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PosrnsgaeThcsi TEXHOJIOTiS aBTOMATUYHOTO JIOCIHIDKCHHS Ta PO3B’s3yBaHHs anrebpaivHoi mpobieMu
BJIACHUX 3HAYCHb 3 HAOJMIDKCHHNMH JaHMMU Ha MAapaleIbHUX KOMII'IOTepaX, 30KpeMa, KOMIT'IOTepi 3
OaraTosiIepHUMH TMpoiiecopaMu HoBoro rmokoiaHs Intel Xeon Phi.
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Beryn

BucokonpoaykTuBHi OOYMCICHHS € OJHUM 3 OCHOBHHX 3aCO0IB MAaTeMaTHYHOTO
MOJICITIOBAaHHSA.  AJNTOPUTMIYHO-TEXHIYHA ©0a3a Il TMPOBEJACHHS MaTeMaTHYHOTO
MOJICJIIOBAHHS B Haylli Ta 1HXKEHepil Ha ChOTOJHI CTPIMKO PO3BUBAETHCSA: CTBOPIOIOTHCA
MOTYXHI  CYNEPKOMIT FOTEPH  PI3HUX  apXITEKTYp, PO3BUBAIOTHCA  TPiJI-TEXHOJIOTII,
«3axXMapHi» o0uMclIeHHs Tom. Po3po0nseTbess BUCOKOMPOAYKTHBHE TMPOTpaMHE
3a0e3nedYeHHs AJI1 PO3B’A3yBaHHS 3a/1a4 B PI3HUX MPEIMETHUX 00JIACTSX.

BypxnuBuii pO3BUTOK KOMIT'IOTEpHOI TEXHIKM JOHEAaBHAa OyB TMOB’A3aHUN 13
3pOCTaHHSAM TPOAYKTUBHOCTI Komm 'toTepiB MIMD-apxiTektypu, sika pocsaraiacs 3a
paxyHOK po3mapaseifoBaHHs OOYMCICHb MiXK MPOIECOPHUMHU MPUCTPOSIMH, 30KpeMa,
OararosimepHuMHU Tporiecopamu. Tak, Hampukiami 2014 poky dipma Intel anoncysana
JiHIMKY TIpoliecopiB 3 KiIbKICTIO siaep Big 4 1o 18, a Ha nmouatky 2016 poky — Bix 4 mo 22.
IcHye nocuTh pPO3BUHYTE aNTOPUTMIYHO-TIPOTpaMHE 3a0e3nedeHHs 3 O0O0YMCITIOBAIBHOL
mMateMatuku aias MIMD-komm’ 1oTepiB.

CynepkoMir’'torepd  TIOpUAHOI  apxITEKTypH, SKI TOEAHYIOTh OaratosaepHi
koM 'torepu  MIMD-apxitektypu 3 rpadiuaumu npouecopamu (GPU) nonenaBHa
3aiiMaiM YiIbHI TO3WIT B CBITOBOMY PEHTHHTY HaWMPOAYKTHBHIIMINX KOMIT IOTEPIB
TOP 500. BukopucTtanHs 1Ii€i KOMITIOTEpHOI TEXHIKM MJall0 HOBUU MOIITOBX JJIs
CTBOPECHHS QJITOPUTMIYHO-TIPOTPAMHOTO 3a0e3MeueHHsT PO3B’sA3yBaHHS 3a7a4 B PI3HUX
npeIMETHUX 00IacTsIX.



B ocranni pokum ¢ipma Intel 3ampomoHyBasia HOBE pilieHHS — OaraTosepHi
nporecopu Intel Xeon Phi sik mortyxkni cmiBnporiecopu [1]. Ha manwmii yac 3’sSBUIUCH
nporecopu Intel Xeon Phi HOBOro mokosiHHSA, SKi MOXYTh BUKOPHUCTOBYBATHUCS TAKOXK 5K
ocHOBHI nporecopu [2]. Tobro npornecop Intel Xeon Phi B mapanensHoMy KoMt totepi €
XOCT-TIPOIIECOPOM, SKHUH pO3pOOJIeHW Juisi  3a0e3medeHHsT BUCOKOI e(EeKTHBHOCTI
posmapainenenHs obuuciens. B HpoMy iHTerpoBana HaamBuaka nam’ste MCDRAM ta
3aco0m  MiksaepHoi KomyTtarii 3 Ttomosoriero "pemitka'. Ilpomecop mpekpacHO
MacmTaOyeThCs 3aBISIKM BOYIOBAaHOMY MEPEKEBOMY KOHTpoOJepy, 1 Ha BigMmiHy Big GPU
Horo (QyHKIIOHATBHI MOXKJIMBOCTI He oOMexkeHi mmHOI0 PCle. Ile 3abe3neuye Oimbimy
epextuBHicTh Ha Komm'toTepi 3 Intel Xeon Phi, wix 3 Bukopucranusm GPU. B
ocranabomy peutuaTy TOP 500 (32 uepBenb 2017 p.) Tpu KOMIT'IOTEPH 3 MPOIECOPAMU
Intel Xeon Phi (pi3Horo Tumy) 3aiimaiors 2-y, 6-y, 7-y no3uii [3].

[Ipore pa3om 13 3pOCTaHHSIM MOMJIMBOCTEH KOMIT FOTEPIB JJIs HAYKOBHX 1
IH)KEHEPHUX JOCIIKEHb POCTYTh 1 IPOOJIEMH iX BUKOPHUCTAHHS.

KirouoBoto mpo06sieMor0 mpoliecy YMCeIbHOTO MOJICTIOBAHHS, 0 aKyMYJIIO€ B co01
BIUIUB YCiX iHIHMX (akTopiB, € mpobdiemMa JOCTOBIPHOCTI KOMII IOTEPHUX PO3B’SI3KiB.
Bimomo, mo B psAmi BUMAAKIB MPU PO3B’sS3aHHI HAYKOBUX 1 I1H)KEHEPHUX 3aJad Ha
KOMIT I0TE€pax KOPHCTYBaui OTPUMYIOTh PO3B’A3KH, 10 HE MICTATH (pisumuHOoro 3Mmicty. Lle
B1IOYyBa€eThCS 3 0araThbOX MPHYMH, aJie TEPII 3a BCE Yepe3 MOXMOKM HAOIMKEHUX TaHUX
3amadi [4 — 6].

