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Dedicated to the memory of academician
Naum Zuselevich Shor

(to the 85th anniversary of his birth)
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Einstein writes a message to Shor

to denote space dilation

operator asRα(ξ)
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Shor's space dilation operator

Space dilation operator has the following form

Rα(ξ) = In + (α− 1)ξξT , where α > 1.

Here: α is the coe�cient of space dilation in the normed
direction ξ∈Rn, ‖ξ‖=1; In is the identity n×n-matrix.

Example in R3: ball (left) dilate to ellipsoid (right)
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The history of the ellipsoid method

The ellipsoid method was proposed:

1976 by Yudin and Nemirovski as a method of successive
cutting-plane [1];

1977 by Shor as a variant of the method with space dilation in
the direction of the subgradient [2].

1. YudinD.B. and NemirovskiA.S. Informational complexity

and e�ective methods for the solution of convex extremal problems

// Ekonom. Mat. Metody, 12, No. 2 (1976).

2. ShorN.Z. Cut-o� method with space extension in convex

programming problems // Cybernetics, 13, No. 1 (1977).
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The history of the ellipsoid method

Yudin and Shor ½from the banks of the Dnipro�

David Borisovich Yudin

born May 21, 1919
in Yekaterinoslav (today - Dnipro),
in 1941 graduated from
Dnepropetrovsk University

Naum Zuselevich Shor

born January 1, 1937
in Kyiv (city on the Dnipro),
in 1958 graduated from
Kyiv University
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The history of the ellipsoid method

Epochal moment!

N. Shor,
A. Nemirovski,
Y. Nesterov at the
ellipsoidal table!

October 1990
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The history of the ellipsoid method

XI ISMP, Bonn, August 23�27, 1982

Fulkerson Prizes for the ellipsoid method:

1. Gr�otchelM., L�ovasz L., Schrijver À., 1981

2. Khachiyan L., 1979, YudinD., Nemirovski A., 1976

Shor's plenary report:

½Generalized gradient methods of nondi�erentiable optimization

employing space dilatation operations�, published in [3].

3. Mathematical Programming: the state of art,

Bonn, 1982 / Bachem A., Gr�otchelM., Korte B. (eds.)

� Berlin: Springer-Verlag, 1983. � 655 p.
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The history of the ellipsoid method

N. Shor (1982) and D. Yudin (1983)

N. Shor in Bonn (1982) D. Yudin in Riga (1983)
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The idea of ellipsoid method

1d-ellipsoid and its properties

r

a

b

h

The 1d-ellipsoid En, containing half
of ball Sn in En, has parameters

b =

(
α+

1

α

)
r

2
, h =

(
1− 1

α2

)
r

2
,

where α = b
a and r � radius of ball.

To transform En into a ½new� ball
we have to dilate the space with
coe�cient α= b

a , α > 1.

The ratio of En to Sn volumes equals

q(n) =
vol(En)
vol(Sn)

=
1

α

(
b

r

)n
=

1

α

(
1

2

(
α +

1

α

))n
.
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The idea of ellipsoid method

Why ellipsoid method converges?

The ratio of En to Sn volumes equals

q(n) =
vol(En)
vol(Sn)

=
1

α

(
1

2

(
α +

1

α

))n
.

If coe�cient α is such that α + 1/α < 2 n
√
α, then ratio

q(n) < 1 thus volume of ellipsoid localizing searched point x∗

shrinks with rate of geometric progression with ratio q(n).

In Yudin-Nemirovski-Shor ellipsoid method

q(n) ≤ 1− 1

2n
and is implemented with α =

√
n+ 1

n− 1
.
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The idea of ellipsoid method

Problem and stop criterion

Problem to solve:

for convex function f(x), x ∈ Rn �nd point x∗ε,
subject to f(x∗ε)− f ∗ ≤ ε, where f ∗ = f(x∗).

Method input parameter:

ε > 0 � desired accuracy for �nding fε = f(xε).

Notation:

g(xk) � subgradient of f(x) at xk.
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The idea of ellipsoid method

The B-form of algorithm emshor(x0, r0, ε)

Step 0. Choose x0 ∈ Rn, r0 > 0, ε > 0, ‖x0 − x∗‖ ≤ r0.

Set B0 := In ∈ Rn×n (denoting the identity matrix) and k := 0.

