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L 1. Intreduction
U n d e r R | S k a n d Combinatorial Optimization Problems (COPS) are ubiquitovs and widespread

in modeling of real-world problems of Geometric Design and Operational
Research (see, for instance, Pardalos et al. 2013).

.
Uncertaint s mimton s ol Oz Conptt
Complexity Theory was made by N. Z_Shor. He proposed an original technique

for obtaining dual bounds on the optimal value of the objective function

in quadratic optimization problems (Shor 2011). This technique includes

an alsnmhm for obtaining the quad.rauc duoal bounds by solving auxiliary
bl

lled the r-algorithm (see Shor

etal 1997), Another component of the approach is searching for superflows

Alexei A. Gaivorons| constraints for the initial problem and then utilizing them to refine the dual
Pavel S. Knopov and bounds. The additional constraints depend on the type of problems and are

VO'Odymyl‘ A, Zasla\rskyi (eds.) selected such that the above bounds can be improved.
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B" analytic representations

B" = {0,1}"

Equivalent analytic representation of the condition x € B":

* 2 _ s
xi—x;=0,i=1,n

(xt —05)% 4 ...+ (x,— 052 =n/4,0< x5, <1,i=1,n

(x1 —0.5)> 4 ... + (x, — 0.5) = n/4;
(x1 —0.5)* + ... + (x, — 0.5)* = n/16
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The maximum independent set problem (MIS)

Let G = (V(G), E(G)) be an undirected graph with vertex set V(G) =
{1,...,n} and edge set E(G) C V(G) x V(G).

An independent set (stable set) in G is a subset of V(G) (further
S C V(G)), whose elements are pairwise non-adjacent.

Let S(G) be a set of all independent sets in G. Then

VS € S(G),Vi,j € S,i#j,{i,j} & E(G). (1)

MIS aims to find an independent set $* € S(G) of maximum cardinality.
The size of a maximum independent set is called the stability number of
G and is denoted by a(G).

a(G) =|5"[ = Semsa(é)ISI- (2)
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COPs and ECOPs

Combinatorial Optimization Problem (COP): find

fr=f(r") = extr f(m), (3)
el Chn

where I1 is a search domain, which is a combinatorial set, such as the permutation
set, sets of graphs, and I’ is a feasible domain.
Euclidean Combinatorial Optimization Problems (ECOP): find

" = p(x ):Xeeg,téxso(X), (4)

where X’ and X are feasible and search domains, respectively,
X' CXCR”
A COP and an ECOP are equivalent if
©* = f*, Ix 1 = x H(x*), where x* = argextr ¢(x).

xEX'CX
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MIS: COP and ECOPs

MIS.COP: find (S*,a(G))

a(G) =57 = gmax S[.(2)
VS e S(G),Vi,jeS,i#j {i.j} ¢ E(G). (1)

MIS.ECOPs: If 7 C V = (v;),_175. a standard way to construct an ECOP
associated with such a COP is considéring incidence vectors corresponding to a
set m:

x:m—=x(r)={xeB":x; =1, if v €m; 0, otherwise}. (5)

Let x = (x1, .., x,) be a vector of variables. MISP aims to find:

a(G) =eTx* = max ) _icy(g) Xi = max el x

s.t. x is an image of an independent set S € S(G) under mapping x given by (5)

This MIS formulation is still a COP, not ECOP, due to the combinatorial
constraint S € S(G)
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MIS: ECOPs (cont.), analytic representations of (6)

- vertex constraint (VC):

(binary VC, BVC) : x; € {0,1},i € V(G),
(continuous VC, CVC) : x?—x=0,i€ V(G),
(continuous relaxation of BVC, RVC) : 0 < x; < 1,7 € V(G).

- edge constraint (EC):

(binary EC, BECQ) : x;i +x € {0,1},{i,j} € E(G),
(continuous EC, CEC) :  (x +x)* — (xi + x) = 0,{i,j} € E(G),
(continuous relaxation of BEC, REC) : 0<x +x <1,{i,j} € E(G),
(linear EC, LEC) : xi +x < 1,{i,j} € E(G).