MarteMaTrnuHi MOJIE, IO OMUCYIOTh MPUKIAIHI 3a7a4i, 3aBXI1 MAaIOTh HAOIHKEH1
JlaHi, OT)Ke, 1X MareMaTW4Hi BJIACTUBOCTI ampiopi HeBimomi. Kpim Toro, xom’toTepHa
3ajava, SKy 3peIiTOl 1 JOBOAMTHCS PO3B’A3yBaTH, 3aBXKAW Mae€ HAOMKEHUH 110
BIJTHOIICHHIO JI0 MaTeMaTHYHOI 3a/aui XxapakTep (d4epe3 CraaKoBY MOXHOKY HAOIMKEHUX
JMaHUX, 4yepe3 MOXMOKY IUCKpeTH3allli, yepe3 MOXHMOKY BBEIEHHS UHCIOBUX JAHUX B
KomIr'torep). PimeHHs Bu3HaueHUX MpoOJieM MaTeMaTHYHOIO MOJIEIIOBAaHHA B
KOMIT I0TEpi MOJIATaE B TOMY, 11100 y KOMIT FOTEPHOMY CEPEOBUII BU3HAUYUTH BIACTUBOCTI
KOMIT FOTEpHOI 3amadi 1 copmMyBaTH BIAMOBIAHUN aJTOPUTM OTPHUMAHHS HAOIMKEHOTO
PO3B’s13Ky MaTEMaTHUYHO1 3aa4i 3 OI[iIHKaMHu Horo qocToBipHOCTI [7, 8].

[lIupoko  BigOMI  BHUCOKONPOAYKTHBHI  TMPOTPaMHI  3acO0M  PO3B’sA3yBaHHS
MaTeMAaTHYHUX 3aJ1ad OPiEHTOBAHI HAa TOYHO 3aJlaHi BUXIJHI JaHi, a aHaJli3 JOCTOBIPHOCTI
OTPUMAHUX pe3YyJbTaTiB TMPOBOAWTHCS JIUIIE YaCTKOBO. BupimeHHs 1ux mpodiem
MOKJIA/IA€THCSl HA KOPUCTYBAYiB.

Kpim Toro, CTBOpeHHS KOMITIOTEpPHHUX  alTOPUTMIB 1 TIporpam s
BUCOKOIPOAYKTHBHHUX OOYHCIICHb Ha MapaJieIbHUX KOMIT I0Tepax € CKJIaAHUM 3aBJIaHHIM.
Kpim BupimeHHs nmpobieM JOCTOBIPHOCTI KOMIT FOTEPHUX PE3yJIbTaTiB MOTIHOIIOIOTHCS
npobiaeMu  €(pEeKTHBHOTO BHKOPUCTAHHS KOMIT IOTEPHUX PpecypciB. Y CKJIaJHEHHS
apXITEKTypu TapajieIbHUX KOMIT IOTEPIB O3HA4Ya€ ICTOTHE 30UIBIICHHS KOMYHIKAIIHUX
BUTpaT 1 3HWKEHHS iX edektuBHOCcTi. 3rimHo crnucky TOP 500, Bxe 3apa3 € iCTOTHI
BIJIMIHHOCTI 3a paxyHOK KOMYHIKAIlIHHMX BHUTpaT MIDXK IIKOBOIO Ta MaKCHUMAaJIbHOIO
(OTpUMaHOI0) MPOJYKTUBHICTIO.

OTxe, BUHUKAIOTh MPOOJIEMH TEXHOJIOTTYHOTO XapakTepy, OB’ s3aHl 3 e()EeKTUBHOIO
pearnizaiiero OOYMCIICHB: IUIAHYBAaHHS OOYMCIIEHb Ha MPOLECOPax PI3HUX apXITEKTYp
napaiegbHOro  KOMIT'IoTepa, moOyaoBa KoHpirypamii (Tomosorii) mapajieibHOTo
KOMIT'IOT€pa 3 HEOOXIHOiI KUIBKOCTI OOYMCIIOBAIBPHUX TMPHUCTPOIB, CHHXPOHI3aIliS
o0uncieHb, MiHiMi3alis OOMiHIB iH(OpMAIli€el0 MK OOYUCITIOBAIBHUMHU MPUCTPOSMH
tomo. CaMmocTiiHEe BHpPINIEHHS LHUX NPOOJEeM BHMAarae BiJ KIHIIEBOIO KOPUCTyBada



3HAYHHUX IHTENCKTYaIbHUX 3yCHIb, 3HaHb B HEMPO(UIBHUX UISI HBOTO MPEIMETHUX
o0JacTsx Ta yacy.

Bumesaznadeni npo6ieMu BUPIIIYIOTHCS B IHTEJICKTYabHUX MPOTPAMHUX CHCTEMax
JUTSE aBTOMATHYHOTO JOCIIHKCHHS Ta PO3B’S3yBaHHS 3a7a4 OOUHCIIOBAILHOT MaTeMaTHKU
3 HAOJMIKEHUMH JTAHUMH, SIKI pO3poOJIeHO JJI KOMIT IoTepiB cepii [nmapkom B IHCTHTYTI
kibepueTnku imeni B.M. I'mymkosa HAH Ykpaiuu [7, 8].

TexHoJI0TiIA KOMII’IOTEPHOT0 MIOCTIIKEHHSI Ta PO3B’SI3yBaHHS aJredpaiaHoi
npo0JieMH BJIACHHUX 3HAYEHD 3 HAOJIMIKEHMMU TaHUMH

3amadi Ha BJIACHI 3HAYCHHS BUHHUKAIOTH MPU BU3HAYEHHI 4acTOT Ta (JOPM BIIACHHUX
KOJIMBaHb KOHCEPBATHUBHUX JUHAMIUYHUX CHUCTEM, B JOCIIIKEHHSX KOJIMUBaHb Ta CTIHKOCTI
00’€kTiB MexaHI4HOi, (Hi3uyHOI 1 XIMIYHOI TPUPOIH, GAKTOPHOMY aHaji3i, a TaKOX SK
caMoCTiifHI MaremaTuyHi 3amgadi. Lli 3apmaui, sSK OpaBWUIO, MAIOTh BEJIMKI PO3MIPH Ta
MOTPeOYIOTh BEIMKUX KOMIT FOTEPHUX MOTYKHOCTEH. TaKuMU KOMIT FOTEpaMH Ha ChOTOJTIHI
€ KOMIT'IOTEpY 3 MapajeibHOI OpraHi3ali€lo OOUMCIIEHb PI3HUX apXITEKTYyp, 30KpeMa, 3
HOBITHIMH miporiecopamu Intel Xeon Phi.

