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Øòðàôíà ôóíêöiÿ ìàêñèìóìó (òåîðåìè Ø.1 òà Ï.1)

Íåãëàäêà øòðàôíà ôóíêöiÿ ìàêñèìóìó

Ðîçãëÿäà¹òüñÿ çàäà÷à îïóêëîãî ïðîãðàìóâàííÿ:

f ∗
0 = f0(x

∗) = min
x∈Rn

f0(x): fi(x) ≤ 0, i = 1, . . . ,m, (1)

fi(x) � îïóêëi ôóíêöi¨, x∗ ∈ X∗, X∗ � ìíîæèíà ìiíiìóìiâ.

Äëÿ çàäà÷i (1) øòðàôíà ôóíêöiÿ ìàêñèìóìó ìà¹ âèãëÿä:

SP (x) = f0(x) + P ·max{0, f1(x), . . . , fm(x)}, (2)

äå P > 0, P � êîåôiöi¹íò øòðàôó.
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Øòðàôíà ôóíêöiÿ ìàêñèìóìó (òåîðåìè Ø.1 òà Ï.1)

Òåîðåìà Ø.1 (òåîðåìà Øîðà)

Òåîðåìà Ø.1 [Øîð (1998), òåîðåìà 27, c. 23]

ßêùî P > P∗ =
∑m

i=1 λ
∗
i , òî çàäà÷à (1) ¹ åêâiâàëåíòíîþ çàäà÷i

îïòèìiçàöi¨ S∗
P = minx∈Rn SP (x), òîáòî f∗

0 = S∗
P i ìíîæèíà X∗

ñïiâïàäà¹ ç ìíîæèíîþ ìiíiìóìiâ ôóíêöi¨ SP (x) .

Òóò λ∗
1 ≥ 0, ..., λ∗

m ≥ 0 � îïòèìàëüíi ìíîæíèêè Ëàãðàíæà, ÿêi
âiäïîâiäàþòü íåðiâíîñòÿì fi(x) ≤ 0, i = 1, . . . ,m.

N.Z. Shor (1998)

Nondi�erentiable optimization and polynomial problems.
Kluwer Academic Publishers, Dordrecht, 1998. 413 p.
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Øòðàôíà ôóíêöiÿ ìàêñèìóìó (òåîðåìè Ø.1 òà Ï.1)

Òåîðåìà Ï.1 (òåîðåìà Ïøåíè÷íîãî)

Òåîðåìà Ï.1 [Ïøåíè÷íèé (1983), òåîðåìà 2.14, ñ. 25]

Íåõàé inf
λ>0

V (λe)−V (0)
λ

= −L > −∞, äå e � m-âèìiðíèé

âåêòîð, óñi êîìïîíåíòè ÿêîãî äîðiâíþþòü îäèíèöi.
ßêùî P > L, òî òî÷êè ìiíiìóìó çàäà÷i V (0) òà çàäà÷i
infx∈Rn SP (x) ñïiâïàäàþòü.

Òóò V (z) = inf {f0(x) : fi(x) ≤ zi, i = 1, . . . ,m}, z ∈ Rm,
à V (0) ñïiâïàäà¹ ç ôîðìóëþâàííÿì çàäà÷i (1).

Á. Í. Ïøåíè÷íûé (1983)

Ìåòîä ëèíåàðèçàöèè. Ì.: Íàóêà, 1983. 136 ñ.

7/18 Õîì'ÿê Î.Ì. Øòðàôíà ôóíêöiÿ ìàêñèìóìó â ëiíiéíîìó ïðîãðàìóâàííi



Âèáið êîåôiöi¹íòiâ øòðàôó äëÿ äâîõ ËÏ-çàäà÷

Çìiñò

1 Øòðàôíà ôóíêöiÿ ìàêñèìóìó (òåîðåìè Ø.1 òà Ï.1)

2 Âèáið êîåôiöi¹íòiâ øòðàôó äëÿ äâîõ ËÏ-çàäà÷

3 Òåñò äëÿ âåðõíiõ îöiíîê êîåôiöi¹íòà øòðàôó

8/18 Õîì'ÿê Î.Ì. Øòðàôíà ôóíêöiÿ ìàêñèìóìó â ëiíiéíîìó ïðîãðàìóâàííi



Âèáið êîåôiöi¹íòiâ øòðàôó äëÿ äâîõ ËÏ-çàäà÷

Äâi ôîðìè ËÏ-çàäà÷

ËÏ-çàäà÷à â çàãàëüíîìó ôîðìóëþâàííi

c∗ = min
x∈Rn

n∑
j=1

cjxj :
n∑

j=1

aijxj ≤ bi, i = 1, . . . ,m. (3)

