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3mict gumcepramii. Y  BeTymi  OOTpYHTOBAaHO — aKTyalbHICTh — TEMH,
chopMyabOBAaHO METY Ta 3ajayl JAOCHIKEHb, PO3KPUTO HAYKOBY HOBH3HY Ta
MPaKTUYHY LIHHICTH pOOOTH, IPEJICTABIICHO 11 3arajibHy XapaKTEPUCTUKY.

Y po3aini 1 po3mIsTHYyTO OCHOBHI €Tand PO3BUTKY METOAIB HErIaaKol
onTHUMi3allli, 30KpeMa METOJIU 3 PO3TATOM MPOCTOPY Ta METOAU (PEEPIBCHKOIO THUITY, A
TAaKOXK IXHE 3acTOCyBaHHA. JlaHO KOPOTKY XapaKTEPUCTUKY CYYaCHOTO CTaHy
PO3BUTKY METOJIB ONTHUMI3allli Ta HaBEACHO HM3KY ITyOJiKallid aBTOpIB, IO HOro
onucyloTh. I[IpoaHanizoBaHo poOOTH BITYM3HAHMX Ta 3aKOPJOHHUX BYCHHX:
I'acuikoBa O.B., I'epmoBuua B.I., T'onsmreitna €.1°., Janumina KO.M., Jlem’sitHoBa
B.®., €srymenka 0.I'., €EpmonreBa F0.M., €promina L.I., Kanana B.I'., KypOenka
M.I'., 3opkanbieBa B.l., Hemiposchkoro A.C., HectepoBa HO.€., HypmiHcbkoro
€.0.,, Ilongka b.T., ITmenuunoro b.H., Pxxescekoro C.B., CxokoBa B.A., Crenenka
C.I, Cremoka ILI., ®enopoa B.B., Illopa H.3., Illenakina M.b., FOnina JI.b.,
Agmon S., Boyd S., Fletcher R., Harchaoui Z., Hestenes M., Karzan F., Kelley J.,
Konig H., Motzkin T., Pallaschke D., Polak E., Reeves C., Schoenberg I., Shrader R..
VY poboTax BWINEHABEJACHUX ABTOPIB BUKJIAJCHO 3arajbHOBIIOMI TPAI€HTHI Ta €-
CcyOrpaJieHTHI METOAM U aJIrOpuTMU JJis PI3HUX 3aJad ONTUMI3allli, acHeKTH
YUCEJILHOTO Ta €KCIEPUMEHTAJILHOTO aHaII3y aJTOPUTMIB Ta IXHE 3aCTOCYBaHHS J10
IITUPOKOTO CTIEKTPY MPHUKIIATHUX 33]1a4, @ TAKOK HOBITHI aJTOPUTMH Ta MOAHQIKaIIii,
PO3p00JICH] BITPOJIOBXK OCTAaHHIX POKIB.

BuknageHo TeopeTHYHI OCHOBH HHU3KH BIJJOMHX METOJIB  HEIJIaJKOl
ONTHUMI3allli, OMUCAHO TXHIM PO3BUTOK Ta MOKPAIIEHHS pi3HUMHU aBTopamu. Ha ocHOBI

MIPOBEICHOTO OTJIS Y 3p00JICHO BUCHOBKH Ta MOCTABJICHO 3a/1aul JJIsl JJOCII1IKSHHS.



VY po3aiii 2 po3riasHyTO KJIAaCHYHUIN CyOTrpalieHTHUI METOJT 3 KpokoM [lossika
Ta HWOro MoaAu(DiKaIiio A7 3HAXOMKEHHS TOYKH MIHIMyMY SIPYKHHUX OIYKIIUX
(GYHKII 3 BIJOMUM ONTHMAJbHUM 3HAa4eHHSM. |11 KIIaCHYHOTO CyOrpaji€eHTHOTO
meTony 3 KpokoM Iloisika HaBeneHO OOIPYHTYyBaHHSI MOHOTOHHOCTI 3MEHIIEHHS

