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Øîð Íàóì Çóñåëåâè÷

Àêàäåìèê Íàóì Çóñåëåâè÷ Øîð (1937 - 2006)
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Øîð Íàóì Çóñåëåâè÷. Öèòàòà.

¾Äëÿ òâîð÷åñòâà íåîáõîäèìî
íàêîïèòü ïîëîæèòåëüíûå ýìîöèè.¿
(Øîð Í.Ç.)
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Øîð Íàóì Çóñåëåâè÷

� ÎÃÑ � Ìåòîäû îáîáù¼ííîãî (ñóáãðàäèåíòíîãî) ãðàäèåíòíîãî

ñïóñêà . Íåãëàäêàÿ îïòèìèçàöèÿ. 1962 ã.

� ÎÃÑÐÏ � Ñóáãðàäèåíòíûå ìåòîäû ñ ðàñòÿæåíèåì

ïðîñòðàíñòâà â íàïðàâëåíèè ñóáãðàäèåíòà. 1969 ã. Ìåòîä

ýëëèïñîèäîâ;

� r-àëãîðèòì � Ðàñòÿæåíèå ïðîñòðàíñòâà â íàïðàâëåíèè

ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ (ñóá)ãðàäèåíòîâ. 1971 ã.

Øîð Í. Ç., Æóðáåíêî Í. Ã. Ìåòîä îïòèìèçàöèè,
èñïîëüçóþùèé îïåðàöèþ ðàñòÿæåíèÿ ïðîñòðàíñòâà â
íàïðàâëåíèè ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ
ãðàäèåíòîâ // Êèáåðíåòèêà. 1971. � 3. Ñ.51 - 59.

min {f(x) |x ∈ Rn}
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Èäåÿ ìåòîäîâ. Îáùàÿ ñõåìà.

X0
R0←→
R−1

0

X1
R1←→
R−1

1

X2 . . .

Ak+1 = RkAk; Bk+1 = A−1
k+1 = BkR

−1
k

Xk+1 = RkXk;
gk+1 ∈ ∂f(xk+1),
g∗k+1 = B∗

kgk+1 � ñóáãðàäèåíò ôóíêöèè ϕ(y) = f(A−1y)
(ôóíêöèÿ f(x) â ïðîñòðàíñòâå Y = AX.).

xk = xk−1 − hkBkB∗
kgk−1/||B∗

kgk−1||, k = 1, 2, . . . , . (1)

Bk+1 = BkR
−1
k .

Èòåðàòèâíàÿ ïðîöåäóðà (1) ïîðîæäàåò êîíêðåòíûå àëãîðèòìû

ïðè óêàçàíèè ïîñëåäîâàòåëüíîñòåé hk, Rk, îïåðàòîðà B0 è

íà÷àëüíîé òî÷êè x0.
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Èäåÿ ìåòîäîâ. Îáùàÿ ñõåìà.

H� ôîðìà (Ñêîêîâ Â.À.)

xk = xk−1 − hkBkB∗
kgk−1/||B∗

kgk−1||, k = 1, 2, . . . , .
Bk+1 = BkR

−1
k .

Hk = BkB
∗
k

xk = xk−1 − hkHkgk−1, k = 1, 2, . . . , .
Hk+1 = Hk+ M Hk.
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r-àëãîðèòì

Â r-àëãîðèòìå â êà÷åñòâå îïåðàòîðà Rk èñïîëüçóåòñÿ îïåðàòîð

ðàñòÿæåíèÿ ïðîñòðàíñòâà

Rα(η) = (α− 1)ηηT + I.
η ∈ Rn, α− íàïðàâëåíèå è êîýôôèöèåíò ðàñòÿæåíèÿ

ïðîñòðàíñòâà, |η| = 1, α ≥ 0.
R∗
α(η) = Rα(η) (Rα(η) � ñàìîñîïðÿæåííûé îïåðàòîð);

R−1
α (η) = Rβ(η), ãäå β = 1/α.

