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“Ìàêñèìóìû è Ìèíèìóìû“ Ýéëåðà

½Äåéñòâèòåëüíî, òàê êàê çäàíèå
âñåãî ìèðà ñîâåðøåííî è âîçâåäåíî
ïðåìóäðûì òâîðöîì, òî â ìèðå íå
ïðîèñõîäèò íè÷åãî, â ÷åì íå áûë
áû âèäåí ñìûñë êàêîãî-íèáóäü
ìàêñèìóìà èëè ìèíèìóìà ...“

Ë.Ýéëåð ½Îá óïðóãèõ êðèâûõ“.
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Abstract

We prove that the maximum singular value of the matrix and
corresponding singular vectors are the optimal solution for the
special quadratic extremal problem.
We consider the economic interpretation of the optimal
solution for the linear model of production and for the
productive Leontief model.
We show a connection of the optimal solution with the
Frobenius number and vectors.
Comparisons of Frobenius numbers and maximum singular
values for Leontief inverse matrix in the 15-sectoral balance of
Ukraine for 2003-2009 are given.
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Singular value σA and quadratic problem
Singular value σA

Let A be real m×n-matrix,
σA > 0 is its maximum singular value,

σ =
√

λmax(AAT ) =
√

λmax(AT A),

where λmax(AAT ) and λmax(A
T A) are maximum eigenvalues

for matrices AAT and AT A.
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Singular value σA and quadratic problem
σA è quadratic extremum problem

Lemma 1a [1]
Let A be real n×m matrix. Its maximum singular value σA

equals objective function optimum value in quadratic
extremum problem.

σA = (u∗)T Ax∗ = max
x∈Rn,u∈Rm

uT Ax (1)

subject to
m∑

i=1

u2
i = 1,

n∑
i=1

x2
i = 1. (2)

Here (u∗, x∗) is optimal solution for problem (1)�(2).
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Singular value σA and quadratic problem
Non-uniqueness of solution (u∗, x∗)

Lemma 1b [1]
If σA multiplicity is more than 1, then optimal solution in
problem (1)�(2) is either vectors

u∗ = ξ(AAT ), x∗ = AT u∗/‖AT u∗‖, (3)

or vectors
x∗ = ξ(AT A), u∗ = Ax∗/‖Ax∗‖, (4)

where ξ(AAT ) and ξ(AT A) are eigenvectors of AAT and AT A
matrices, corresponding to their maximum eigenvalues
λmax(AAT ) = λmax(A

T A).
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Singular value σA and quadratic problem
Uniqueness of solution (u∗, x∗)

Lemma 2 [1]
If σA multiplicity equals 1, then problem (1)�(2) has a single
optimal solution

u∗ = ξ(AAT ), x∗ = ξ(AT A), (5)

where ξ(AAT ) and ξ(AT A) are eigenvectors of AAT and AT A
matrices, corresponding to their maximum eigenvalues
λmax(AAT ) = λmax(A

T A).
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Singular value σA and non-negative matrices
Frobenius numbers and vectors

Frobenius number λA equals
maximum eigenvalue of n×n-matrix A
with non-negative coe�cients.

Right Frobenius vector equals vector xA, which is subject to
AxA = λAxA and

n∑
i=1

(xA)i = 1. (frobenius1)

Left Frobenius vector equals vector pA, which is subject to
AT pA = λApA and

n∑
i=1

(pA)i = 1. (frobenius2)
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Singular value σA and non-negative matrices
Square matrix indecomposability

Matrix A called indecomposable, if by simultaneous permutation of
rows and columns it cannot be transformed to a matrix looking like

A =
{

A1 A2

0 A3

}
,

A1 and A3 are square sub-matrices with dimensions k×k and
(n−k)×(n−k), respectively.