BIJICTaHi 10 TOYKH MIHIMyMY Ta IIBHUIKOCTI 301KHOCTI /IS IBOX THUIIIB (DYHKITIH: JIs
JOBUIBHOT OMyKJI0i (PYHKIII IIBHIKICTH piBHA O(l/ N/ k) (tyr k — KinbkicTb

iTepariiit), 1 omykiioi GyHKIIi 3 TOCTPUM MIiHIMyMOM — IIBUAKOCTI T€OMETPHYHOI
nporpecii. Kinacuunuii cyOrpaaieHTHud Meron 3 kpokoMm I[lonska ynockoHasieHO

CKUISIPHUM MapamMeTpoM M>1, gkuid sBJsIE COOOK0 MaKCUMAaJbHE 3MIIIEHHS IO

omyknocTi (yHKIIi, Sike He BifKMJae Jokamizamilo Touku X . Lleil mapamerp nae
3MOTYy BpaxyBaTH JIedKl CHeIlialbHI KJacu ONyKIuX (yHKIH, Hanpukian,
KBaJpaTU4HI Mgkl QyHKUli, AudepeHIHOBHI OAHOPIAHI 3 MOKAa3HUKOM G TOIIO.
st momudikoBaHoro mapamerpom M>1 mMeroay OOIpYHTOBAaHO MOHOTOHHICTB

3MEHIICHHS BIJCTaHI JO TOYKA MIHIMyMYy Ta IIBHJAKICTh 30DKHOCTI, fIka piBHA
O(l/ x/k) Ipy MiHIMI3aIll JOBUTHHOI OMYKJI01 (PYHKITIT Ta MIBUIKOCTI TE€OMETPUYHOL

nporpecii 'y BHUNAQAKy MiHIMI3amii omykioi ¢yHKIII 3 TOCTPUM MIHIMYMOM.
[IpoBeneHO HUBKY OOUYMCIIOBAIILHUX EKCIEPUMEHTIB 3 MiHIMI3allli TIIagKux Ta
HETJIAJKUX SPYXKHUX ONykiaux (QyHKiin 3 Bukopuctanusm Octave-mporpamu
PolyakA, sika peanizye kinacuuHuii cyOrpagieHTHUI MeToa 3 KpokoM [lorsika ta fioro
moaudikoBanuii mapamerpom M >1 Bapiant. IlokazaHo, 10 KJIACUYHHIA
cyOrpanieHTHHI MeToJT 3 KpokoM [lomsika moTpeOye 3HaYHOT KUTBKOCTI 1Tepaliil s
3HAXOXKEHHSI TOUKU MIHIMYMY SIpY>KHOI onykioi @yHkuii. [IporemMoHcTpoBaHo, 1o
MoaudikoBaHWM TapamMeTpoM M>1 MeToj mpamre CyTTEBO IMIBHIIIE, HIK
KJIACHYHUM METOJI, TOMY MOXE€ YCIIIIHO 3aCTOCOBYBATHChH [IJIsi MiHIMi3allii
CHellajJbHUX KJIaciB OMYKJIUX (DYHKIIIH.

Y po3apini 3 posrnsHyTO CyOrpamieHTHUN Meton 3 KpokoMm [lomska B
NEePETBOPEHOMY MPOCTOP1 3MIHHMX JJI 3HAXO/KCHHS TOYKU MIHIMyMY SIPYKHUX

omykiux (yHKII 3 BIJOMUM ONTUMAJIbHUM 3HadYeHHsIM. HaBemeHo cxemy



MoauGikalii KIaCHYHOTO CyOrpagi€eHTHOro MeToay 3 KpokoM I[lomska miHIMHUM
MIEPETBOPECHHSM TIPOCTOPY, SKE BUKOHYETHCS 3 BUKOPUCTAHHSM HEBUPOHKEHOT