B Incturyti KiGepHETHKH CHIBHO 3 JlepkKaBHUM MHiANPUEMCTBOM «EJeKTpoHMAI»
po3po0JIeHO IHTENEKTYATbHUHN MapajeIbHIUI KOMIT I0Tep 3 0araTosIEpHUMH MPOLIeCOpaMu
Intel Xeon Phi HoBoro mokomiHHs. ExkcriepuMeHTanbHHIA 3pa30K LBOTO KOMIT IOTEpa Mae
Takl TexXHIYHI XapakTtepucTuku: mnporecop Intel Xeon Phi 7210, 64 sapa (256 moTokiB),
1.3TTu (1.5 T Typ6o); omepatuBHa mam’sate  6x32 ['GaiiT = 192 ['6aiir DDR4
(mpomryckHa cripoMokHicTh 102 ['6aiiT / cex) ; HakonmayBad SSD 240 I'6aiit SAT.

[TponoHy€eTHCSI TEXHOJIOTISI aBTOMAaTHYHOTO JOCIIIKEHHs Ta po3B’sizyBaHHa AIIB3 3
HAaOMMKCHUMHU JTAaHUMH 3 OIIIHKaMH JOCTOBIPHOCTI KOMIT IOTEPHHX PE3yJbTaTIB, SKY
peanmizoBaHo B iHTeJekTyanbHid mnporpamuiii cuctemi (IIIC) wa mapanensHOMY
KOMIT 10Tepi 3 6araTtosaepaumu mporecopamu Intel Xeon Phi.

IlocTanoBKka 3a1a4 HA BJACHI 3HAYEHHSI 3 HAOJIMKEHMMH JaHUMH. AnreOpaiuHa
npoOJemMa BIACHUX 3HAYEHB IOJISTAa€ B 3HAXO/PKEHHI TaKUX YHCEN A, NMPH SIKUX ICHYIOTb
BIJIMiHHI BiJl HyJJbOBOTO PO3B’S3KU CUCTEMH JIIHIMHUX anreOpaiaaux piBHsSIHB [7 — 10]:

Ax =ABx, ABeM™", xeC" reC (1)
ne M"™" — MHOXHMHA KBaJpaTHUX MATPHIb MOPAAKY 7. Uucoa A Ha3MBAIOTH BIACHUMH

3HauYeHHSIMU 3amadi (1), a BEKTOpW x — BIIaCHUMM BeKTopamu Iii€i 3amayi. 3amava (1)
HAa3WBA€THCA y3araJlbHCHOIO HpO6JIeMOIO BJIACHHUX 3HAYCHb.

Sxmo B — ofuHUYHA MaTpULA #-TO TOPsAKY (To0TO B =1, ), TO 3aaauy
Ax = )x 2)
HA3WBAIOTh CTAaHAAPTHOIO TPOOJIEMOIO BIIACHUX 3Ha4YeHb. B 1IbOMy BUIMaaKy umcia A i
BEKTOPH X Ha3UBAIOTh TAKOXK BJACHUMH 3HAUYCHHSIMHU 1 BJACHUMH BEKTOPaMH MaTpPHULI A.
MosxyTh OyTH Taki 3a/1a4i Ha BJacHi 3Ha4YeHHS [9]:

. MOBHA Mpo0JeMa BIAaCHUX 3HAYeHb — 3HAWTH BC1 BIIACHI 3HAYCHHS 1 BCI BJIACHI
BEKTOPH;
. 4acTKOBa MpoOiemMa BIACHUX 3HAYEHb — 3HAWUTH OAHE a0o JCKiTbKa BIACHUX

3HAYCHb 1 BIAMOBITHUX iM BJIACHUX BEKTOPIB a00 TUIBKM BJIACHI 3HA4YeHHS (Bci abo
JIEK1JIbKA).

BracHi 3HadeHHsI AiiCHOT CUMETPUYHOT MaTpHIll 400 KOMIUICKCHO3HAYHOT €pMITOBOI
MaTpHIll € JIMCHUMH YHUCIAMH, SKi MOXYTh OYTH BIOPSIKOBAaHMMH, HANPHKIAL, 32
3pOCTaHHSM, 1 TaKUM YWHOM TIepeHyMepoBaHi. BiiacHi BeKTOpW IiHCHOT CHMETPUYHOL
MaTpUIli — TIACHI, KOMIUIEKCHO3HAYHOI €PMITOBOI — KOMIUIEKCHO3HAYHI.



Jocaipxkennss MmaremMatuuyHux BjacTuBocTeili AIIB3 3 HaGaM:KeHUMH JTaHMMM.
[Ipu po3B’sa3yBaHHI MPUKIATHUX 3a7ad piako BUHHMKAIOTH AIIB3 3 TOYHMMH BUXiTHUM
TAHUMH :

AX =ABX abo AX=AX. (3)

Haiitumosimoro € mocranoBka 3amadi (1) a6o (2) 1 3agaHHs BiMOBIIHUX MOXHOOK Y
BHUXIJHUX JaHuX [7, 8]:

a-A|=lad<caldl.  3-B|=]a8|<esl8l, @

e €4 €p — € MAKCUMAaJbHI BIIHOCHI MOXHOKH €JIeMEHTIB MaTpullb A Ta B BignosimHo. Sk

MpaBujIo, iX BKa3zye KOpHUCTyBad. B iHIIOMY BUTIAnKy €4 - € =macheps, ne macheps —
HalMEHIIIe B KOMIT FOTEP1 YMCIIO 3 TUTABAIOYOI0 KOMOIO, JUTSI SIKOTO BUKOHYETHCS [ 8]:

1+ macheps > 1. (5)
[Tpu 11bOMY BBaXKAETHCS, IO CTPYKTYpa MAaTPHUIlh (MAaTpHIli) BUXiaHOT 3a1a4i (3) 1 30ypeHoi
3amaui (1),(4) abo (2),(4), HE B3MIHIOETbCSI, TOOTO SKIIO BHUXiJHA MaTPULS €
CUMETPUYHOIO, TO 1 30ypeHa 3aJuIIaeThCsl CAMETPUYHOIO, SKIIO BUX1JHA — CTPIYKOBA, TO 1
30ypeHa — CTpiuyKoBa, TOLIO.

