph we determine the optimal 

solution of the problem using the algorithm based on Theorem 1. If 

0x X  , then we obtain the solution of the problem with fixed starting 

state 0x . To determine the solution of the problem for an arbitrary starting 

state we may select successively vertices /x X X   which contain 

outgoing directed edges that end in X 
 and will add them at each time to 

X 
 using the following rule: 

 if  \Cx X X X   , then we fix an directed edge  ,e x y , put 

, 1x ys   and change X 
 by  X x  ; 

 if  \Nx X X X   , then change X 
 by  X x  . 
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