Matpuili B. OOrpyHTOBaHO MOHOTOHHICTh 3MEHIIIEHHS BIZICTaHI 10 TOYKH MIHIMyMY

Ta MBUAKICT 301KHOCTI MOAM(PIKOBAHOTO METOAY, SKa pIBHA O(l/ \/k) npu

MiHIMIi3aIli JAOBUIBHOT OMYKJIOi (YHKIIT Ta MIBUAKOCTI T€OMETPUYHOI Mporpecii y
BUMAJKY MiHIMI3alii omykiaoi GyHKIT 3 rocTpuM MiHIMyMOM. MoaudikoBaHMiA
METOJ yIIOCKOHAJICHO CKaJSIPHUM MapameTpoM M>1 — MaKCHMaJIbHHM 3MIIICHHIM
0 OMYKJOCTI, IO Jla€ 3MOTY BpaxoOBYBaTHU JEsKi CIEIlabHl KJIACH OIyKIUX
¢ynkuiin. OOrpyHTOBAaHO MOHOTOHHICTh 3MEHIIEHHS BIJCTAaHI JO TOYKH MIHIMyMY Ta
MIBUJIKICTh 30DKHOCTI TaKOTO METOJY B BHUIIQJIKy MIHIMI3aIlli JOBUIBHUX OIMYKJIHUX
byHKIIH Ta onykiIuX (YHKINNH 3 rocTpuM MiHiMyMoM. HaBegeno Octave-pearnizaitito
PolyakB cyorpanientHoro metomy 3 kpokom [loiisika B mepeTBOPEHOMY MPOCTOPI
3MIHHUX 1 mapamerpom M>1 Ta i pgeranbHuii omwmc. IlpoBeneHo HU3KY
O0OUYHCITIOBAIbHUX EKCIIEPUMEHTIB 3 MiHIMI3allli TJIAJKUX Ta HETJIaJAKUX SPYKHUX
omykiux (QyHKImiH 3 BukopuctaHHsMm mnporpamu PolyakB. Tlokaszano, mro
cyOrpamieHTHHii  MeTtoj 3  kpokoMm llomska, wmonudikoBaHuii  JTIHIHHUM
MEPETBOPCHHSIM TIPOCTOPY Ta mapameTpoM M>1 moTpedye CYTTEBO MEHIIO1
KUTBKOCTI 1Tepalliid, HDK KJIACUYHUM METOJ| MpU MIHIMI3aIli TJIaJIKUX Ta HErJIaJKuX
APYKHUX ONYKINX (PYHKIIHA, TOMY MOXE YCIIIIHO 3aCTOCOBYBAaTHUCh Ha IMPAKTHIII.
HaBeneno  uucenbHi  pe3ynbTaTd  OOUYMCIIOBAIBHUX  €KCIIEPUMEHTIB,  SIK1
MATBEPIKYIOTh €(DEKTUBHICTh OMUCAHUX METO/IIB.

VY po3aiii 4 10CHIAKEHO HU3KY CyOrpaJleHTHUX METOAIB 3 NEPETBOPEHHAM

IPOCTOPY Ta iXHE 3aCTOCYBAHHs [V 3HAXOLKEHHs L, -pO3B’SI3KIB CHCTEM JIHIHHUX
piBHsHb pisHoro tumy. CQopMynbOBaHO 3ahady 3HAXOKEHHS L, -po3s’s3ky

CUCTEeMM JIHIMHUX DPIBHSHB SK 3agady MiHIMi3auii omykioi QyHkuii. Po3riasHyTo
y3arajJbHEHHI METOJ ENIINCOIAIiB Ta Horo 3arajbHa cxema. HaBeneHO ommc ABOX
ONMYKJUX 3a/ay, sKi MOXKHa pO3B’A3yBaTH 3 MOro BUKOPHUCTAHHAM. Po3risiHyTO