Íàïðàâëåíèå è êîýôôèöèåíò ðàñòÿæåíèÿ ïðîñòðàíñòâà:

ηk+1 = (g∗k+1 − g∗k)/||g∗k+1 − g∗k||
αk+1 � const >1 (≈ 2)
βk+1 = 1/αk+1

Rβk+1
(ηk+1) � îïåðàòîð ïðåîáðàçîâàíèÿ ìàòðèöû Bk.

hk+1 � ïðîöåäóðà îäíîìåðíîé ìèíèìèçàöèè ïî íàïðàâëåíèþ.

8 / 24 Í.Ã. ÆÓÐÁÅÍÊÎ



r-àëãîðèòì. ×èñëåííàÿ ýôôåêòèâíîñòü

Ôóíêöèÿ Ðîçåíáðîêà:

f(x) = (1− x1)2 + 100(x2 − x12)
2

Iter = 0 Funct = 2.42000000000000E+001

Iter = 20 Funct = 1.88227899270044E-003

Iter = 40 Funct = 1.51681969684129E-012

Iter = 41 Funct = 7.24286252084236E-012

x(1) = 0.999999696

x(2) = 0.999999125

114 � êîëè÷åñòâî âû÷èñëåíèé ôóíêöèè (ãðàäèåíòà).

Ïîëÿê, Á. Ò. Ââåäåíèå â îïòèìèçàöèþ. Ì.: Íàóêà, 1983.
384ñ.

9 / 24 Í.Ã. ÆÓÐÁÅÍÊÎ



r-àëãîðèòì. Òåîðèÿ è ïðàêòèêà.

Øîð Í.Ç. Èññëåäîâàíèå ñõîäèìîñòè ìåòîäà
ãðàäèåíòíîãî òèïà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â
íàïðàâëåíèè ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ
ñóáãðàäèåíòîâ. "Êèáåðíåòèêà 4, 48-53, 1975.
Ýïîõà èñïîëüçîâàíèÿ r-àëãîðèòìà.

Ïðîãðàììíûå ðåàëèçàöèè.

Çàäà÷è áîëüøèõ ðàçìåðíîñòåé � ñõåìû äåêîìïîçèöèè.

Ïðèêëàäíûå çàäà÷è îïòèìèçàöèè.

Ïàêåòû ïðèêëàäíûõ ïðîãðàìì (¾ÏËÀÍÅÐ¿, ¾ÄÈÑÏÐÎ¿).

Íàñòðîéêà àëãîðèòìà íà îïðåäåëåííûé êëàññ ïðèêëàäíûõ

çàäà÷.
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Ìîäèôèêàöèè r-àëãîðèòìà. Ðåãóëÿðèçàöèÿ

ìàòðèöû ïðåîáðàçîâàíèÿ.

×èñëåííàÿ óñòîé÷èâîñòü. α ≈ 2. B∗
k → 0 Â r-àëãîðèòìå

èñïîëüçóåòñÿ îïåðàöèÿ äåëåíèÿ íà |g∗k|: g∗k = B∗
kgk, Îøèáêà

¾äåëåíèå íà íóëü¿.

Âìåñòî Rβ(η) èñïîëüçîâàòü îïåðàòîð R̃β(η) = (1/ n
√
β)Rβ(η).

det(R̃β(η) = 1, det(Rβ(η)) = β < 1.
Ýòîò ïðèåì ìîæíî èñïîëüçîâàòü è äëÿ äðóãèõ àëãîðèòìîâ,

èñïîëüçóþùèõ ìàòðèöû ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà

(àëãîðèòì ýëëèïñîèäîâ Þäèíà-Íåìèðîâñêîãî).
Ðåøåíèå çàäà÷ íåáîëüøîé ðàçìåðíîñòè ñ áîëüøîé òî÷íîñòüþ.

Æóðáåíêî Í.Ã. Ëèõîâèä À.Ï. Ðåãóëÿðèçàöèÿ ìàòðèöû
ïðåîáðàçîâàíèÿ r-àëãîðèòìà. Òåîðiÿ îïòèìàëüíèõ ðiøåíü.
� Êè¨â: Ií-ò êèáåðíåòèêè èì. Â.Ì.Ãëóøêîâà ÍÀÍ Óêðà�íè,
2018. � Ñ. 145�151.
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Ìîäèôèêàöèè r-àëãîðèòìà. r(σ)-àëãîðèòìû.

