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Dedicated to the memory of academician
Naum Zuselevich Shor
(to the 85th anniversary of his birth)
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Einstein writes a message to Shor

to denote space dilation

operatoras [, (&)
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Shor's space dilation operator

Space dilation operator has the following form

Ro(€) = I, + (o — 1)€€7,  where o > 1.

Here: « is the coefficient of space dilation in the normed
direction £€R™, ||€]|=1; I, is the identity nXxn-matrix.

Example in R3: ball (left) dilate to ellipsoid (right)
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The history of the ellipsoid method

Content

© The history of the ellipsoid method

6/32 Petro Stetsyuk, Andreas Fischer, Olha Khomiak Ellipsoid methods with space scalling



The history of the ellipsoid method

The ellipsoid method was proposed:

1976 by Yudin and Nemirovski as a method of successive
cutting-plane [1];

1977 by Shor as a variant of the method with space dilation in
the direction of the subgradient [2].

1. YupIN D.B. AND NEMIROVSKI A.S. Informational complexity
and effective methods for the solution of convex extremal problems
// Ekonom. Mat. Metody, 12, No. 2 (1976).

2. SHOR N.Z. Cut-off method with space extension in convex
programming problems [/ Cybernetics, 13, No. 1 (1977).
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The history of the ellipsoid method

Yudin and Shor ,from the banks of the Dnipro”

David Borisovich Yudin

born May 21, 1919

in Yekaterinoslav (today - Dnipro),
in 1941 graduated from
Dnepropetrovsk University

Naum Zuselevich Shor
born January 1, 1937

in Kyiv (city on the Dnipro),
in 1958 graduated from
Kyiv University
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The history of the ellipsoid method

Epochal moment!

N. Shor,
A. Nemirovski,

Y. Nesterov at the
ellipsoidal table!
October 1990

s
L(‘I‘.(H\A.z. , bun A/rﬁ //[
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The history of the ellipsoid method

Xl ISMP, Bonn, August 23-27, 1982

Fulkerson Prizes for the ellipsoid method:

1. Grotchel M., Lévasz L., Schrijver A., 1981
2. Khachiyan L., 1979, Yudin D., Nemirovski A., 1976

Shor's plenary report:

.Generalized gradient methods of nondifferentiable optimization
employing space dilatation operations®, published in [3].

3. MATHEMATICAL PROGRAMMING: THE STATE OF ART,
BONN, 1982 / Bachem A., Grétchel M., Korte B. (eds.)
— Berlin: Springer-Verlag, 1983. — 655 p.
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The history of the ellipsoid method

N. Shor (1982) and D. Yudin (1983)

N. Shor in Bonn (1982) D. Yudin in Riga (1983)

Petro Stetsyuk, Andreas Fischer, Olha Khomiak Ellipsoid methods with space scalling



The idea of ellipsoid method

Content

© The idea of ellipsoid method

12/32  Petro Stetsyuk, Andreas Fischer, Olha Khomiak Ellipsoid methods with space scalling



The idea of ellipsoid method
1d-ellipsoid and its properties

The 1d-ellipsoid &,, containing half
of ball S;, in E™, has parameters

1\ r 1\ r
b—(a+a)§, h—<1—$)§7

where o = g and r — radius of ball.

To transform &, into a ,,new" ball

we have to dilate the space with
b

coefficient a=_, a > 1.

G-2)

The ratio of &, to S, volumes equals

Q|+

=iz =a () -
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The idea of ellipsoid method

Why ellipsoid method converges?

The ratio of &, to S, volumes equals
Cvol(E,) 1 /1 1))
aln) = vol(S,) « <2 (OH_ a)> '

If coefficient « is such that a + 1/« < 2{/a, then ratio
q(n) < 1 thus volume of ellipsoid localizing searched point x*
shrinks with rate of geometric progression with ratio g(n).