Step 1. If
∥∥B>k g(xk)∥∥ rk ≤ ε, then STOP: k∗ := k, x∗ε := xk.

Step 2. Compute

xk+1 := xk −
rk

n+ 1
Bkξk, where ξk :=

B>k g(xk)∥∥B>k g(xk)∥∥ .
Step 3. Update

Bk+1 := Bk +

(√
n− 1

n+ 1
− 1

)
(Bkξk) ξ

>
k , rk+1 :=

n√
n2 − 1

rk.

Step 4. Set k := k + 1 and go to Step 1.
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Ellipsoid methods with space scaling

Algorithm em22b(λ, x0, r0, ε)

Step 0. Choose λ > 0, x0 ∈ Rn, r0 > 0, ε > 0, ‖x0 − x∗‖ ≤ r0.

Set B0 := In ∈ Rn×n (denoting the identity matrix) and k := 0.

Step 1. If
∥∥B>k g(xk)∥∥ rk ≤ ε, then STOP: k∗ := k, x∗ε := xk.

Step 2. Compute

xk+1 := xk −
rk

n+ 1
Bkξk, where ξk :=

B>k g(xk)∥∥B>k g(xk)∥∥ .
Step 3. Update

Bk+1 := λ

(
Bk +

(√
n− 1

n+ 1
− 1

)
(Bkξk) ξ

>
k

)
, rk+1 :=

1

λ

n√
n2 − 1

rk.

Step 4. Set k := k + 1 and go to Step 1.
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Ellipsoid methods with space scaling

Theorem 1

For any (λ, x0, r0, ε) ∈ (0,∞)× Rn × (0,∞)× (0,∞),
algorithm em22b is well-de�ned and generates a sequence
{xk}k

∗

k=0. With Ak := B−1k , it holds that

‖Ak(xk − x∗)‖ ≤ rk for k = 0, 1, 2, . . . , k∗.

Theorem 2

There is k∗ ∈ N so that algorithm em22b stops at Step 1 for
k = k∗. For each k with 1 ≤ k ≤ k∗, the ratio of the volumes
of the ellipsoids Ek and Ek−1 is a constant qn with

qn =
vol(Ek)

vol(Ek−1)
=

√
n− 1

n+ 1

(
n√

n2 − 1

)n
< exp

{
− 1

2n

}
< 1.

Moreover, f(xk∗)− f ∗ ≤ ε is satis�ed.
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Ellipsoid methods with space scaling

Convergence rate of em22b (Shor, 1977)

for function

f(x) =
∑10

i=1 2
i−1|xi − 1|, x0 = (0, . . . , 0)>, r0 = 10.

Shor, 1977, λ = 1, b = n√
n2−1r

ε f ∗ε k∗ ‖Bk‖∗ r∗k
1.0e-02 4.8e-05 2151 1.1e-08 4.9e+05
1.0e-04 2.2e-06 3124 6.4e-13 6.6e+07
1.0e-06 2.0e-09 4024 8.1e-17 6.1e+09
1.0e-07 6.9e-09 4474 9.0e-19 5.8e+10
1.0e-08 6.5e-10 4827 2.6e-20 3.4e+11
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Ellipsoid methods with space scaling

Convergence rate of em22b (Khachiyan, 1980)

Khachiyan, 1980, λ = n√
n2−1 , b = r

ε f ∗ε k∗ ‖B∗k‖ r∗k
1.0e-06 2.0e-09 4024 4.9e-08 10
1.0e-07 6.9e-09 4474 5.2e-09 10
1.0e-08 6.5e-10 4934 5.0e-10 10

4. KhachianL.G. Polynomial algorithms in linear programming,
USSR Computational Mathematics and Mathematical Physics,
Vol. 20, No. 1, 1980, pp. 53�72.
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Ellipsoid methods with space scaling

Convergence rate of em22b (Nemirovski, Yudin)

Nemirovski, Yudin, 1979, λ = n

√
n+1
n−1 , b =

(
n−1
n+1

) 1
2n n√

n2−1r

ε f ∗ε k∗ ‖Bk‖ rk
1.0e-06 2.0e-09 4024 2.8e+01 1.8e-08
1.0e-07 6.9e-09 4490 2.8e+01 1.7e-09
1.0e-08 6.5e-10 4953 2.8e+01 1.7e-10

5. NemirovskiA., YudinD. Problem Complexity and Method

E�ciency in Optimization, John Wiley, New York, 1983, 388 p.,
translated from book published by Nauka, Moscow, 1979
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Ellipsoid methods with space scaling

Two remarks for the algorithm em22b

Though the three versions of em22b are equivalent,

we observe slight di�erences in the number of iterations for
ε ∈ {10−7, 10−8} due to accumulation of numerical errors.
A study of such e�ects for di�erent f , n, and ε is intended.