Îñíîâíàÿ ïðîáëåìà � âûáîð êîýôôèöèåíòîâ ðàñòÿæåíèÿ α è

øàãîâîãî ìíîæèòåëÿ h.
Rα(η) = (α− 1)ηηT + 1, |η| = 1
R̃σ(η̃) = ση̃η̃T + I.
Çäåñü η̃ � âåêòîð Rn, σ- íîðìèðóþùèé ìíîæèòåëü, σ ∈ R1,
σ > 0. Óñëîâèå |η̃| = 1 íå òðåáóåòñÿ.

Ñâîéñòâà îïåðàòîðà R̃σ(η̃).
1. R̃σ(0) = I
2. Ïóñòü |η̃| > 0 è η = η̃/|η̃|.
Òîãäà R̃σ(η̃) = Rα(η), ãäå α = 1 + σ|η̃|2.
η̃k+1 = g∗k+1 − g∗k (ðàçíîñòü ñóáãðàäèåíòîâ â ïðåîáðàçîâàííîì
ïðîñòðàíñòâå).

σk+1 = σ(g∗k+1, g
∗
k). Óñëîâèå íà ôóíêöèþ σ(g1, g2) :

σ(µg1, µg2) = σ(g1, g2)/µ
2,

ãäå µ ∈ R1, µ > 0 (ýòî óñëîâèå îáåñïå÷èâàåò íåçàâèñèìîñòü

ðàáîòû àëãîðèòìà îò ìíîæèòåëÿ íà öåëåâóþ ôóíêöèþ).
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Ìîäèôèêàöèè r-àëãîðèòìà. r(σ)-àëãîðèòìû.

Ïðèìåðû íîðìèðóþùèõ ìíîæèòåëåé.

1. σ0(g1, g2) = 1/|g2 − g1|2. Àëãîðèòì r(σ0) ÿâëÿåòñÿ
r-àëãîðèòìîì ñ êîýôôèöèåíòîì ðàñòÿæåíèÿ ðàâíûì 2.

2.σ2(g1, g2) = 1/|Nr{g1, g2}|2, Nr{g1, g2} � êðàò÷àéøèé âåêòîð

âûïóêëîé îáîëî÷êè âåêòîðîâ g1, g2.
1 ≤ α ≤ ∞.

3. σ1(g1, g2) = 1/(|g1|2 + |g1|2).
1 ≤ α ≤ 3.

rn-àëãîðèòì.
η̃k+1 = g∗k+1/|g∗k+1| − g∗k/|g∗k|.
σ = 1.

1 ≤ α ≤ 5.
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Ìîäèôèêàöèè r-àëãîðèòìà. r(σ)-àëãîðèòìû.

×èñëåííûå ðåçóëüòàòû äëÿ σ1(g1, g2) = 1/|Nr{g1, g2}|2.
Òåñòîâàÿ çàäà÷à: ìèíèìèçàöèÿ ôóíêöèè: f(x) =

n∑
i=1

ρi−1
n |xi|,

ãäå ρn = 106/(n−1). Íà÷àëüíàÿ òî÷êà xi = 10.0, i = 1, 2, ...n.
Êðèòåðèé îñòàíîâà: fk ≤ 10−6.
Ðåçóëüòàòû ðåøåíèÿ òåñòîâîé çàäà÷è
Àëãîðèòì n k kg αmax αavrg
r∗(σ1) 1000 18617 18618 5.3 3.6

r(σ1) 1000 19183 19199 7.5 3.7

r(α) 1000 35186 35199 2.0 2.0
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Ìîäèôèêàöèè r-àëãîðèòìà. r(σ)-àëãîðèòìû.

Æóðáåíêî Í.Ã., Ëèõîâèä À.Ï. Ê ÷èñëåííîé
ýôôåêòèâíîñòè îäíîé ìîäèôèêàöèè r-àëãîðèòìà.
Êîìïüþòåðíàÿ ìàòåìàòèêà. Êèåâ: Èí-ò êèáåðíåòèêè èì.
Â.Ì.Ãëóøêîâà ÍÀÍ Óêðàèíû, 2019. �1. Ñ. 124�131.
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Ìîäèôèêàöèè r-àëãîðèòìà. α(ε)-àëãîðèòì.

f∗ = min{f(x)|x ∈ Rn}.
ε-îïòèìàëüíîå ìíîæåñòâî X∗(ε̄) :
X∗(ε̄) = {x ∈ Rn|f(x) ≤ f∗ + ε̄}.
Øàð íà÷àëüíîé ëîêàëèçàöèè.