×àñòêîâèé âèïàäîê ËÏ-çàäà÷i

c∗1 = min
x∈Rn

n∑
j=1

cjxj:
n∑

j=1

aijxj ≤ 1, i = 1, . . . ,m. (4)
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Âèáið êîåôiöi¹íòiâ øòðàôó äëÿ äâîõ ËÏ-çàäà÷

Âèáið P äëÿ çàäà÷i (3) çà òåîðåìîþ Ø.1

Òåîðåìà 1

ßêùî P > P∗ =
∑m

i=1 λ
∗
i , òî ËÏ-çàäà÷à (3) ¹ åêâiâàëåíòíîþ

çàäà÷i îïòèìiçàöi¨ c∗ = c∗P = minx∈Rn cP (x).

Òóò

cP (x) = cTx+ P ·max

{
0, max

i=1,...m

{∑n

j=1
aijxj − bi

}}
, (5)

λ∗
1, ..., λ

∗
m ¹ ðîçâ'ÿçêîì äâî¨ñòî¨ ËÏ-çàäà÷i

c∗ = max
λ∈Rm,λ≥0

(
−

m∑
i=1

biλi

)
:

m∑
i=1

aijλi = −cj , j = 1, . . . , n. (6)

Äëÿ çàäà÷i (4) ìà¹ìî P∗ = |c∗1| (âèïëèâà¹ ç òåîðåìè 1).
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Âèáið êîåôiöi¹íòiâ øòðàôó äëÿ äâîõ ËÏ-çàäà÷

Âèáið L äëÿ çàäà÷i (4) çà òåîðåìîþ Ï.1

Äëÿ ÷àñòêîâîãî âèïàäêó ËÏ-çàäà÷i

c∗1 = min
x∈Rn

n∑
j=1

cjxj:
n∑

j=1

aijxj ≤ 1, i = 1, . . . ,m,

øòðàôíà ôóíêöiÿ ìàêñèìóìó ìà¹ òàêèé âèãëÿä:

cN (x) = cTx+N ·max

{
0, max

i=1,...m

{∑n

j=1
aijxj − 1

}}
. (7)

Òåîðåìà 2

ßêùî N > L = |c∗1|, òî ËÏ-çàäà÷à (4) ¹ åêâiâàëåíòíîþ çàäà÷i
áåçóìîâíî¨ îïòèìiçàöi¨ c∗1 = c∗N = minx∈Rn cN (x).
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Òåñò äëÿ âåðõíiõ îöiíîê êîåôiöi¹íòà øòðàôó

Òåñòîâà ËÏ-çàäà÷à

Ðîçãëÿäà¹òüñÿ ËÏ-çàäà÷à

c∗1 = min
x∈Rn

n∑
j=1

cjxj : −1 ≤
n∑

j=1

aijxj ≤ 1, −1 ≤ xj ≤ 1, (8)

i = 1, . . . ,m, j = 1, . . . , n,

äå êîåôiöi¹íòè âèçíà÷àþòüñÿ çà ôîðìóëàìè

cj = c̃j −
1

n

n∑
j=1

c̃j , aij = ãij −
1

n

n∑
j=1

ãij , (9)

i = 1, . . . ,m, j = 1, . . . , n, c̃ = sc1∗rand(n, 1), Ã = sc2∗rand(n,m).
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Òåñò äëÿ âåðõíiõ îöiíîê êîåôiöi¹íòà øòðàôó

Âåðõíi îöiíêè L (n = 100, m = 50÷20000)

Ïàêåò GLPK: 34 ñåê (m = 20000),16ÌÁ(100×20000×8).

Intel Core i5-9400f, 2.9 GHz, 16GB RAM, GNU Octave 5.1.0
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Òåñò äëÿ âåðõíiõ îöiíîê êîåôiöi¹íòà øòðàôó

Àëãîðèòì LPralg: 480ÌÁ, (100×300000×8×2)

t1 � LPralg, t2 � Gurobi

Stetsyuk P., Fischer A., Pichugina O. (2021)

A Penalty Approach to Linear Programs with Many Two-Sided
Constraints. In: Lecture Notes in Computer Science book series

(LNCS, volume 12755). Springer International Publishing, Cham.
https://rdcu.be/cv8gd
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Ðîáîòà ïiäòðèìàíà

Volkswagen Foundation
(ãðàíò � 97 775)
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Çàïèòàííÿ?

ÄßÊÓÞ ÇÀ ÓÂÀÃÓ!

e-mail: khomiak.olha@gmail.com
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