Otxe, motpiOHO po3B’szatu 3amady (1) abo (2) 1 omiHUTH 30ypeHHS PO3B’S3KY
3aJIeXKHO BiJ 30ypeHHs BUXITHUX JaHUX (4), TOMY IO HE 3aBXIU ONMHM3BKICTh €IEMEHTIB A
i A (a Takox B i B s ysaranbHeHoi Ipobrnemu) 3abes3neuye OGIU3bKICTh BIACHHX
3HaueHb. Hampwukiaa, mpu aeskoMy 30ypeHHI B MeXaxX TOYHOCTI 3a/laHHs €JICMEHTIB
MaTpHIli, SIKa Ma€ KpaTHI BJACHI 3HAUEHHS, MOXKHA OTPUMATH MAaTPUIIO, IO Mae JIMIIE
MPOCTI BJAcHI 3Ha4YeHHs. B 11boMy BHIManKy KaHOHIYHA (popMa MaTpuill mpu 30ypeHHi ii
€JIEMEHTIB B MEXaX TOYHOCTI 1X 3aJaHHA MOK€ MepeiTH BiJ HeliaroHaJbHOI KaHOHIYHOI
dbopmu XKopaana 10 giaroHaabHOT HOPMH.

[Tpu gocmigKeHH! CTaHZApTHOI NMpoOJIeMH BIACHUX 3HAYEHb CIIJl PO3PI3HATH Taki
BUIIAAKH [9]:

. 30ypeHHsI MPOCTOrO BIACHOTO 3HAUYEHHS MaTpPHIIi, SIKa Ma€ JIHIIHHI eleMeHTapHi
IUIbHUKY;

. 30ypeHHsI KpaTHOT'O BJIACHOTO 3HAUEHHS MATpHIIi, SIKa Ma€ JiHiiHI eleMeHTapH1
IUIBbHUKY;

. 30ypeHHS MPOCTOrO BIACHOTO 3HAYEHHS MATPHUIll, sIKa Mae OJAWH abo Oiniblie
HEJTIHIHHUX €JIEMEHTapHUX J1THHUKIB;

. 30ypeHHsS KpaTHOTO BJACHOTO 3HAYCHHS, SKE BIAMOBiNAaEe HEIIHIHHOMY
€JIeMEHTapHOMY JAUTHHUKY TIOBHOT MaTPHIIi;
. 30ypeHHsI KpaTHUX BJIACHUX 3HAYEHB Al, KOJIU € OUIBII HIXK OMH €JIeMEHTapHUN

JITBHUK 3 MHOKHHKOM (Al — A) 1 TpUHAWMHI OJIMH 3 HUX HEIHIMHUM.

AHaNoriuHi BUMaJKU BUHUKAIOTH JIJISl y3araJbHEHO1 IPOo0OJIeMHU BIACHUX 3HAYEHb.

Ha ocHOBiI HaBeneHMX BHIIE MIpKyBaHb BUIHO, IIO IPU PO3B’A3yBaHHI 3ajad Ha
BJIACHI 3HAYCHHS 3 HAOMMKCHHMH BUXITHUM JaHUMH HEOOXI1THO PO3TISIATH IIJTUH Kiiac
3amag (1), (4) abo (2), (4), sIKi MaIOTh JOCUTH MIUPOKY MHOKUHY (POPMATBHO JOMYCTHMHX
PO3B’S3KiB.

Orxe, po3s’sizyBanHs Bciei AIIB3 3 HaOmmkeHUMU BHXITHUMH JaHUMH TIOJSTAE B
JOCJIIJDKEHHI MaTeMaTHYHUX BiactuBocTed 3amadi (1), (4) ado (2),(4), y BU3HAYCHHI
OIHOTO 3 JIOMYCTUMHUX PO3B’S3KIB 1Ii€i 3ajadi, a TaKOoX OI[IHOK CIaJKOBOi Ta
00YHCITIOBAIBHOT MTOXHOOK IHOTO PO3B’si3Ky TOMY Ha €Tarmi KOMIT IOTEPHOTO PO3B’sI3aHHS
3a/a4i MaloTh OYTH TMPOBENEHI JOCHIKEHHS, SKI BPaXOBYIOTh BKa3aHi BUIIE BUIAIKU
30ypeHb BIACHUX 3HAYCHD:



. BCTAaHOBHUTH ICHYBaHHS 1 €IMHICTH PO3B’ 3Ky KOMIT FOTEPHOI 3a/1a4i;

. JNOCTIANTH MOTO CTIHKICTP B MeXaxX piBHA MOXHOOK EJIEMEHTIB BUXIJIHUX
Matpuilb A Ta B (g4 Ta €3);
. BIJIMOBIAHO 10 BUSBICHUX BJIACTUBOCTEH 3a7adl BHU3HAYUTH €(PEKTUBHUI

aJITOPUTM PO3B’A3yBaHHS;

. OLIIHUTH CTIAJKOBY Ta OOUMCIIIOBATIbHY HOXHUOKH OTPUMAHOTO PO3B’sA3KY 3ajauli,
TOOTO BHW3HAYUTH OIHKY OJM3BKOCTI KOMIT IOTepHOTO po3B’si3Ky AIIB3 no tounOTrO
PO3B’S3Ky KOMII IOTEpHOT 3a/1a4i.