(ε, f̃)−cóáãðàäèåíò.
Àãðåãèðîâàííûé ε-ñóáãðàäèåíò.
Äëÿ ÷èñëà èòåðàöèé k α(ε)-àëãîðèòìà, çà êîòîðûå îí
îáåñïå÷èâàåò ðåøåíèå 2ε̄�îïòèìèçàöèè, ñïðàâåäëèâà
ñëåäóþùàÿ îöåíêà:

k ≤
]
n ln(1/γ)

ln(1/q)

[
q ≈
√

2/2 ≈ 0.707;
Ìåòîä öåíòðîâ òÿæåñòè: q ≈ 1− 1/e ≈ 0.632.
Íî n2 îäíîìåðíûõ ñïóñêîâ (òåîðåòè÷åñêàÿ îöåíêà)!
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Ìîäèôèêàöèè r-àëãîðèòìà. α(ε)-àëãîðèòì.

×èñëåííàÿ ýôôåêòèâíîñòü α(ε)-àëãîðèòìà.

Òåñòîâàÿ çàäà÷à: f1(x) =
n∑
i=1

ρi−1
n x2i , ãäå ρn = 106/(n−1).

Íà÷àëüíàÿ òî÷êà xi = 1.0, i = 1, 2, ...n. Òî÷íîñòü ðåøåíèÿ ïî

ôóíêöèîíàëó ε̄ = 10−6.
nVarbl qVolum nIter nLStep Alpha

100 0.99 711 1.136 1.592

100 0.7 243 4.407 2.744
Æóðáåíêî Í.Ã. Ñóáãðàäèåíòíûé àëãîðèòì ìèíèìèçàöèè
ñ ïðåîáðàçîâàíèåì ïðîñòðàíñòâà � α(ε)-àëãîðèòì. Â êí.
Ñòîõàñòè÷åñêîå ïðîãðàììèðîâàíèå è åãî ïðèëîæåíèÿ.
Ï.Ñ. Êíîïîâ, Â.È. Çîðêàëüöåâ, ß.Ì. Èâàíüî è äð.
�Èðêóòñê: Èíñòèòóò ñèñòåì ýíåðãåòèêè èì. Ë.À.
Ìåëåíòüåâà ÑÎ ÐÀÍ, 2012. � Ñ. 36 � 51
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Êâàçèíüþòîíîâñêèå ìåòîäû

r(∞) � r-àëãîðèòì ñ áåñêîíå÷íûì êîýôôèöèåíòîì
ðàñòÿæåíèÿ ÿâëÿåòñÿ àëãîðèòìîì ñîïðÿæåííûõ
ãðàäèåíòîâ. (α =∞↔ β = 1/α = 0)
Êâàçèíüþòîíîâñêèå ìåòîäû

Â. Äàâèäîí 1959 ìåòîä ïåðåìåííîé ìåòðèêè.

Davidon�Fletcher�Powell (DFP),

Broyden�Fletcher�Goldfarb�Shanno (BFGS)

è äð.

A. Rodomanov, Y. Nesterov New Results on Superlinear
Convergence of Classical Quasi-Newton Methods (2020),
arXiv:2004.14866
Ïðåçåíòàöèÿ À.Î. Ðîäîìàíîâà:
https://www.youtube.com/watch?v=0j45FpsLKyI
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Êâàçèíüþòîíîâñêèå ìåòîäû

Ðàçëè÷íûå âàðèàíòû êâàçèíüþòîíîâñêèõ ìåòîäîâ ìîæíî

ïðåäñòàâèòü â ôîðìå ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà.