3a/layy BU3HAYEHHs TapameTpiB JHIAHOI perpecii y QopMi 3amayl MiHiMi3alii



HernaaKol (yHKIii, o sBisle €000t L -HOPMY HEB’S3KH CHUCTEMH JIHIHHUX

piBHSIHB. PO3p00IieHO anropuT™M METOLy EIIICOiNIB, AKHI 103BOJISIE PO3B’SI3yBaTH 1110

3a/1auy JJid BEIMKUX 3HaueHb nmapamerpa P >1. [IpoBeneHo HU3KY OOUYMCIIOBATIBLHUX

EKCIIEPUMEHTIB JIJISl TPHOX 3a]1ad alpOKCUMAIlil CIIOCTEPEIKEHb, 110 MICTATh aHOMATII,
JTHIAHOIO Ta KBAJPAaTUYHOK (YHKIISAMHU 3a JOMOMOTOI0 aJIrOpuTMa Ha OCHOBI
MeToay enincoiniB. [IpoBeneHo MOpiBHSHHS Pe3yJbTaTiB POOOTH 3aIPOIIOHOBAHOTO
QITOpUTMAa 3 pe3ysbTaTaMd KIACHYHMX METOJIB, IO BIiJMOBIIAaOTh 3HAYCHHSIM

mapametpa pP=12,00. Po3pobimeHo cxeMy 3BEICHHS 3aJadi alpOKCUMAIIii

CIIOCTEpEKEHb KBaJApaTUYHOIO (YHKIIEI0 JI0 3a/Jadl BU3HAUCHHS MapaMeTpiB
JHIAHOI perpecii, o Ja€ 3MOTYy PO3B’sI3yBaTH 3ajayi arpoKcHUMallii B TOCTAHOBII
OCTAHHBOI. 3aIIPOINIOHOBAHO AJITOPUTM HAa OCHOBI METOY €IIINCOINIB AJI pO3B’A3aHHS

3aja4l 3HaXO/UKEHHs L -pO3B’sI3Ky CHCTEMHU JIHIHHUX DPIBHSHB 3 IBOCTOPOHHIMH

0OMEXEeHHAMM Ha 3MiHHI: asiroput™ FOmiHa — HeMipoBCBKOTO, SIKMii BUKOPHUCTOBYE
H -popmy wmerony emincoimiB. HaBemeno Tpu ¢yHKIIl, a0 MiHIMI3AIT SKUX
3BOJIUTHCS 3aJlada 3HAXOKCHHSI PO3B’SI3KYy CYMICHUX CHCTEM JIHIWHUX DPIBHSHbD.
[IpoBeneHO HM3KY OOUMCIIOBAIBHUX €KCHEPUMEHTIB JUIsl PO3B’sI3aHHS III€T 3a/1a4l B
TPbOX MOCTAHOBKAX 3a JOMOMOIOI0 KJIACUYHOTO Ta MOAU(PIKOBAHOTO MEPETBOPEHHSIM
pocTopy Ta mapamerpoM M>1 cyOrpaaienTHoro Meroay 3 kpokom llosmska, a
TaKOXXK amsg2p — cyOrpafieHTHOTO METOIYy, B SKOMY MEPETBOPEHHS MPOCTOPY
BUKOHYETBCS 32 JIOTIOMOTOIO JIBOX OCTaHHIX CyOrpaJliEHTIB Ta arperaTHOrO BEKTOpA.
Pe3ynbTaTi €KCIEpUMEHTIB MOKa3yOTh, 10 3aMPONIOHOBAaHI METOAM MOXHA YCITIIIIHO
3aCTOCOBYBATH IS PO3B’S3aHHS CYMICHUX CHCTEM JIIHIMHUX PIBHSHbD.