Buxopucranns napaJjieIbHUX aJITOPUTMIB IJIS JOCJTIIKEHHSI Ta PO3B’AI3YBAHHS
AIIB3 Ha O6ararosinepuux mnpouecopax Intel Xeon Phi. Buxonsum 3 anamizy
npaktuuHux 3amad, B I[IC mepenbadeHo po3B’s3yBaHHS 3a1ad Ha BIACHI 3HAYCHHS 3
TaKUMH JINCHUMH CHUMETPUYHUMH MATPHUISIMHU: II[UIbHI, TpHIiarOHANbHI, JOJATHO
O3Ha4YeHl PO3PIKEHI PI3HUX CTPYKTYP, 30KpeMa CTPiuKoBi [7, 8].

JI1st X MaTpuIb pO3MIIAIAI0THCS TaKl 3a7adi 3 HAOJMKEHUMHU JaHUMU:

. JTOCHIIUTA 1 po3B’si3atd  TNOBHY  craHmaptHy AlIB3 Ax=Xx 3
TPU11arOHATTFHOI) CHMETPUYHOIO MATPUIICIO A;

. JocHiauTH 1 po3B’s3aTé MOBHY cTraHmaptHy AIIB3 Ax =Ax 3 migeHOIO
CHUMETPUYHOIO MATPHUILICIO A;

. JNOCTIANTH 1 PO3B’SI3aTH YaCTKOBY (3HAXO/DKCHHS JCSIKUX MiHIMaTbHHUX

BJIACHUX 3HA4YeHb 1 BIAMOBIAHUX iM BIIACHUX BEKTOpPiB) cTaHmapTHy AIIB3 Ax =Ax i3
CTPIYKOBOIO CHMETPUYHOIO JI0/IaTHO O3HAYEHOIO MATPHIICIO A;

. JIOCHITUTH 1 pO3B’A3aTH 4YacTKOBY y3arambHeHy AlIB3  Ax =ABx i3
CTPIYKOBUMH Ta PO3PI[DKEHUMH JIOBUILHOI CTPYKTYPH CHMETPUYHHUMH  JTOAATHO
O3HaYCHUMHU MaTpUIsIMU A Ta B.

Jlnst po3B’sisyBaHHS Ha3BaHmx Bumie 3amad B I[IC pospoGneHo mapanenbHi
QITOPUTMH, SKi BUKOPHCTOBYIOTh apXiTEKTYypHI OCOOJMBOCTI MPOILECOPIB Ta TEXHOJOTIH
posmapanenenass MPI, OpenMP Tomo. Pi3Hi momudikamii cTBOpeHHX TapaieIbHUX
QITOPUTMIB BPaxOBYIOTh BCi PO3IVIAHYTI 3amadi i BuaAM Martpulb. Tak, QL-aaroputm
BUKOPHUCTOBYETHCS JJII OOYMCIICHHS BCIX BJIACHMX 3HAY€Hb SK TPHUIAIarOHAJIBHOI, TaK 1
MITBHOI CHMETPUYHOI MaTpuii. AJTOpUTM MeTony irepamiii Ha migmpoctopi [10]
BUKOPHUCTOBYETHCS IS PO3B’SI3yBaHHSA 1 CTaHAapTHOi, 1 Yy3araibHeHoi AIIB3 i3
CTPIYKOBUMHU CUMETPUYHUMHU MATPUIISIMH.

Kpim 1isoro, mi1s po3s’sizyBanss AIIB3 3acToCcOBYIOThCS mapasiebHi aJITOPUTMH IS
npornecopiB Intel Xeon Phi, mo peani3yloTe MaTpuyHi NEpeTBOPEHHS Ta MaTPUYHO-
BEKTOpHI omepariii. Hampukian, mapanensHi anroput™u s mporecopiB Intel Xeon Phi
MeToy XOJIEIbKOTO BUKOPUCTOBYIOThCS IpU po3B’s3yBanHi AIIB3 mMetonom itepaiii Ha
MIITPOCTOPl Ta TPHU aHaji31 JTOCTOBIPHOCTI OTPUMAHOTO PO3B’SI3KY YaCTKOBOI MPOOJIeMH
BJIACHUX 3HAYEHb 13 CTPIYKOBUMHU CHMETPUYHMUMHU MATPHUISIMU. J{JIs1 MpUBENCHHS LIUTBHOL
CUMETPUYHOI MAaTpHIl [0 TPUAIarOHAJIbHOI CUMETPUYHOI MaTpPHIll BHUKOPUCTOBYETHCS
MOCJTIIOBHICTh OPTOTOHAILHUX NEPETBOPEHb BINOOpaXeHHs (TapaieIbHUM aaropuTM JUIs
nporecopiB Intel Xeon Phi merony Xaycxonaepa) [10].

AHani3 10cTOBipHOCTI KOMI'IOTEPHUX pe3y abTaTiB. Skmo marpuns A fiiicHa i
CUMETpPUYHA, TO OOYHCIICHHS BIACHUX 3HAU€Hb I CHMETPUYHUX MATPUIb 3aBXKIH CTiiKe
1 ommspkicth 3amad (3) 1 (1),(4) abo (3) 1 (2),(4), BUBHAYAETHCS JHIIE MOXUOKOIO
BUXITHUX MaHux. OpHak MmoxuOKa OOYMCIICHHS BJIACHUX BEKTOPIB 3aJIeKUTh IIE 1 Bij
ONMU3BKOCTI BIACHUX 3HAYeHb. BisoMi Taki OIHKM MOXHOOK MPOCTOTO BIACHOTO 3HAYCHHS
1 BIIMTOB1THOT'O HOMY BJIACHOTO BEKTOpa [6]:



Saag 3

a2 %\
3BiJCH BUILTUBAE, III0 OOYUCIICHHS BIIACHUX 3HAYE€Hb CUMETPUYHNX MATPHIb 3aBXK/H
CTiiiKe, a OJMM3BKICTh PO3B’SI3KIB 3a4ad i3 30ypeHMMH 1 TOYHMMH BHUXITHUMHU JaHUMH

BU3HAYAETHCS JIMIIE TOXMOKOK (30ypeHHsM) BUXITHUX maHux. [loxmOka BIacHUX
BEKTOPIB 3aJICKUTH II€ 1 BiJ] OMTU3bKOCTI BIACHUX 3HAYCHbD.