In Yudin-Nemirovski-Shor ellipsoid method

1 1
q(n) <1— - and is implemented with o = 4/ nt :
2n n—1

Ellipsoid methods with space scalling
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The idea of ellipsoid method
Problem and stop criterion

Problem to solve:

for convex function f(x), € R™ find point ¥,
subject to f(z}) — f* < ¢, where f* = f(z*).

Method input parameter:

e > 0 — desired accuracy for finding f. = f(z.).

g(xy) — subgradient of f(x) at x.
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The idea of ellipsoid method

The B-form of algorithm emshor(xg, 7¢, €)

Step 0. Choose 29 € R", 9 > 0, € > 0, ||zg — z*|| < 7o.

Set By:=1I, € R"™" (denoting the identity matrix) and £ := 0.

Step 1. If HBkg Tk Hrk <e¢, then STOP: k* :=k, x} := x.
Step 2. Compute

Tk Bl;rg( k)
Tyl = Tk — where & := 7.
n+1 HB )H
Step 3. Update
n—1 T n
B = B - 1 B _ —m .
k1 k+< ] >( kEk) Sk s Th1 ——"*

Step 4. Set k:=k + 1 and go to Step 1.
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Ellipsoid methods with space scaling

Content

© Ellipsoid methods with space scaling
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Ellipsoid methods with space scaling

Algorithm em22b(\, xg, g, €)

18/32

Step 0. Choose A > 0, 29 € R, 19 > 0, € > 0, ||zo — =*|| < 7o.

Set By:=1I, € R"™" (denoting the identity matrix) and £ := 0.

Step 1. If HBkg Tk Hrk <e¢, then STOP: k* :=k, x} := x.
Step 2. Compute

L _ k
T R  Tate]

Step 3. Update

n—1 1 n
B =\| B — =11 (B i = 7.
k1 < k+(\/n+1 >( kék;)fk)ﬂ"k-ﬁ-l T

Step 4. Set k:= k + 1 and go to Step 1.
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Ellipsoid methods with space scaling

Theorem 1

For any (\, zg,70,€) € (0,00) x R™ x (0,00) x (0, 00),
algorithm em22b is well-defined and generates a sequence
{zp}r_,. With Ay := B, ', it holds that

|Ak(zp —2™)|| <rp for k=0,1,2,... k"

Theorem 2

There is k* € N so that algorithm em22b stops at Step 1 for
k = k*. For each k with 1 < k& < k*, the ratio of the volumes
of the ellipsoids E), and E)_; is a constant ¢, with

_wol(Ey)  n—1 n n<ex 1 <1
qn_vol(Ek_l)_ n+1 n2 —1 ™ '

Moreover, f(xzg) — f* < € is satisfied.
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Ellipsoid methods with space scaling

Convergence rate of em22b (Shor, 1977)

Shor, 1977, A =1, b= \/7;17_1

: £ kB[ n
1.0e-02 48e-05 2151 1.1e-08 4.9e+05
1.0e-04 2.2e-06 3124  6.4e-13  6.6e+07
1.0e-06 2.0e-09 4024 8.1e-17 6.1e+09
1.0e-07 0.9e-09 4474  9.0e-19 5.8e+10
1.0e-08 6.5e-10 4827 2.6e-20 3.4e+11
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Ellipsoid methods with space scaling

Convergence rate of em22b (Khachiyan, 1980)

Khachiyan, 1980, A\ = \/7 b=r

£ 1 k* | Bl T
1.0e-06 2.0e-09 4024 49e-08 10

1.0e-07 6.9e-09 4474 5.2e-09 10
1.0e-08 6.5e-10 4934 5.0e-10 10

4. KHACHIAN L.G. Polynomial algorithms in linear programming,
USSR Computational Mathematics and Mathematical Physics,
Vol. 20, No. 1, 1980, pp. 53-72.
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Ellipsoid methods with space scaling