Y po3aini 5 po3pobneHo mporpamHi - peamizamii  KJIACHYHOTO  Ta
MOJAU(PIKOBAHOTO EPETBOPEHHAM MPOCTOPY Ta MapaMeTpoM M=>1 cyOrpaai€eHTHOro
MeTtony 3 kpokoM Ilomsika moBoro C++. PeanizoBaHo mpoueaypu Ijsi OOUHUCICHHS
3Ha4YeHb (YHKIINH Ta iXHIX CyOrpajil€eHTIB y 3aJaHiil TOYIll JJIsI MPUKIAAIB, IO
po3rasaanuck y po3aiiax 2-4. HaBeneHo 1onoMixKHI (PyHKIIT AJis 3aITyCKy TECTOBUX

MPUKIAAIB 3 YKa3aHUX PO3MUIIB Ta PEryJIlOBaHHS BXIAHUX MmapaMmerpiB. [laHo



JeTaJIbHUM OMKC YCIX PO3POOJICHUX MPOrpaMHUX (DYHKIIIN Ta BKa31BKU MIOA0 IXHBOTO
3aIyCKYy.
KurouoBi cioBa: cyOrpamienTuii meton 3 kpokoMm [lomsika, mepeTBOpeHHs

[IPOCTO METOJI edincoimiB, JIHIMHA perpecis, L,-po3B’s30K CUCTEMH HIHIHHUX
b M 5 p

PIBHSIHB.



ABSTRACT

Stovba V.O. Subgradient method with Polyak’s step in transformed space. —
Qualifying scientific work as a manuscript.

Dissertation for a Doctor of Philosophy Degree by specialty 113 Applied
mathematics. — V.M. Glushkov Institute of Cybernetics of the National Academy of
Science of Ukraine. — Kyiv, 2020.

The contents of the dissertation. In the introduction the relevance of the
research topic is substantiated, the research purpose and tasks are formulated, the
research scientific novelty and practical value are explained, and its general
description is presented.

In Chapter 1 the main stages of non-smooth optimization methods
development are considered, including methods with space transformation and Fejer-
type methods, and their applications. Given are brief description of the state of art of
optimization methods development and set of authors’ publications describing it. The
works of the following domestic and foreign scientists are analyzed: Gasnikov O.V.,
Gershovich V.1., Holshtein E.G., Danilin Y.M., Demyanov V.F., Evtushenko Y.G.,
Ermoliev Y.M., Eremin LI, Zhadan V.G., Zhurbenko M.G., Zorkaltsev V.I.,
Nemirovskii A.S., Nesterov Y.E., Nurminskii Y.O., Polak E., Polyak B.T.,
Pshenychny B.N., Rzhevskii S.V., Skokov V.A., Stetsenko S.l., Stetsyuk P.I.,
Fedorov V.V., Shor N.Z., Schepakin M.B., Yudin D.B., Agmon S., Boyd S., Fletcher
R., Harchaoui Z., Hestenes M., Karzan F., Kelley J., Konig H., Motzkin T.,
Pallaschke D., Polak E., Reeves C., Schoenberg I., Shrader R.. In publications of the
authors above well-known gradient and ¢-subgradient methods and algorithms for
various optimization problems are presented. Different aspects of numerical and
experimental analysis of algorithms, their applications to wide range of applied
problems, and modern algorithms and modifications developed within last years are

given too.



Theoretical basis of some well-known non-smooth optimization methods is
presented, their development and improvement by various authors is described.
Based on conducted review conclusions are made and problems are set to be
Investigated.

In Chapter 2 classical subgradient method with Polyak’s step and its
modification were considered for finding minimum point of ravine convex function
with minimal value known. For classical subgradient method with Polyak’s step

monotony of distance decrease to the minimum point and convergence rate for two

types of functions are given: for random convex function the rate equals O(l/ Jk ) (k

— the number of iterations) and for convex function with acute minimum the rate
equals geometrical progression rate. Classical subgradient method with Polyak’s step
Is improved with scalar parameter m>1, which is maximal shift on convexity of the
function to be minimized that does not reject localization of the minimum point. This
parameter permits to take into account some special classes of convex functions, for
example, quadratic smooth functions, differentiable homogeneous of degree o, etc.