Skmo A HaOnmrkae KpaTHEe BJIacHe 3HadeHHsA A; (i =p, p+1, ..., q) marpuui A4 Tta

>s (i#p p+l,...,q), a x— BiINoBiAHWI 10 A BiIacHUi BekTop 3amadi (1), To

icHye Takuii BekTOp f =0 ,X,+:-+0,X, (X;—BuacHi Bekropu 3amaui (3), ans

q
stkoro [11]:

7= <[ad]/s.
[ToBHy nmoxu6ky po3B’sizky AIIB3 (4.1.1), (4.1.4) MO>XXHa OLIHUTH TaK:
|7 =< (ad] +[A)s.

J¢ A Ta BEKTOpP X — HAOMMKCHE BIIACHE 3HAYCHHS Ta BiINOBIIHHI BIIACHHIA BEKTOP

minfl, < |

samadi (1), r = Ax — A — BEKTOP HEB’S3KH.

Y Bumaaky y3aranpHeHoi 3amadi (1) 3 CHUMETpHUYHUMH MATPHUISIMU Ta JOAATHO
03HAYEHOI0 MATPHUIICI0 A I BiJHOCHOI OOYHMCIIIOBAIBHOI MOXHOKH BJIACHUX 3HAYCHD
CIpaBeTNBI Taki omiHkH [12]:

~ ~ -1
R [i-a, HLA”H
min; = H<o——,
ARV )
abo
~ - -1
| o A4
min| /)= <l 1B
YRR
TyT A, X — oOuucieHa HaOMkeHa BlacHa mapa, A=L ALT , r=AX—-ABX,

Alr=% —XA_I(B)T), ||v||i1 =T 4y , ||v||2 =vIBy

[Ipu po3B’s3yBanHi yacTkoBoi AIIB3 MeTomom itepartiiif Ha MAMPOCTOPI MOYATKOBUH
nianpoctip £y MOXe BUSBUTHCS. OPTOTOHAIBHUM J0 OJTHOTO 3 ITYKaHUX BJIACHUX BEKTOPIB,
SKUW pa3oM 3 BIIMOBIIHUM BJIACHUM 3HAYEHHSIM B TAKOMY pa3i He Oy/1e 3HAWICHH.

BusiBuTH cutyalio, KOJu 4epe3 OPTOTOHAIBHOCTI JI0 IOYaTKOBOTO MiAIPOCTOPY HE
3HaiiieHa oxHa (a0o OuTbllie) 3 NIYKaHUX BIACHUX Tap, MOXHA, BHUKOPHUCTOBYIOUU
BiacTuBicTh mociigoBHOCTI LlITypma [8] xapakrepucTruunux noiiHomiB 3anad (1) a6o (2).
Jlns mporo Heobximuo mposectn LDL'-possumenns marpuni A—pB a6o A—pl Ta
MipaxyBaTl KiUTbKICTh BiJI’€MHHX €JIEMEHTIB JiaroHAJbHOI MaTpulli D, sika JOpiBHIOE
KUIBKOCT1 BlacHUX 3Ha4yeHb 3amadi (1) abo (2) BiamoimHo, MeHIUX 3a |. BubOuparoun
3cyB 1 = 1,01\, MO’)XHAa BU3HAYUTH, YU € BCi 7 OOUMCICHUX BJIACHUX Hap HIYKaHUMH
HaliMeHIUMH (Tak Oyje, KO KUTBKICTh BITACHUX 3HAYECHb, MEHIIIUX |, TIOPIBHIOE 7).



JdemoHcTpaniiina 3agada aociaigkeHHss Ta po3p’sasyBanua AlIB3 B IIIC.
Jocnigutu Ta po3B’si3aTH NMOBHY cranaapTHy AIIB3 Ax = Ax i3 IIIBHOIO CUMETPHYHOIO
MaTpHLEIO:

n-1 n-1 n=-2 .. 1
n-1 n-2 n-2 .. 2 1
4o n-2 n-2 n-3 1 ,
2 2 2 1
1 1 1 1 0

nopsiok sikoi 7n=3000. Enementu maTpuili 3a1adi TO4YHO.

Tounwmii po3B’si30k 3amaui (i, k=1, 2, ..., n):

_2 ‘
xk = 2sjnm -1, )?ik _ 4 COS(2k—1)(21—1)n '
2(2n+1) * N 2n+1 2(2n+1)

dparMeHT OPOTOKOIY PO3B’A3YBAHHA AEMOHCTpAIIWHOI 3a1ayi

The calculation of all the eigenvalues and eigenvectors
of symmetric matrices

Order of matrix = 3000
Matrix elements error = 2.220446049250e-16
Number of processor 1

FIRST 10 EIGENVALUES

-7.499999314818e-01 -7.499997259342e-01 -7.499993833512e-01
-7.499989037360e-01 -7.499982870886e-01
-7.499975334008e-01 -7.499966426788e-01 -7.499956149220e-01
-7.499944501143e-01 -7.499931482654e-01

LAST 10 EIGENVALUES

1.010650318596e+04 1.262461470615e+04 1.621587696314e+04
2.158948905334e+04 3.015427809917e+04
4.504573230440e+04 7.446395204051e+04 1.459502259993e+05
4.054189240721e+05 3.648777649982e+06

ESTIMATION EIGENVALUES

8.167817e-10 8.167817e-10 8.167817e-10 8.167817e-10
8.167817e-10

8.167817e-10 8.167817e-10 8.167817e-10 8.167817e-10
8.167817e-10

ESTIMATION EIGENVECTORS

3.973686e-03 3.973686e-03 2.384186e-03 1.702994e-03
1.324552e-03

1.083714e-03 9.169883e-04 7.947227e-04 7.012159e-04
6.274013e-04

The results are written to a file result.out



3 mpoTOoKOJy MU OaunMo, 1110 Oyra po3B’s3aHa MOBHA MPoOJeMa BIACHUX 3HAYCHD
CUMETPHUYHOI IIUIBHOT MaTpHIli, TOOTO 0OYMCIIEHO BCl BIACHI 3HAUCHHSI Ta BJIACHI BEKTOPH
cuMeTpuuHoi Marpuili. byno HaapykoBano 10 nmepmux ta 10 ocTaHHIX BIIACHUX 3HAYEHb, a
TaKOX OLIHKH JOCTOBIPHOCTI OOYMCJICHHMX BIACHHX 3HAYEHb Ta BJIACHHUX BEKTOpiB. Bci
o0unrcreHl BIacHI 3HAYCHHS Ta BJACHI BEKTOPH aBTOMATHYHO 30epexeHi y OiHapHOMY
daiini result.out.