Algorithm em22b

can be accelerated by tighter ellipsoidal approximations
and applied to convex programs or saddle point problems
for convex-concave functions.
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2d-ellipsoid and r-algoritms
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2d-ellipsoid and r-algoritms

Minimum volume 2d-ellipsoid

�

�

0( , , , )x a b r

ba

0( , )S x r

�

The transformation into
the ball requires dilation

in the direction ξ−η
‖ξ−η‖

with α1=
1√

1+(ξ,η)
> 1

and compression

in the direction ξ+η
‖ξ+η‖

with α2=
1√

1−(ξ,η)
< 1.

q =
vol(E(x0, a, b, r))
vol(S(x0, r))

=
(a
r

)( b
r

)
=
√
1− (ξ, η)2.
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2d-ellipsoid and r-algoritms

2d-ellipsoid before and after dilation

�

�

0( , , , )x a b r

ba

0( , )S x r

�

Minimum volume 2d-ellipsoid

0( , )Îáðàç S x r

0( , )S y r

0y

in two times transformed space
turns into the ball with radius r
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2d-ellipsoid and r-algoritms

One-rank ellipsoidal operator

One-rank ellipsoidal operator is linear operator

T1(ξ, η) = I− 1

1−(ξ, η)2
((

1−
√
1− (ξ, η)2

)
η−(ξ, η)ξ

)
ηT ,

mapping from Rn to Rn. Here ξ, η ∈ Rn � vectors, such that
‖ξ‖ = 1,‖η‖ = 1 è (ξ, η)2 6= 1, I � identity n×n-matrix.

6. StetsyukP.I. Orthogonalizing linear operators in convex

programming. Cybern. and SystemsAnalysis. 54, 1997, pp. 386�401.
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2d-ellipsoid and r-algoritms

2d-ellipsoid before and after dilation

�

�

0( , , , )x a b r

ba

0( , )S x r

�

Minimum volume 2d-ellipsoid

0( , )S y r

0y

0( , )Îáðàç S x r

in transformed space
turns into the ball
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2d-ellipsoid and r-algoritms

Connection with r-algorithms

In transformed space the 2d-ellipsoid turns into the ball,
and images of vectors ξ and η are orthogonal.

It allows to "expand" a cone of suitable directions of the
function decreasing for the subgradient process in a
transformed space of variables, similar to how it is done in
r-algorithms (Shor and Zhurbenko).

Space dilation is implemented in the direction of di�erence of
two normed subgradients, and it is close to the direction of
di�erence of subgradients if the subgradient norms are close.
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Conclusion

Conclusion

ShorN.Z. and GershovichV.I. in 1982 wrote

½Òåîðèÿ âñåãî êëàññà àëãîðèòìîâ ñ ðàñòÿæåíèåì
ïðîñòðàíñòâà äàëåêà îò ñîâåðøåíñòâà. Íàì êàæåòñÿ
äîñòàòî÷íî ðåàëèñòè÷íîé öåëüþ � ïîñòðîåíèå òàêîãî
àëãîðèòìà, êîòîðûé ïî ñâîåé ïðàêòè÷åñêîé
ýôôåêòèâíîñòè íå óñòóïàë áû r-àëãîðèòìó è áûë
ñòîëü æå õîðîøî îáîñíîâàí êàê ìåòîä ýëëèïñîèäîâ�.

We plan to achieve this goal

7. Ñòåöþê Ï.È. Ìåòîäû ýëëèïñîèäîâ è r-àëãîðèòìû.
Êèøèíýó, Ýâðèêà, 2014. 488 ñ.
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Questions?

THANK YOU FOR YOUR ATTENTION!

e-mail: stetsyukp@gmail.com
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