For the method modified with parameter m>1 monotony of distance decrease to the

minimum point and convergence rate are justified, which equals O(l/ﬁ) in case of

random convex function minimization and geometrical progression rate if convex
function with acute minimum is minimized. Conducted is set of computational
experiments for minimization of smooth and non-smooth ravine convex functions
using PolyakA Octave program, which implements classical subgradient method
with Polyak’s step and its modification with parameter m>1. It is shown that
classical subgradient method with Polyak’s step requires a great number of iterations
for finding minimum point of ravine convex function. It is demonstrated that the
method modified with parameter m>1 works significantly faster than classical
method, so it can be used for minimization of special classes of convex functions

successfully.



In Chapter 3 subgradient method with Polyak’s step in transformed space is
considered for finding minimum point of convex function with minimal value known.
Presented is how classical subgradient method with Polyak’s step can be improved
using linear space transformation, which is implemented with nonsingular matrix B.

Justified are monotony of distance decrease to the minimum point and convergence

rate of the modified method, which equals O(l/\/E) in case of random convex

function minimization and geometrical progression rate if convex function with acute
minimum is minimized. Modified method is improved with scalar parameter m>1,
which is maximal shift on convexity that permits to take into account some special
classes of convex functions. Justified are monotony of distance decrease to the
minimum point and convergence rate of the method in case of random convex
functions and convex functions with acute minimum are minimized. Presented are
Octave program PolyakB of subgradient method with Polyak’s step and space
transformation and parameter m>1, and its description in detail. Set of
computational experiments for minimization of smooth and non-smooth ravine
convex functions using PolyakB was conducted. It is shown that subgradient method
with Polyak’s step improved with space transformation and parameter m>1 requires
significantly fewer number of iterations than classical method in case of smooth and
non-smooth ravine convex function minimization, so it can be successfully used in
practice. Presented are numerical computational experiments results, which confirm
effectiveness of the methods described.

In Chapter 4 set of subgradient methods with space transformation are

investigated, as well as their application to finding L -solutions of linear equation
systems. Presented is problem of L -solution finding of overdetermined linear

equation system as convex function minimization problem. Considered is generalized
ellipsoid method and its general scheme. Two convex problems are described, which
can be solved using this method. Considered is linear regression parameters

determination problem as non-smooth function minimization problem. The function



is L,-norm of linear equation system residual. Developed is the ellipsoid method

algorithm that permits to solve this problem for big values of parameter p>1.

Conducted is set of computational experiments for three problems of approximation
of observations containing outliers with linear and quadratic functions using
algorithm based on ellipsoid method. Conducted is work comparison of the algorithm

presented and classical methods corresponding to parameter values p=1,2,.

Developed is reduction scheme of problem of observation approximation with
quadratic function to linear regression parameters determination problem, which
permits to solve approximation problems in terms of the last. Presented is the

algorithm based on ellipsoid method for solving of the problem of L -solution

finding of linear equation system with two-sided constraints on variables: Yudin —
Nemirovskii algorithm that uses H -form of the ellipsoid method. Shown are three
functions to minimization of which problem of finding of consistent linear equation
system solution can be reduced. Set of computational experiments was conducted for
solving this problem in three forms using classical and modified with space
transformation and parameter m>1 subgradient method with Polyak’s step, and
amsg2p — subgradient method, where space transformation is made using two last
subgradients and aggregate vector. Numerical experiment results show that proposed
methods can be successfully used for solving consistent linear equation systems.

In Chapter 5 C++ program implementations of classical and modified with
space transformation and parameter m>1 subgradient method with Polyak’s step
were developed. Also procedures for calculation of objective function values and
their subgradients at given point for examples from chapters 2, 3, and 4 are
implemented. Additional functions for launching of test examples from chapters
mentioned above and input parameters regulation are presented as well. Moreover,
detailed description of all program functions developed and instructions for their
launching are given.

Key words: subgradient method with Polyak’s step, space transformation,

ellipsoid method, linear regression, L -solution of linear equation system.
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