Convergence rate of em22b (Nemirovski, Yudin)
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Nemirovski, Yudin, 1979, \ = 2%1 h— (71,71 o

1 n+1

3 e k” 1By T
1.0e:06  2.0e09 4024 2.8e+01 1.8¢-08
1.0e-07  6.9e-09 4490 2.8e+01  1.7e-09

1.0e-08 6.5e-10 4953 2.8e+01 1.7e-10

5. NEMIROVSKI A., YUDIN D. Problem Complexity and Method
Efficiency in Optimization, John Wiley, New York, 1983, 388 p.,
translated from book published by Nauka, Moscow, 1979
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Ellipsoid methods with space scaling

Two remarks for the algorithm em22b

Though the three versions of em22b are equivalent,

we observe slight differences in the number of iterations for
e € {1077, 1078} due to accumulation of numerical errors.
A study of such effects for different f, n, and ¢ is intended.

Algorithm em22b

23/32

can be accelerated by tighter ellipsoidal approximations
and applied to convex programs or saddle point problems
for convex-concave functions.
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2d-ellipsoid and r-algoritms

Content

@ 2d-¢llipsoid and r-algoritms
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2d-ellipsoid and r-algoritms

Minimum volume 2d-ellipsoid

The transformation into
the ball requires dilation

in the direction 5=
IE—nll

L__ > 1

1+(&m)

and compression

in the direction 57

with 1=

o= Sl = () (1) - Vi Ew
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2d-ellipsoid and r-algoritms

2d-ellipsoid before and after dilation

¢, Obpa3z S(x,,r)

‘ e SGr)

in two times transformed space
turns into the ball with radius r

Minimum volume 2d-ellipsoid
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2d-ellipsoid and r-algoritms

One-rank ellipsoidal operator

One-rank ellipsoidal operator is linear operator

Tu(6.n) = I~z (1A= @) n=(€m)e) .

mapping from R™ to R™. Here £, € R™ — vectors, such that
€Nl = Ll = 1 wn (€,m)% # 1, I - identity nxn-matrix.

6. STETSYUK P.I. Orthogonalizing linear operators in convex
programming. Cybern. and Systems Analysis. 54, 1997, pp. 386—401. J
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2d-ellipsoid and r-algoritms

2d-ellipsoid before and after dilation

y Obpas S(x,,r)

y S
\ 4

in transformed space
turns into the ball

Minimum volume 2d-ellipsoid
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2d-ellipsoid and r-algoritms

Connection with r-algorithms

In transformed space the 2d-ellipsoid turns into the ball,
and images of vectors £ and 7 are orthogonal.

It allows to "expand" a cone of suitable directions of the
function decreasing for the subgradient process in a
transformed space of variables, similar to how it is done in
r-algorithms (Shor and Zhurbenko).

Space dilation is implemented in the direction of difference of
two normed subgradients, and it is close to the direction of
difference of subgradients if the subgradient norms are close.

v
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Conclusion

Conclusion

Shor N.Z. and Gershovich V.l. in 1982 wrote

,» |€OpUs1 BCErO KJIAcCa airopuTMOB C PaCTSXKEHUEM
NPOCTPAHCTBA Aasieka OT coeeplueHcTBa. Ham kaxertcs
[OCTaTO4HO PeasiMCTUHHON LieIbto — MOCTPOEHNE TaKoro
aNropuTMa, KOTOPbI MO CBOEN NMPaKTUYECKOIA
3(PPEKTUBHOCTU He yCcTynan Obl r-anroputmy n Obin
CTOJb XK€ XOPOLLO 0DOCHOBAH KakK METOA 3/UINNCONAO0B .

We plan to achieve this goal

7. CTEIIOK I1.11. Metogel ananncongos vi r-anroputmai.
Kuwmunay, Iepuka, 2014. 488 c.
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THANK YOU FOR YOUR ATTENTION! )

e-mail: stetsyukp@gmail.comJ
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