By Leontief, indecomposability of matrix A means that every
sector uses products of every other sector.
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Singular value σA and non-negative matrices
Uniqueness and positiveness of solution (u∗, x∗)

Lemma 3 [1]
If non-negative m×n-matrix A has no zero-�lled rows and
columns, and minimum by dimension from matrices AAT and
AT A is indecomposable, then singular value σA in problem
(1)-(2) is achieved in single point (u∗, x∗), which has all
components positive. Vector u∗ is equal to normalized
Frobenius vector for AAT matrix, and vector x∗ is equal to
normalized Frobenius vector for AT A matrix.

This case takes place while analysis of economic models, where
matrix coe�cients are non-negative.
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Economic interpretation of σA and (u∗, x∗)

Linear production model y = Ax

Find
σA = (u∗)T y∗ = max

y∈Rm,u∈Rm
uT y (1′)

subject to
y = Ax, x ∈ Rn, (2a′)

m∑
i=1

u2
i = 1,

n∑
i=1

x2
i = 1. (2b′)

Here (u∗, x∗) are optimal normalized vector for prices and
technology use.
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Economic interpretation of σA and (u∗, x∗)

Linear price model p = ATu

Find
σA = (p∗)T x∗ = max

p∈Rn,x∈Rm
pT x (1′′)

subject to
p = AT u, u ∈ Rm, (2a′′)

m∑
i=1

u2
i = 1,

n∑
i=1

x2
i = 1. (2b′′)
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Leontief's productive model
Leontief's productive model (n = m)

Leontief models y = (I −A)x and w = (I −AT )p correspond to
the problem:

�nd
σB = (w∗)T By∗ = max

w∈Rn,y∈Rn
wT By (6)

subject to
n∑

i=1

w2
i = 1,

n∑
i=1

y2
i = 1, (7)

where B = (I − A)−1.
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Leontief's productive model
Solution of the problem (6)�(7)

(w∗, y∗) are optimum normalized vectors for �nal product and
added value, corresponding to national income maximization [2].

For this, σB will be better than Frobenius number for matrix B.
How much better? We'll see below.
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Leontief's productive model
15 sectors in Leontief's matrix (Ukraine)

Fragment of 15-sector Leontief's matrix for 2009[3].
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Leontief's productive model
Frobenius numbers and σB (Ukraine, 15 sectors)

Year λA λB σB
(σB−λB)

λB2003 0.58641 2.41787 2.914 0.205
2004 0.58476 2.40825 2.937 0.220
2005 0.59611 2.47591 3.107 0.255
2006 0.58495 2.40936 2.980 0.237
2007 0.57231 2.33812 2.865 0.225
2008 0.56623 2.30535 2.884 0.251
2009 0.56958 2.32332 2.866 0.234

Here λA is Frobenius number for technology matrix A,
λB is Frobenius number for full expense matrix B=(I−A)−1.

λB =
1

1− λA
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Leontief's productive model
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Leontief's productive model
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Leontief's productive model
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Leontief's productive model
Çàïèòàííÿ?

ÄßÊÓÞ ÇÀ ÓÂÀÃÓ!
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Leontief's productive model
BACKUP SLIDES: Quadratic Problem from [2]

�nd
f ∗ = max

y∈Rn,p∈Rn
pT y ≡ max

x∈Rn,w∈Rn
wT x (1.1)

subject to
y = (I − A)x, x ≥ 0, y ≥ 0, (1.2)

w = (I − AT )p, p ≥ 0, w ≥ 0, (1.3)

‖y‖2 = 1, ‖w‖2 = 1. (1.4)

where the n×n-matrix A is known and the n-dimensional
vectors x, y, p, w are unknown.
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Leontief's productive model
BACKUP SLIDES: Algorithm for productive A

If the matrix A is productive, then the problem (1.1)�(1.4)
can be formulated as
�nd

f ∗ = (w∗)T By∗ = max
y≥0, w≥0

wT By (1.5)

subject to
n∑

i=1

y2
i = 1,

n∑
i=1

w2
i = 1, (1.6)

where B = (I − A)−1.
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