Ïðèìåðû òàêîãî ïðåäñòàâëåíèÿ ïðèâåäåíû â ðàáîòå

Ñòåöþê Ï.È. Ëèíåéíûå îïåðàòîðû â êâàçèíüþòîíîâñêèõ
ìåòîäàõ. //Òåîðèÿ è ïðèëîæåíèÿ ìåòîäîâ îïòèìèçàöèè.
Ê. Èí-ò êèáåðíåòèêè èì. Â.Ì.Ãëóøêîâà ÍÀÍ Óêðàèíû,
1998, ñ.3-8. Äîñòàòî÷íî ïðîñòî çàïèñûâàåòñÿ óñëîâèå íà

âûáîð î÷åðåäíîãî îïåðàòîðà ïðåîáðàçîâàíèÿ, êîòîðîå

ýêâèâàëåíòíî òàê íàçûâàåìîìó ¾êâàçèíüþòîíâñêîìó óñëîâèþ¿

êîððåêöèè ìàòðèöû êâàçèíüþòîíâñêîãî ìåòîäà.
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Êâàçèíüþòîíîâñêèå ìåòîäû

Ïðèìåíèòåëüíî ê êâàäðàòè÷íîé ôóíêöèè ¾êâàçèíüþòîíâñêîe

óñëîâèå¿ ñîñòîèò â ñëåäóþùåì.

Âûïîëíÿåì øàã ïî àíòèãðàäèåíòó.
Äëÿ îïåðàòîðà î÷åðåäíîãî ïðåîáðàçîâàíèÿ äîëæíî
âûïîëíÿòüñÿ óñëîâèå: îáðàç ãðàäèåíòà ÿâëÿåòñÿ
ñîáñòâåííûì âåêòîðîì ìàòðèöû êâàäðàòè÷íîé ôóíêöèè
â ïðåîáðàçîâàííîì ïðîñòðàíñòâå.
Ïðè ýòîì ñîáñòâåííîå ÷èñëî ðàâíî 1.
Äëÿ êâàäðàòè÷íîé ôóíêöèè îáðàç òðàåêòîðèÿ ìåòîäà â
ïðåîáðàçîâàííîì ïðîñòðàíñòâå ÿâëÿåòñÿ äâèæåíèåì ïî
(âçàèìíî îðòîãîíàëüíûì) ñîáñòâåííûì âåêòîðàì
ìàòðèöû êâàäðàòè÷íîé ôóíêöèè â ïðåîáðàçîâàííîì
ïðîñòðàíñòâå.
Íà îñíîâå òàêîé èíòåðïðåòàöèè äîñòàòî÷íî ïðîñòî ñòðîèòñÿ

ñåìåéñòâî âàðèàíòîâ êâàçèíüþòîíîâñêèõ àëãîðèòìîâ íà îñíîâå

ïðîñòåéøåãî îïåðàòîðà ðàñòÿæåíèÿ Rα(η).
Æóðáåíêî Í.Ã. Êâàçèíüþòîíîâñêèå àëãîðèòìû
ìèíèìèçàöèè íà îñíîâå èñïîëüçîâàíèÿ îïåðàòîðà
ðàñòÿæåíèÿ ïðîñòðàíñòâà. Òåîðèÿ è ïðèëîæåíèÿ ìåòîäîâ
îïòèìèçàöèè. Êèåâ: Èí-ò êèáåðíåòèêè èì. Â.Ì.Ãëóøêîâà
ÍÀÍ Óêðàèíû, 1999. ñ. 45�50.
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Àëãîðèòì Ïîëÿêà ñ ïðåîáðàçîâàíèåì ïðîñòðàíñòâà

ε-cóáãðàäèåíò â òî÷êå z: ∀x:f(x) ≥ f̃ + (g, x− z)− ε,
f̃ ≥ f∗; ε ∈ R1.
f̃ íà èòåðàöèè k ⇒ ïîëó÷åííûé ðåêîðä çíà÷åíèÿ f(x). f∗

èçâåñòíî ⇒ f̃ = f∗.
Òàê îïðåäåëåííûé ε-cóáãðàäèåíò � ÷àñòíûé À-ñóáãðàäèåíò

Íóðìèíñêîãî Å.À. Íóðìèíñêèé Å.À. À-ñóáãðàäèåíò
âûïóêëûõ ôóíêöèé. Îïðåäåëåíèå è îñíîâíûå ñâîéñòâà.
Äàëüíåâîñò. ìàò. ñá. �1995. � Âûï. 1. � Ñ. 132-136.
Àãðåãèðîâàííûé ε-ñóáãðàäèåíò ⇒ ε-ñóáãðàäèåíò ñ
ìàêñèìàëüíîé âåëè÷èíîé "ñäâèãà"îòñåêàþùåé ïëîñêîñòè.