- clique constraint (CC): Let Q(G) be a clique set in G.

(binary CC, BCQ) : YicoXi €10,1}, Q € Q(G),
(continuous CC, CCC) = (X;c0x1)° — (e Xi) =0, Q € Q(G),
(continuous relaxation of BCC, RCC) : 0< > cox <1,Q¢€ 9(G),
(linear CC, LCC) : YicoXi <1,Q € Q(G).
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MIS: ECOPs (cont.)
By CVC, CEC and CCC are simplified:

V{i g} € E(G) (% +x)* — (xi +x) =

2 2
= 26x + (7 —xi) + (% —x) = 2-x% =0.

Qe a(6) (Y xwP- 3 xi-

ieVvV(Q) ieV(Q)
— . e 2 — . = . X —
=2 Z XiXj + Z (x7 — xi) o 2 Z xixj = 0.
i<j{ijteV(Q) iev(Q) i<j{ijtev(Q)

(quadratic EC, QEC) : x;x; = 0,{i,j} € E(G)
(quadratic CC, QCC) : 3= r; e XX = 0, Q € Q(G)

(6)+*VC+**C is a MIS.ECOP, where x = {B, C},
«x = {BE, CE, QE, RE, LE; BC, CC, QC,RC, LC}
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The polytope STAB(G) and its relaxations

A feasible domain of a MIS.ECOP:
X' ={xeX:m=x"1x)€S(G)}.
(6) s.t. x € X’ is a MIS formulation. Its polyhedral relaxation is (6) s.t.
x € P" = conv(X').
Conventionally, the polytope P’ is denoted as STAB(G), thus
STAB(G) = conv{x(S) : S € S(G)}.
Let

LSTAB(G) = {x € R": x satisfies linear constraints C(L)},
STAB(G) C LSTAB(G),

i.e., LSTAB(G) is a polyhedral outer approximation of STAB(G).
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G(L) graphs

If for a graph G

LSTAB(G) = STAB(G), )]
then the graph G is called G(L) graph.
Certain combinations of £ and G are listed in two-line notation in Table 1.

Table: Correspondence of L-polytopes to G(L£)-types of graphs

7 F Q C H W21k+1 W2pk+1
G(L) bipartite  perfect t-perfect  h-perfect w3, - Wy 1-
perfect perfect

Figure: G5 Figure: Wy Figure: W3
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a;(G) and o G) relations

Let

ar(G) = max Z X;

xELSTAB(G) Vi6)

For every LSTAB(G),

o(G) > a(G) (8)

If £ € {F,Q,C,H, Wy, 1, WS}, then, by (7), the relation (8) be-
comes

o5(G) = (G) (9)
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FSTAB(G), QSTAB(G)

- fractional polytope:

L = F,FSTAB(G) = {x € R" : x satisfies constraints RVC, LEC}
- clique polytope:

L= Q,QSTAB(G) = {x € R" : x satisfies constraints RVC, LCC}

(7) provides an alternative definition of graphs presented in Table 1, e.g.

Definition 1.1.

If for G,
e FSTAB(G) = STAB(G), then G is bipartite;
e QSTAB(G) = STAB(G), then G is perfect.
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CSTAB(G), HSTAB(G)

Other MIS valid linear constraints: odd-cycle constraints (OCC)

(0CQ) : > xi<k Vk<[n/2],¥Cus1 € C(G),

i€V(Caks1)

where Coi1 is an odd cycle in graph G, C(G) is a set of odd cycles in G.
- C-polytope:

L= C,CSTAB(G) = {x € R": x satisfies constraints RVC, LEC, OCC}
- H-polytope:

L = H,HSTAB(G) = {x € R" : x satisfies constraints RVC, RCC, OCC};

Definition 1.2.