Enementn marpuiii 3amaHi TO4yHO (TOOTO KOPHUCTyBad, 31HCHIOIOYH IOCTAHOBKY
3a/avi, BKa3as, 10 MaKCHUMallbHA BiJIHOCHA MOXUOKa eneMeHTiB matpuili nopiBaioe 0.0).
[Ipore BBEIECHHS €JIEMEHTIB B KOMIT IOTEp 3IIMCHIOETBCS 3 3a0KPYIJICHHSAM IO
macheps (1uB. 5), TOMy B IPOTOKOJIi Ma€EMO: Matrix elements error = 2.22.e-16.

BucnoBxku

B Iactutyti kibepueruku iMm. B.M. I'mymkoBa HAH Ykpainu cminbro 3 [epxaBHUM
mignpueMcTBOM  «EnekTpoHMam»  po3poOiieH0  mapaienbHuit KOMH’IOTep 3
Oararosinepaumu nporiecopamu Intel Xeon Phi HoBoro mokominus. Lleit komm’torep Oyne
BUKOPUCTOBYBATHUCS Il PO3B’sA3yBaHHSA 3a/lad OOYMCIIOBAIBHOI MaTEeMaTHUKH, SKi
BUHUKAIOTh MPU MaTeMaTHYHOMY MOJIENIOBAaHHI B PI3HUX MpeAMETHUX obmacTsax. Taki
3a/1a4i MarOTh HAOMMKEH1 J1aHi, TOMY 1X KOMIT IOT€pPHI MOJEINi € 3aJa4aMu 3 HEBiJOMUMU
MaTeMaTHYHUMH BJIACTHBOCTSIMH, SKI MalOTh OyTH JOCIIHKEHI B KOMIT IOTE€pPl 3 METOIO
BUOOPY HEOOX1THOTO aIrOPUTMY Ta IPOTPaMU PO3B’A3yBaHHS.

CTBOpeHHS aJropuTMiB 1 MTpOrpaM MJisg KOMITIOTEPIB PI3HUX TapalieIbHUX
apxiTeKkTyp, B ToMy umcii 3 mporecopamu Intel Xeon Phi, morpebye 3HauHOrO yacy ta
BUCOKOi KBami(ikamii KOPHCTyBadiB, IO BOJOJIIOTh HABHUKaMHU IapajeIbHOTO
IIpOrpaMyBaHHs 3 BHUKOPUCTAHHSM Takux cucteMm nporpamyBaHHs sk MPI, OpenMP,
CUDA Tomro.

3anmpornoHOBAaHO TEXHOJIOTII0 AaBTOMATUYHOTO MJOCHTI/KEHHS Ta pO3B’SA3yBaHHS 3
OIIHKaMH JTOCTOBipHOCTI pe3ynbTaTiB AIIB3 3 HabmmwKkeHUMH JTaHUMH Ha OaraTtosaepHUX
napajeilbHUX KoM 'torepax 3  mporecopamu  Intel Xeon Phi, koHuenTyaisHUMH
NPUHIATIAMH SIKO] €:

. MIOCTAaHOBKA B KOMIT FOTEPI 3a7a4i 3 HaOJMKEHUMH JaHUMHU Ha MOBI1 IPEIMETHOI
obacrTi;
. aBTOMAaTH3allisl TPOLECIB  KOMIT IOTEPHOTO  JIOCHI/KEHHS MaTeMaTUYHHX

BJIACTUBOCTEH 3a/adi, BUOOPY JITOPUTMY 1 CHHTE3y MpOrpamMu po3B’s3yBaHHS HA OCHOBI
napajiejgbHUX aJrOPUTMIB, SKI BPAaxOBYIOTb MaTeMaTHUHI Ta apXiTEKTypHI MOKJIMBOCTI
nporecopis Intel Xeon Phi;

. BUKOPUCTaHHS €(QEeKTHBHUX MapajelbHUX alrOpUTMIB Ta TWporpam, sKi
BPaxOBYIOTh MaTEeMaTH4HI Ta apxITEKTYpHI OCOOJHMBOCTI TPOIECOPHUX MPHUCTPOIB
Intel Xeon Phi, a Takox xapakTepHi BIaCTUBOCTI 3a/1a4i Ta CTpYKTypy MaTpuils AIIB3;

. PO3B’sI3yBaHHS 3a/1adi 3 OI[IHKOIO JIOCTOBIPHOCTI OJCP)KYBAaHUX KOMIT IOTEPHUX
pe3yibTaris;

. 3pYYHHH 1HTEJICKTYyaIbHUM 1HTep(EIC 715 CIIIKYBaHHS 3 KOPUCTYBAuEM.

OcHOBHI nepeBaru BUKOPUCTAHHS pPO3pOOIEHOT TEXHOJIOTII:

. 3BIJILHEHHSI KOPHMCTYBadiB BiJl pOOOTH IO JOCIHIIKEHHIO 3a71a4, CTBOPCHHIO
napajeIbHUX alrOpUTMIB Ta MporpaMm, MHI0 3HAYHO CKOPOYYE dYac TIIOCTAaHOBKH 1
PO3B’sI3yBaHHS 3a/1a4 HAYKU Ta 1HKEHEPIi;

. rapaHTis JOCTOBIPHOCTI KOMIT FOTEPHOTO PO3B’S3KY 3a/1a4i;

. 3a0e3nedeHHs1 poOOTH KOPUCTyBavya Ha KOMIT FOTEpI 31 CKJIATHOIO MapajieIbHOI0
apXITEKTYpOI0, K Ha OJHOIPOIIECOPHOMY KOMIIT IOTepi.
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RESUME

A.N. Khimich, A.V. Popov, T.V. Chistyakova, O.V. Rudich, A.V. Chistyakov

The intelligente system for the investigating and solving of eigenvalue problem
on parallel computers with processors Intel Xeon Phi

Mathematical modeling and the numerical experiment associated with it are at
present one of the main tools for studying various phenomena of nature, processes in the
economy, and society. However, the continuous growth of the parameters of tasks that
arise in this case, the calculation of more complete models of objects and processes on
computers requires a continuous increase in the productivity of computers. The
requirements for high-performance computing far outstrip the capabilities of traditional
parallel computers, even though the processors are multi-core. To date, this problem is
being solved using hybrid computers of various architectures, for example, using graphics
processors, Intel Xeon Phi processors and the like.