h = (ε̄− ε)/|g|;
Åñëè f̃ = f∗ òî ñóáãðàäèåíò g ∈ ∂f(z) ÿâëÿåòñÿ
ε-ñóáãðàäèåíòîì ñ ε = −(f(z)− f∗). Äëÿ ñëó÷àÿ îáû÷íîé

çàäà÷è ìèíèìèçàöèè (ε̄ = 0) âåëè÷èíà
"ñäâèãà"h = (ε̄− ε)/|g| = (f(z)− f∗)/|g| ⇒ øàãîâûé

ìíîæèòåëü ìåòîäà Ïîëÿêà (γ = 1).
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Àëãîðèòì Ïîëÿêà ñ ïðåîáðàçîâàíèåì ïðîñòðàíñòâà

Àëãîðèòì îñíîâàí íà èñïîëüçîâàíèè: àãðåãàòíûõ

ε−ñóáãðàäèåíòîâ; ëîêàëèçàöèè ìíîæåñòâà ðåøåíèÿ;

ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà (ýëëèïñîèä ëîêàëèçàöèè ⇒ øàð.)

Îöåíêà òðóäîåìêîñòè àëãîðèòìà .

k < O (n(1/γ) ln(1/γ)) äëÿ n� 1/γ (¾áîëüøàÿ òî÷íîñòü¿).

k < O
(
(1/γ2) ln(1/γ)

)
äëÿ n� 1/γ (¾áîëüøàÿ ðàçìåðíîñòü¿).

Äëÿ çàäà÷ áîëüøîé ðàçìåðíîñòè è îòíîñèòåëüíî ìàëîé

òî÷íîñòè ðåøåíèÿ îöåíêà ñîîòâåòñòâóåò îöåíêå òðóäîåìêîñòè

àëãîðèòìà Á.Ò. Ïîëÿêà (íå óëó÷øàåìóþ ðàâíîìåðíî ïî n).
Äëÿ çàäà÷ âûñîêîé òî÷íîñòè ðåøåíèÿ îöåíêó öåëåñîîáðàçíî

ñðàâíèòü ñ òðóäîåìêîñòüþ àëãîðèòìà ýëëèïñîèäîâ

k < O
(
n2 ln(1/γ)

)
.

Æóðáåíêî Í.Ã. Cóáãðàäèåíòíûé àëãîðèòì Ïîëÿêà ñ
ïðåîáðàçîâàíèåì ïðîñòðàíñòâà. XV Âñåðîññèéñêàÿ
êîíôåðåíöèÿ ¾Ìàòåìàòè÷åñêîå ïðîãðàììèðîâàíèå è
ïðèëîæåíèÿ¿ ã. Åêàòåðèíáóðã, 2 - 6 ìàðòà 2015 ãîäà
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Çàêëþ÷åíèå

Áîðèñ Òåîäîðîâè÷ Ïîëÿê:
¾. . . ðàçðàáîòêà ìåòîäîâ ìèíèìèçàöèè íåãëàäêèõ ôóíêöèé

òðåáóåò ïðèâëå÷åíèÿ íîâûõ èäåé. Îäíà èç íèõ, ïðèíàäëåæàùàÿ

Í. Ç. Øîðó âûãëÿäèò íåñêîëüêî íåîæèäàííî. . . .¿.

Àðêàäèé Ñåìåíîâè÷ Íåìèðîâñêèé:
¾ß íå ïîíèìàþ, êàê ìîæíî áûëî ïðèäòè ê òàêèì àëãîðèòìàì

íà èíòóèòèâíîì óðîâíå..¿.

Þðèé Ìèõàéëîâè÷ Åðìîëüåâ (î Íàóìå ):

¾â íàóêå, êàê è â èñêóññòâå, åñòü èñïîëíèòåëè-èíòåðïðåòàòîðû

è åñòü êîìïîçèòîðû. . . ¿.
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ÑÏÀÑÈÁÎ!

zhurbnick@gmail.com
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