If for G,
@ CSTAB(G) = STAB(G), then G is t-perfect;
@ HSTAB(G) = STAB(G), then G is h-perfect.
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Odd-wheel and generalized odd-wheel constraints

Other MIS valid linear constraints: odd-wheel constraints (OWC)
(OWC) Z Xj + kxf2k+2 < k7

ieV(Caxya)

Vk < [(n—1)/2].Y Wayy € WHG),

where W3, . is an odd-wheel subgraph on 2k +2 vertices in the graph G, W*(G)
is a set of odd-wheel subgraphs in G.

generalized odd-wheel constraints (GOWC)
(GOWCQ)

S oxitk Y, x<k VYp<NVk<[(n—p)/2, VWL, € W(G),
i€V (Cakt1) JEV(Qp)

where N is a clique number of G, the graph W}, , is the generalized wheel graph,
which is a join of an odd circle Cyry1 € C(G) and a p-clique Q, € Q(G), W(G)
be a set of W}, . ,-type graphs, i.e., W(G) = {W3,_;}xp-
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W;,.1STAB(G), p > 1

- Wy, ,1-polytope:
L= Wk, Wk, STAB(G) = {x € R" : x satisfies RVC, LEC, OCC,
OWC for Wy 1, k' = 1,k}
- WS, ,,-polytope, where p > 2:
L=WJ W} STAB(G) = {x € R" : x satisfies RVC, LEC, OCC,
GOWC for W2p,;, k'=1kp =1,p}

+10

Definition 1.3.

If for G,

o W}, ,,STAB(G) = STAB(G), then G is Wj, _,-perfect.
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(5. Shor's dual bounds on @ the simple bound "
Consider the problem (10), (11) (further Problem 0)

Qo = Qo(x™) = sup Qo(x) (10)
xeRn
subject to constraints
i(x) <0, i=1,...,m;
QLI =0 1=t (1)
Qi(x)=0, i=m+1,....,M,

where M > 1, Qi(x) = (Kix,x) + (bj,x) + ¢;, K; is a symmetric matrix of the
dimension n, b; e R", c; e R, i=1,..., M.

The bound * is the optimal value of the Lagrangian dual problem to the
primal Problem 0, i.e.,

P* = inf ¥(u), (12)

ueUu+
where u e U+ = R x RM=m is a vector of dual variables,

Y(u) = sup L(x,u),
xERN

M

L(x,u) = Qo(x) — Z u; Qi(x)

i=1
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The simple bound )*

If (10), (11) is noncompatible, we set Qf = —oo.

M
L(x, u) = Qo(x) + D uiQi(x) = (K(u)x, x) + (b(u), x) + c(u),
i=1

where

M M M
K(u) = Ko(x) — Z uiKi(x), b(u) = by — Z uibi, c(u)=cy— Z uic;.
i=1 i=1 i=1

The domain U™ can be partitioned as follows: Ut = Q= U Q° U Qt, where
Q  ={uv: K@) <0}, Q" ={uv: K) =0}, Q= {v: K() =< 0)\2".
Depending on the domain where u falls, we have three cases:

o If ue QF, then ¢* = 400, and we set Qf = ¢* = 4o0;

o if u e Q~, then ¢(u) is strictly convex, and solving (12) is reduced to
solution of the linear algebraic system;

@ if ue QO then solving (12) is complicated and may require applying
nonsmooth optimization methods.
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Shor’s dual bounds on @Qj: the improved bound 7
Let the below constraints are superflows for Problem 0:
Qi(x) <0, i=M+1,.... M+,
Qi(x)=0, i=M+1,...,M+L,
where L > 1, function Q;(x) is quadratic for i = M+1,..., M+ L.

We introduce Problem 1 as Problem 0 complemented by constraints (13).