Along with the growth of computing capabilities of modern computers, the problems
of their use are also growing. There are problems with efficient use of parallel computers
(selecting the necessary number of processors, distributing information by processors,
synchronizing calculations and exchanges, etc.). Another very important problem is the
reliability of computer results. In the computer after the introduction of the given task, a
computer model arises, whose properties may differ from the properties of the initial
mathematical model. Therefore, in some cases, when solving practical problems on
computers, solutions are obtained that have no physical meaning.

The solving of the algebraic eigenvalues problem of large dimensions is one of the
fundamental problems of numerical modeling in many subject areas. The paper offers a
technology for automatic investigation and solving of eigenvalue problem with
approximate data in an intelligent system that operates on a computer with multi-core
processors of the new generation Intel Xeon Phi. The use of such an intelligent system
frees users from the problems of investigating the properties of tasks, creating appropriate
parallel algorithms and programs, analyzing the reliability of the results obtained.

s

MaremaTuuHe MOJACTIOBAHHS 1 OB’ SI3aHUN 3 HUM YHCEIbHHUI €KCIIEPUMEHT B JTaHUI
yac € OJHUMH 3 OCHOBHUX 3ac00iB BHMBYCHHS PI3HHMX SBHUII MPUPOIH, IPOIECIB B
eKOHOMIIIl, cycniiabeTBi. [IpoTe Oe3nepepBHE 3pocTaHHs MapaMeTpiB 3a4a4, AKi IpU [bOMY
BUHHMKAIOTh, PO3PaXyHOK Ha KOMIT IOTE€pax OLIbII MOBHUX MOJENIEH 00 €KTIB 1 MpOIECiB
BUMarae Oe3MepepBHOrO 3pPOCTaHHS MPOXYKTHBHOCTI KOMIT'IOTepiB. Bumoru 10
BHCOKOIIPOJAYKTUBHUX OOYMCIICHb Ha0araTo BHIIEPEHKAIOTh MOXKIMBOCTI TpaJAHIIHUX
napajnegbHUX KOMII'IOTEpiB, HaBITh HE 3BaKalouM Ha OararosiepHicTh mporecopi. Ha
CHOTOJHINIHINA JIEHB 111 Tpo0JIeMa BUPIIIYEThCS BUKOPUCTAHHSAM TiIOpPHUIHUX KOMIT IOTEPIB
pi3HOI apXiTEeKTypH, HANPUKIAA, 3 BUKOPUCTAHHSAM TpadiuHUX MPOLECOpPIB, MPOLECOPIB
Intel Xeon Phi Tomro.

Pazom 13 3pocTaHHSAM OOYMCITIOBAJBHUX MOMJIMBOCTEH CydacHHX KOMII'IOTEpiB
pocTyTh 1 pobiemu ix ekcrutyatarii. [ToctaroTe mpoOiemMu eheKTUBHOTO BHKOPHCTAHHS
napajeIbHUX KOMIT'IOTEepiB, SKi TOB’A3aHI 3 ypaxyBaHHAM iX apXiTEKTYpHHUX
oco0MBOCTEN (BHOOPY HEOOXITHOI KUIBKOCTI MPOIECOpiB, po3moaury iHdopmarii 1o
mpolecopax, CHHXPOHI3almii OOYMCIeHb Ta OOMIiHIB 1 T.1.). [HINOIW AyXe BaKIMBOIO
poOJIEMOIO € TOCTOBIPHICTH KOMIT IOTEPHUX PE3yNbTaTiB. B KoMIT t0Tepi Micisi BBEICHHS
JaHUX 33734l BUHHUKAE 1i KOMIT IOTEPHA MOJEIb, BIACTUBOCTI SIKOT MOXYTh BiJpi3HSATHUCS
BiJl BJACTUBOCTEH BHUXimHOI MareMaTHyHOi Mozaedi. ToMy B JAeSKHX BHIIQAKaX IPH



PO3B’sI3yBaHHI MPAKTUYHUX 3a/7a4 Ha KOMIT IOTE€pax OJCPKYIOTh PO3B’SI3KH, 110 HE MAIOTh
¢izugHOTO 3MICTY.

Po3B’si3yBanHs anreOpaiyHoi mpoOJSieMH BJIACHUX 3HAYCHb BEIUKHX PO3MIPIB €
OJIHI€I0 3 (PyHIAMEHTaJbHHUX 3a/1a4 YHCEIHHOTO MOJAETIOBAHHS B 0araTbOX MpPEIMETHUX
obmactsax. B po0OOTI TPOMOHYETHCS TEXHOJOTISI ABTOMATHYHOTO JIOCHIKEHHS Ta
PO3B’s3yBaHHs NPOOJIeMH BIACHUX 3HAUY€Hb 3 HAONM)KEHUMH JIaHUMH B 1HTEJCKTYaJIbHil
cucteMi, sika (YHKIIOHYE Ha KOMIT' IOTEpl 3 OaraTosSACpHUMH MPOIeCOpaMHU HOBOTO
nokoxninHsa Intel Xeon Phi. BukopuctanHs Takoi 1HTENEKTyalbHOI CHUCTEMH 3BUIbHSE
KOPHUCTYBaYiB BiJl MPOOJIEM TOCHIKEHHS BJIACTHBOCTEH 3a7a4, CTBOPEHHS BiAMOBIIHUX
napajiejgbHHUX alTOPUTMIB Ta IPOrpam, aHaji3y JOCTOBIPHOCTI OJEPKYBAaHUX PE3YJIbTaTiB.