The bound ¥7 is the optimal value of the Lagrangian dual problem to the
primal Problem 1, i.e.,

(13)

g1 = inf (V) (14)

veuf
where U = (u1, ..., um+1) € U7 = Up x Rl x R~ is a vector of dual variables,

wl(U) = sup Ll(X7 U)a

xERN
Li(x, U) = Qo(x) = M35 0Qi(x) = (Ku(U)x, x) + (b1(U), x) + c(U),
Ki(U) = Ko(x) = S5  wiKi(x),  b(U) = bo — M3 uiby,
c(U) = — M1 wic.
I a) ¢ < 9%, b) complexity: ¥* — O(n®) + O(M?), ¥; — O(n®) + O((M +
L)?)
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Specifics of constructing superflows constraints

Now the question arises of which superflows constraints can improve the upper
bound 9* by finding 7. Examples are:

@ Type 1: linear combinations of constraints’ components such as
Qi(x) + Qj(x) < 0 or Qi(x) + Qj(x) =0
@ Type 2 : utilizing multiplication of constraints’ components, e.g.,

Qi(x)Qj(x) = 0 or Qi(x)Qj(x) =0

If, for Problem 1, | =0 and

i eRYi=m+1, Mk:/+1 L,

such that Qux(x) = Z AikQi(x) for k=1T+1,L,
i=m+1

then

v =yt (15)
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MIS models utilized in az(G), ¥v*(G), ¥i(G)

For MIS:
Q = a(G)
V" = "(G), Y1 = ¥1(G)

1. Continuous quadratic MIS model, MIS.QM: The objective (6) and constraints
CVC + (QEC or QCCQ)
a(G) = max Z Xi (16)
iev(6)
(CVQ): x? —x =0,i e V(G)
(QEC): xx = 0,{i.j} € E(G)
(QCQ) : Z xixi = 0,Q € 9Q(G).
i<j{ijreQ
2. polyhedral relaxation, MIS.PR: the objective (16) and constraints RVC+(LEC or
LCC).
(RVQ) : 0<x <1,i e V(G)
(LEQ): xi+x <1,{i,j} € E(G)

(LCO): XX <1,Q € Q(G)
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Quadratic superflows constraints based on RVC, LEC

f;j:X,'—‘er—].SO,{I',j}GE(G);
fi = —xk <0, k=T1,n;
f'=x—-1<0,k=1,n.

fifiy = (xi +x — 1)(xir +x7 — 1) > 0,{i,j}, {i",j'} € E(G);
fk/ . f;:/ = (7X[<)(7Xk/) Z 0, k, kl = 1, n
£ fo=(x—1D(xe —1)>0,k,k =1,n

fij - fl'<l = (XI'+Xj - 1)(_Xk) > 07{’7./} € E(G)vk =1,n
fi - f' = (xi +x —1)(x —1) > 0,{i,j} € E(G),k =1,n
fk/’ . ﬂ(//// = (—Xk/)(Xk// — 1) Z 07 k/, k” = 1, n

fifi 20=
(superflows constraints, SC)  xi(xi + x;) < x«, {i,j} € E(G), k=1, n.
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1*(G)-application

The idea to prove polynomiality of obtaining «(G) for graphs listed in
Table 1 is based on justifying that the corresponding constraints of MIS.PR
follows from the quadratic constraints of MIS.QM, wherefrom

P*(G) < az(G).

It is justified for £ € {F, Q}. Together with ¥*(G) > «(G) and (18), it
yields

az(6) =¢*(6) = a(G) (17)

for bipartite and perfect graphs.
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17 (G)-application

For the rest families of graphs, the polynomiality was established by
utilizing ¥7(G). For that, MIS.PR was transformed into MIS.PR+ by
complementing it by OCC, OWC or GOWC, while MIS.QM was transformed
into MIS.QM+ by its complementing by SC. The above idea now becomes:
to establish that the corresponding constraints of MIS.PR+ follows from
quadratic constraints of MIS.QM+, then

$1(G) < az(G).

It was justified for £ € {C,H, Wy, ., W}, ;}. Combining it with
¥3(G) > a(G) and (18), we come to

az(6) = ¢1(6) = o(G) (18)

for t-perfect graphs, h-perfect graphs, wheel-perfect graphs and generalized
wheel-perfect graphs.

Oksana Pichugina The Independence Number of ...



Thank youl
Questions?




	

